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1. Abstract

A concrete plate supported directly by the soil continuum is a very common construction form.
The response of the plate when it carries external load is influenced by the soil, and the response
of the soil is also influenced by the action of the plate under the load. Thus, developing a
subgrade model for soil-structure interaction problem is essential in order to predict the

response of both components of the system and arrive at an optimum design.

Many subgrade models have been developed in order to improve on the inherent lack of shear
interaction among the individual springs found on the long-enduring model of Winkler.
Moreover, these models still have shortcomings with the nature of simplifying assumptions
they make to ease the mathematical equation. Recently a generalized model is presented for a
subgrade idealized as an elastic layer overlying a rigid base. In contrast to previous works no

stresses, strains or displacements are neglected a priori.

The main objective of this work is implementing, verifying and calibrating this improved
continuum-based generalized subgrade model in the analysis of strip plates on an elastic
foundation. The governing differential equation of a strip plate on elastic foundation is
formulated. Then, closed form particular solutions, when using Winkler type and Kerr
equivalent Pasternak models, are obtained by considering different boundary conditions of long
and short length of a strip plate, under different loading conditions. Microsoft excel programs
are written for the computation of deflection, moment and shear force. The subgrade models
are then calibrated using Finite Element based Plaxis 2D software. Lastly, numerical
illustration is provided using these models in comparison with Plaxis 2D model for long and
short strip plates subjected to selected symmetrical loading conditions. The result of the
comparison shows that the calibrated variants give good outcome in agreement with FE
outputs. Consequently, these findings display that the calibrated models can be used in routine
analysis of strip plate on elastic foundation and also can be incorporated in commercial

software.



Chapter one

1. Introduction

1.1 Background

Structures are constructed and supported on soil or rocks. Foundation is built between the
superstructure and the underlying soil to spread the load carried by building members to the
supporting soil. The primary concern is to study the behavior of foundation and the underlying
soil with soil-structure analysis when they are in contact. There are few analytical methods for
the analysis of these structural systems nowadays. Many engineers analyze this problem by
assuming the plate being completely rigid or flexible, which are the two extreme cases of the
soil-structure interaction. It is important to find a simple and efficient analytical method for

plates with sensible elastic properties.

Plates on elastic foundation are regularly used in civil or mechanical engineering works, such as
building infrastructures, roads, railroad, storage tanks or silos foundations, aerospace
engineering etc. The key issue in the analysis is modeling the contact between the structural
elements- the plate or beam-and the soil bed (soil-structure interaction (SSI) problem).
Currently, Finite-Element method (FE) based software is often used by geotechnical engineers
to solve such problems. But to find FE software, which model both the superstructure and the
foundation soil as a unit is mostly unaffordable, especially in routine designs. In addition, most
static analysis software uses the simplified Winkler’s foundation model to account for the SSI
effect. Thus, there is a need for closing the gap between the rather classy FE modeling and the
use of highly simplified analytical foundation models such as that of Winkler, by developing

simple and strong analytical models that optimize accuracy and effort.

There are two approaches to develop analytical subgrade models, namely continuum and
mechanical. Elastic continuum models typically idealize the subgrade as an elastic medium and
specifically as a layer overlying a rigid base, and involve three parameters consisting of the
elastic modulus, the Poisson’s ratio and the layer thickness. Mechanical models, in contrast,
simulate the subgrade behavior by using a few mechanical elements like spring, a plate in pure

bending, a plate in pure shear or a stretched membrane etc. in various arrangements.
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It is apparent that all continuum models available make certain simplifying assumptions to ease
the mathematical work involved in the process of devising the models. These models have the
advantage that the elastic constants can be established from tests but suffer from a common
shortcoming that they are difficult to apply directly. While in mechanical models, the higher
order models were devised with the intention of improving on the drawbacks of the simplest
and long-enduring Winkler single-spring-bed model by introducing additional elements to
ensure shear interaction among the springs that is missing in Winkler’s model. However,
mechanical models suffer in general from a major common drawback of not suggesting ways of
estimating the model parameters. Synthesis of the two approaches has the benefit of using the
strengths of both methods. Also, it provides a means of quantifying the mechanical model

parameters in terms of the known parameters of the continuum model (Worku, 2013).

Recently, a newly developed generalized continuum subgrade model has been introduced by
Worku (2010). It considered all stress, strain and displacement components unlike other models
proposed in the past. Based on this model, this paper tries to give analytical solutions for strip
plates under basic loading cases. Furthermore, it also tries to calibrate the model parameters and

to compare the results with the classical models and selected FE based modeling software.
1.2 Statement of the problem

The problem of beams and plates on deformable foundation soils is a soil-structure interaction
(SSI) problem. Currently, to account for SSI, most designers use Winkler’s foundation model or
FE based software. However, on the one hand Winkler’s model has drawbacks that this type of
soil idealization has the discontinuous behavior of the surface displacement, and the effect of
interaction between springs is not considered. On the other hand, FE method, which idealizes
both the superstructure and the foundation soil as a unit, is mostly unaffordable. Furthermore,

most static analysis software still uses Winkler’s foundation model to account for SSI effect.

The problem of plate/beams resting on an elastic foundation is very often encountered in the
analysis of buildings, highway and railroad structures. The complete analysis of the soil-
structure interaction problem requires the determination of stresses and strains within the
individual bodies in contact, together with information regarding the distribution of
displacements and stresses at the contact regions. Thus, the relative complexity of the problem

demands simple and yet robust analytical modeling techniques representing

¢ the Mechanical behavior of the plate

¢ the Mechanical behavior of the soil as elastic subgrade
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¢ the form of interaction between the plate and the soil.

Calibrating the analytical method based on comparative studies with numerical analyses is also

essential in justifying such studies.

1.3 Objectives
% To study the application of the newly developed generalized continuum model of
Worku (2010) to strip plates on an elastic subgrade and eventually calibrate it with
the help of FE based software (Plaxis 2D).
¢ Check the validity of the model by comparing the results with FE based software

outputs.
1.4 Scope of the work

The scope of this study is limited to the analysis of strip plates subjected to selected
symmetrical loadings. The principle of superposition is used in the analysis of the plates, which
are assumed to be placed on a homogeneous elastic stratum. The study does not cover plates

with holes or with some irregularity.
1.5 Methodology

To achieve the objectives of the study, the research is conducted according to the methodology

outlined below
1. Appropriate literature review

% Both existing mechanical and continuum-based models are reviewed to understand

the state of the art of the subject.
2. Analytical study

% General mathematical formulation for strip plate(DE) using the Winkler —Type
model and Kerr-Equivalent Pasternak —type model

¢ Solving the governing differential equation for various boundary conditions

¢ A spreadsheet program (Excel) is used for the closed form solutions.

¢ Determination of deflection and internal actions of various cases of strip plates
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3. Numerical Analysis

¢ Analyze and calibrate the model with FE method (Plaxis 2D)
4. Illustration and comparison of the results obtained by Analytical and Numerical Analysis.
1.6 Organization of the thesis

This document is organized in five chapters. The first chapter deals with the background of the
study, statement of the problem, objective, scope, and methodology employed. The second
chapter briefly reviews the major literature works conducted related to the topic. Both
mechanical and continuum-based subgrade models are presented. The third chapter deals with
the analysis of a strip plate on an elastic foundation. In this part of the study, the formulation of
the governing differential equation of strip plates using single and two parameter models is
presented with different boundary conditions. In the fourth chapter, a newly proposed model is
calibrated by the FE-based Plaxis 2D software and the results of this model are compared with
other existing models and also with FE model outputs. In the fifth Chapter, conclusions are
drawn and recommendations are put forth. In addition, recommended future research works are

identified.
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Chapter Two

Review of Literature

2.1 Introduction

Plate on elastic supports is a common model for several types of engineering structures and real
life applications. For example, plate on elastic foundation models are always used in the
analysis of foundations of buildings, reinforced concrete pavements of highways and airport

runways.

Ultimately, all structure loads must be transferred to the foundation soil, and both the
soil and the structure act together to resist and support the loads. The integral nature of the
foundation and soil actions is further complicated by the complexity of the soil medium
itself. Soil is truly a non-homogeneous and an anisotropic medium that behaves in a nonlinear
manner, while concrete and steel structures can be adequately modeled and analyzed, assuming
isotropic and linear behavior. In addition, the properties of structural building materials are well
known so that the stiffness of the structure may be readily determined, given member size and

structure geometry (Fai, 1988).

On the other hand, soil properties are very difficult to determine because in addition to
the previously mentioned characteristics, soils are "soft" materials, which makes it very
difficult in obtain samples for testing that will produce laboratory results paralleling
actual in situ soil behavior. Two additional complicating factors are that soil material properties
are stress-dependent, and the soil formation in practice consists of layers of materials with
different constitutive relations and material properties. Because of these factors, the time
properties and constitutive relations of soils are essentially unknown and indeterminable. As a
result, it is necessary to make simplifying assumptions to solve problems including this

improving soil-structure interaction (Worku and Degu, 2010).
2.2 Elastic foundation Models

The elastic modeling of a soil bed is based on an assumption for the behavior of the
subgrade reaction under loading. The most popular relation between forces and deformations

is linear because of the simplicity of the equations’ solution.
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The elastic subgrade reaction may be analytically represented by using the following Models.

1. Mechanical Models

2. Continuum Model
2.2.1 Mechanical Models

Mechanical models idealize the subgrade as an assemblage of a few mechanical elements in
various arrangements like springs, a plate in pure bending, a plate in pure shear and other
arrangements to simulate the subgrade behavior. The development of these models starts from
simplest single parameter model and become more complex as the number of parameters
increases with additional mechanical elements in order to bring the models closer to reality.
Depending on the number of parameters used to describe the foundation behavior, mechanical

models may be categorized in to three (one, two and three-parameter models (Worku, 2010).
2.2.1.1 Single Parameter Models
2.2.1.1.1. Winkler model

The simplest model of linear elastic behavior of the supporting soil medium is suggested by
Winkler (1867). This model assumed that the surface displacement of the soil medium is
directly proportional to the stress applied to it and completely independent of stresses or

displacements at other points of the soil-foundation interface (Straughan, 1990).

q

v

Thin

EEErEEELT

(2)

Soail
Stratum

(b) (©)

Fig 2.1 Surface displacements due to (a) a distributed load on a rigid foundation-Winkler model,
(b) a uniform load on flexible foundation-Winkler model (c) actual dish-shaped deformation,
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q (x,y) = kw(x,y) 2.1)
Where: - W -the vertical deflection of the soil

q - Stress applied at that point and

k, - modulus of subgrade reaction or the coefficient of subgrade reaction

For plates, application of the Winkler model involves the solution of a fourth-order differential

equation.

DV* w(x,y) + /;Sw(x,y) =q (x,y) (2.2)
Where: - D- plate flexural rigidity

The model consists of linearly elastic springs with a stiffness of ks placed at discrete intervals

below the plate. Each of the springs will then be deformed only by the pressure directly applied
on it, while adjacent springs remain unaffected. For example, if such a foundation is subjected
to a partially distributed surface loading, q, the springs will not be affected beyond the loaded
region. Also, it can be seen that the displacements of a loaded region will be constant whether
the soil is subjected to an infinitely rigid load or uniform flexible load as shown in Figure 2.1
a& b. However, it was observed that for most materials due to inherent occurrence of load
spreading, the displacement of the foundation surface is dish shaped (an overall concave-
upward curve) as shown in Figure 2.1c. Hence by comparing the behavior of theoretical mode
and actual foundation, it can be seen that this model essentially suffers from a complete lack of

continuity in the supporting medium.

