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Abstract

Control theory is an area of applied mathematics that deals with principles,laws, and desire
of dynamic systems.

Optimal control problems are generalized form of variation problems. A very important
tool in variational calculus is the notion of Gateaux-differentiabilty.It is the basis of the
development of necessary optimality conditions.

Euler lagrange differential equation(ELDE) is a necessary optimality condition to solve
variational problems. The solution of Euler lagrange differential equation is an extremal
function of a variational problem.

Characterizing theorem of convex optimization is the necessary and sufficient condition of
many convex problems. i.e

Let (P) be given, S is convex set, f is convex function and x¢ € S. Then xg€ M({,S) if and
only if ' (xg,x-x¢)> 0, V x€ S.

In an optimal control problem our aim is to find the optimal state function x*(¢) and the
optimal control function u*(¢) which optimize the objective functional in t€[a,b] by using
necessary and sufficient optimality conditions.

The necessary optimality conditions for (z*, u*) to be extremal solutions of optimal control
problem is the validity of :- Pontryagin minimum principle, of ELDE with TR,and ODE
conditions.

To determine whether the extremals are optimal solutions of OCP or not; sufficient opti-
mality conditions are required; (e.g checking the convexity of the objective functional and
the convexity of the feasible set).

Quadratic optimal control problem is a non linear optimization where the cost function
is quadratic but the differential equation is linear.In quadratic control problem since the
objective function is convex then the extremals are the optimal solution of the problem.
Linear-Quadratic optimal control problem is an important type of quadratic control prob-
lem that simplifies the work of feed back control system. Optimal control problem can be
solved by different methods depending on the type of the problem.This paper mainly con-

siders solving quadratic optimal control problem by using the method of lagrange multiplier.

Key words : Variational problem with fixed end points,Variational problem with free
right end points,Euler Lagrange Differential Equation,optimal control problem,Quadratic

control problem



List of notations

R™ : the set of n dimensional Euclidean space

V f: gradient of real valued function f

V2f :The second gradient of real valued function f
L; : The partial derivative of L with respect to @

L;; - The second partial derivative of L with respect to &

of .
ot *

% . the second partial derivative of f with respect to t

partial derivative of f with respect to t

Cla,b] The set of all continuous functions on [a,b].

CW[a,b] : The set of all continuously differentiable functions on [a,b]

Sla,b] : The space of all piece wise continuous functions on [a,b]

S[a,b]™ :The space of all piece wise continuous functions on [a,b]”

RS|a,b]™ : The space of all right sided piece wise continuous functions on [a, b]"
RCSMIa,b]™ : The space of all right sided piece wise differentiable functions on [a, b]"
R™ ™ : The set of nx m real matrices.

RS[a,b]™ ™ : The space of all right sided piece wise continuous fuctions on[a,b]"*"

M(f,s) : Minimizer of the functional f on the set S.
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Introduction

Calculus of variation is a field of mathematical analysis that deals with maximizing or mini-
mizing functionals,which are mapping from a set of functions to the real numbers. Optimal
Control theory is an extension of Calculus of Variation.It is an area of applied mathematics
that deals with principles,laws, and desire of dynamic systems. This theory is largely due
to the work of Lev Pontryagin,after and Richard Bellman in 1950s after contribution to
calculus of variation by Edward J.Msshane.

Optimal control problem (OCP) basically includes: objective functional and constraints.Objective
functional expresses costs or benefits that can be optimized.Constraint are search spaces
of decision(optimization) variables.

Optimal control problem can be the following type

Let a,b € R and g,¢ : R x R x [a,b] — R are continuous functions

f(x,u) = ffg(x, u, t)dt — Min

R={(z,u) : & = ¢(x,u,t),t € [a,b]}

K ={r € CWla,b] : x(a) = a}

Q = {u € Cla,b] : u(t) € U(t);t € [a,b]}

In an optimal control problem our aim is to find optimal state function x*(¢) and the op-
timal control function u*(¢) which optimize the objective functional in t€[a,b].

There are three kinds of necessary optimality conditions for(z*, u*) to be extremal solutions
of an optimal control problem;these are Pontryagin minimum principle,validity of ELDE
with TR,and ODE conditions.

To determine whether the extremals are optimal solutions of OCP or not sufficient opti-
mality conditions are required; (e.g checking the convexity of the objective functional and
the convexity of the feasible set).

This paper briefly tries to see how to solve Linear optimal control problems and
Quadratic optimal control problems

Linear optimal control problem is an optimal problem where both the objective func-
tion and the differential equation are linear.

Quadratic optimal control problem is an optimal problem where the objective func-
tion is quadratic and the differential equation is linear.

Linear optimal control is widely applied in manufacturing firms and quadratic optimal con-
trol is applied in space science. This paper also focuses on a special case of the general non
linear optimal control problem called Linear Quadratic(LQ) optimal control problem
This paper consists of three chapters.

chapter-1:-consists of definiteness of matrices, convex Analyses, necessary and sufficient

optimality conditions to solve optimization problems.
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Chapter-2:-includes variational problems with fixed end points,variational problem with
free right end point.The chapter particularly focuses on how to find optimal solution of a
Variational problem, using optimality conditions.And it also contains applications of vari-
ational calculus.

Chapter-3:- It is the main chapter of this paper which includes definitions and theorems on
optimal control problems.This chapter focuses on how to find optimal control function and
optimal state function for a given separated linear and quadratic optimal control problem

by using Lagrange multiplier function.

il



Chapter 1

preliminary

1.1 Definiteness of a matrix

Definition 1.1.1. A symmetric nxn real matriz M is said to be

i)Positive semi definite if, ' Mx > 0, for every column vector x € R".

ii) Positive definite if, 2 Mz > 0,for every non zero column vector x € R™

OR

If all the eigen values of M are

i) positive then M is positive definite.

i1) Non negative then M is positive semi definite. Note: The converse of the above state-

ments 1s also true.

1.2 Convexity of sets and functions

Definition 1.2.1. (Convex set): A subset K of R" is said to be convex set
if it satisfies A © + (1-\)y € K, ¥V z,y € K, for each \ € [0,1]
In other words : A set K in R" is said to be convex if every line

intersects K in an interval containing K.

Example : Let A be mxn matrix and beR"” then the set
K={X eR": AX < b} is a convex set.

Definition 1.2.2. (Convex function): Let S be a non empty set in R™.
The function f:5— R is said to be conver if

fOyx +(1-N)y) < X f(z) + (1-M\)f(y) Yzye S,  foreach A € [0,1]

In other words :If its epigraph(the set of points on or above the graph of the function)

is a convex set. Example : f(x) = x> x€ R is a convex function.



1.3 Review on some notations of derivative

Let L : R? — R be partially differentiable with respect to x and y. Where x=x(t) and

y=v(t).
then total derivative of L(x,y) with respect to t is

AL _OLds  OLdy

dt  Ox dt Oy dt
Proof: Let (x,y) be a point on the x-y plane,let Az and Ay are the horizontal and vertical
changes to x+A x and y+A y respectively ; and A L be the change between (x,y) and
(x+A x, y+A y).
A L = L(x+Ax,y+Ay)-L(x,y)
AL = L(x + Az,y + Ay) — L(z,y + Ay) + L(z,y + Ay) — L(z,y)

AL = L(z + Azx,y) — L(z,y) + L(z,y + Ay) — L(z, y)

Il — lim L&t b2y — L(z,y)

Az—0 Az A

y—0 Ay
=:dL = Lydx + L,dy
dL  OLdx 0L dy

Hence : —

it~ ord oyt
Remark: If L : R — R the total differential of L(x,y,z) with respect to t is

Ay

Henee 4L _ OLds  OLdy | OLd:
dt  Oxdt Oydt 0zdt
Definition 1.3.1. Gateaux differentiability

Let X and Y be vector spaces ,U be a normed space and UC X .
More over let F:U— Y,nipe U and z € X.The function F

is said to be Gateauz differentiable at zy in the direction of z

if and only if there exists an € > 0 such that [xy-ez,29+€2/C U and the limit

F(xg+tz) — F(xo)
t
In this case F'(1y,2) is called Gateaux differential of F' at xy in the direction z

F'(xg,2) = limy_y0 exists

Definition 1.3.2. F is said to be Gateaux differentiable at xy if and only if F is Gateaux
differentiable at zy in each direction of z i.e

i) Right side directional derivative of F'

F(xg+1tz) — F(xo)

F (29, 2) = tl_i>%l+ ; [0, To + €2]
i) Left side directional derivative of F
F tz) — F
F' (xg,2) = lim (2o +t2) (o) [zo — €z, 0]
t—0~ t

Definition 1.3.3. Consider the functional, f: Y — R, where Y = C"[a,b].

2



The Gateaux derivative of f at yo€ Y in the direction of ve Y is given by:

f(yo + tv) — f(vo)
t

If f(yo,v) exists for all ve Y, then the functional f((.)) is Gateaux differentiable at yo in

the direction of v.

) d
f'(yo,v) = limy_g = Ef(yo + 1) =0

1.4 Optimality conditions

Definition 1.4.1. Consider unconstrained optimization problem
f(x)— Min  subject to x € R™ where f: R" — R.
A point xy is said to be a local minimizer of f, if there is a neighbourhood U of xy such that

fx) < f(x) Vzel
A point xy is said to be a global minimizer of f, if f(x) < f(x), Vo € R"

Theorem 1.4.1. (Necessary optimality conditions)

i)First order necessary optimality condition

Let f be differentiable function over U and assume that xy is a local minimizer of f over
U,then V f(x)=0.

i1)Second order necessary optimality condition

Let f be twice differentiable function over U and assume that xy is a local minimizer of f
over U. Then ¥V f(xy)=0 and V*f(xy) > 0.

Theorem 1.4.2. (Sufficient optimality conditions) Let f be twice continuously dif-
ferentiable function over U ,and let zo is a local minimizer of f over U and if, V f(x)=0

and V2f(xy) > 0 ,then xqy is strict local minimizer of f..e fis locally convex over U
Corollary 1.1. If f is convex function then any local minimizer is a global minimizer.

Definition 1.4.2. Consider constrained optimization problem

(P) f(r)—» Min z€ S.

xo € S is said to be local minimizer of f on S,if there is a neighborhood U of xg such that
f(zo) < f(x) for every x € UN S

The following theorem gives a necessary and sufficient condition for a point to be an

optimal point in the case of convex optimization.

Theorem 1.4.3. (characterizing theorem of convex optimization)
Let (P) be given ,S be convex set ,f be convex function and z9 € S. Then zy € M(f,S) &
f (0,2 - 19) > 0,V x € S. (It is a necessary and sufficient condition of convex optimization,).



Chapter 2
Introduction to Variational calculus

Calculus of variation is a field of mathematical analysis that deals with maximizing or mini-
mizing functionals,which are mapping from a set of functions to the real numbers.Functionals
are often expressed as definite integrals involving functions and their derivatives. The aim
is to find an extremal function at which the functional attain a maximum or minimum

value,where the rate of change of the functional is zero.

2.1 Variational problems with fixed end points

Definition 2.1.1. Leta,b,a, 3, € R . Let,a < byand, L : R x R x [a,b] — R be continuous
and continuously partially differentiable with regard to the first two components. Further-
more , Let f be a functional such that f : CM[a,b] — R,where:

fly) = / L) 5(t), )t - min .y €S

st:S={y¢€ C(l)[a,b] y(a) = o, y(b) = B}

then this type of optimization problem is called variational problem with fixed end points.

In the vector space C![a,b] ,we consider the linear sub space
V ={v e C'a,b] : v(a) = 0,v(b) = 0}

And consider the function

i.e mo(t) = i:j(t —a)+a
Obviously we have S=xg+V i.e the set S is linear manifold in

C'[a,b]
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fig 2.1
The approach with respect to Gateaux derivative

Let S = xg + V where S is a linear manifold in C![a,b].
A necessary condition for yy € S to be a minimum point of f on the set S

is given on Theorem 1.4.3 as:

f’(yo,v) = O,V'U eV

Theorem 2.1.1. Leta,b, o, 5,€ R . Let,a < b,and, L : R X R X [a,b] — R be continuous

and continuously partially differentiable with respect to the first two components.

b
Let : f(y) :/ L(y(t),y(t),t)dt - min yeS
S ={y € CY[a,0] : y(a) = a,y(b) = 5}

And let v be an element of V then the Gateaux derivative of f at yy € S in the direction of v is

b
I (yo,v) = / (Lyv+ Lyv)dt

where L, = L,(yo, Yo, t) and L; = Ly(yo, Yo, t)

proof:Let ye S,such that; ¢(e)=f(y + € v).