In addition to the discontinuity behavior of the model it’s also very difficult to determine the

value of the modules of subgrade reaction, k.. A review of the literature Fai (1988), Straughan

(1990) , Selvaduri (1979) and numerous researchers have worked on developing techniques for

the determination ofk, . One of the most definitive papers was proposed by Terzaghi who

presented tables of recommended values of K, , showing that the modulus of subgrade reaction

depends upon the dimensions of the area acted upon by the subgrade reaction, and size effects

has been incorporated in the equations.

7|Page



In attempt to develop a more exact method to determinelzs , Biot (1937) solved the problem of

an infinite beam with a concentrated load resting on a three-dimensional subgrade by evaluating

the maximum bending moment in the beam. Biot found that a good correlation can be obtained

with the Winkler model for maximum moment case by setting /;S as follows (Straughan, 1990).

k.

_095E, ( EB* )\ -
' (I-vs) (2.3)

(1-v)EI
Where: - Es = modulus of elasticity of the soil, Vs = Poisson’s ratio of the soil, B = width

E = modules of elasticity of the bean and I = moment of inertia

Later Vesic showed that l;s depends up on both the stiffness of the soil, as well as the stiffness

of the structure, so that similar size structures of different stiffness’s will yield different values

of k, for the same applied load. He found the continuum solution correlated with the Winkler

model where all terms were previously defined Straughan (1990).

— 4
i _065E 12| EB
S (1-vs2) (1-vg2)EI (24)

2.2.1.2 Two Parameter models

Knowing the essential problem with Winkler model several researchers attempted to eliminate
the discontinuity behavior by introducing additional mechanical interaction between the
spring’s elements of the Winkler medium, which is capable of transferring pure shearing
deformation. These additional elements bring other parameter to the subgrade model in addition
to the coefficient of subgrade reaction. Some developed two-parameter models are presented

below.
2.2.1.2.1 Filonenko-Borodich model

Filonenko-Borodich proposed a model that acquires the continuity between the individual
spring elements in Winkler model by connecting the top ends of the springs with an elastic
membrane stretched to a constant tension (T). Refer to Figure 2.2 the response function is given

by
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qxy)= k wxy)—TV?w(x,y)

o0 0
Vz = —2 + —2
ox~ oy
Where: V2 is the Laplace operator, and all other terms were previously defined

In the case of two-dimensional problems (strip plate and beam) the above equation will be

reduced to

g(x) =k w(x)-T d;}‘:ﬁ’o (2.5)

The two elastic constants necessary to characterize the soil model are K, and T. However, no

method is provided for the computation of /;S or T (Selvaduri, 1979).

{Stretched membrane, plate in
bending , or shear layer}

. —
“ TFERTTEFT

Fig 2.2 Filonenko-Borodich Model

2.2.1.2.2 Hetenyi Model

The model proposed by Hetenyi (1946) created an interaction among the springs in the
foundation by imbedding an additional plate with flexural rigidity (D) in the Winkler foundation
in a manner shown in Figure 2.2. And it is assumed that the plate or beam deformed in pure

bending. According to this model, the response function is given by:

q(x.y)= Kk, wix,y)—DV*w(x,y)

o° &

Vz _§+6J;2

9|Page



Where:- V2 -is the Laplace operator and D-flexural rigidity of the plate

In the case of two-dimensional problems, the above equation will be reduced to

d*w(x)

4
X

g(x) =kw(x)-D

2.2.1.2.3 Pasternak Model

(2.6)

The model proposed by Pasternak improved Winkler model by connecting the ends of the

springs to a shear layer consisting of incompressible, vertical elements, which can deform only

by lateral shear. This is illustrated in Figure 2.3, furthermore this model assumes the shear layer

to be isotropic in X, y plane with shear modules.
G,=G, =G
Where G,= shear modulus of the elastic foundation

Txz = Gpj/xy , (_}[, dw
dx

, Tyz= Gpj/yz , (_;pd_w
dy

Total shear forces per unit length of the shear layer are

1 1
Nx=J.szdZ=Gp@;Ny=J.Tyzd2=épd_M}
0 dx 0 dy

From the force equilibrium in the Z-direction

ONx ON; = 2 2
—x+—y+q—kpw=0 and V? :8_2+8_2
ox 0Oy ox~ Oy

q(x,y) =k wx,») -G Vw(x,y)

Where: 4, - modulus of subgrade reaction of Pasternak model

In the case of two-dimensional problems, the above equation will be reduced to

= = d*w(x)
o5.y) =k ()G, 5

2.7)

(2.8)

(2.9)

(2.10)

2.11)

(2.12)
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It can be seen from equation (2.5) it is identical with (2.12) if T replaced by G, . Thus surface

deflection for this model is very similar to those obtained for Filonenko-Borodich model.

q
/ Strip Plate

s

Fig 2.3 A strip plate supported Pasternak foundation

2.2.1.3 Three Parameter model

For making two parameter models more realistic third parameter is introduced. The basic
feature of three parameter model is the convenience and flexibility in determination of the level
of continuity of the vertical displacements at the boundaries between the loaded and unloaded

surface of the soil. From the developed three parameter models, Kerr model is the most widely

used.
2.2.1.3.1 Kerr Model

Because of the occurrence of the concentrated reaction along free edges of a structure when the
Pasternak model is used, Kerr proposed a generalization of the Pasternak model by adding a

spring layer on the top of shearing layer as shown in the Figure 2.4.

fﬂﬁ% Strip Plate
%/2
%/E

NN N

Fig 2.4 a strip plate supported by Kerr Foundation Model

Kerr mechanical model consists of two layers of spring constants separated by a shear layer.

The mathematical equation is derived by considering two parts of plate deflection, the
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deflection due to the contraction or extension of the upper spring layer w, and due to the rest of

the foundation W, (Worku and Degu, 2010).

W=W, +w,, where w is the surface deflection (2.13)

The respective mathematical equation is given by

(1 - %)p (5.9)- % V2 Py)= K wiy)— G, V2 wix, ) (2.14)

1

u

2.2.2 Continuum Models

Continuum models represent the subgrade as an elastic layer overlying a rigid formation

characterized by three parameters

e The elastic modules
e Poisson’s Ratio and

e Thickness of soft layer

Although the continuum behavior is usually regarded as a more accurate description of soil
behavior in general, the analysis of the soil foundation interaction problem is mathematically
complex. To simplify the mathematical work almost all continuum models available, make a
certain assumption in the process of developing the model. Some developed continuum models

are presented below (Worku, 2014).
2.2.2.1 Horvath’s Winkler type Model

Horvath used the same physical model as the Reissner’s model but he assumed that all stress
components except the vertical normal stress (o,) were equal to zero. The consequence of this
assumption is constant with depth and equal to the magnitude to P and vertical deflection w
vary from w at the surface to zero at a depth equal to stratum thickness H. Horvath solved the

following cases
E=A(constant with depth)
E=A+ BZ

Es=A + Bz%5
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Where: E -Young’s modulus of the subgrade
A - Young’s modulus value directly beneath the loaded area
B — the rate of change of Young’s modulus with depth, Z

By making use of the equation of equilibrium, the stress-strain and strain —displacement
relations he derived the following Winkler-type simplified continuum model for the cases

mentioned above.
P=k,.w (2.15)

Where : kg.-equivalent modulus of subgrade reaction for simplified continuum

ksc:% (for Es=A)
B
k.= Es=A+BZ 2.16
By JorEs=4+52) (2.16)
2
k, = B (forES=A+BZO'5)

“((4+BH")~AIn(A+BH*)~ A+ Aln(4))

Where H-is the thickness of the stratum

Due to the identity of equation (2.15) of Horvath model and equation (2.1) Winkler subgrade
model equation (2.15) is referred as the Winkler-type simplified continuum (WTSC) subgrade

mode. Thus k, can be evaluated from k. of elasticity theory based simplified continuum

model from Known soil parameters E; and H (Horvath , 2011).
2.2.2.2 Vlasov’s Model

Vlazov's and Leont'ev's model (commonly known as the "Vlazov model") provided
for shear strains within the soil continuum. This model presents two parameter elastic models
which is derived by introducing displacement constraints that simplify the basic equation for
linear elastic isotropic continuum. The formation of the soil model is based on the application of
variation method by imposing certain restrictions upon the possible distribution of
displacements in an elastic layer. In this model the state of strain in the foundation is assumed to

be such that displacement components are

u(x,y)=0 ,wx,y)=w(x)h(z) (2.17)
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Where u and w are the displacements in the X and Z direction and /(z) describes the variation of

the displacement w(x,z) in the z-direction .

sinh(y(H —-Z)/L)

sinh(yH /L) 219

h(z) = (1——} h(z)=

Where y is a constant which characterize the vertical deformation profile within the soil

continuum

Applying variational method the resulting relation between the load p and the deflection w is

given by:
d2
) = ko) -2 ) 2.19)
P T(dkj dz, t ——I(h) iz and Eo= 2 y= v(l-v) (2.20)
1—vo" 4 dz 4(1+v0)d (1+v)

Where: Es = Elastic modulus
v = Poisson’s Ratio
k = is a measure of the soil medium to deform under applied compressive stress and

t = is a measure of the transmissibility of an applied force to neighboring elements or

the load spreading capacity.
For linear variation of h(z) the equation (2.20) reduces to

E, EoH
= m and t= m
As mentioned above this equation considers shear interactions within the foundation and
structure, was developed using variational principles. The real strength of Vlazov's and
Leont'ev's approach is in the total elimination of the necessity to determine empirically the
values of the modulus of subgrade reaction, k, or even the shear parameter, t, as their values can
be computed once the value of y is determined. This model has the disadvantage of requiring an
estimate of the y parameter since no mechanism was developed for computing the value of y

(Straughan,1990).
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2.2.2.3 Reissner’s model

The model proposed by Reissiner is also based some simplifying assumptions to ease the
mathematical work involved in the process of developing the models. The basic assumptions is
that the in-plane stresses (in the axis x,y plane) throughout a soil layer of thickness H are
negligibly small (0yy=0y,-Tx,=0) and that the displacement components u, v and win the

rectangular Cartesian coordinate directions x,y,z respectively satisfy conditions
U=v=w=0 on Z=H and u=v=0 on Z=0 (2.21)
It can be shown that the response function for soil model is given by

H’ E H’
q- G Vig=—"w- G Viw (2.22)
12E, H 12E,

Where w = is vertical displacement of the surface of the elastic layer at Z=0
q = is external load
G¢= shear modules and
Es= Elastic modulus

Here again, as a consequence of assuming that the in-plane stress oyy-0,,-Ty, are zero, the
shear stress 7, and 7,,, are independent of Z. These stress are constants throughout the depth of

the elastic layer for a given location X,y. such an assumption would prove to be particularly

unrealistic for a thick soil layer (Worku & Degu ,2010).
2.2.2.4 Generalized Model

Worku (2010) proposed a new approach of continuum modeling by addressing the major
shortcomings other continuum models. The subgrade is idealized as an elastic continuum of
finite thickness, H, similar to the simplified continuum of Reissner. This approach of the
subgrade by an elastic stratum is convenient in developing the model for both an actual elastic
stratum of finite thickness overlaying a rigid base as well as for very thick strata commonly

idealized as a uniform half space.

In the latter case, H can be expressed in terms of the foundation width, B, as H=yB and the

coefficient y determined from comparison of analytical results with results of finite-element
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model. The calibration factor x for beams on elastic foundation has been done by Worku and

Degu (2010) and in later section of this work the calibration factor x for strip plate will be done

Worku assumed that the elasticity modulus, Es and the shear modulus, varies with depth while
the Poisson’s ratio to be constant with depth as his model is less sensitive to Poisson’s ratio.
None of stress, strain or displacement components are neglected a prior unlike Reissner’s
model. In derivation of this model, the lateral normal stresses in terms of the vertical normal

stress according to

o (xyz)=g(z)o.(x12);0,(x1.2)=g,(2)0. (x.1.2) (223)
Where, gx and gy are function of z

Whereas the vertical shear stress components are

£ (53.2) = L (2) e ()2, (5022) = L, (2) 2 (9) 224
In which I, and I, are function of Z only, whereas T, and T_Zy are function of x and y the

equilibrium equation for the z-direction without body forces is given by

o _+7r_ _+7.,.,=0 (2.25)

z,z XzZ,X zy,y

ow 1
. = E (z) [O’Z —V(O'x +o, )] (2.26)
Ou ow_7, 0v Ow_ T,

zX

—t == —+— (2.27)
oz ox G oz oy G

Which u, v, and w are the deformation components in the x, y, and z directions respectively. The

prevailing and assumed boundary conditions are
o, (x, v, O) =—p (2.28)
u(x,y,O):v(x,y,O) =0; w(x,y,O)zw0 (2.29)

u(x,y,H) :v(x,y,H) :w(x,y,H) =0 (2.30)
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In the process of derivation of the model the following assumption were taken for reasons of

mathematical convenience and this assumption is valid for axis-symmetric problems.

]H(Z):]Zy (z)=1(2) (2.31)

After a lengthy mathematical work, Worku come up with the following differential equation for

his model

G 1 kgL E GL
p(x’y)_fk_[l’gl —%Jvzp(x,y) =W (x,y)—k—ljlvzwo (x,») (2.32)
! g g g™

In which the terms in the coefficients are definite integrals given by

Kg=f0Hgdz ; Kg,=f:g1~zdz ; KIZfOH I,dz

Lo=J, lgdz = (J gd2),-n]

Ly=J, [95dz — ([ gT,dz),-y)dz (2.32)
g @=1-v[gx (2) + gy (2)]

g@= 2 g0= 2

I; (Z):(f IZ dz)z=0 - flz dz

sz (x,y,z) — TyZ (x;y;z)
Txz(X,Y) Tyz(%,y)

I (Z) =

Equation (2.24) is the mathematical model for generalized case of an elastic subgrade, the
elastic and shear moduli of which may vary with depth, and in which no simplifying assumption
has been made with respect to stress, strains or displacements. This formulation shows that the
maximum order of the governing differential equation of non-homogeneous, isotropic elastic

subgrade is two occurring on the surface deformation, w, and the surface traction.

Based on generalized model, Worku noted that number of models can be obtained by
introducing different assumption on the lateral deformations, the vertical shear stress, and the
depth-wise variation of the functions g x(z), g y(z) and I(z). Some of his models are presented in

the following sections.
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2.2.2.4.1 The generalized Winkler-Type Continuum Models

Worku (2013) show that the generalized continuum model reduces to Winkler-type models. A

Winkler-type model arises, when the vertical shear stress alone is neglected

r.=7_=0 (2.33)
Thus the equilibrium equation (2.25) for the vertical direction simplifies to

0,.= 0 (2.34)

Equation (2.34) implies that o, is constant with respect to depth. This constant is determined

from the boundary condition (2.28)

o.(xy)=-p(xy) (2.35)

Substituting equation (2.23) in to (2.26) and integrating the resulting equation and applying the
boundary condition, the following Winkler-type model is obtained:

This yields
E

p=—"w, (2.36)
kg

Where K, is a definite integral as defined in equation (2.32)

Equation (2.36) is similar to Winkler model given by the equation (2.1) and it is referred as the
generalized Winkler-type continuum model. It can be notice that unlike in the previous work
Horvath (2011) the lateral normal stresses are not neglected in addition to vertical shear stresses

to obtain a Winkler type model.
2.2.2.4.2 The generalized Pasternak-Type Continuum models

The general Pasternak-type continuum model can be obtained when lateral displacements,

u(x,y) and v(x,y) are neglected (Worku, 2010).

The resulting mathematical model takes the following form

P=7W —FVZWO (2.37)

)
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IG . . . 1-v=2v"
Where L=L =L = I Z— dz is a defined in equation (2.32) and &) = ——

0 stz

1—-v

Equation (2.37) is similar in the form and order to mathematical equivalent of Pasternak
mechanical model equation (2.12). Thus, the continuum model of equation 2.30 is referred to as

the generalized Pasternak-type continuum model.
2.2.2.4.3 The generalized Kerr-Type Continuum models

For homogenous elastic stratum of thickness H over laying a rigid half space a generalized

mathematical relationship is obtained by (Worku, 2010).

P Gy [Lg,——KlgéLg]Vz E Gl g,

Ek, . KK (2.38)

g

The approach of this model does not neglect any stress, strain or displacement in advance. The
differential equation is similar in form and order to Kerr’s mechanical model expressed by the

following equation

T
p+_G—k_V2p: ]f“ ]2 w—
k,+k k,+k

*

Vi (2.39)

ST Q
|

+

Thus this equation is referred to as the generalized Kerr-type continuum model.
2.3 Synthesis of Mechanical and Continuum Models

The approach and origins of mechanical model and simplified continuum models are different.
However, there is similarity in their governing differential equations. This similarity can be
utilized to synthesize corresponding mode of the two categories so that the mechanical model
parameters can be quantified in terms of the continuum’ parameters. Unlike mechanical models
Continuum models are difficult to visualize and model in commercially available software.
Thus, Synthesis of two approaches has benefit of using the strengths of both methods
(Worku ,2013).
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2.3.1 Synthesis of Winkler model with Winkler-type continuum model

Comparison of the constant coefficient in equation (2.1) of Winkler mechanical model with

equation (2.36) of Winkler-type continuum model results in the following equation for the

unknown ks .

E
k== 2.40

= (2:40)
This equation is a generalized form of expression in terms of the continuum parameter. The

definite integrals involved in this expression and defined in Eq. (2.32) are evaluated once the

functions g, (Z), g, (Z) and [, (Z) are specified.

The lateral to vertical normal stress component with depth under rectangular or circular regions
subjected to uniformly distributed loads indicates that their variation with depth can be
reasonably represented by an exponentially decaying function. Also the distribution of the
vertical shear stress can be expressed using bilinear function. Accordingly, Worku (2013) obtain

the following relations

g(z)zl—v[gx(z)Jrgy (z)]=1—1.6ve_(3'962m)
1(2)= 5z/3H,0<z/H<0.6 (2.41)
A5 7023522052 /H.06<z/H<I

The values of the integrals defined in equation (2.32) can be evaluated after the substitution of
equation (2.41) in to (2.32) the resulting values will be substituted in (2.40) to obtain the

following expression

- E
k= (1-0.4v)H (&42)

The layer thickness, H, can be eliminated by using the substitutionx=H /B . And can be

equivalently expressed as;

— E

k= (2.43)
(1-0.4v) 7,a

Where a = width of the plate under consideration. And y, = the calibration factor in Winkler’s

model.
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2.3.2 Synthesis of Pasternak model with Pasternak-type continuum model

Comparison of the constant coefficient in equation (2.12) of Pasternak mechanical model with

equation (2.37) of Pasternak-type continuum model results in the following equation for the

unknown /;p and (_;p.

jo

- £, G el (2.44)

The above expression gives less accurate result because of the neglected lateral deformation to
reduce the generalized Kerr-type model in to generalized Pasternak-type continuum model.
Therefore, expressions for the Pasternak model parameters will be dealt after calibration of Kerr

model under the section Kerr-equivalent Pasternak-type model (Worku,2010).
2.3.3 Synthesis of Kerr mechanical model with Kerr-type continuum model

Similarly comparing the coefficients of Kerr mechanical model and the generalized Kerr type
continuum model in equation (2.14) and (2.32) respectively. The equation for Kerr mechanical

parameters are obtained

P o L,H E;_lz L,H E;

(kngl _zkgng> H (kgng) H (2.45)
LT

(kK LH)

The values of the integrals defined in equation (2.32) can be evaluated after the substitution of
equation (2.41) in to (2.32) the resulting values will be substituted in (2.45) to obtain the

following expression by

= E

" (0.46-0.18v)H

G, - 0.33-0.15v GH
0.14-0.11v

E
(0.54—0.26v) H

Ranl

b

(2.46)

In the above equation the stratum thickness is eliminated by using the substitution of t x=H/B

Where B is as defined previously and yx = the calibration factor in Kerr’s model (Worku,2013).
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2.3.4 The new Kerr-Equivalent Pasternak model

For repetitive practical purpose two parameter Pasternak model is more convenient than three
parameter Kerr model (Worku, 2014) establish the Kerr- Equivalent Pasternak model. For the

Kerr and Pasternak mechanical models to yield equivalent results identical shear interaction has

to exhibit (G, must be equal to Gp ) and their surface deflection under the action of same loading

condition must be equal.

w=w +Ww, (2.47)

where w = is the surface deflection in both models, and as described earlier wy, and w are the

deflection in the upper and lower spring beds, respectively, of the Kerr model.

Equation (2.12) can be expressed as:

P=P,tPy (2.48)

Where Py is the pressure attributed to the shear layer and Pp is the surface pressure shared by

the Pasternak spring bed as shown in Fig. (2.3).

Similarly, the pressure sharing in the Kerr model of fig (2.4) can be written as

P=DytPp (2.49)

Where Py is the pressure attributed to the shear layer and P; is the pressure carried by the lower

spring bed of Kerr’s model.
The upper spring layer of Kerr’s model directly transfers the entire contact pressure to the shear
layer and the lower spring bed, the pressure shared by this layer is identical to p.

P =P (2.50)

Substituting Eq. (2.48) and (2.49) into Eq. (2.47) together with the definition of a linear spring,

the following expression is obtained.

p__psl
k

P

p__psl

P
_P, 2.51
3 (2.51)

K
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The following equation can be attained after dividing by P throughout and rearranging the

equation.

P (2.52)
Pk, +nk,

1

Where I- (p alp ) , but for most actual cases the value of 7 is closer to unity.

To obtain the normalized equivalent Pasternak spring coefficient, the expressions of ku and k; of

Equation (2.45) are inserted into Equation (2.52) giving;

. k, L, H
p = =
(E/H) koyLoLy _H7(Kng12 ~K,L,L,) (2.53)

Similarly, the normalized shear parameter for the replacement Pasternak model in Eq. (2.45)

can be written as:

(_;p = Gp = ngz
(GH) Kk L H (2.54)
For n=1, equation (2.53) simplifies to:
- k
(E/H) K, (2.55)

Thus, the replacement Pasternak model is fully established with the two Pasternak parameters,

k,andG, , found as in Eq. (2.53) and Eq. (2.54).

Based on the plot of the normalized spring stiffness of Kerr-equivalent Pasternak model against
Poisson’s ratio for all practical purposes found that the stiffness is not that much sensitive to

Poisson’s ratio (Worku, 2014).

Worku also suggest a linear relationship for the normalized stiffness and finally after
introducing calibration factor the Kerr equivalent Pasternak model parameters take the

following form.
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T (O.4v+0.67)E —

G,=(1.36v+2.28)GyB (2.56)
XB

P p

The above parameters of Kerr equivalent Pasternak model can be used for analysis of plates and

beam for practical cases.
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Chapter Three

Analysis of Strip Plate on Elastic foundation

3.1 Introduction

A plate is a flat structural element with large platform dimensions compared to its thickness and
is subjected to loads that cause bending deflection in addition to stretching. There are two types
of rectangular plates that can be treated as one-dimensional problems beams and cylindrical

bending of strip plate (Reddy, 2007).