¢'(€) = f'(y + ev)v = f'(y + ev,v)

¢'(0) = f'(y,v)

d b dL
#0) = Flmo= [ Lohmo 2.)

bd
f'(y,v) = —L(y + ev,y + ev, t)dt.
de



) b OL d oLd,. . OLdt
f(yﬂ))—/a (8_y£(y+ev)+6_ga(y+ev)+ 5 de)d

f(y,v) = / (Lyv + Lyv)dt
F(y,v) = / (Ly (. 9. 6)0 + Ly(y, 4, )0)dt

If yo € S then
b
P o) = / (L (40, 50, )0 + L9, o, 1)8)dlt

b
F (1o, v) = / (Lo + Ly)dt

Where Ly = Ly(yo, yg, t) and Ly = Ly(’yo, yo, t)

Corollary 2.1. Leta,b, o, 5,€ R . Let,a < byand,L : R x R x [a,b] — R be continuous

and continuously partially differentiable with regard to the first two components.
b
Let: f(y) = / Lly(), §(t), )dt — min ye s

S={yecCWab:yl)=a,yb) =a}

Let v be any vector in V then the Gateaux derivative of f at yp€ S, in the direction of
v is
’ d
f'(yo,v) :/ (L, — dtL Judt + Lyv|%, Vv € V.

Where Ly = Ly<y0, yg, t) and Ly = Ly(yo, yo, t)
Proof;

b b b
From,thm,2.1.1, wehave; f'(yo,v) :/ (Lyv—l—Ly?'J)dt:/ Lyvdt+/ Lyodt

Using integration by parts on the integral fab Liodt we get
b ) b d
/a Ly’U = Ly"U|a —/ aLy"Udt
b
Hence : f'(yo,v) :/ Lyvdt + Lyv|b — / — Lyvdt

b
Finally : f'(yo,v) = / (L, — %Ly)vdt + Lyv|®

b
d
f' (Yo, v) =/ (Ly — Lo Judt + L8, Yo € V
where L, = L, (yo,%0,t) and Ly = Ly(yo, Yo, t)-

6



Fundamental Lemma of Variational Problems

Lemma 2.1.1. If f is contiuous function on an open interval (a,b) and h is a smooth

function on (a,b) which compactly supports f,such that
b
/ f(z)h(x)dx = 0,then, f(z) = 0.

2.1.1 Optimality condition for VP-with fixed end points

Theorem 2.1.2. If yy € S is a solution of variational problem with fixed end points, and
If f is Gateauz-differentiable at yo in the direction of v, V ve V
Then f'(yo,v) = 0,for all v V.

proof:
Since V is a sub space of C'[a, b], then vé V = -ve V.

f(yo +t(—v)) — f(yo).

f,<y07 —U) = limy_

t
P (o, —v) = limy st WO tz;) — flw)
f/(y(b —U) _ limtﬁof(yo + >\_U;_ f(yO) -(’the’/’e i )\)
P (o, —v) = —limag Y0 M;) — [ (%)

f' (o, —v) = = f'(yo,v)

If yo € S is a minimizer of f over S;then

= f(yo) < f(yo + tv),Yv € V; where yo + tv is admissible variation of yj

= flyo+tv) — f(yo) >0
- f(yo+tvt)—f(yo) >0

f(yo+tv)—f(yo)
Yo : Yo >0

= f'(yo,v) >0 —=» (%)

Since V is a subspace of Cl[a,b],then ve V = -ve V
= f'(yo,v) > 0

= f'(yo,—v) = 0

= —f"(yo,v) = 0

= [(Yo,v) <0 --» (%x)

From (*) and (**); we have f’(yo,v) =0, Vv € V

= hmt_m

2.2 The Euler Lagrange Differential Equation

If yo € S is a solution of a VP-fixed end points,then

' (yo,v) =0,Yv e V



b
= /(Lyv+Ly®)dt:O vt € [a, b]
:>/ gvdt + Lyv|? =0

:»/ gvdt + Ly (y(t), 9(t), v(t)]2 =0

Since v(a)=0 and v(b)=0 we have

b d
/a (L~ 2 Lg)odt =0

d
dt

Let v(t)=h(t)(t-a)(b-t) > 0 where h € CW[a b]

= (Ly — —Ly)v=20

d

L — —
(y dt

L;) =0 --» (ELDE).

A solution of ELDE is the extremal function of the variational problem.

Theorem 2.2.1. (Necessary optimality condition
Let a,b,a,8 € R ,a<b and L be continuously partially
differentiable with regard to the first two variables

Consider the variational problem

b
f(y)z/ L(y, 9, t)dt — min

S={yeCWab:yl)=a,yb) =a}

Let yy be a solution of the variational problem.

The necessary condition for yy to be extremal solution of the variational problem
is that yo should satisfy the ELDE given by

d

2 La(uo(8), 9o(t) 8) = Ly(yo(t), ho(t), £) ¥t € [a,8] (ELDE)

Definition 2.2.1. (Local minimum points) Let S = xo+v and yo € S. A point yo is called
algebraically local minimum point of f on S if and only if for each ve V there exists an e > 0

such that yy is a minimum point of f on [yo— €v, yo+€v]. Then we have the following theorem

Theorem 2.2.2. Let a,b,o,f € R ,a<b,L : R x R x [a,b}]— R and L be continuously
partially differentiable with regard to the first two variables. Further more Let

fly) = / Ly(t). 5(t), O)dt - min yes

S={yecCWab:yl)=a,yb) =pa}



If yo 1s algebraically a local minimum point f on S then yy satisfies

23 LoWo(t), 40(t), 1) = Ly (yo(), 9o(t), ) Vt € [a,b] (ELDE)

2.3 Convex variational problems

In the case of convexity we are able to formulate also a sufficient condition
for yo to be a minimum point. Let L:RxRx[a,b] >R,
be continuous and continuously partially differentiable with regard to the

first two components. Let
b
f(y)z/ L(y,y,t)dt

S ={ycCWa,b]:y(a) = a,yb) =B}

Let the function L(y,y,t) : RxRx[a,b] = R be convex for all t € [a,b]. Then we will say
that L is convex with regard to the first two components.Now let’s show that f is convex .
Since we have x,y € CM[a,b] and

Let :

b
f(:v):/ L(x,&,t)dt
And :

flo) = [ Lty
Lz + (1 —=Ny,\& + (1 =Ny, t) < AL(z,2,t) + (1 — A\)L(y,9,t)

Taking the integrals on both sides

/bL()\er(1—)\)y,)\:ic+(1—>\)yf,t) g)\/bL(:v,:t,t)+(1—A)/bL(y,y,t)

fz+ (1 =Ny) <Af(z)+ (1 =N f(y)

Which follows that f is convex.

Proposition 2.1. (Necessary and sufficient optimality conditions)
Let L be continuous and continuously partially differentiable with regard

to the first two components and yo be a solution of the (VP)

b
fly) = / L(y,y,t)dt --» Min

S={yecCWab:yl)=a,yb) =pa}

i)If the ELDE condition holds and
ii)L is convex with regard to the first two components for all t in [a,b](i.e If the Heissiean

matriz of L with regard to the first two components is positive semi definite for all t in

[a,b]).



Then yy is optimal solution of the problem.

Theorem 2.3.1. Let L be convex with regard to the first two components for all

t € [a,b] .Then yy € S is a minimum point of f on S if and only if

Yo @S a solution of ELDE.

proof(i): Let yo be a minimum point of f on S . Then by the Thorem 2.2.1 ELDE holds
Proof(ii) : Let now the ELDE be true for yo.

Let7 Ly = Ly (y07 yO: t)? and
Ly - Ly(yO; y07t) te [CL, b]
Then from the validty of ELDE we have

d

For veV={veCWabl:v(a)=0 ,vb) =0}
’ d
0= [ (Ly— gLyt

b
d
=0= / (Ly — d—tLy)Udt + Ly'l)|z

b

= 0= f,(yovv)

So we have f’(y,v) =0>0 YveV
If we set y = yy + v then v=y-yy there fore we get

Flyo.y-0) 20 Vyes
By the characterizing theorem of convexr optimization ,we have that yo is a minimum point

of fon S.
Example : Find an extremal of the following variational problem.And check that
whether the extremal is an optimal solution or not

Letf(z) = /Ol(a;Q(t) + %(t))dt — min x €S

st S={zrecW0,1]:2(0)=0 =z(1)=1}
Solution : L(x,&,t) = 2> +4* then L, = 2x and, L; = 23

Let x € S be an extremal of the given VP ,then x should satisfy the ELDE i.e
d
& 4(2i) = 2x

10



& 20 = 2
S Tr-x=0

Let z=¢eM &=XM i=\eM
MM — M =
M —1)=0
Since M >0, AN —1=
Hence A=-1 or A=

Therefore the general solution of & - x = 0 is

x(t) = cre! + cpe™?

From the initial conditions x(0) = ¢; 4+ ¢ = 0 and x(1) = c1e + coe™
solution of ELDE to be

' =1 we get the only

2 € =3 €
ec—1 ec—1

x(t) =
Moreover from L(x,i,t) = 2® + i

the Heissian matrix H of L with respect to (x, &)

v Loz Loz \ (2 0
© Liz Lis 0 2

So for v € X and ye (U>
0

yT(ViL)y:<v U>((2) (2)> (2)22(02+7}2)>0

So the Hessian matrix of L with respect to x and # is positive definite
Hence the objective function is convex with regard to x,2 ,V t € [a,b].
There fore the extremal x(t) = %5 (e’ - e™") of

the given variational problem is the optimal solution.

2.4 Some applications of variational problems with

fixed end points

1) Arc length of a curve

In x-t plane suppose X = x(t) is the curve joining two points p; and py

where a < t < b then the arc length of the curve is given as:

s = [(\/T+32(t))dt

Proof; Take a very small portion A S from a curve as a hypothenuse of a right angled

triangle so that Pythagoras theorem holds i.e.
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(Ax)? + (At)? = (As)?
(A2

(AD? _ (As)?

= @or T @ = e
(B2 | 4 _ (89
= oz T 1= Gop

As At — o,then

= (7)) = (§)° +1
=& = /(&)2+1
=& = i2+1

= ds = \/(i2 + 1)dt
= s= [T\/(@2+ 1)dt

Example(1) Let S ={z € CW]a,b] : 2(a) = o, (b) = B} be the set of all smooth curves
joining p; to pg in x-t plane among all curves joining p; to poin; find a curve x* whose
length is minimal.

Solution: Let’s formulate a variational problem:
= fab\/mmﬁ —min,x € S
St: S ={zeCWa,b]:z(a) = a,x(b) = 3}
Let x* be a solution of the variational problem,then it satisfies ELDE
But,From :L(z,,t) = vi? + 1

=L,=0
24/ (#2+1)
(22+1)
And L;; = (552+11)3/2

From ELDE we have : $L; = L,

el Li(z,i,t) = Ly(x,,t)

But; 4 L;(v,d,t) = Qe dr 4 ke di 4 OLs dbging total differential
= 4 Li(2,@,t) = (Lig)® + (Lia)E + Lay

So we have :(L;, )% + (Lm)x + L = L, (it is second order ODE)

This implies:(0)% + ——572 +0=0

=2 =0

= ‘fT;"’ =0
i(d_x) —

= f d(%)

= % =C

= [dx = [edt

= z(t) = c1x + o

(@ 2+1)

= [0dt

From,initial conditions we have:
z(a)=ca+c=aandzb)=cbte=0=0q= Bb—ff --»(slope of a line)
From equation of a line :3=> = ’i -

= z*(t) = /Z_—Z‘(t — a) + « is the only solution of the variational problem

Example(Solid revolution where the surface area is minimal)
Given the real numbers a,b,«, 5, where,a > b, > «
Let Let S ={z € CW]a,b] : z(a) = a, 2(b) = B} be the set of all smooth curves joining p;

12



and po
Let f(x) be the lateral surface area of a solid obtained by rotating a region
bounded by the curve X = x(t) and the t axis,about the t-axis in the interval a < t < b.