When the length along the y-axis of a plate is very small compared to the length along the x-
axis, it is treated as a beam. In cylindrical bending, the plate is assumed to be a plate strip that is
very long along the y-axis and has a finite dimension along the x-axis (see Figure 3.1). The
transverse load q is assumed to be uniform at any section parallel to the x-axis, i.e., q = q(x). In
such a case, the vertical deflection W. and the horizontal displacements (Uo, vo) of the plate are
functions of only x, and all derivatives with respect to y are zero. In this work, we will consider
cylindrical bending of plate strips that is subjected to transverse load that does not vary along
the width of the plate. The deflected surface of a portion of such a plate at a considerable
distance from the ends can be assumed cylindrical, with the axis of the cylinder parallel to the
width of the plate. The deflection of this strip plate is given by a differential equation which is

similar to the deflection equation of bent beam.

X e e
(a) (b)
::;# ¢ ML N )

(©)

Fig 3.1 a) strip plate  b) section of strip plate c) curvature of the deflection
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3.2 The Plate Rigidity

In this section, the differential equation (DE) for a strip plate on an elastic subgrade when
subjected to a transverse load will be formulated. To obtain the equation for the deflection
consider an isotropic rectangular plate of uniform thickness equal to h and let the x and y
coordinates be parallel to the edges of the strip. Suppose that the plate is long in the y-direction,
has a finite dimension along the x-direction, and is subjected to a transverse load q(x) that is
uniform at any section parallel to the x-axis and the plate bends into a cylindrical surface (see
Figure 3.1). In Calculating bending stress, we assume the cross section of strip plate remain
plane during bending so they will only rotate with respect to their neutral axes. If no normal
forces are applied to the end sections of the strip plate the neutral surface coincides with the
middle surface of the plate and the unit elongation of a fiber parallel to the x-axis is proportional

to its distance z from the middle surface. Temoshenko (1989) clearly stated that the curvature of

2

. w . )
the deflection curve can be expressed as — R Thus, the unit elongation ¢, of the fiber at a

distance z from the middle surface becomes

_—zdzw

dx?

&x (3.1)
According to Hooke’s Law, the unit elongation &x and &y in terms of the normal stresses 6x and
Oy 1S given as:

o VG, o Lo

E" E} and ay:Ey— E* (3.2)

Where E is the modulus of elasticity of the material and v is poission ratio.

The lateral strain in y direction must be zero in order to maintain continuity in the plate during

bending, from which by equation of (3.2) one obtains

0, = VO, (3.3)
o (l—vz)ox
E

Then, making use of equation 3.1, the stress o, becomes
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on ~Ez (d*w
T
Moving the expression for bending stress o, , Timoshenko (1989) obtain by integration the

bending moment in the element strip

hi2
M = I G zdz
~h/2

Thus, the equation for the deflection curve of the strip plate of unit length is obtained as

follows:-

M= _—ER d’w (3.4)
12(1—v2) dx’

3
LetD=_E" , the plate flexural stiffness/rigidity, so that
12(1-4%)
M=-D dw (3.5)
dx’ '

In the following section, the Differential equation (DE) of plate on elastic subgrade will be

formulated for pertinent subgrade models.
3.3 Formulation of Differential Equations of the Strip Plate
3.3.1 Plate on Single —Parameter Model

In this case consider bending of a uniformly loaded strip plate subjected to transverse load
supported over the entire bottom surface by an elastic foundation as it is shown in Figure 3.2a,

to formulate the DE of strip plate.

q dx
/ Strip Plate

| - o LLLLLET 59
« TITIRTTITT ()
4 | T T axI 1 7 v +dv
[ TTTH-pe0
Fig 3.2 (a) A plate on Winkler’s mechanical model (b) strip plate element
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Consider the force equilibrium in the z-direction for plate element displayed in Figure 3.2 b

P(X)—Q(X){I—Z (3.6)

Where p= contact pressure and q = transvers load
Moment equilibrium requires that

_am

o (3.7)

Vv

Substituting Equation (3.7) in Equation (3.6), one obtains

—q= 3.8
P=4="7 (3.8)

Substituting Equation (3.5) in to Equation (3.8)

mm—mm=D%¥
X

The governing differential equation becomes
DV*w(x)+ p(x) =¢(x) (3.9)

Note: The governing equation for plate is DV4W(X, J/)+ p(X, )/) = (](x, y). However, the
governing equation for strip plate will have the form of ODE Equation (3.9). This is because of
a strip plate is one dimensional problem (length along y-axis is very long). Therefore, all the

derivative with respect to y are zero and the plate will be only a functions of x.

Now introducing Winkler model which is

p =kw (3.10)
Where p = contact pressure and & =modulus of subgrade reaction (in N/m?)

Combining equation (3.9) and (3.10) the differential equation for the deflected surface of the

plate supported on an elastic Winkler foundation becomes

DV w(x) +kw(x) = () (3.11)
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The homogenous counterpart is given by
DV*w(x) +kw(x) =0 (3.12)

3.3.2 Plate on a Two —Parameter Model

As mentioned earlier, several researchers, recognizing the inherent problems with the
Winkler model, attempted to make the model more realistic by assuming some form of
interaction among the spring elements that represent the soil continuum. Pasternak improved
upon the Winkler model by connecting the ends of the springs to a plate, or "shear layer,"
consisting of incompressible, vertical elements, which can deform only by lateral shear. A

sketch of strip plate on a two-parameter subgrade model is given Figure 3.3.

Strip Plate

131171333

Fig 3.3. A plate on Pasternak’s mechanical model

p(x)= /;pw(x) -Gy Vzw(x) (3.13)
Where p(x) = contact pressure

Gp =Shear parameter

k» = modulus of subgrade reaction

Substituting Equation (3.9) in to Equation (3.13)
DV*w(x) + kow(x) - Gp V2w(x) = g(x)
The homogenous counterpart is

DV*w(x) + kow(x) -Gy Vi(x)=0 (3.14)
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3.4 Solution of a differential equation of Strip Plate on Winkler Foundation

3.4.1. General solution for a Single Parameter Model

Here we consider the problem of bending of uniformly loaded plate strip supported over the
entire bottom surface by an elastic foundation. The Governing equation of Strip plate on an
elastic foundation is given by in Equation (3.11) can be written as equation below.

4

d'w, -
D dx4° +kw, =q (3.15)

Where D: is the stiffness coefficient

ks : Modules of subgrade reaction (N/m?*)
q; 1s intensity of the traverse load

The homogenous equation becomes

d'w, -
D — +kw, =0 (3.16)
d*w, kw,
04 50— 3.17
' D G.17)

Since Equation (3.17) is an ODE with constant coefficients, the solution is obtained as

w(x) =sin x| C, cos héx +C, sin héx|+cos £x[ C; cosh Ex + C, sinh £x] (3.18)
4 _v
Where §=2E= /ﬁ
a 4D
+ = B2 idth of strip plat
p* = cap & width of strip plate,

o : k
Thus, characteristic width of strip plate becomes &= 4;)

For brevity reasons the detail of the solution are provided in Annex A
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3.4.2. Long strip plate

3.4.2.1 A strip plate on a single parameter subgrade subjected to concentrated vertical

load

As it is presented in Figure 3.4 a strip plate of long length subjected to a concentrated vertical
load resting on Winkler foundation will be solved by introducing the boundary conditions. To
simplify the mathematical formulation, the alternative form of the general solution is considered

from Annex A (A1.4).

P
Strip Plate

i

Fig 3.4. Long strip plate on Winkler Foundation subjected to vertical concentrated load

w(x) = (4 coséx+ A,sinéx) +e " ( Aycoséx+4,sinéx) (3.19)

Boundary conditions

I. w'(0)=0
2. w(o) =0

Applying the 2™ boundary equation the left part of the equation must be zero to satisfy the third

boundary condition thus the constant A; and A, must be zero resulting in

w(x)=e"( A4;cos&x+A,sinéx) (3.20)
Applying the 1¥' boundary Condition

Ay = A, =C (3.21)
Equation (3.20) can be written as

w(x)=Ce * (cos Ex+sinéx) (3.22)
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The constant C can be obtained from the consideration that the sum of the reaction force will

keep equilibrium with the load P,

2Tdex =P

2k C I e ™" (cos &x +sin &x)dx = P, from which follows
0

C = g ;1; (3.23)

Substituting Equation (3.23) in to Equation (3.22)

EP

w(x) = Tse’f“ (coséx+sinéx) (3.24)

Successive differential Equation (3.24) gives the slope, moment and shear force

0(x) = =L ein &x (3.25)
M(x)= P e (coséx—sin &x) (3.26)
4(%)
P
V(x)=—ze *(cos&x) (3.27

3.4.2.2 A strip plate on single parameter subgrade subjected to Concentrated Moment

Mo Strlp Plate
STOTLTT
TETETFTE—

pip StrlpPIate
,J 2
FETREFRIT

Fig 3.5 Long strip plate on Winkler foundation subjected to concentrated moment
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By following Hetenyi’s method (Hetenyi, 1946) when long length strip plate resting on a single-
parameter subgrade is subjected to a concentrated moment the following relationship is

obtained. This is demonstrated on Figure 3.5.

—Ex+a : —&x .
e cos(Ex+a)+sm(Ex+a))—e “" (coséx+sinéx

W(x) = Spa (cos(&x +a) +sin(Ex +a)) (cosé &x) (3.28)

2ks a
With a approaching zero, the expression in the brackets simplifies to

—&x+a . —&x .
e cos(Ex+a)+sin(Sx+a))—e =" (coséx+sinéx )
{ (cos(§x+a) +sin(&x+a))—e ™ (cos&x+sing )} e Fsin £x
a
a—0
And as the same time [ pa]{HO =M,
Thus the deflection Equation becomes
2

M
w(x) = %ﬁe_gxsin Ex (3.29)

ME :
0(x) :%6_5"(005 Ex—sin &x) (3.30)

M
M(x)= TOefx (coséx) (3.31)

M, . .

V(x)= = Ee™" (cosx +sinéx) (3.32)

3.4.2.3 A strip plate on single parameter subgrade subjected to Uniformly distributed load

By following Hetenyi’s method (Hetenyi, 1946) when long strip plate resting on a single
parameter subgrade is subjected to a uniformly distributed load, the following expressions are
obtained depending on the location of the point of interest with respect to the loaded region as it

is shown in Figure 3.6.
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X ‘dX Strip Plate

X Ox Strip Plate | i
||_,q/ —'q/
|

7 W7 : A
P S E—— C;kA% % B
SRR iEnM
(a) (b)
ag K Sirip Plate
b ::If (5/4:
— L =—Br—/C
L

(©)

Fig 3.6 Long strip plate on Winkler Foundation subjected to uniformly distributed load a)
when point C is under the loaded region b) when point C is to the left side of the loaded region
C) when point C is to the right of the loaded region

The Mathematical formulation for the above diagrams is explained below.

1. When Point C is under loaded region

q —m —én
We = (2—e " (cosEm)—e* (cosﬁn)) (3.33a)
0. = %}? [e’f’" (cos(Em) +sin(Em))—e ™" (cos(En) + sin(én))} (3.33b)
M, = 4(‘2)2 [e™*sin (&m) + e *'sin (&n) | (3.33c)
V.= 4(q§) [e’f’” (cosEm—sin Em)—e™" (cos En —sin §n)} (3.334d)
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2. When Point C is to the left of the load

W, = 2‘% (e“f’" (cosém)—e " (cos cfn))

%= %[ﬁm (cos(&m) +sin(§m))— e~ (cos(n) +sin(¢n))

_ q —Em _: —&n 2
M, =———e*"sin Em—e °"sin &n
C 4§2 ( g 5 )

V- % [ (cos(ém)—sin (Em))—e ™" (cos(én) —sin (¢n)) |

3. When Point C is to the right of the load

W, = —%(6‘5’” (cosém)—e™*" (cosfn))

_4ET e : . .
0, _2_1;3[8 " (cosém+siném)—e* (c0s§n+sm.§nﬂ
M. = é(e“fmsin En—e"sin §n)

V.= 415(55’” (cosém—sin Em)—e™" (cos En—sin én))

3.4.3 Short strip plate

(3.34 a)

(3.34b)

(3.34¢)

(3.34d)

(3.3523)

(3.35b)

(3.35¢)

(3.35d)

Hetenyi (1946) solved the case of short beams subjected to different loading condition by using

superposition method. In this section by following the superposition principle, the problem of a

short strip plate when subjected to a concentrated vertical load and a uniformly distributed

vertical load is solved.
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3.4.3.1 A strip plate on single parameter subgrade subjected to vertical concentrated load

Strip Plate

. % éafﬁ% = af2§

Fig 3.7. A short strip plate on Winkler foundation subjected to Vertical Concentrated load

=

The solution for the deflection, slope, moment and shear for short strip plate shown in Figure

(3.7) are given below, whereas the detailed solution are given in Annex B.

coshéxcosé(a—x)+coséxcoshé (a—x)—

_p_f 1 | . 3 . . B
W(x)_2/€g Snh2p+sin2p sinh £xsin&(a —x)+sin&xsinh & (a —x)+ (3.36)

2coshéxcoséx
o) - péiz | 1 | si'nh §x(cos Ex+cosé(a —x))— -
2k sinh2/3+sin2/3| sinéx(cosh éx+coshé(a—x))
N 1 sinhfx(sinﬁx—siné(a—x))—coshéx(cos§x+cos§(a—x))+
(= 4¢ sinh2f+sin2| sin &x(sinh &x —sinh &(a —x)) - cos £x(cosh x +cosh &£(a —x) )
(3.38)
v(x) = g — 2131+ Y [cosh Ex(sinéx—siné(a- x)) +¢os fx(sinh Ex—sinh&(a— x))}

(3.39)
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3.4.3.2 A strip plate on single parameter subgrade a subjected to symmetrically placed

distributed Load

q
C C
[ : /; Strip Plate

—_— L
G D
22 s e |

=~

Fig 3.8 A short strip plate on Winkler foundation subjected to uniformly distributed load

By using the superposition method, one can obtain the following expressions for deflection

under the portion of (A-C) for the figure shown above.

Wi-c=

1 cosh &xcos é‘x[

cosh arsin & (a—a)—sinh §acos§(a—a)+]
q
k sinh 23 +sin 23

coséa sinhf(a - a) —sin o cosh f(a —a)
(cosh &Exsin Ex +sinh Excos cfx)(sin asinh f(a —a) —sinh o sin f(a —a))

(3.40)
The deflection for the portion (C-D) will be
w. = [W ] +i[1—coshcf(x—a)coshf(x—a):l
cp welea T (3.41)
The deflection at the middle (point O)
W q| 2(sinhéa cos&c cosh B+ sinéa coshéc cosff ) (3.42)
ks sinh2f +sin23

Due to the complexity of the mathematical formulation, the analytical solutions for the moment
and shear force for short strip plate on Winkler model subjected to uniformly distributed load

are not included in this study.
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3.5 Solution of the Differential Equation of Strip Plate on Kerr-Equivalent Pasternak

Foundation
3.5.1 General Solution of Strip Plate resting on Kerr-Equivalent Pasternak Foundation

The differential equation for the deflection w(x)of a strip plate on Pasternak foundation can be

determined by combining of Pasternak’s model and the strip plate differential equation. The

resulting homogenous differential equation is given by

Dd'w Grd*w -
W W ew=0 (3.43)

dx* dx?

To solve this differential equation, the following parameters are assumed

//?pa“ /Ezaz BY

Let B = V= = dp=| & 3.44

et p oD G and p ) (3.44)
/k”a (3.45)
64D kpa 8 ka

Thus the differential equation becomes

d'w 648°p d’w Jia
PR +64?w=0 (3.46)

Since Equation (3.46) is an ODE with constant coefficients the solution is of the form w=ce™
substituting this expression one obtain the following characteristics polynomial

643 !
mt PP P g

- 2
a a

There are three possible cases of the general solution of equation (3.46) depend on whether,
p < 1/4, p=1/4 and p > 1/4. For brevity reasons the final forms of the general solutions are

provided here while the detailed are given in Annex C
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Casel (p <1/4)

w(x) = (4, cos Egyx+ A, sin Egyx )+ (4, cos Epyx + A, sin&yx) (3.47)

Where g =\/1+4p , ¢, =\/1—4p and A, A2, As and A4 are open constants

Casell (p =1/4)

w(x) =e™" (B, +Bx)+e (B, + B,x) (3.48)

Where qﬁ} = \/E and Bi1, B2, B3 and B4 are open constants

Caselll(p >1/4)

w(x) = e ( E, cosh &g, x + E, sinh £, x )+ e ** ( E, cosh &g, x + E, sinh &g, x)

(3.49)

Where @ =/1+4p and ¢, = »\/4,0—1 and E1, E2, E3 and E4 are open constants

3.5.2 Long strip plate
3.5.2.1. Long strip plate subjected to a vertical Concentrated Load

In this section a strip plate of long length subjected to concentrated load and supported by an
elastic foundation represented by Pasternak model is considered. By introducing the suitable

boundary conditions, the particular solutions are determined.

Strip Plate

FrecEterre

Fig 3.9. Long strip plate on Kerr Equivalent Pasternak model subjected to vertical concentrated

load
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The elastic soil layer of thickness H is represented by Pasternak mechanical model as illustrated

in the Figure 3.9 where l;p = modules of subgrade reaction and (_?p shear parameter

Boundary condition
Lw'(0)=0
2.Dw"'(0) = P/2
3.w(w) =0

The final expression of deflection, slope, moment and shear force are given below and the

detailed are given in Annex D.
1
Casel (p < Z)
The general solution for deflection is given by
w(x) = e (Al cos(&p,x) + 4, Sin(§¢2x)) +e (A3 cos(&p,x) + 4, Sin(§¢2x))

For the above equation, the constants can be determined by using the boundary condition

presented to Figure 3.9 and obtain the following expressions.

o) = 553 e {cos (j@x) .\ sin(j@x)} (3.50)

o(x) = ij)? [Sh;j%xj (351)

M(x)= —I;e;m (sin (j@x) _cos f@x) ] (3.52)
Pe " .

V(x)= [cos (&g,x) —sin (&g, x)] (3.53)

1
Case 11 (p = Z)
The general solution is for deflection given is given by

w(x) =B, e N + Bze*"%x —+ B3xe‘§¢‘x —+ B4xe*"z¢‘x
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Applying the boundary conditions mention in above one can determine the open constant and arrived to

the following expressions

w(x)= Pemxz( : +x] (3.54)
4D(sp) \(41)
—Pe X
O(x) = D ((@5])} (3.55)
M (x) =Pejm ((;ﬁ) —xj (3.56)
P (x(&4)
V(x)= 2 [ 5 1} (3.57)
Case I1I (p>1/4)

For the general Solution for deflection is given by
wx) = e (Elcosh§¢2x +E,s inh§¢2x) +e N (E3cosh§¢2x +E,;s inh§¢2x)

In similar manner the constants can be determined by using the boundary condition presented to

Figure (3.9) and obtain the following expressions.

SN
0(x)= _Pej;sg?gf%x) (3.59)
ML cosl;«:qﬁzx_““h;ﬂfzx (3.60)
V(x)=P e;ﬁx _ cosh(&g,x) + SheA) (3.61)

271
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3.5.2.2. Long strip plate subjected to a uniformly distributed load

A uniformly distributed loading acting over a portion “AB’’ of the long length strip plate is
considered, as shown in Figure 3.10. The distributed load can be regarded as a series of
infinitely small concentrated forces, gdx. Thus, the deflection, rotation, moment and shear force
can be obtained by substituting gdx for p in the respective solutions of the vertical concentrated

load case. Three cases will be considered depending on the location of point C

1. When point C is within the loaded region
2. When point C is to the left of the loaded region
3. When point C is to the right of the loaded region

*C’X . X dx
Strip Plate : = )
I q = Strip Plate
S T,
Z 2G 7 2% A
A—L—C L B ’ e | G
P T T K, %C” 4A%%BL
Tl T A P T %
(@) (b)
dx X
m Strip Plate
g/ | /3_
| | B———C Go
k % %/{;n‘*v Rp
/ | m 7

(©)

Fig 3.10. Long strip plate on Pasternak model subjected to uniformly distributed load a) when
point ¢ is under the loaded region b) when point c is to the left side of the loaded region C)

when point C is to the right of the loaded region
1
Casel (p < Z)

1. When point C is within the loaded region

we=[ &dw , dw =f—%y(x)
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Where y(_x) — 8D_P§3€—§ﬂx COS(§¢2X) n 8553 e_§¢lx Sin(j¢2)€)

q J-me"’g‘”‘x cos &g, x J-me’%xsin Eh,x J.ne’é‘” cos Ep,x _[ne"f‘”sin Eh,x
0 4 20 420 420

We = 3
8D¢g ¢ 2 % 9,

e ¢hm

(#sin Epym —gicos Spym) +

e

(¢2Sin Ep,n — g cos §¢2n) +2¢

_ q
C8DEN (B[ e

(3.62)

We

(¢sin Eg,m +p,cos Egm) +

2

e

(#sin Ep,n +,cos Epyn)+ 24,

2

In a similar manner substituting qdx for P and integrating within the assigned limits one can

obtain the expression of slope, moment and shear force at point C as

0. :é{e%m (cos ¢§¢2m N sin ;%m} _ g [COS¢§¢2n N sinf@nﬂ (3.63)

{ﬁ e *"sin Epym + ﬁ e *"sin Ep,m } -
q ¢

1 2

M. =@ { } (3.64)

ﬁe’“"”sin Epn+ ﬂe"*‘%”sin Epn
1 2

—e *"sin Egm [(152 + ﬂzj +e M"cos Egm [¢1 + ¢—22} +
—q ¢, ?
- 2 2 (3.65)
e HN'sin Epyn (gﬁz + %] —eMcos Epyn [¢1 + %)

2 1

C

2. When point C is to the left of the loaded Region

q j;e"gﬂx cos &g, x JZe_Wsin Edox j:e_fm cos &g, x J:le‘m"sin Edox
+ —_ —_

T 4 n 4 5
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e thn

1

o 5hn

_ q 2
8DE (44 )| e

1
—cthm

We

2

¢ (¢2Sin (§¢2n) _¢1COS (§¢2n)) +

p (¢15in (&p,n) + p,cos (§¢2n))_

(¢:sin (Sgm) —dicos (S,m) )+

(¢sin (&g,m) +¢ycos (E4,m))

4

%e‘m"sin &,

1

1

)

C

—e *""sin Ep,m (¢2 + %ZJ +e "cos Eg,m (¢1 + ?J +

8 e *"sin §¢2n[¢2 +¢—‘2]—e_5¢‘”cos §¢2n[¢l +¢L2]

——{em’" [cos Ep,m N sin g,m J g [cos Eg,n N sin £g,n ﬂ
8D&’

¢2 ¢1 ¢2

n+ %e%"sm Ep,n } —

2

& o-ehngin Egm+ b g-ehngin Epm }
2

¢

2 1

¢,

3. When point C is to the right of the loaded Region

(3.66)

(3.67)

(3.68)

(3.69)

W =
¢ 8D& )

We

_ q
8DE (47 + )

¢2 ¢1

e ™

(¢,sin Eg,m —cos Sp,m) —

o Ehm

(¢1Sin §¢2m + ¢2COS§¢2m) -
—Spin

]

—Shn

P,

e

(¢2Sin Sh,n —gcos §¢2n) +

e

(¢1Sin Sh,n + @, cos §¢2n)