&

x(t)

fig 2.2
So among all curves joining p; to ps to find the curve x* so that the resulting surface area
is minimal
. Let’s consider a very small cylindrical portion from the surface
Such that : AA = 2IIrAh
= AA =2llzAs
= dA = 2llxds
= dA = (2[Lz)/(1 + 22)dt
So the total lateral surface area of the solid is
= A= [Y(21lz)\/(1 + #%)dt
So let’s formulate the variational problem
f(z) = fab(QHx)\/mdt --» Min,z € S
St S ={z € CWa,b]: 2(a) = a,z(b) = B}
Solution : Let L(z,z,t) = (2I1z)\/(1 4+ 22)
L, = 21V/1 + i?

L. = 2llzx
N
L 211z

TT — (1+42)3/2

_ 9l
Liz = 1142

Let x* be the extremal of the variational problem,then x* should

satisfy the 2"¢ order ODE : i.e(Lz )@ + (Lss)Z + Lyt = Ly

i Al 0= VTP

= (o)) = 1+ 47

= TL(z) - (&2 -1=0

So, the solution is x(t)=cicosh(: + c2),t € [a, b],with,x(a)=c,and x(b)=4

13



2.5 Variational problems with free end points

Let L be continuous and continuously partially differentiable with regard
to the first two components .then we conceder the following

Variational Problem With one free end point:

b
f(y) = / L(y(t),9(t), )t — min yeR

R={ye€CWa,]:y(a) = a}

fig 2.3
The value of left boundary point is determined,but the value of the right boundary point
is free. Trivially R is a linear manifold in the vector space C™M[a,b]
In order to find necessary conditions for the solution of the

problem.We suppose that we have already found a solution yq(¢) of (P)

Let S={yeR:yb)=y)}CR

ie R ={y € CW[a,b] : y(a) = a,y(b) = yo(b)}

If yo is a minimum point of f on S (as in the VP with fixed end points)

Then ELDE holds

16%Ly(y07 ?JO7 t) = Ly(yo: y(b t)

is a necessary condition for yy to be a minimum point of f on S. More over the continuity

of L, implies the continuity of % L; .We consider the subspace
W = {w e CW[a,b] : w(a) = 0}

As in section 2.1 for yy to be a minimum point of f on R then

following equation must hold

b

b
d
(Lyw + Lyw)dt = / (L, — — Ly)wdt + Lyw!”

O:f’(yo,w):/ 7

a

d

Since L, — 7
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= Lyw|’ =0
= Lyw|/’ =0
= Ly(yo(b), 9o(b), b)w(b) — Ly(yo(a), go(a), a)w(a) = 0
since  w(a) = 0= Ly(yo(b), 50(b), b)w(b) = 0
Since w(b) > 0,Yw € W then, Ly(yo(b), 50(b),0) =0 (TR)

We call this condition transversality condition(TR)

Theorem 2.5.1. (Necessary optimality Conditions)
Let L be continuous and continuously partially differentiable with regard

to the first two components and yo be a solution of the (VP).

ﬂwle@mymwwﬁ min ye R
R={y e CVa,b) s y(a) = a)
Then 1) Ly(wo(t) 3o(t).1) = Ly(wo(t). 4o(t).1) ¥t € [ab] (ELDE)
2)Ly(yo(),go(8). Byu(®) =0 (TR)

Theorem 2.5.2. Necessary and sufficient optimality conditions)
Let L be continuous and continuously partially differentiable with regard

to the first two components and yo be a solution of the (VP)

b
ﬂwz/L@mymwwﬁ min yeR
R={yeCWah:ya)=a}

i)If the ELDE and TR conditions hold and
ii)L is convex with regard to the first two components for all t in [a,b](i.e If the Heissiean

Matriz of L with regard to the first two components is positive semi definite for all t in

[a,b]).

Then yy is optimal solution of the problem.

Remark:Let L is convex with regard to the first two components for all t in [a,b].Then
Vo is a minimum point of f on R if and only if the above ELDE and TR conditions are
satisfied.

Example : f(x) = /o (z%(t) + 22(t) + 22(t))dt --» min ,x € R

R={zeCcW0,1] : z(0) =0}

Then we have ; L(x,2,t) = x> + @ + 2x, then; L,=2x+2 and L; = 2i
For x in R to be an extremal of the given VP then x should satisfy the ELDE
ledli=L,o32i=2x+2&2i=2%x+2&i-x=1
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To solve the homogeneous part i - x = 0, Let x = e be an assumed solution.So we have
NeMoeM =0 N-1=0,s0\=-lorA=1

And since the particular solution is x,(t)=-1 then the general solution of ¥ - x = 1 is
x(t)=cr e +cpet-1

From Transversality condition:L; (x(b),&(b),b)=0

For b=1 we have L; (x(1),2(1),1)=0

This implies 2%(1) = 0

So (1) =0

From the initial condition x(0) = -1+ ¢; + ¢ =0

From TR condition & (1) =c; e +co et =0

_1
14e—2

There fore the extremal of the variational problem is

x(t) =-1 + —1J:82 et + 1+i,2 et

We have ¢; = ﬁ and ¢y =

More over from L(x,i,t)=2%+ 1>+ 22

the Heissian matrix H of L with respect to x &

T\ L Ly ) \0 2

So forve Xandy € <U>
)

yT(ViL)yz(U 'U><(2) (2)) (Z)z?(v2+®2)>0

So the Hessian matrix of L with respect to x and x is positive definite
Hence the objective function L with regard to x,& is convex ,V t € [a,b].
There fore the extremal x(t) =1 + 5 e’ 4+ 7= e~* of

the given varational problem is th optimal solution.

2.6 Special Bolza and Mayer problem

Let G,H: R” — R be frechet differentiable functions. Let L: R® x R" x [a,b] — R be
continuous function.Then the following class of variational problem is called special Bolza
Problem.

f(x) = G(x(a)) + H(x(b)) + [ L(x,d,t) dt--» Min, x is in S € CO [a,b]”

where S = { x € CW[ab]" : x(a) = a,x(b) = 3 }

Theorem 2.6.1. Let L be continuous and continuously partially differentiable with regard
to the first two components and Let G and H be Frechet differentiable functions
If ip € CY [a,b] ™ is a minimum point of
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f(z) = G(x(a) + H(z(b)) + [* L(x,&,t) dt,on CV[a,b]".
S={xe CYabM : z(a) = a,z(b) =B} Then

d

i) 2 La(wo(t), dolt). 1) = Lu(ao(t),d0(t),t) Vi€ [a,b] (ELDE)

i1) Ly (xo(a), #o(a),a) = G'(xo(a)) and Li(xo(b), 9(b),0) = —H'(x¢(b)) (TR)

Theorem 2.6.2. Let L be continuous and continuously partially differentiable with regard
to the first two components .Let xy be a solution of the problem:

g(x) = H(x(b) + [V L(x(t)i(t),t)dt --> Min « is in R

Where R = { z € CW[a,b* : z(a) = a },then

d

i)aLi(xo(t)afo(t)at) = Ly (0(t), 20(t),t) Vt€[a,0] (ELDE)

i1) Ly (xo(D), 70(b),b) = —H'(x¢(a)) (TR)

Theorem 2.6.3. (Necessary and sufficient condition of optimality of VP with fixed end
points) Consider the variational problem

f(z) = G(x(a)) + H(z(b)) + [’ L(x,&,t) dt,on CV[a,b]".

Let G and H be convex, K be convex set,L be convex with regard to the first two components
for each t € [a,b] and G and H be frechet differentiable.If for each xy € K the conditions

i)—Li(20(t), 20(1),t) = Lu(z0(t),20(t),t) Vt € [a,b] (ELDE)
it) Ly (zo(a), To(a),a) = G'(xo(a)) and Li(xo(b),z0(b),b) = —H'(x¢(a)) (TR)
are fulfilled then xy is the minimum point of f on K.

Proof : We set g(x) = G(x(a)), h(x) = H(x(b)). Since ELDE and TR are fulfilled we
get by &(x0,v) = v(a) G'(xo(a) and b'(xo,v) = v(b) H'(xo(b))
From the relationship
f(x0,v) = g'(x0,v) + h'(x0,v) + [ © (L, - &£ L;)dt + Ly v(t)]%, Since (L, - 4 L;) = 0, then
we have
f'(x0,v) =v(a) G'(x¢(a)) + v(b) H'(x0o(b)) + L; v(b) -L; v(a) =0 >0
This implies (by characterizing theorem of convex optimization) this x¢ is a minimum point
of f on K.

Theorem 2.6.4. (Necessary and sufficient optimality condition of VP free end point) Let
H be convex, K be a convex set,L be convexr with regard to the first two components for each
t € [a,b] and H be Frechet differentiable .If for zqin K C R the condition

d

i) 2 La(wo(t), dolt). 1) = Lu(ao(t),d0(t),t) Vi€ [a,b] (ELDE)

i1) Ly (xo(D), 0(b),b) = —H'(x¢(a)) (TR)
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are fulfilled,then xy is a minimum point of

g(x) = H(x(b)) + f; L(z,&,t)dt on K

2.7 Variational problem for piece wise differential func-

tions

Definition 2.7.1. A function f is in S[a,b] if there exist a partition of interval [a,b]. i.e
a =ty <t <ty <.... < tmo1 < tm = b. such that the restriction
[l t,.1) is continuous for all i={0,1,....... ,m— 1}

Definition 2.7.2.

RS|a,b] = {x € S[a,b]" : x(t;) = lim x(t),Vt; € [a,b],x(b) = lim z(t)}

t—t t—b~
Let for a partition a = tg < t; <ty < ......... < tym—1 < t,, = b of interval [a,b] and for a
function x:[a,b]— R™ and if the following statements be valid,for i € {0,1,2, ....... m— 1}

a) x is continuously differentiable on the interval(t;,t;1)

. b) limtﬁtj %Z(m € R™ and lim;_,;- % e R"”

) &(t;) = limy_y, % and (b)) = limy_,,- % then we define RC S([a,b]" as a
set of all x € C|a,b] for which there is a partition (a) such that (b) and (c) are valid.
Correspondingly, we define RSM[a, b]™ as set of all functions x € RS[a,b]” for which there
is a partition (a)such that(b) and (c) are valid.

Now we consider only Lagrange - functions L such that

d) lim,_,+ L;(z(t), #(t),t) exists for a given x € RCSM[a,b], i € {0,1,2,.....m — 1}

limt_)t-_!— L,J(x(t), x(t), t) ’lf t= ti+1
is defined on the closed interval [t;41] ,i € {0,1,2,....m — 1} and
f)LI(x(t), #(t),t) is continuous on [t;41] for i € {0,1,2,....m — 1}

for such function L. we have the following theorem

Theorem 2.7.1. Let L satisfy(d)(e)(f).Let 7 € RCSW[a, b be a minimum point of

flz) = [ Lz, &,t)dt

S = {x € RCSW[a,b] : 2(a) = o, z(b) = B}

Then i) % Li(xo(t), 2o(t), ) = Lo(xo(t), 0(t), 1), Vt € [a,b]

And i) Ifty € [a,b],to € {t1,ta,.....L;, } ,then we have :

L3 oy = Mmy = L (0(2), #0(t), ) = limy_, e Lo (xo(t), Zo(t),t) = Li

Remark : The convexity of L. and the validity of ELDE are not
sufficient conditions for optimality,when x is an element of RC'S™"[a, b].But in

connection with characterizing theorem of convex optimization we have the following

18



theorem :

Theorem 2.7.2. Let L and f be given in the above Theorem 2.7.1 ,L be convexr with regard
to the first

two components for each t€ [a,b] and KC RCSW|[a,b]" be convex set.

Then xg € K is a minimum point of f on K if and only if

[PILa (0, o, )R(t) + Li(o, 7o, )h(t)]dt > 0 Vo € Kand h =z — x,

Theorem 2.7.3. Let L and f be given as Theorem 2.7.1 and H is convex

Let R = {x € RCSWIa,b]" : x(a) = a}

Let L be Convex with regard to the first two components Vt € [a,b], K C RCSMa,b]" be
convex set

and xo € K if

i) Ly (wo(t), do(t),t) = Ly(xo(t), do(t),t),Vt € [a,b], ELDE

it) Li(2o(b), #0(b),0) = —H'(z0()), TR

dii)lim, .+ Ly (20(t), 2o(t), 1) = lim,_,,= Ly(w0(t), #0(t), 1), WE

Then xq is a minimum point of f on K.
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Chapter 3

Introduction to Mathematical

optimal control theory

Definition 3.0.3. :Control theory is an area of applied mathematics that deals with

principles,laws, and desire of dynamic systems.