" b " bk "k " Sk
q (J.Oe cos &g, x N Ioe sin &g, x B Ioe cos &g, x B Ioe sin &g, x
¢,

(3.70)
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0, - q | o [cos Epm N sin §¢2mJ_e_§¢ln (cos Ehn N sin 5@1” (3.71)
8DS ¢ ¢> ¢ ¢,
ﬁ "sin Egm + — 9 e “"sin Ep,m }
q (L7 )
Mo === (3.72)
8
> ﬂe’m”sin Epn +ﬁe’§¢2"sin .§¢2n}
K ¢,
~e#"sin &m (¢2 A ]+e “cos Em [@ 23 j
—q ¢ 4
Ve "5 ) (3.73)
e Msin §¢2n(¢2 +%]—e"m"cos cf(bzn[qﬁl +%j
Case Il (p = i)
1. When point C is within the loaded region
we=[ §dw, dw :J' - %y(x)
Where 1(x) = Pe N N xPe
€re -
4D(—&4)  4D(&¢)
___ 4 ~Epm | ~Ehn —&pm ~&hn
w,.=——I|e¢€ +e +( SPhme +1)+(Shne +1 (3.74)
¢ 4D(§¢1 )4 |: ( ) ( ):l
_ qg ~hn ~hn
0. =— | me —me (3.75)
© 4D(&4) [ |
—Shm —Son _ —Son
=7 ( 5 " [ —Epme " + e —Efne " | (3.76)
Ve= 2 |2 F ¢me g dne " —e " +€§¢‘m} (3.77)
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2. When point C is to the left of the loaded Region

We :ﬁ;ﬁl)“[ew _ it (§¢lne—r§¢.n ) 4 (§¢1meﬂf¢lm )} (3.78)
O :W | me " —ne s | (3.79)
M. = ; (;% 5 [ —Epne ™ —e " + Egme " | (3.80)

g =§q—ﬂ[§¢lmef""’” —§¢1ne‘f‘”‘” —e +e‘f¢‘”} (3.81)

3. When point C is to the right of the loaded Region

T TA M C Gy C ] 652
6. = 5 e ———— [me " —ne " | (3.83)
M, =ﬁ‘;)2[e‘m’" —Efme " — e 1 G | (3.84)
Ve = g F gme " — o ¢1ne e +e_m"} (3.85)

CaseIll (p > 1/4)

1. When point C is within the loaded region

we=[ 8dw , deI__J’( )
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Where y(x)= : qz ( ) COSh§¢2x+e'5W Sinhé"¢2xj
4D§ (¢1 _¢2 ) ¢2
o (cosh(§¢2m)+ s1nh(§¢2m)j
o (C"Sh(%n% smh(e%n)J
W, = 9

4DE? (¢, -’ ) o thm [_lsinh(§¢2m)+cosh(§¢2m)j

(Z‘ s1nh(§¢2n)+cosh(§¢2n)J+ 4

2

" cosh (Egym) _e’m” cosh(&g,n)

9 — q ¢1 ¢1
‘ 4DE (g2 ¢ )| " sinh(&hm) & sinh(&gn)
¢ ¢

vy 4 (e-m'" sinh(&gym) " sinh(gyn) )
X X

" sinh(&gm) | eoosh(hm)

v :L ¢2 ¢1
4 | e sinh(&hn) ¢ cosh(Epn)
¢, ¢

2. When point C is to the left of the loaded Region

(cosh(&zﬁ2 smh §¢2 j
)

+e™"| cosh(&g,m) s1nh(§¢2m j

4DE* (¢1 -4, ) e M ( sinh (&gyn)+cosh (Eg,n)

+e smh (&g,m)+cosh (Eg,m )J

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)
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e cosh(§¢2m) B e " cosh (§¢2n) N

0. - q ¢ ¢
CADE (g2 —g2 )| e sinh(Egm) e sinh(&gyn)
¢, ¢,

v -4 e sinh(§¢2n) ~ e sinh(§¢2m)

©oag b b9

—e " sinh (&g,m) +e“5¢*mcosh(§¢2m) N

% _4 ¢2 ¢1

©4& | e sinh(Epyn) e cosh(&gyn)

é, ¢

3. When point C is to the right of the loaded Region

—e " (cosh (Epym)+ % sinh (Eg,m ) j

1

+e (cosh (Epyn)+ % sinh (&gyn) ]

q {
WC - 4 2 2
4D (47 =47 ) | _grsnm (—%sinh(§¢2m)+cosh(cf¢2m) j
e (— % sinh (&¢,n)+cosh (&g,n) J
e " cosh(&g,m) _e_@’l’” cosh (&g,m) N
9. — q ¢1 ¢1
‘ 4D& (¢12 ~¢, ) e sinh (&¢,n) ~ e sinh (&g,n)
¢ 2
v o= 4 e " sinh (.§¢2m) B e sinh(§¢2n)
¢ 4g 23] 23]
—e " sinh (&g,m) N e "cosh(Eg,m)
y -1 #, &
<4 . e ¥ sinh(Egn) e cosh(Egyn)
¢, ¢

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)

(3.98)
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3.5.3 Short strip plate
3.5.3.1. A short strip plate subjected to vertical concentrated load

A short strip plate on a Pasternak foundation is shown in Figure below and two regions are

considered for analysis purpose, the loaded region and the unloaded region.

=]
Regiof I Strip Plate

TTEEEIL

Fig 3.11 A short strip plate resting on a Kerr Equivalent Pasternak foundation and subjected to a

Region I

vertical concentrated load

The deflection of loaded region I is governed by fourth order differential equation

d'w 645°p d’w Jia
7 Ye 3 7 3 +64—4W:0
X a X a

’_ 4 ’k_ 2 2
P

The deflection of unloaded region (II) is governed by second order differential equation given
by

d*w

kw (x)-G,—=0 (3.99)
wr(x)=Ce"x

The general solution for unloaded area will be
ks ks
wr(x) = Cse\/fp +Coe \/Z (3.100)

The following boundary conditions are drawn from the loading arrangement shown in Figure
(3.10).
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At x=0 At x=a/2 At x=00

1. W'(x)=0 3. W (al2)= Wr (a/2) 7. Wi(x)=0
2. W"(x) = % 4. W'al2)= Wr' (al2)

5. W"(a/2)=0

6. W' (a/2)=0

This boundary conditions are employed to general solution given in strip plate resting on Kerr-

Equivalent Pasternak subgrade model
Casel p< ¥

The general solution is given by
w(x) =& (C, cos &g, x + C, sinEg,x ) +e (G, cos Egx + C, sin &g, x )

Case Il (p =1/4)

w(x) ="M (C +Cyx) + e (C,+C,x)

Caselll (p>1/4)

w(x) = (C,e*" cosh &, x+C,e™" sinh &, x+Cye”** cosh & x +C,e”**" sinh &g x)

By using the above boundary conditions one can determined the constants and obtain the
expression for deflection, slope, moment and shear force. For brevity reasons, the detailed of the

solution are provided in Annex E.
3.5.3.2. A strip plate on Pasternak foundation when subjected to concentrated moment

A short length strip plate resting on Pasternak foundation and subjected to a concentrated
moment is dealt in this part of the work. A similar approach to Hetnyi (1946) is used to solve
this condition, the concentrated moment in Figure 3.12a can be regarded as the limiting cases of

the loading shown in Figure 3.12 b.

lim pa=Mo

a—x
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Region |

Strip Plate
Region IIf /HMO 7 1 Region i .
% A 72 G,
| %% % % % % <
(@)
Regionl p o P Strip Plate
Region Il | = ~— Regionll __

p

s 2
= Sl == ¢
S TTT T

(b)

Fig 3.12: (a) A short strip plate resting on Kerr Equivalent Pasternak foundation and subjected

to a concentrated moment (b) A short strip plate subjected to oppositely directed forces

Only the final expression of deflection is provided in here whereas the expression for internal

actions of strip plate is provided in Annex F.

Case I (p<1/4)

W (x)=5; ¥(x)
2D

Where

y(x) = K& cos Eyx + K, e sin £y x + Ko™ cos Eg,x + K e~ sin &g, x
ki:% Cl' and Ci:L_l

For loading showing in the Figure (3.12b):

_ pa y(x+a)-y(a)
2D a

w(x)
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ke cos(Ep,x) -k Spe™sin (S, x ) +
M | ke Ehe™ sin(Ep,x)+k,E,e" cos (@, x)
w(x) = 20|k epx e (3.101)
~k,Ehe M cos (&, x) — kySp,e " sin (S, x )

—k,Sphe N sin(S,x) + kS P cos (S, x)

Case II (p=1/4)

M (kK Epe™™ —k,Epe " + ke™ +

o

w(x) =
2D xk3§¢1e§¢lx + k4e_§¢1x - xk4‘§¢1e_§¢lx

(3.102)

Case III (p >1/4)

k&g e cosh (Ep,x )+ k,Ep,e*”“sinh (&, x ) +

M k2§¢1e§¢1x5inh (§¢2X) + k2§¢2e§¢1x005h (§¢2X)

w(x) = Lo o o (3.103)
2D | —k,épe P cosh (Ep,x ) + kyEre " sinh (£, x )

—k,Epe " sinh (§¢2X) +k,Ed e " cosh (&p,x)

3.5.3.3. A short length strip plate subjected to Uniformly Distributed load

A short length strip plate resting on subgrade and subjected to a uniformly load, as shown in

Figure 3.13 is presented in this section

q
Region | / _Strip Plate

EiadiAidds

Fig 3.13. A short strip plate resting on Kerr Equivalent Pasternak foundation and subjected to a

=

uniformly distributed load.

Only the final expression of deflection is provided in here whereas the expression for internal

actions of strip plate is provided in Annex G.
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Casel (p < 1/4)
1.When point C is within the loaded region

we=[ §dw
d
= =12 y(x)
y(x) = k, e cos Ep,x +k, e*** sin Egyx + ky e cos Efyx +k, e sin Egyx

2D
ki=—— —C;
q

The integration constants C; are then obtained from the inverse matrix relation
C=L'M

W = %Uy(x)dﬁ Iy(x)dx}

:k1 (" (4, cos Eym + g, sin Eg,m) +eM (¢, cos Edyn + g, sin Egyn) — 2(151] +
g | [K@ (@sinm—g cos Egm)+ ™ (¢ sin &g~ g, cos ) + 26, |+

e (47 +47) ey(e7" (~gh cos Egym + g, sin Egym) + ¢ (< cos Egyn-+ by sin Em) +24, |+
k(€7 (=g, sin Egym — g, cos Egym) + ¢ " (=g, sin Egyn— ¢, cos Epyn) +2) |

We

(3.104)

2. When point C is to the left of loaded region

_—_q n _ m
W= [y yedy = [ y()ax

|k, (€% (¢, cos Egyn+ g sin Em) ~(e" (¢ cos Egym + 6, sin Egym) |+

g | k(@ (@ sin&pn—g, cosén)~(¢*" (¢ sin Eym g, cos Epm) |+
2DE(7+47) | [ (=4, cos égyn+ ¢, sin ) — (" (~4; cos &ym-+ g, sin Eym) | +
ke " (~g, sin égyn— g, cos Egym) — (e " (~1B, sin &gym— ¢, cos Egym) |

We

(3.105)
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3. When point C is to the right of loaded region

We = % . y(x)a’x—j0 y(x)dx

We

Casell (p =1/4)

1. When point C is within the loaded region

[y (€7 () cos Egym+ g sin Epym) — (e (¢ cos Egyn+ ¢ sin Epyn) |+
g | [k (singm—g, coséhm) (e (;sin gy ¢, cos épm) | +
2DE (47 +47 )| [ k(e (~4h cos Egym+ g, sin Egym) — (e (~4, cos -+ ¢, sin égyn) |+
ey (€7 (=g, sin &gym— g, cos Egym) —e " (~4; sin égyn— ¢, cos égyn) |

k, (e‘)’%‘”’ e — 2) —k, (e_m”’ +e n — 2) +
. Ehm Ehn
w, = 9 k, (memm nettn 8
2D&g, o S S
Ehm Sgm
k, (—me‘g‘ﬁ‘m —ne M + ¢ c __
Sh S S

2. When point C is to the left of loaded region

We =——"—
© 2D&g, )
Sin Shm

k, (—ne“%" +me hm 4 e ¢

& &

Ghn Ehm
— e e
1|k, (Be@“” —Ae™" ———+ j+

k, (emm + e ) —k, (e_m” —e ) +

|

(3.106)

(3.107)

(3.108)
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3. When point C is to the right of loaded region

Shm

W = —4 k, [me§¢"" —nen &
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Chapter Four

4. Numerical Analysis and Discussion

In this chapter a numerical study is conducted using the different solutions obtained for long
and short strip plates under several loading conditions. The solutions based on Winkler’s model
and Kerr-equivalent Pasternak models developed by Worku and the FE based plaxis 2D model
are used. Then the outputs of these models are compared amongst each other. The results of the

FE analyses are used to calibrate the analytical methods.

In the previous chapter, different solution cases were obtained for strip plates on a two
parameter subgrade model depending on the value of the parameter p. It is important to identify
which case represents the most likely scenario for real problems. This can be done by plotting p
against another carefully selected parameter, incorporating all factors influencing p for selected
values of thickness of stratum, H. As it can be seen from equation (3.45), p is a function of the
modulus of elasticity of the strip plate (Ep), shear modulus of the soil (G), depth of strip plate
(hp), Poisson’s ratio of the soil (v) and the thickness of the stratum, H. The effect of these
parameters on p can be seen by introducing the use of the following dimensionless stiffness
factor or relative rigidity of the soil-plate system as suggested by (Rajapakse and Selvadurai
,1991). Plots of p against K; are given in Fig. 4.1. & 4.2. for clayey and granular soils for a

range of H/a values.
o (2]
K = T“ (4.1)
where K= relative rigidity of the soil-plate system
hp= depth of strip plate
Ep=modulus of elasticity of strip plate
a=width of strip plate

G=shear modules of the soil
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Fig4.1 Effects of K; and H on p for clay soil
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Fig4.2 Effects of K: and H on p for Sand and gravel soil

The above plot revealed that the value of p lies in case III (p > '4) when the ratio of H/a is
greater than 0.85 for clay soil and 0.48 for sand soil. On the other hand, when H/a is less than
0.85 and 0.48 for clay and sand soil respectively, case I (p< %) should be considered.

Due to the fact that the ratio H/a is less than 0.48 is rare, the most realistic scenario is seen in
case III. Therefore, it can be concluded that for all practical purposes it is sufficient to consider

only case three with p > Ya.
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4.1 Calibration of the Winkler —type and Kerr equivalent Pasternak-type models

All continuum models including the generalized continuum models developed by Worku are
sensitive to the thickness, H, of the stratum. When the thickness of the soil layer increases, it
may give unrealistic or excessive deformation. Therefore, it is important to calibrate this model
by using Finite Element based model. Whereby a calibration factor associated with H is

introduced, Plaxis 2D software is used as a yardstick.

The first step in this process is to establish the optimum mesh size for the Finite element
modeling (Plaxis 2D). This is due to the fact that all the output of the Plaxis are affected by the
mesh size. As the mesh size is decreased, more accurate results will be obtained but it will take
a longer time to get the results. Hence it is necessary to find the optimum mesh size to balance
between the computation time and the accuracy. This is obtained by plotting the maximum

deflection against the mesh size.

6 Mesh size
=0

5
€ 4
£
C
o 3
©
g —@— Mesh size
o 2
a

1

0 A

0 0.2 0.4 0.6 0.8 1 1.2

1/avg. element size (1/m)

R
AAFTD
KRR

Fig 4.3 (a) Determination of optimum mesh size (b) plot of average mesh size

58| Page



As it is shown in the Figure 4.3(a), the average mesh size is determined by drawing a horizontal
tangent line where the plot becomes almost constant and finally it resembles like the diagram
shown in Figure 4.3(b). After fixing the average mesh size, the next step is calibration of the
Winkler-Type and Kerr- equivalent Pasternak—type model. This is attained after a number of

analysis involving different types of soils, with various relative thickness of the stratum with

respect to strip plate Width, x=H/a. Subsequently, the maximum deflection, W, , will be

plotted against x for long and short length strip plate subjected to different loading cases.

250 +
Deflection Vs x
200 -
> 150 7
g —o—winkler
= 100 - pasternak
plaxis
50 - A
0 L v T T T T T T T T T 1
0 1 2 3 4 5 x 6 7 8 9 10 11

Fig 4.4 Determination of y value for long strip plate subjected to selected basic loading types

40 -+
Deflection Vs x

30
x —o—winkler
g 20 pasternak
= plaxis

10 4 E———

p—
——
e .
0 T T T T T T T T T T T T T T 1
0 1 2 3 4 5 6 7 x 8 9 10 11 12 13 14 15

Fig 4.5 Determination of y value for short strip plate subjected to selected basic loading types

In order to find the value of ¥, first tangent line is drawn to the Plaxis plot, where it becomes
almost constant. Then the intersection point between the tangent line and the corresponding
graph of the models becomes the range value of x. This step is illustrated in Fig 4.4 and 4.5.
Finally, a calibration factor for each combination of representative type of soil and loading
condition is obtained by establishing best fitting trend between the identified range value of x
against characteristic length( & ). This is shown in the graphs found below.

59| Page



A. Best fitting curves for long strip plate
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Fig 4.6 Calibration of Winkler type model for long strip plate subjected to vertical concentrated load for
different soil types
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Fig 4.7 Calibration of Pasternak type model for long strip plate subjected to vertical concentrated load
for different soil types
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Fig 4.8 Calibration of Winkler type model for long strip plate subjected to uniformly distributed load for
different soil types

62| Page



SOFT CLAY

® soft clay

y = 2.7549¢023%

0.85 0.9

MEDIUM STIFF CLAY

10
9
@ medium stiff
8 clay
7
6
X5
y = 2.6612e0188%
4 R2=0.019
3 PoS .
) i S S E
1
0
0.6 0.65 0.7 15 0.75 0.8 0.85 0.9
10
9
8 @ stiff clay
7
6
5
4 y =2.5246e011%
3 *® *
2 ‘ ‘;l o “* ‘ :
1
0

0.6 0.65 0.7 0.75 0.8

£

0.85 0.9

=
o

=
o

O B, N W B U1 O N 0 O

O P N W b U1 OO N 0O VO

0.6

LOOSE SAND

@ Loose sand

y =2.7322e0-22%

|00‘| “%‘0

0.65 0.7 .75 0.8 0.85 0.9

LD

MEDIUM DENSE SAND

0.6

=
o

O B, N W b U1 O N 0O O

@ Medium dense
sand

y = 2.6459¢ 016
R?=0.0177

|“ll,*’1"

0.65 0.7 15 0.75 0.8 0.85 0.9

DENSE SAND

@ Dense sand

y =2.5101e011x

‘“',‘ 2 0 Pt +*

0.65 0.7 0.75 0.8 0.85 0.9

Fig 4.9 Calibration of Pasternak type model for long strip plate subjected to uniformly distributed load

for different soil types

63| Page



B. Best fitting curves for short strip plate
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Fig 4.10 Calibration of Winkler type model for short strip plate subjected to vertical concentrated load
for different soil types
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Fig 4.11 . Calibration of Pasternak type model for short strip plate subjected to vertical concentrated
load for different soil types

65| Page



SOFT CLAY LOOSE SAND

=
o
=
o

9 9
3 & soft clay 8 @ loose sand
7 7
6 6 y = 3.9538e 0168
5 y =3.9921e01% 7 5 .
X s ‘ . L 3
! & MAE : ¢ * :
3 s *, ,
2 1
! 0
0 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
0.25 0.3 0.35 0.4 045 0.5 0.55 0.6 0.65 0.7
£
MEDIUM STIFF CLAY MEDIUM DENSE SAND
10
10
9 ¢ medium stiff 9 & medium dense
8 clay 8 sand
7 7
6 y =3.8205e0-084 6 y = 3.8148¢0.081
¥ 5 R? = 0.0034 5 R2 =0.0032
4 T‘L’_:z’_‘_’? x 4 & < L) TS L 2
3 * o 4 3 ¥ . o s 3 2
2 2
1 1
0 0
035 04 045 05 055 06 065 0.7 0.75 035 04 045 05 055 06 065 0.7 0.75
¢ &
STIFF CLAY
y . DENSE SAND
9 9
8 @ stiff clay 8 @ Dense sand
7 7
6 y = 3.7915e0.056x 6 _ -0.053x
X 5 75 y = 3.7824e™
1o o & ¢ L4 136 o & o .
3 oo *° 9 ¢ 3 oo ** ¢
2 2
1 1
0 0
0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95
£ £

Fig 4.12. Calibration of Winkler type model for short strip plate subjected to uniformly distributed load
for different soil types
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Fig 4.13 Calibration of Pasternak type model for short strip plate subjected to uniformly distributed load

for different soil types
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As shown in the plots, all discrete points in the plots lie on a narrow horizontal band. This is

true irrespective of the different loading conditions. The recommended calibration factors for a

strip plate resting on different soil types and subjected to selected loading cases as established

from the plots are presented in the following tables.

Table 4.1 Summary of calibration factor for Winkler type and Kerr- equivalent Pasternak type

model for the case of point load for long strip plate.

Recommended value of calibration factor for both models in the case of point load

Soil types Xw Xp

Soft clay 1.09 245
Loose sand 1.04 243
Medium stiff clay 0.95 242
Medium dense sand 0.94 2.41
Stiff Clay 0.9 2.39
Dense sand 0.89 2.38

Table 4.2 Summary of calibration factor for Winkler type and Kerr- equivalent Pasternak type

model for the case of uniformly distributed load for long strip plate.

Recommended value of calibration factor for both models in the case of uniformly
distributed vertical load

Soil types Xw Xp

Soft clay 1.1 2.75
Loose sand 1.07 2.73
Medium stiff clay 0.99 2.66
Medium dense sand 0.98 2.64
Stiff clay 0.92 2.52
Dense sand 0.91 2.51
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Table 4.3 Summary of calibration factor for Winkler type and Kerr- equivalent Pasternak type

model for the case of point load for short strip plates.

Recommended value of calibration factor for both models in the case of point load
Soil types Xw Xp
Soft clay 3.83 3.85
Loose sand 3.82 3.83
Medium stiff clay 3.79 3.67
Medium dense sand 3.78 3.65
Stiff Clay 3.7 3.52
Dense sand 3.69 3.50

Table 4.4 Summary of calibration factor for Winkler type and Kerr- equivalent Pasternak type

model for the case of uniformly distributed load for short strip plates.