System :is anything(entity) which respond to relevant inputs according to certain
laws(physical laws,economic laws etc).
Dynamic System : is a system that evolve over time (i.e continuously changing over
time). It is characterized by notion of state ,inputs,outputs on time horizon(duration);say
[a,b] where a is the initial time and b is the terminal time.
Example(1): Consider the dynamic system involving Moving Object :- the states(trajectories)
are x(t) = position at a time t and @(t) = velocity at a time t
and the input(control) is u(t) : force(thrust) at a time t.
Example(2) :Consider the dynamic system involving Manufacturing Firm :-the states(trajectories)
are x(t)=inventory level at a time t and & (t)=rate of change of inventory level at a time t.
and the input(control) is u(t) = production level at a time t.
To control a dynamic system means to influence its state(behaviour) by exerting necessary
control(inputs) so as to achieve the desired goal.
In control theory one needs to find (characterize) a control u(t) which steers(forces) the
state x(t) from initial state x, to the desired terminal state x, where x(t) = state variable
and u(t) = control variable which are related(governed) by a certain differential equation.
(t) = ¢(x(t),u(t),t), te [a,b] where u(t) € U, for some non empty set U called the set of
admissible control.
A typical control problem(CP) is used to find (characterize) a control u(t) and the cor-

responding trajectory x(t) over [a,b] such that (x(t),u(t)) is a solution of a differential

equation
#(t) = o(x(t), u(t),t) te [ab]
x(a) = X,
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Given a control problem(CP)

(t) = ¢(x(t),u(t),t) te [a,b]

x(a) = x,

x(b) = xy

u(t) € U, t € [a,b]

One often interested not merely in finding arbitrary control u(t) and the corresponding
trajectory x(t) that solves the control problem but wishes to do so in a "best” possible
manner say minimize the cost associated with the operation

Let the cost of exerting a control u(t) while the system is in state x(t) at a time t be g(x,u,t)
where g:RxRx [a,b] — R, then total cost over [a,b] is given by f; g(x,u,t)dt.

Thus the typical optimal control problem that solves an optimal control u(t) and the cor-
responding trajectory x(t) is given as:

f(x,u):f;g(x, u, t)dt --» min

S.t

i(t) = ¢(x(t), u(t),t) te [a,b]
(a)
(b)

a

=
Il

~
X

b
u(t) € U, t € [a,b] is called optimal control problem
EXAMPLE :Production Inventory Problem

Suppose that a manufacturing firm produces a certain item and wants to plan the

~

b

inventory level and production level of its item in order to meet a known demand

over a planning period of time t€ [a, b].

Let x(t) = inventory level( amount of items in stock) at a time t in [a,b]

Let u(t) = production level at a time t in [a,b]

If the selling rate = rx(t),for some r € [0,1];
Then the rate of change of inventory level can be approximated by :
(t) =r x(t) + u(t), t € [a,b].
There fore the control problem (CP) is given by
z(t) = r x(t) + u(t) t € [a,b],r € [0,1]
x(a) = x,

ut) € [0,M],M > 0

Hence the associated cost function of production-inventory problem is equal to

the sum of inventory(holding) cost and production cost.

i.e g(x,u,t) = Cy(x(t)) + Ca(u(t)) where Cy(x(t)) is the cost of holding x(t) items at a time
t, and Cy(u(t)) is the cost of producing u(t) items at a time t.

Hence the total running cost during t € [a,b] is

) g(xt) = [) (Ci(x(t)) + Ca(u(t))) dt

So the optimal control problem(OCP) for production-inventory problem is stated

f(xu) = [7(Cr(x(t)) + Calu(t))) dt--» Min
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St &(t) =1 x(t) + u(t), t € [a,b]
x(a) = x,
u(t) € [0,M]

It is a type of linear optimal control problem.

So the optimal state function x*(t) and the optimal control function u*(t) which minimize

the given cost function over the given set can be obtianed.
EXAMPLE: Rocket Launching Problem

Consider the problem of a rocket that is to be launched from the ground level to the height

yp in time b (where it is to be at rest)

Let y(t) = The height from the ground at a time t in [a,b]

Let u(t) = The force(thrust) exerted in a vertical direction at a time t in [a,b].
Let m = The mass of a rocket.

From Newton’s law of motion we have

F - mg = ma

u-mgy =m ¢y

m j = -mgy + u

j=-gy + nu
Let,y =21 =y =1
Let,y =29 = § = 29

So the above equation can be written as

Tg = —gx; + %u

T1 = X

This implies

Ty =0x1 + 1x9 + 0

iy =-gx 1 + 0xs + ~u

So the control problem is given as
T 0 1 x 0
‘1 = )+ LU
Ta -9 0 T2 m

It is subject to

o(b) = ( 21(b) ) _ < y() ) .
2a(b) ()

Hence the above control problem (CP) for launching a rocket is re written as
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= Ax + Bu, t € [a,b]

x(a) = x,
x(b) = xy
u(t) € [FMM],M > 0
Where A = 0 (1) And B = (1)

And suppose thegcost( energy /fuel) used of exerting a control u(t) at a time t is
g(xut) = u?(t).

Hence the total cost over [a,b] is

Sy gteut) = 7w (1)

Thus the optimal control problem (OCP) for rocket launching is stated as:

f(x,u) = fab u?(t)dt --» Min
St i =Ax + Bu, t € [a,b]
x(a) = x,

x(b) = xp
u(t) € [[M,M], t € [a,b]

It is a type of Quadratic optimal control problem. So that the minimal control function
u*(t) and and the minimal state function x*(t) which minimize the given cost function over

the given set can be obtained.

3.1 Optimal Control problems

Definition 3.1.1. Let a,b € R,a<b,Let g : R"xR™ X [a,b] = R and ¢ = R"xR™ x [a, b] —
R be continuous functions. Then we consider the following optimal control problem,which is
called optimal control problem with free right end point

flew) = [P g(x(t), u(t), t)dt > Min, (z,u) € R

R ={(z,u) € K x Q: &(t) = ¢(z(t),u(t),t),t € |a,b

K = {z € RCSWIa,b]" : z(a) = a}

Q ={u € RS[a,b]" : u(t) € U(t),t € [a,b],U(t) CR™}}

3.1.1 Variational problem as problem of optimal control

It is easy to see that optimal control problems are generalized variational
problems. Let the following variational problem be given

f(x) =/ L(z,#,t)dt > Min x € S

S = {z € ROSW|a,b]" : 2(a) = o, z(b) = B}.

Then by setting u(t) = #(t), we get optimal control problem: i.e

f(x,u) = f;g(x(t),u(t),t)dt --» Min, (x,u) € R

R ={(z,u) € K xQ:x(t) =u(t),t € [a,b]

K = {z € ROSW]a,b]" : 2(a) = o, x(b) = B}

Q = {u € RS[a,b]™ :u(t) e U(t),t € [a,b],U(t) CR™}}
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3.1.2 Elementary Lagrange approach

In this section we try to get necessary (and also sufficient) condition for
(:U u ) to be a solution of the following optimal control problem
f g(z ),t)dt --» Min, (x,u) € R

- {(x,U) ¢ o cz i(t) = o(a(t), u(t), 1), ¢ € [a,b)
K = {z € RCSW]a,b]"}
Q = {u € RS[a,b]" : u(t) € U(t),t € [a,b],U(t) C R™}
General Approach: We want to apply the lagrange method for optimization problem
with equation constraint for this we try to find a function,
A= K x @ — Rywhere A(z,u) = 0 for all (x,u) € R, then we conceder the Lagrange

function

Hlz,u) = f(z,u) + Mz, u), (x,u) € Kx Q

Lemma 3.1.1. Lagrange lemma
Let (z*,u*) € R be a minimizer of fi(x,u) on Kx @, for some X : [a.b]" — R"™. Then

(x*,u*) is a minimizer of f(x,u) on R.

Proof: Let (z*,u*) € R be a minimizer of f)(z,u) on K xQ
we get f(z*, u*) + A(z*, u*) < f(xu) + A(z,u), V (x,u) € K x Q
Because R C K x Q weget
fa*, u*) + Ma*, u*) < f(xu) + Az, u)
, (since:A(z*,u*) =0 and A(z,u) =0);we have
= f(x*,u*) + 0 < f(x,u) + 0
= f(x*,u*) < f(x,u).i.e (%, u*) is a minimum point of f(x,u) on R.
Hence if (z*,u*) € R is a minimum point of f(x,u),then (z*,u*) € R is a minimum point

of f(z*,u*)

3.1.3 Lagrange approach to solve optimal control problems

Consider he Optimal control problem:
f g(x ), t)dt --» Min, (x,u) € R

= {(%u) € K X Q La(t) = o(a(t), ut),t),t € [a,b]
K = {x € RCSW|a,b]}
Q = {u € RS[a,b] : u(t) € U(t),t € [a,b],U(t) C R™}
In Lagrange approach,by considering ODE constraint & — ¢(x,u,t) = 0,and we take La-
grange multiplier function A\,where A : [a,b] — R.
We define the Lagrange optimal control problem as
B(xu) = [V g(z,u,t) + Ni — o, u, t)]dt Min
K = {z € ROSW|a,b]}
Q = {u € RS[a,b] : u(t) € U(t),t € [a,bl;U(t) CR™}}
The integrand is called Lagrange fnctional ,denoted by;
L(z,z,u,\t) = g(x,u,t) + A\ — o¢(z,u, t)]dt
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In order to solve optimal control problem, we need a necessary (and sufficient) condi-
tions.For

this we have three kinds of necessary conditions;

1) Let x = x* and A = A* are fixed functions,then we try

to find the conditions for minimizing fy«(xz*,u) with regard to u.

2) Let u = u* and A = \* are fixed functions,then we try to

find the conditions for minimizing f)« (z, u*) with respect to x

3) Let x = x* and u = u* are optimal (and therefore fixed) functions.Then by (z*,u*) € R
we have trivially

T* = ¢(x*, u*t), where (z*,u*) € Kx Q

Theorem 3.1.1. Let A € RS[a,b/",z € K be fized and u* be a minimizer of the function

f(z,u) on Q,then
L(z,2,u*, \,t) = minyeqL(x,&,u, \, t),for all t in [a,b]

3.1.4 Optimal control problem with fixed end points

Let a,b € R and o, € R™ a<b,

Let g : R" x R™ x [a,b] - R

and ¢ : R" x R™ x [a,b] — R be

continuous functions,then we consider the following OCP with fixed end points :

f(xu) = [V g(x(t), u(t), t)dt --» Min, (x,u) € R

R={(z,u) € KxQ:i&(t) =¢(x(t),u(t),t),t € [a,b]}

S = {z € ROSWIa,b]" : 2(a) = o, x(b) = B}

Q = {u € RS[a,b]™ :u(t) e U(t),t € [a,b],U(t) CR™}

Further more Let L(z,d,u, A, t) be piece wise partially differentiable with regard to x,&

then we have the following theorem.

Theorem 3.1.2. Let u € RS[a,b]™, A € RCSW[a,b]” be fived functions and z* be a
minimizer of f(x,u) on S,then
L Li(x*, i u N\ t) = Ly(z*,i%, u,\,t) (ELDE)

3.1.5 Optimal control problem with free right end point

Let a,b € R and o € R",a<b,Let

g:R"xR™ x [a,b] = R and ¢ : R" x R™ X [a,b] — R be continuous functions.Then we
consider the following OCP with free right end point

f(xu) = [7 g(a(t), ult), t)dt — Min, (x,u) € R

R ={(z,u) € K xQ:x(t)=¢(x(t),u(t),t),t € [a,b]}

W = {x € RCSW[a,b]" : x(a) = a}

Q = {u e RS[a,b]™ :u(t) e U(t),t € [a,b],U(t) CR™}

Further more Let L(z, &, u, A, t) be piece wise partially differentiable with regard to x,&

then we have the following theorem.
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Theorem 3.1.3. Let u € RS[a,b™, A € RCSW[a,b]" be fized functions and r* be a
minimizer of f(x,u) on W, Then

L L (%, i u,\t) = Ly(a*,i*, u,\,t) (ELDE)

And \(b) =0 (TR)

Theorem 3.1.4. If (z*,u*) is optimal solution of the Lagrange optimal control problem
f)\(l‘7 U)

for some X that satisfies the (ODE) &(t) = ¢(x(t),u(t),t)then, u*(t)is the optimal control
with optimal trajectory x*(t) for the optimal control problem f(z,u).

3.2 Solving Optimal Control problems

Steps and Necessary optimality conditions to solve optimal control problems
fr(xu) = [V g(z,u,t) + Ni — ¢z, u, t)]dt Min

Let L(x,Z,u,A\t) = g(x,u,t) + A & - M@ (x,u,t) be the Lagrange functional.

And H(x,u,A\t) = g(x,u,t) + A¢ (x,u,t be Hamilonian functional.

1)Pontryagin Minimum Condition: Let x = x* and A = \* are fixed functions.If we
minimize fy (x,u) with respect to u on Q then

L(x,z,u*,\t) = Min,eq L(x,2,u,At).

Since Az does not depend on u the above MIN condition of L is equivalent to
H(x,u*,A\,t) = Min,eq H(x,u,At.(Minimum principle of pontryagin)

( Here we solve u* interims of \)

2) Validity of ELDE and TR : Let u =u* and A = \* are fixed functions

If we minimize f) (x,u) with respect to x,on K,then the minimizer x satisfies :

4 L; =L, --» (ELDE)

A= 02— AP

And A (b) =0 --» (TR)

(Here we solve \* interims of t and when we substitute \* in u*

then we write u* interims of t.

3) Validity of ODE : Let x=x* and u=u* are optimal(and therefore fixed) functions.Then
by (z*,u*) € R,then x* and u* trivially satisfy the ODE given by ;

@ (t) = ¢(z*(t),u*(t), 1) ; (27, u") € K x @

And we solve the ODE using (IC) :x(a) = a; t€ [a,b]

( Here x* is solve interims of t)

3.2.1 Solving Optimal Control problems with free right end points

EXAMPLE: Find the optimal control u* and the corresponding optimal trajectory x*
for the following optimal control problem

flx,u) = [} x(t)dt —» Min (z,u) € R

R={(z,u) e K xQ:2(t) =u(t)}
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K ={z € RCSW|0,1] : z(0) = 0}

Q={ue RS[0,1] =—-1<wu(t) <1,tel0,1]}

Solution :The Lagrange OCP is given by:

fal,u) = [ a(t) + A@(t) — u(t)]dt ——» Min, (z,u) € K x Q

Then we haveL(z, &, u, A\, t) = x(t) + Az(t) — u(t)]

This implies L(z, &, u, A\, t) = x(t) + A\ (t) — Mu(t)

1)Minimum condition(let x=x* and A=\* are fixed functions) : In this case, if we min-
imize fy(x,u) with respect to u on Q,then u satisfies;

= L(z,&,u*, \,t) = Minyeo{L(z, &,u, A\, t)}

= L(x,&,u*, A\, t) = Minyeq{z(t) + \&(t) — Mu(t)}

Since u does not depend on At the condition MIN of L can be written using Hamilto-
nian function H as
H(z,u*, N\, t) = Minyeq{xr — Au}
Let H(u) = —Au + x.
Since H is linear with respect to u,then the minimizer u* of H over [-1,1] occurs at the end
points.
From the function H(u) = —Au+ 2z, —1 <wu <1 can be expressed as follows
i) If A <0 the graph of H is increasing,hence the minimizer of H occurs at u = -1
ii)If A >0 the graph of H is decreasing,hence the minimizer of H occurs at u =1
le
-1 if,A\t) <0

u'(t) = ,
1 if,A(t) >0

2)Validity of ELDE and TR conditions (let u =u*,A = A\* are fixed functions).If we
minimize f)(z,u) with respect to x on K then x satisfies ELDE and TR.

)From ; L(x,%,u, \,t) = x + A& — Au
L,=1and L; =\

= 4Ly =L,
= 4)=1
=A=1
=8 =1

= [d\= [dt
= A\Nt)=t+c

i)And from TR condition:

i.e Li(z(b),z(b),u(b), A(b),b) =0

We have A(1) =0

From, A(1) = 0,we get:\*(t) =t - 1,if 0 <t <1

So,From the function A(t) =t —1,if,0 <t <1,then —1 < \(t) <0
Hence :u*(t) = —1,if, A(t) < 0 is a solution

= u*(t) = —1,if, \(t) <0

So the optimal control is of the problem is u*(t) = -1,if, 0 <t <1
3)Validity of ODE:since the solution,u = u* satisfies ODE,
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=t =u"z(0)=0 (IC)
de _ _q
dt ;

= [de=— [dt
= x(t)=—t+c

= from (IC) x(0)=0,we get x(t) = -t,for, t € [0, 1]
so the optimal trajectory of the problem is x*(t) = -t,for, t € [0, 1]

EXAMPLE(2):Find the optimal control u*(¢) and the corresponding optimal trajectory
x*(t) for the following quadratic of optimal control problem:
f(x,u) = fo )+ 3u(t) — 2x(t)|dt --» Min, (z,u) € R
R ={(z,u) € K X Q:a(t) =x(t) +u(t),t €l0,2]}
K ={z € ROSMI0,2] : (0) = 5}

Q ={u € RS0, 2] 0<u<2}
Solution : fy(z,u) fo t)+3u(t) =2z (t)+ N2 (t)—x(t)—u(t))]dt --» Min, (x,u) € KxQ
We have L(z,,u,\,t) = u? + 3u — 22 + \& — A\v — \u
1)Minimum condition(let x=x* and A = A\* are fixed functions) : If we minimize f,(x,u)
with respect to u on Q,then u satisfies;
= L(x, &, u*, N\, t) = MinyejoL(z,&,u, A t)
= L(z,&,u*, A\, t) = Mingep{u® + 3u — 2z + A& — Ax — Au}
Since u does not depend on Az, the condition MIN of L can be written using Haimltonian
function H,i.e
H(z,u*, A\, t) = Min,epg{u® + 3u — 2z — Az — \u}
= 21—
= H,(u* +3u—2x — Az — Au) =0
=2u+3-A=0
= u(t) = A1) — 3.t €0,2]
2) Validity of ELDE and TR conditions(let u = u*, A = \* are fixed functions ).If we
minimize f)(x,u) with respect to x on K then x satisfies ELDE and TR.
D) From,L(x, &, u, A\, t) = u? + 3u — 22 + A& — Az — \u
We have L, = -2 —Xand L; = \

= 4L; =L,
:>%>\:—2—>\
> A=-2-)

=[5 =Jdt
=mnA+2|=—t+c

= \Nt) =ce™t =2

ii)From TR condition:

i.e Li(x(b),z(b),u(b), \(b),b) =0

We have A\(2) =

From, \(2) = 0,we get:\*(t) = 2> — 2, for,0 <t <2

Next Substitute \*(t) = 2>~ — 2,t € [0,2],in,u*(t) = tX*(t) — 3,t € [0, 2]
Then we have :u*(t) = > — 3.t € [0, 2]
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Our aim is to minimize u in the given interval of time :
Butif 0 <t <2= —1.5 <wu < 4.9(out side the interval 0 < u < 2)
So when 0 <u <2=0.5 <t <1.1 (in side the interval 0 < ¢ < 2)

&
u(t)

P - -

fig 3.1

And the end points are (0.5,2) and (1.1,0)

So the optimal control function of the problem is given by

2 if,0<t<0.5
u(t)=qe" -3 if,05<t<11
0 if, 11<t<2

3)Validity of ODE :since the solution,u = u* satisfies ODE,
given by & = z + u* with (IC), x(0) =5
Then,let’s solve the ODE given below

T+ 2 if,0<t<05
=S x+ert—5/2 if,05<t<1.1
z+0 if,1.1 <t <2

Case(1) Solving & =x + 2,in 0 <t < 0.5 gives
x(t) = ce' — 2

Taking the (IC),x(0) =5 = z(t) = Te! — 2
Case(2) Solving & = z + €27t — 5/2,in,0.5 < t < 1.1 gives
z(t) = ce! — 1e* "+ 5/2

Since Te! — 2 = ce! — 3> +5/2,at,t = 0.5, then
c=T+1e—ge1/?

Case(3) Solving & = z,in, 1.1 <t < 2, gives

z(t) = cp€t

Since ce' — 37" +5/2 = ¢1€', at,t = 1.1,then
=T+ 1Le— Qe1/2_ 1g-02 4 51
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So the optimal state function of he problem is given by

Tel — 2, if,0<t<0.5
a*(t) = qcet — 2t +5/2, if,05<t<11
crel, if,1.1<t<2

where :¢c =7 + 16 9 e~ 1/2

And :¢; =T+ e — 9 e/ — 1702 4 Sl

3.3 Sufficient conditions,separated optimal control prob-

lems

For convex(or partially convex)problems the Characterizing theorem of convex optimization
can be used in order to get sufficient conditions.The following special case is particularly
easy and many practical OCP have this structure.

Let L(z,,u,\,t) = G(z, 2, \, t) + W(u, \, t)

We will denote this types of problems as separated problems.

Now consider the following optimization problem :

f(x,u):fab g(x,u,t)dt — min, (x,u) € R

And the corresponding Lagrange problem is

fr(z,u) = [lg(x,u,t) + M — ¢z, u, t)]dt — Min, (z,u)e K x Q

fr(z,u) = f:[g(a:,u, t) + At — Aop(z,u, t)|dt— Min, (z,u)e K x Q

So we have the following types of optimization problems:

)fy\(z, u) fb[G(a: T, A t) + W(u, A, t)]dt --» Min, (x,u) € Kx@Q (Separated Problem)

i) g(x f G(z,%, A\, t)dt --» min, x € K (Variational problem)

iii) w(u) = fa W (u, A\, t)dt --» min, u € Q (Normal optimization problem)

Theorem 3.3.1. Let fy(z,u) = fab[G(a:,x', A t) + W(u, A\ t)]dt— Min is separable control
problem.

If «* is a solution of g(z) = fab G(x, %, N\, t)dt — min.

And u* is a solution of w(u) = fjW(u, A, t)dt — min.

then (z*,u*) is a solution of f\(x,u).

Let x* be a solution of g(x) = g(z*) < g(z),Vx € K
Let u* be a solution of w(u) = w(u*) < w(u ) Yu € Q
So f(z,ut) = g(z*) + ww?) < glx) + wlu) = [PG(z,i,\t)dt + [PW(u,\ t)dt =
JIG (@, @\ Odt + W (u, N D)dt = [ g(x ) ) t) + AlE — o(x(t), ult), )]dt = fi(z, u)
ie fy(z*,u*) < falz,u) ¥V (x,u) € K x Q
Hence (z*,u*) is a minimum point of fy(z,u).

Note:A sufficient optimality condition for x* and u* to be the optimal solutions of separated
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Optimal control problem is the convexity of the separated problems.(i.e the convexity of G

with regard to x and #,and the convexity of W with regard to u.)

Theorem 3.3.2. Let \ € [a,b], K C {z € RCSW]a,b]" : z(a) = a, 2(b) = B}

be convex set and let the problem is separated furthermore,let G be convex with regard to x
and be piece wise continuously differentiable.If for (z*,u*) € Kx @,

1)%Gi(x*(t),x'*(t), At),t) = Ge(x*(t), *(t), A(t), t), t € [a,b]

2)W (u*(t), A(t),t) = MinWyeq(u(t), A(t),t),t € [a,b]

3)i*(t) = ¢(x*(t),u*(t),1),t € |a, b

then (x*,u*) is a solution of (OP)

3.3.1 Solving separated optimal control problems with free right

end points

Example: Find the optimal control «*(¢) and the corresponding optimal
trajectory x*(t) of the following optimal optimal control problem:
flx,u) = fol(u + 2xt)dt --» Min, (v,u) € R

R={(z,u) e K xQ:&(t) =u(t)}

K ={z € RCSW|0,1] : z(0) = 0]}

Q={ue RS[0,1]: =1 <wu(t) <1,tel0,1]}

So :fa(z,u) = fol(u + 2zt + A& + u))dt

Fala,u) = [ (20t + i) + (u+ u)]dt

Where; G(x, %, A\, t) = 2xt + A And; W (u, A\, t) = u+ Au

Obviously,G is convex with respect to x and . And W is also convex
with respect to u,then we have a sufficient condition for (z*, u*) to be
an optimal solution of the given problem

. 1) Min Condition

If u is a minimizer of fy(x,u) of on Q then ;

= Mincp W (u, A\, t) = Mingep{ v+ u}

Let W(u) = Au+u,if, -1 <u<1

Since W is linear function with respect to u then,the minimizer u* of W over ue [-1,1]
occurs at the end points.

From the function W(u) = (1 4+ Mu, —1 < u <1,

1)W is Increasing, if A > -1 hence the minimizer of W occurs at u =-1

ii)W is decreasing, if A < -1 hence the minimizer of W occurs at u = 1

—1 if,A(t) > -1

So wut(t) =
o v 1 if,A\t) < —1

2)Validity of ELDE and TR conditions.

If x is the minimizer of f)(x,u) on K then x satisfies; ELDE and TR
i) From G(x, 2, A\, t) = 2zt + A&

= G, =2t,and, Gz = \

= 4G, =G,
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= 4\ =2t

= [d\ = [2tdt

= \t)=t*+c

ii) From TR condition: i.e Gy(x(b), (b), A(t),b) =0

We have A(1) =0

From A(1) = 0,we get:\*(t) =12 — 1, for,0 <t < 1

From the graph of a function A\(t) =* — 1,if,0 <t < 1,then — 1 < \(t) <0
Hence :u*(t) = —1,if, A(t) > —1

Then the optimal control u*(t) of the problem is = u*(t) = —1,if,0 <t <1
3)Validity of ODE:

since the solution,u = u* satisfies ODE

= = —u*,z(0) =0

fli_:tﬂ:_<_1)>
= [dx= [dt
=z(t)=t+c

From,(IC), x(0) = 0,we get x*(t) =t
So the optimal trajectory x*(t) of the problem is:
xX*(t) =t

3.4 Linear optimal control problems

3.4.1 Linear optimal control problem with free right end point

In this section we consider optimal control problems ,where the functions

H and g are linear with respect to x and u,and the differential equation is also linear.
That is optimal control problem of the following type

Let a,b € Ra<b,a€ R™, Let H : R" - R, g : R®" x R™ X [a,b] — R and
¢:R" x R™ X [a,b] = R

be continuous functions and

f(x,u) = vT'z(b) + fab(ch + dTu)dt — Min, (x,u) € R

R ={(z,u) € K xQ: %= Az + Bu,t € [a,b]}

K = {x € RCSW[a,b]" : v(a) = a}
Q={ueRSa,b":—1<wu;<1,i=12, ... m}

Where ¢ € RS[a,b]",d € RS[a,b]™ A € RS[a,b”"™, B € RS[a,b]"*™

are continuous functions. And v € R”,

This type of problem is called Linear Optimal Control problem.

Then we get the lagrange function

L(z,z,u,\,t) = ¢’z + d"u + N\ (& — Az — Bu)

L(z,i,u,\t) = cTow +d'u+ \Ti — AT Az — \TBu

L(z,%,u,\t) = ng + Mg — )\TA:L;+dTU — )\TBu; where, A € RCSW]a, b]"”
So,we have G(z,, A, t)z o+ i — /\ﬂzlx

And,also,W (u, \,t) = d"u — AT Bu
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Obviously G is convex(since it is linear) with respect to the pair of variables
(x,&) and W is also convex (since it is linear) with respect to u.

a)Validity of ELDE and TR:

If x* is the minimizer of fy(z,u) on K then x* satisfies ELDE and TR condition.
i) From the variational problem:G(z, &, \,t) = cTx + \Ta — \T Ax

we have: G, = ¢’ — ATA and G; = AT then

%Gi =G,

LN = ' — ATA

M=l —\TA

A=—AT\+¢

ii)From Transversality condition(TR),we have

Gi(z*(b), 2*(b), A(b), b) = —H' (2" (b))

= M () ="

= Ab) = —v

b) By using the MIN condition : If u is a minimizer of fy(x,u) then u satisfies;
Ming,me—1W (u, A, t) = Ming,@ej-1,1)(d v — A\ Bu)

Ming, e qgW(u, A\, t) = Mz'nui(t)e[,l,l](dT -~ AT'B)u

Setting:h? = d — AT B ,we have:

Minui(t)e[_ljl}W(u, A t) = Minui(t)e[—l,l]hTU

Ming,me—1qW (u, A, t) = KT u*

h
ho

Let h= . Then h;,is,continuous,Vi € {1,2,....m}, since d,\,and, B, are, continuous.

P
So,sinceW (u, A, t) = (d — AT B)u = h™Tu

(41
Ug
Wty = (b by o b )

Um

Therefore W (u, A, t) = hyuy + houg + ....... + hju; + ... + Ay,

In order to minimize W we have to minimize each summand h;u;

Let h; have a finite number of zeros {t},t5, ......t;,} in which the functional values changes.
Let ty = a,and ty, = b foralli= {1,2,3,.....m}

1 if h(t)>0,for te€la,t!)

Let &: .
—1 if h(t) <0, for tela,t!)
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Now we define ;

&(-1)7 if te [t 1) e {1,2..k}
G- if el 0 ] = [0,

i+1”

In the drawing we have & = 1 because h;(t) > 0 for t € [a, tgi))
. So we have:

(1) =1, for te[at)

(1) =1, for te[t )

(-1) = =1, for te [t 1)

(1) =1, for te [ty ¢

etc

Similarly for h;(t) < 0,we have & = -1 for t € [a, tgi))

So we have

w(t) =&(-1)' = —1(=1) =1, for t€ [a,t{")

wi(t) = &(=1)2 = —1(1) = =1, for t € [tV ¢

wit) = &(—1)* = —1(-1) = 1, for te [t #))

wit) = &(=1)' = =1(1) = =1, for t € [t),1}")

etc

So for the solution we get : w7 (t) = {&(=1)7, & (—=1)72,&(—1)%, .......... En(—1)Im}

For e.g: if # € RCSW|a,b]?,and u € RS[a, b]*;we have ;

(=1,1) if telaty)
u*T(t) _ (1, —1> Zf t - [tl,t2>
(=L 1) if te€ [tats)

K(1,——1) if te|ts,ts) etc

c¢) Validity of ODE:

Let u* be an optimal control of the above Min.condiion.Then we can solve the differential
equation;

& = Ax + Bu* , (since u* satisfy the ODE).

on piecewise for ward starting with the first interval

Let x* be a solution of the differential equation,then (z*, u*) is a solution of the given linear

optimal control problem.

Example: Solve the following Linear control problem:

f(x,u) = vTx(4) + f04(cT:c + dTu)dt --» Min, (z,u) € R
R ={(z,u) € K xQ:x(t) = Ax(t) + B(t)u(t)}

K = {x € ROSMI[0,4]? : 2(0) = (—1,3)T}

Q={ue RS[0,4?: -1 <wu; <1,te€]0,4],i ={1,2}}

Where:A= -1 ,B= o ,
-1 -1 o 1
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' =(—t+4,-1),d" =(-3,2),77 = (0,-1)

In order to calculate the optimal solution(z*, u*),we concider the
necessary (and sufficient ) conditions:

From:L(z, &, u,\, t) = G(z, %, \, t) + W(u, A\, t)

= L(z,&,\t) =c"v+ N'i — N Az +d"u— \"Bu

1)Validity of ELDE and TR: o

If x is a minimizer of f)(x,u) on K then x satisfies ELDE and TR. i)From the variational

problem:

Gz, i, \t) =cTe+ Nz — N\ Ax

we have: s=cl = ATA and, G; =\

Let x be the extremum of the variational problem G on K, then it satisfy ELDE
%Gi =G,

AN =T — ATA

AT = cm aTA

A=—ATx+¢

A 11 A —t+4
= . = +
Ao 0 1 Ao -1
To solve the homogenous part of the system of ODE;
MY (11 A\
N Lo Ao
Let A\ = k1e®, and, \y = kye*areassumedsolutions
MY (11 At
Ao 0 1 Ao
akye® 11 kqet
j pr—
akqe®t 01 ket

= ak; = ki + ko
and, aky = 0+ ko

() ()

The homogeneous system given above has non zero solution ,if the determinant

of the coefficient matrix is zero.,i.e

1_

Det S
0 1l—«

= (1-a)?=0

= a1 = 1,and,as =1
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1— 1 k 0
Now considering the system = “ ) =
0 11—« ko 0
01 k 0
i) For oy = 1, wehave, L = =k =1k=0
00 ko 0

1
So :S; = ( et
0

01 k 1
ii) For ay = 1, wehave, = =k =0,kr=1
0 0 ko 0
0
So 1Sy = ( > et
1

Hence the general solution of the homogeneous system is

/\(t)201<é>6t+02[<(1)>t6t+<(1)>6t]

= Al(t) = clet + Cgtet
and,\y(t) = coe

To find the particular solution

b
Let A = “ t+ ! is assumed solution.
ag by

= N=A\+F
) =)o) ) (50
a9 b2 01 as bz —1
<a1> (11><a1t+b1> (—t+4)
= = +
az 01 ast + by -1
<a1> <a1+a2—1> <b1+b2+4>
= = t+
as Qo bg—l

SO7 alzl,agzo,b1:—4,b2:1

Hence the general solution of the system is

M =crel +cotel +t—4

Ay = et + 1

ii)From, Transversality condition(TR),we have
G(w(b), 2(6), A(B), b) = —H'(2(b))

= () ="
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M(4) =cret +cdet +4—-4=0

)\2(4) = C264 +1=1

= =0,and,co =0

Therefore :( Ailt) > = < t—4 >
Ao (1) 1

2)From Minimum Condition:

If u is a minimizer of fy(x,u) on Q then u satisfies:
Minue[_Ll]W(u, )\, t) = Minue[_m](dT — )\TB)U

Minge—1 W (u, A\, t) = (d* — AT B)u*

Minye—1 W (u, A\, t) = hu*, (whereh® = d* — AT B)
But,h? = d" —\TB = h = d — BT\

From:h(t) = d — BT\
o () ()
(hl(t)> (—3—t2+4t>
= =
ha(t) 2—t

So :hy(t) = =3 — * + 4t,and, ho(t) =2 — ¢

Ug

: uj
MZnuE[—l,l]w(u7 >\7 t) = (hh h’2) < 1 )
Minue[,lyl]W(u, )\, t) = hﬂff + h2u§
Minge—1gW(u, A\, t) = (=3 — 2 + 4t)uj + (2 — t)us

a)For W (u) = (=3 — t* + 4t)u}

i)Let, hy > 0

le =3—t*4+4t>0

=2 —4t+3<0

=1<t<3

hence, uj = —1 is the minimizer of Wy for,1 <t <3
ii)Let,h; <0

e —=3—t*+4t <0

=2 —4t+3>0

37



=t<lor,t>3

hence, uj = 1, is the minimizer of Wy, for,t < 1,or,t > 3
b)For Wy(u) = (2 — t)u}

i)Let, hy > 0

ie2—t>20=1t<2

So, uy = -1 is the minimizer of W, for,t <2
ii)Let, hy < 0

ie2—-t<0=1t2>2

So,us = 1 is the minimizer of Wy, for,t > 2
Therefore we have

ui(t) = —1, for,1 <t <3

ui(t) =1, for,t < 1,or,t >3

And also we have

uy(t) = —1, for,t <2

us(t) =1, for,t > 2

So we can generalize uf(t), for,0 <t <4

1 tel0,1)
ui(t) =< -1 tell,3)
1 te[3,4
And we can generalize uj(t), for,0 <t <4
() = -1 te]0,2)
1 te[2,4]

Finally the solution u*(t) can be expressed as:

(1, 1) te|0,1)
u™ () = (i), ) = 4 Y Pe b
(—1,1) te(2,3)
(1, 1) t € [3,4]

3)Validity of ODE: The solution u*(t),gives us the possibility to calculate x by the
system of differential equations:
ie:i(t) = Azx(t) + B(t)u*(t)

:><5€1(75)):<_1 0><x1(t)>+<t0>(u1(t))
Ty (1) -1 -1 (1) 0 ¢ uz(t)
case(i): For,t € [0,1),we, have < Uy ) _ ( _11 )

&y [ -1 0 Z1 t 0 1
R A S T B W W R I
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()8 )

Now let’s solve the homogenous system :

()5 300

o 0
= Det =0
-1 —-1-A
= (—1-X)%?=0
:>)\1:—1,cmd,)\2:—

—1-A 0 k1 0
From =
-1 —1-=A ko 0
Case(i):For A\, =
0 0 k 0
! =k = O, ko =1
-1 0 ko 0
0 —t
80,51 = ( 1 ) e

Case(ii):For Ay = —1

0 0 k 0
= ! =k =—1,k =0
-1 0 ko 1
-1 »
SO (S9 = e

So,the general solution of the homogeneous system is

0\ 0 1
= 4+ te™t + et
X cl<1>e Cz[<1>€ <O> ]
1 —coe™ !
= e
<x2> (cle_t—iche—t)

To find the particular solution

b
Let ¢ = ( “ > t+ ( ! > be the assumed solution.
a9 bg

This implies x” = Ax + F(t)

ay by , (-1 0 ar b
“(n)e () )
(2)-(58) () ()
= = +
a9 -1 -1 (12t—|—b2 —t
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— 1 —b
- aq _ aq + ‘ 1
(05} —ayp — Qg — 1 —bl — bg

:>a1:1,a2:2,b1 :—1,b2:3

So,the particular solution is
1 -1
T = t+
—2 3
T t— 1
= =
Hence the general solution of the system is
zi(t) \ —14t—coe?
xo(t) 3—2t+cre”t + cote™?

0 -1
Using the boundary conditon 2(0) = )

For ¢t € [0,1) we have the optimal solution;

zi(t) \ [ 1+t ui(t) \ [ 1
) )\ 3—2  Jor, wi(t) )\ =1
Case(ii) t € [1,2), for ( Zl ) = < :1 ),We have
()= (50 (2)- G
= = +
Zo -1 -1 To 0 t —1

Solving this system of ODE,we get;
r1(t) =1—t—coe ! and, xo(t) = =1 + cre™" + cote™
1 0
Since x is continuous at x=1 from case(i),we have ( $1(1) ) = ( ) ),(is the boundary
)
condition for case(ii)

For t € [1,2) we have the optimal solution of
() (e ) (50) - (2)
3 (t) —142e )7\ ws(t) ~1
case(iii) t € [2,3), for, ( “ > = ( - ),We,have;
Us 1
-(2)-(22))- GO0
T -1 -1 T 0 t 1

Solving this system of ODE,weget,
21(t) =1 —t —coe™ and, xo(t) = =3+ 2t + cre™ " + cote™

2 -1
Since x is continuous at x=2 from case(ii),we have < I1(2; ) = ( )(is the
X2

boundary condition for case(iii)

For t € [2,3) we have an optimal solution of

ri(t) ) 1—t F ui(t) \ [ -1
) )\ =342t 421—eet |7 ey ) T\
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cotrrego ()< (o
-(2)-(5 ) ()G 0)

solving this system of ODE we get

71(t) = =1+t —coe t and, 2o(t) = 1 + cre™ + cote™

3 -2
Since x is continuous at x=3 from case(iii) we have 71(3) = (is
z2(3) 34+ 2¢72(1 —e)

the bounday condition for case(iv))

—_

For ¢ € [3,4] we have an optimal solution of
( 2i(t) ) ( 14+t —Adet ) < wi(t) ) < 1 )
= ) fO’I", =
x5(t) 1—2e' (=14 e+ be?) + 4te’ ! us(t) 1
3.5 Quadratic optimal control problems

3.5.1 Quadratic optimal control problem with free right end point

Let I' € R™*™ be a positive semi definite symmetrical matrix.

A € RS[a,b]" "

B € RS[a, i

C € RS[a,b]™™ be a positive semi definite and symmetrical matrix Vt € [a, 0]
D € RS[a,b]™ ™ be a positive definite and symmetrical matrix V¢ € [a, b]
veR"?

c € RS[a,b]"

d € RS|a, b

In this section we consider optimal control problems ,where the functions H and g are
quadratic with respect to x and u,and the differential equation is linear .

That is problem of the following type:

Fx,u) = LaT ()T (b) +~ () + [* (32" Ca+ "z + tu” Du+d u)dt — Min, ,(z,u) € R
R={(z,u) € K xQ:i= Az + Bu,t € [a,b]}

K = {z € ROSWIa,b]" : z(a) = a}

Q = {u € RS[a,b]"}

This type of problem is called Quadratic optimal control problem

. Then we have the following Lagrange function

L(z,&,u,\t) = 307 Ce 4+ 'z + ju" Du+ d"w)dt + \' (i — Az — Bu)
L(z,@,u,\t) = 127Cx + Tz + " Du+ d"uw)dt + N — AT Az — AT Bu
L(z, &, u,\t) = %xTC:L‘ +clr+ Mg — N Az + %UTDU +d"u — \TBu

/ -
g g

And then we have :
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G(x,,\t) = %xTC’x +clr 4+ Mo — \TAx

W(u, A\ t) = v’ Du+ d"u - N'Bu

Obviously G is convex with regard to x and &, W is convex with regard to u.
So we have a sufficient condition for(x*,u*) to be a solution of our

optimal control problem.

a) From :W(u, A\, t) = su” Du+ d"u - N Bu

And by the condition of Min of Theorem 3.1.1 we have.

MingeoW (u, A\, t) = Minyeq{su" Du+ d"u — AT Bu}

So by convexity and differentiability of W, we have

ow
ou =0

= 2 (Lu"Du+ d"u— A"Bu) =0
= uTD+d' —\TB=0
= (TD+d" — \TB)T = (0)7
- (u*TD)T + (dT)T _ ()\TB)T _ (O)T
= (DTu*)+d—B" A =0
Since D is symmetric; we have
= Du*+d—BT"A=0
Since D is positive definite then the determinant of D # 0 ; then we have
Du*+d—B'A=0
= Du* =BT\ —-d
=u =D'BT\-Dd
b)When we substitute this solution(u*) in the differential equation & = Ax + Bu
we have © = Ax + Bu*
= & = Az + B(D"'BT\ — D~'d)
= i = Ar + BD 'BTX\ — BD 'dsuch that z*(a) = o (IC)
¢) From:G(z, &, A\, t) = 327 Cx + "o+ X' — A A
we have G, = Cx + ¢ —ATA and G; = \T
By theorem 3.1.3,if x is a minimizer of fA(x,u) on Kit satisfies ELDE and TR condi-
tion,then,
%Gi =G,
d)\T =Crx+c' = MTA
=M =Cr+cT—)\TA
= (AT = (Cz+ T + \TA)T
= A=Cr+c— AT\
= A= -ATA+Cz+c
d) From Transversality condition(TR)
G (x(b), 2(b), A(b),b) = —H'(x(b))
Cialw(b). #(b), A(D).b) = —[aT (B)Ta(b) + 1"a(5)
= A (b) = —[z())T + 7]
= A(b) = —Tx(b) — 7"
= A\b) = —Tz(b) —~

So From equations (b) and (c) we have
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i=Ar+ BD BT\ - BDd
A=Cx— AT\ +c
Where z(a) = o(IC) and A(b) = —T'z(b) — v(TR)

Hence there will be systems of differential equations
T\ [ A BD-'BT x N —~BD!
N o \co  —ar A c

If we have the solution(z*, A*) of this system of differential equations,then we can cal-

culate the control function u* by substitute A\* in the equation u* = D~!BT)\* — D~1d

Normal boundary value problem:-

If I' = 0,we have optimal control problem;

flx,u) =vyz(b) + f;(%xTC’x + 'z + su' Du+ d"w)dt — Min, ,(z,u) €R
R ={(z,u) € K xQ:%=Azx+ Bu,t € [a,b]}

K = {z € ROSWIa,b]" : z(a) = a}

Q = {u € RS[a,b]™}

Then we get the solutions;x* and \* as

T A BD_lBT T _BD—1
<A>:<C —AT )(A>+( c ) w(a) =a, x(b) = —y

If we have the solution(z*, A*) of this system of differential equations,then we can calculate
the control function u* by substitute A\* in the equation u* = D~'BTX\* — D~!d

Example:Find the optimal control u*(t) and the corresponding optimal trajectory x*(t)
for the following optimal control problem

f(xu) = “Ha(1) + [ [22%(t) + Lu?(t) + u(t)]dt --» Min, (v,u) € R

R ={(z,u) € K xQ:x(t) =2x(t) + u(t);t € [0,1]}

K = {x € ROSW|0,1] : 2(0) = 2/9};

Q = {u € RS[0,1]} Where v =-14/9T" =0,C=5D=1A=2B =1,c=0d = 1.
From the Lagrange function

L(z,&,u,\t) = 22% 4+ 3u® + u + A[& — 2z — u]

5) 1
L(z, &, u,\t) = §x2+)\§c—2)\x+§u2+u—>\u

Where,G(z, &, A\, t) = g$‘§+ Ni— 2z
And,W (u, A\ t) = 3u® + u — Au

Obviously,G is convex with respect to x and #. And also W is convex

with respect to u,then we have sufficient condition for (z*,u*) to be
an optimal solution of the given problem
. 1) Minimum Condition

If u is a minimizer of fy(x,u) on Q then u satisfies:
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MingeqW (u, A, t) = Minyeq{su?® + u — Mu}
So,by convexity and differentiability of W, we have :

W _

Oou

= Wu(3u? +u — M) =
= u(t) = A\(t) —

2)Validity of ODE:

since the solution,u = u* satisfies ODE,

=T =2z +u"

So,we have & = 2x + X\ — 1, with, IC, z(0) = 2/9

3)Validity of ELDE and TR:

If x is a minimizer of fy(z,u) on K then x satisfies ELDE and TR.
G(z,z,\t) = ng + A\t —2)\z

G,=5z—2 and G; = A\

i)Let x be an extremal of the variational problem,then it satisfies ELDE,i.e

4G =G,
= 4\ =51 — 2\
= A\ =5z — 2\

ii)From TR Condition

G (x(b), 2(b), A(b), b) = —H'(x(b))
Gi(x(1), &(1), A(1), 1) = —H'(2(1))
ML) = —(55*=(1))

A1) =5

So we have,\ = 5z — 2\, with, TR, \(1) = u

Now taking system of differential equations;
t=2x+X—1,if,x(0) =2/9
A =5z —2Xif, A\(1) = 14/9

: : T 2 1 x -1
This can be written as: .| = +

First,Let’s solve the homogeneous part:

()-( ) ()

Let 2:(t) = k1e® and \(t) = kqoe™ are assumed soltions

= i = akie® and \ = akqe

akie* \ (2 1 ket
akqye®t 5 =2 koet
This implies

Ckkl = Zkl + k'Q
Ozkg = 5]{31 — Qk’g

This implies
(2—a)k1+k2:0
5k51 + (—2 - a)k‘Q =0
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If the determinant of the coefficient matrix of homogeneous equation

is zero,then the system has infinite solution

2 — 1
= Determinantof “ =0
) —2 -«

=2-a)(-2—-a)—-5=0
= —4—a’>-5=0
=a2-9=0
=a;=—3,a =3

From the given homogeneouse equation,
22—« 1 k1 (0
() (8)-(0)
i) for,a = —3,we have
5 1 kv \ (0
() ()= (0)

:>k’1:—1,k'2:5

:>51:<_51>€_3t

ii)And for o = 3,we have

-1 1 kY [0
5 —5 ks 0
Sk =1k =1

1 .
= Sy = 1 et

So the general solution of he homogenous system is

(2) () eli)

a
To find he particular solution,Let x = ( ! >
a2

=1’ = Az + F(t)

/
N ai _ 2 1 ai n —1
a9 5 =2 a9 0
This imlies
0 2a; + —1
_ aq a9 4
0 5CL1 — 2(1,2 0

This implies
2(11 + a9 = —1
5&2 — 2&2 =0
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=; a1 =2/9,a3 =5/9

Hence the general solution of the system is

()= (5 )n )= (50)
= e "+ co e’ +
A 5 1 5/9

Therefore
z(t) = —cre73 + e +2/9,2(0) = 2/9
A(t) = Bere™ + cpe® +5/9, A1) = 14/9

Hence

1 (t) = s=rtem e + s=re=se™ +2/9
N (t) = #6_% + 56,31%,36:“ +5/9
And we have u(t) = A(t) — 1

U (t) = s==e " + s=ro=e™ +4/9

So the optimal control w*(t) and the optimal trajectory x*(t) of the problem are

u*<t> - 56_35+e—3 e + 56_31+e—3 e’ + 4/9
P'(1) = e+ gk e +2/9

3.5.2 Linear-Quadratic(LQ)optimal control problem

From the quadratic control problem,if y=0,c=0,d=0;we get
f(z,u) = 327 (b)Tz(b) + f;(%xTC’x + sul Du)dt

R ={(z,u) € K xQ: %= Az + Bu,t € [a,b]}

K = {z € RCSWIa,b]" : z(a) = a}

Q = {u € RS[a,b]™}

which is called Linear-Quadratic optimal control problem.

To solve the Linear-Quadratic optimal control problem : Let : A(t) = —P(t)x(t), Pe
C(l)[a, b]nxn

When we substitute -Px in differential equation A = — AT\ + Cz we get :
A= —AT(=Pzx)+Cx

A= AT(Pz)+ Cx

A= (ATP +C)x

But by using product rule on ;A = —Px, we have

A= —Pz— Pi

A+ Pz + Pi=0

Substituting;A = (ATP + C)z in A + Pz + Pi=0,we get

(ATP + C)x + Pz + Pi = 0,— ()

Substituting;# = Az + BD BT \in (*),we get

(ATP 4 C)z + Pz + P(Az + BD'BT)\) =0

Finally Substituting -Px in place of A gives

(ATP 4+ )z 4+ Pz + PAz + PBD'BT(—Pz) = 0
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(ATP 4+ C)z 4+ Pz + PAz — PBD'B"Pz =0

(ATP4+C + P+ PA— PBD'BTP)z = 0, we have x=0 as a trivial solution

Pz = (P(BD'BT)P — ATP — PA—CO)x

P=P(BD 'BT)P - ATP - PA-C.

P =(BD'BT)P?> — (AT + A)P — C, P(b) = I,( Ricatti differential equation)

By solving the Ricatti ODE,we get a unique solution P* where P* is a symmetrical matrix
If we have P* then we can calculate x* as a solution of the differential equation:

i=[A— (BD'BTP*z, xz(a)=a

After that we can calculate \* by;

A= —P*x*, A (b) = —T'z*(b)

Then we can calculate u* by;

u* = —D7 BT P*2*(is called optimal controller)

Then (z*,u*) is a solution of our optimal control problem.

Hence,the optimal control input u is described in the form of a feed back by a linear func-
tion of the state variable x.

The matrix R = —D !B P* is called feed back matrix

ExampleFind the optimal state function and the optimal control function of the fol-
lowing quadratic optimal control problem. :
flx,u) =~Tx(1) + fol(ch + 327 Cx + Lu" Du)dt --» Min, (z,u) € R
R={(z,u) € K x Q : 1(t) = Ax(t) + Bu(t),t € [0,1]}
k={xec RCSW[0,1]?: 2(0) = (-1/3,-1/3)"}
Q = {u € RS[0,1)*}

vvhereA:<_1 0>,B:< L 0>,D:<1 0>7C:<1 0),(}:(1)’7:(2/3)
0 1 -1 0 0 1 0 1 0 1/3

From the lagrange function we have:
L(z,@,u,\t) = Tz + 227 Cx + 1u"Du + XT(& — Az — Bu)
1 1
L(z,&,u, \t) = cTw + §xTCx + ATq — N Az + §uTDu -~ \'Bu

7 - i
g g

Where

Gz, i, M\ t) = cTo+ 327 Co + N'i — N Ax

W (u, X\, t) = su”Du — AT Bu

i)Clearly G is convex with respect (x,2), and W is convex with respect
to u,then we have a sufficient condition for (z*,u*) to be an optimal soluion
of the given OCP.

ii)Minimum condition

If u is a minimizer of f(x,u) on Q then u satisfies ;

MingeqW (u, A\, t) = Minyeq{3u’ Du — AT Bu}

By convexity and differentiability of W,we have:

= v =
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= Wu(3u"Du — ANTBu) =0

=ul'D-XTB=0

= Du*— BTA=0

= u* = DB\

iii) Validity of ODE:

since u = u* satisfy ODE,

= & = Ax + Bu*

= & = Az + BD"'BT\

iv)Validity of EIDE and TR :

If x is a minimizer of f)(x,u) on K then x satisfies ELDE and TR.
From;G(z, 4, \,t) = o + %xTC% + X1 — AT Az
=G, =cl' +2TC -\ TAand G; = \T

i)Let x be an extremal of the variational problem,then it satisfies ELDE;
= 4G, =G,

= %)\T =l +2TC - \TA

= A\ =T 427C - \TA

= \Nt)=Cz— AT\ +¢

ii)From TR Condition

Gi(z(b),@(b), Ao(b), b) = —H'(x(b))
Ga(z(1),8(1), Ao(b), 1) = —H'(x(1))

MOt = —

o-(

From (iii) and (iv),we have

#(t) = Az + BD-LBTA, 2(0) = ( jg )

—2/3
~1/3

So,we let’s solve the following system of differential equations
Ty [ A BD BT x n 0
AN)o\oo AT A c
1 0 10 1 -1 1 -1
But,BD'BT = —
-1 0 01 0 0 -1 1

1 0
0 -1

So from the system of equations

()= (e7) G (0)

This implies

At) = Cz — ATA+ ¢, \1) =

And, —AT =
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1 0 A
0 -1 A2

here ( 21(0) ) _ ( ~1/3 ) and, ( Ar(1) ) _ ( —2/3 )
25(0) ~1/3 Ao(1) ~1/3

First Let’s solve the homogeneous system: i.e

&

[\]

o
—_ O = O

|

—_

—_

&

—
o R O O

iy 10 1 -1 1
i | | 01 -1 1 1
Ml 1t o1 0 A
Aa 0 1 0 -1 Ao

—1-—1t 0 1 —1
0 11—t -1 1
Det =0
1 0 1—t¢ 0
0 1 0 -1t

=" — 42 +3=0
= t—-1)E+t2-3t-3)=0
:>t1:_17t2:_\/§7t3:17t4:\/§

—1—-t 0 1 —1 kq 0
1—t -1 1 k
So,from 2 = 0
0 1-—t 0 ks 0
0 1 0 —-1-t k4 0
1) For t = -1,we have
00 1 -1 k1 0 —2
0 2 -1 1 k 0 0
2 = =5 = et
10 2 0 ks 0 1
01 0 0 ky 0 1
For,t = —/3 we have
-1+v3 0 1 —1 ky 0
0 1+v3 -1 1 k2| |0
1 0  1++3 0 ks 0
0 1 0 —1++3 ka 0
For,t = 1,we have;
-2 0 1 -1 k1 0 -0
0O 0 —1 1 ko 0 2
= = 53 = e
1 0 0 O ks 0 1
0 1 —2 ky 0 1
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For,t = v3we, have
-1-v3 0 1
0 1-v3 -1
1 0 1—3
0 1 0

—-1-+3 ks

-1
1
0

oy 0
2 I
| | o

0

So the general solution of the homogenous system is;

—2 1++3 0 1—-3
1—-+/3 2 1 3 ,
1 et + ey V3 el + c3 e V3 4 ¢y V3 eV3t
1 —1 1 -1
1 1 1 1
To find he particular solution
aq
a
Let x = 2
as
Qy
So,we have:x’ = Ax + F(t)
aq -1 0 1 —1 aq 0
a 0O 1 -1 1 0
= 7| = @y
as 1 0 1 0 as 1
a4 0O 1 0 -1 ay 0
0 —a1+a3 — Ay 0
0 a9 —a3+a4 0
= —
0 a + as 1
0 o — Ay 0
—a1+as — a4 = 0
a9 — ag + ay = 0
ay +as + 1=0
Ao — Ay = 0
0
0
Hence: a1 =0,a0 =0,a3=—-1,a4 =0, = x = .
0

The general solutions for the system of differential equation
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.jfl -1 0 1 —1 T 0
x 0 1 -1 1 0
2l = o + is given by
A 0 1 0 A 1
Ao 0 1 0 -1 A2 0
-2 1++3 0 1 -3
1—+/3 2 1 3
c et ey V3 e V3 4 ¢ ) el + ¢y V3
1 1 1 1
This can be written as
z1(t) = —2c1e7t + Coe™ V3 4+ \/3ege V3 4 cpeVBt — /3 eV
xo(t) = e V3 — \/3ege V3 4 2cset + i3t + v/3eyeV3t
A(t) =cret — Coe™ V3t 4 cael — cpem V3 — 1
/\Q(t) = Cle_t + CQG_\/gt + Cget + C4€\/§t
ZL’l(O)
. .. . 372(0)
And we have boundary and transversality conditions,i.e : (1)
1
Ao(1)
Thus the solution of the system of differential equations
1 -1 0 1 -1 1 0
i 0o 1 -1 1 0
S o + is given by
A 1 0 1 0 A 1
Ao 01 0 -1 Ao 0
z1(t) = 5 —2ce7 + Coe V3 4 \/3ege V3 + cpeV3t — /33
zo(t) = %1 + o V3t — \/3e9e V3 4 2ese7t + cheV3 + /BegeV3
AM(t) = =22 +cret — coe™ V3 4 cael — cpe V3 — 1
(t)

Ao(t) = _?1 +cret + 026*‘@ + cze’ + 046\@

When we solve the following system of linear equations:
21(0) = —2¢1 + (1 +v3)eg + (1 — V3)ey = —1/3

22(0) = (1 = V3)ea + 2¢5 + (1 4+ V3)ey = —1/3

)‘(1) =—e o) + 67*/502 —ec3 + 6\/304 — _1/3

A1) = e ey 4 e V3¢ + ecs + V3¢ = —1/3, then,

cp~14

co ~ 12.3

c3 ~-0.2

cys ~ -0.4

But from Minimum condition we have: u* = D1 BT )\*
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So uy(t) = —2cpe V3t — 2¢,eV3t — 1
and uy(t) =0

Hence The optimal control function and the optimal state function of the problem are:
2i(t) = —2.8¢" 4+ 12.3e V3 +12.3v/3e~ V3 — 0.4eV3 4 0.41/3eV?

3.5.3 Quadratic Control problems with fixed end points

In this part we consider the following quadratic optimal control problems with fixed end
points

f(z,u) = 32T (0)Tz(b) + v =(b) + fab(%xTC’x + Tz + 2w Du+ d'u)dt — Min, (z,u) € R
R ={(z,u) € K xQ: %= Az + Bu,t € [a,b]}

K = {z € ROSWa,b]" : 2(a) = o, z(b) = B}

Q = {u € RS[a,b]™}

Now it is possible to take constant x(b) - 5 = 0 (or better only the term x(b) in the objec-
tive function as additional term of the function H(x(b)).Then we have an optimal control
problem with free right end point.Among the solutions we have to choose those for which
x(b)-5=0 holds.

Then by adding this term we get the following quadratic optimal control problem with
free right end point

Min; f(z, u) = %xT(b)Fx(b)—l—vTx(b)+uTm(b)+f;(%xTC'x+ch+%uTDu+dTu)dt, (z,u) ER
R={(z,u) € K xQ:i& = Az + Bu,t € [a,b]}

K = {z € RCSW[a,b]" : z(a) = a}

Q = {u € RS[a,b]"}
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conclusion

This paper tries to give optimal solutions of the variational problems and optimal control
problems by using optimality conditions.The optimal solutions are summarized as follows;

a)consider variational problem:

(P) f(y) = / Ly(t).4(t), O)dt = min y € s

ii)Let L is continuous and continuously partially differentiable with respect to the first
two arguments and let yq is a solution of the variational problem.
For yo to be a solution of the variational problem then ELDE and TR condition(for the
problem of free right end point) hold and if L is convex with regard to the first two com-

ponents for all t in [a,b] then yq is the optimal solution of of the problem.

From the given practical examples of minimizing length of a curve and minimizing sur-
face area of solid revolution; variational calculus gives us economical advantage interims of

time and material resources.

b)Consider an optimal control problem:
(P) f(xu) = [”g(x(t),u(t),t)dt --» Min, (x,u) € R

i)The necessary optimality conditions for x*(t) and u*(t) to be extremal functions of
the problem are the validity of
i)Pontryagin minimum principle
ii)Euler Lagrange Differential Equation(ELDE) and transversaliy condition(TR)(for the
problem of free right end point).
iii) the ordinary differential equation(ODE)
And a sufficient optimality condition for the extremals x*(t) and u*(t) to be the optimal
solutions of the problem is the convexity of the separated problems.i.e the convexity of G
with regard to x and #,and the convexity of W with regard to u.
If these necessary and sufficient conditions are satisfied then the extremals x*(t) and u*(t)

are the optimal solution of he problem.

In the case of Quadratic optimal control problems; the separated problems G and W are
convex with respect to (x,2) and u respectively(i.e a sufficient condition holds).
If the three necessary conditions are satisfied then the extremals x*(t) and u*(t) are the

optimal solutions of the problem.
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From production-Inventory problem; minimizing the cost of holding x(t) items and mini-
mizing the cost of producing u(t) items helps the manufacturing firm to maximize its profit
and to meet known demand over a planning period of time.And also in Rocket launching

problem;minimizing the cost(fuel/energy) gives economical advantage.
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