Recommended value of calibration factor for both Models in the case of uniformly
distributed vertical load

Soil types Xw Xp
Soft clay 3.99 4.12
Loose sand 3.95 4.02
Medium stiff clay 3.82 3.93
Medium dense sand 3.81 3.92
Stiff clay 3.79 3.83
Dense sand 3.78 3.82

For an actual stratum H>YXa, it is recommended to take the calibration factors given in (Tables

4.1 - 4.4 whereas when H< xa, the actual soil stratum depth may be taken as it is.
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4.2. Calibrated Model parameters
As stated above, a calibrating parameter is introduced through the relation:
H=xa (4.2)

Where H is the thickness of the stratum, a is the width of strip plate and ) is the calibrated
factor for the subgrade model given in Tables 4.1-4.4. Introducing Eq.(4.2) in Eq.(2.43)

&(2.56),0ne obtains the calibrated model parameters given below

Winkler Type model

— E

ko )
Kerr-equivalent Pasternak model

— (0.4v+0.67)E —

fy—SAVHOSTE hd G- (136v+2.28) Gypa (4.4)

Xpa

The analysis of short and long strip plate presented in the following sections by using the above
parameters, and it gives results in good agreement with those obtained by Finite element based

Plaxis 2D software.
4.3 Numerical Illustrations

In this part of the work, Winkler Type model and Kerr equivalent Pasternak Type model will be
compared against each other and with Finite element based Plaxis 2D software results. The
comparison is done for long and short length of strip plates under selected loading conditions.
The following classification suggested by (Hetenyi , 1946) can be adopted for strip plate resting

on elastic foundation.

If (&)Y*a>m......... Long strip plate
It % <(&)*a<lm......... intermediate strip plate
If (&)*a < % ......... short strip plate

Where ¢ - characteristic width and a- is width of strip plate

In this work Intermediate and short strip plates are treated as short length strip plates
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4.3.1 Long Strip plates

Numerical calculations for strip plate of long length subjected to vertical concentrated and

uniformly distributed load are carried out for different types of soils. Subsequently, the results

obtained from Winkler type model, Kerr equivalent Pasternak type model and Finite Element

based Plaxis 2D model are compared. The analysis for Winkler type models and Kerr

equivalent Pasternak type model are done by using an excel program prepared for this purpose.

A. Plate Properties (Concrete)

e Elastic modules of the plate (Ep) =25 GPa
e Width of the strip plate (a) =20 m
e Depth of the strip plate (hp) =0.15m

e Poisson’s ratio (vp) = 0.2

B. Soil Property

For all types of soil, the stratum H=60m (thick Stratum) is used. All the soil data described

below are taken from Bowels (1997).
1. Soft clay

e Elastic modulus of the soil (Es) = 15000 kN/m?

e Poisson’s ratio (vs) = 0.4
2. Loose sand

e Elastic modulus of the soil (Es) = 20000 kN/m?

e Poisson’s ratio (vs) = 0.3
3. Medium stiff clay

e Elastic modulus of the soil (Es) = 30000 kN/m?

e Poisson’s ratio (vs) = 0.3
4. Medium dense soil

e Elastic modulus of the soil (Es) = 40000 kN/m?

e Poisson’s ratio (vs) = 0.25
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5. Stiff clay

e Elastic modulus of the soil (Es) = 80000 kN/m?

e Poisson’s ratio (vs) = 0.25
6. Dense sand soil

e Elastic modulus of the soil (Es) = 81000 kN/m?

e Poisson’s ratio (vs) = 0.2
C. Loading Conditions
1. Vertical Concentrated load

e P=100 kN/m
2. Uniformly Concentrated Load

e g= 50 kN/m?, Loaded region =2m
D. Finite Element (Plaxis) Inputs
1. Types of element

e 15node
2. Plate model

e Plain strain model
3. Soil model

e Linear elastic model

The results of the deflection, moment and shear force are evaluated and presented graphically

for the strip plate and soil parameters is given above. Furthermore, a sample example is selected

and its Plaxis outputs (deflection, moment and shear force), for strip plate subjected to point

load, is presented in the following section.
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1. Vertical concentrated load

A. Plaxis Analysis

1. Plaxis model

Fig 4.14 Plaxis geometry model

2. Deformed mesh

Fig 4.15 Plaxis model output of deformation for strip plate resting on soft clay soil and

subjected to point load

3. Total displacement

2008000 00 PR000 Toqno
R S e

Fig 4.16. Plaxis model output total displacement of strip plate resting on soft clay soil and

subjected to point load
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4. Cartesian total stresses
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Fig 4.17. Plaxis model output cartesian total stresses of strip plate resting on soft clay soil and

subjected to point load

5.Plaxis outputs

Table 4.5 Plaxis outputs of deformation, moment and shear force

Ik ym =]

. =S40, 000

= —Sa0.000

. =S80, 000

= —=00. 000

=320, 000

—=2=0. 000

: —1s0. 00

: —=0.000

(e L]

a(m) Deflection (mm) Moment (KN.m/m) shear force (KN/M)
-10 -2.07 0 -0.455
-9 -2.198 -0.169 -0.059
-8 -2.2845 -0.067 0.205
-7 -2.807 0.21465 0.317
-6 -4.5163 0.6476 0.525
-5 -6.212 1.427 0.97
-4 -8.1865 2.268 1.357
-3 -10.158 3.935 1.514
-2 -12.043 4.449 -1.557
-1 -14.518 -3.13 -15.241
0 -16.217 -36.001 -50.141
0 -16.217 -36.001 50.141
1 -14.518 -3.13 15.272
2 -12.043 4.448 1.558
3 -10.158 3.933 -1.523
4 -8.1865 2.267 -1.388
5 -6.212 1.427 -0.975
6 -4.5163 0.647 -0.523
7 -2.807 0.214 -0.316
8 -2.2845 -0.066 -0.205
9 -2.198 -0.17 0.059
10 -2.07 0 0.455
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Fig 4.18. Long strip plate on soft clay soil subjected to a point load
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Fig 4.19. Long strip plate on loose sand soil subjected to a point load
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Fig 4.21. Long strip plate on medium dense sand soil subjected to point load
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Fig 4.23. Long strip plate on dense sand soil subjected to point load
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2. Uniformly distributed load
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Fig 4.24. Long strip plate on soft clay soil subjected to uniformly distributed Load
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Fig 4.26. Long strip plate on medium stiff clay soil subjected to uniformly distributed load
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Fig 4.27 Long strip plate on medium dense sand soil subjected to uniformly distributed load

84 |Page



Deerct&gn Vs Length

15

_
wu

—@—winkler
—0— plaxis

Deflection (mm)

=—@— pasternak

Length (m)

Moment Vs Length

1.5
1
£
S~
€
§15 15
-
o
9]
5 .
s —@— winkler
—@— pasternak
—@—plaxis

Lzeﬁgth (m)

Shear forge vs length

faiy
w

15

shear force (KN/M)

=== plaxis
6 —{ll— pasternak
8 Length(m) —&— winkler

Fig 4.28. Long strip plate on stiff clay soil subjected to uniformly distributed load
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A review of the curves reveals a number of significant observations. The maximum deflection
obtained by the two models is in good agreement with the FE based Plaxis model. However,
there is a deviation of deflection when moving away from the mid span. This becomes more
pronounced in the Winkler-Type model especially in soft soils where deviations may amount to
up to 45% in the case of concentrated load and 20 % in uniformly distributed cases. This is due
to the fact that Winkler-Type model does not consider the shear interaction behavior of the soil,
from the outset despite the calibration. Additionally, because the calibration factor is solely
dependent on the maximum deflection, it is certain to have deviations when moving away from
the maximum deflection. As far as the Kerr- Equivalent Pasternak type model is concerned, a
very good agreement with the reference FE based analysis result is obtained over the majority

of the plate width.

Unlike the deflection, the bending moment and shear force show little deviation between the
models and the Plaxis 2D outputs, in both cases of loading conditions. As it can be seen in the
above bending moment diagrams, the deviations increase when moving away from the mid span
but ultimately decrease before reaching the edge of the plate. Furthermore, in the case of plate
on high modulus soils subjected a uniformly distributed load results of a reduced shear force are
observed. Whereas in the case of a concentrated vertical load, the shear force is invariably the
same for all models at the midpoint. This implies that midpoint span shear force is independent
of soil rigidity in the case of the concentrated load. For all cases, a stiffer soil (higher modulus

of elasticity) reduces the plate deflection and the maximum moment experienced in the plate.

In general, the Kerr-Equivalent Pasternak model gives results in very good agreement with
Finite Element based Plaxis 2D output, for the considered mesh size (Fig 4.3) in both loading
cases. Thus this models can be proposed as an efficient means to analyze long length strip plate

on elastic foundation.
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4.3.2 Short strip plates

In this section, numerical computations are carried out for short length strip plate subjected to
concentrated and uniformly distributed vertical loads to compare the result obtained from
Worku’s models and FE-based Plaxis 2D software. The same type of strip plate properties and

soil parameters are used to plot deflection, bending moment and shear force curves.

A comparison of moment and shear force plots for a short strip plate on Winkler model
subjected to uniformly distributed load is not included due to the complexity of the

mathematical formulation.
A. Plate properties (concrete)

e Elastic modules of the plate (Ep) =25 GPa
e Width of the strip plate (a) = 3m
e Depth of the strip plate (hp) =0.15m

e Poisson’s ratio (vp) = 0.2
B. Soil Properties

For all types of soil the stratum H=40m is used. All the soil data described below is taken from
Bowles (1997).

1. Soft clay

e Elastic modulus of the soil (Es) = 15000 kN/m?

e Poisson’s ratio (vs) = 0.4
2.Loose sand

e Elastic modulus of the soil (Es) = 20000 kN/m?

e Poisson’s ratio (vs) = 0.3
3.Medium stiff clay

e Elastic modulus of the soil (Es) = 30000 kN/m?

e Poisson’s ratio (vs) = 0.3
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4. Medium dense soil

e Elastic modulus of the soil (Es) = 40000 kN/m?

e Poisson’s ratio (vs) = 0.25
5. Stiff clay

e Elastic modulus of the soil (Es) = 80000 kN/m?

e Poisson’s ratio (vs) = 0.25
6. Dense sand soil

e Elastic modulus of the soil (Es) = 81000 kN/m?

e Poisson’s ratio (vs) = 0.2
C. Loading Conditions
1. Vertical Concentrated load

e P=100 kN/m
2. Uniformly Concentrated Load

e g=50kN/m?, Loaded region =2m
D. Finite Element (Plaxis) Inputs
1.Types of element

e 15node
2.Plate model

e Plain strain model
3.Soil model

e Linear elastic model

The results of the deflection, moment and shear force are evaluated and presented graphically

for the strip plate and soil parameters given above.
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1. Vertical concentrated load
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Fig 4.30. Short strip plate on soft clay soil subjected to point load.
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Fig 4.31. Short strip plate on loose sand soil subjected to point load.
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Fig 4.32. Short strip plate on medium stiff clay soil subjected to point load.
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Fig 4.33 Short strip plate on medium dense sand soil subjected to point load
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Fig 4.34. Short strip plate on stiff clay soil subjected to point load
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Fig 4.35. Short strip plate on dense sand soil subjected to point load

95| Page



2. Uniformly Distributed load
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Fig 4.37 Short strip plate on loose sand soil subjected to uniformly distributed load
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Fig 4.38 Short strip plate on medium stiff clay soil subjected to uniformly distributed load
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Fig 4.39 Short strip plate on medium dense sand soil subjected to uniformly distributed load
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Fig 4.40 Short strip plate on stiff clay soil subjected to uniformly distributed load
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Fig 4.41 Short strip plate on dense sand soil subjected to uniformly distributed load
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As could be observed from the figures, the deflection shows little deviation throughout the plate
in all models. For some particular soils, the maximum deflection obtained by Winkler type
model gives a slightly higher value in the case of concentrated vertical load. Whereas, the
maximum deflection is slightly lower in the case of uniformly distributed load. It should be
noted that the deflection for the Kerr Equivalent Pasternak model is in an excellent compliance

with the Plaxis 2D model outputs.

When considering the maximum bending moments, the deviations are substantially smaller than
those of the maximum deflections. As it was seen for long length plates, for soils with higher
modulus of elasticity the deviations in deflection and bending moment is smaller for both

models. Both models show little, if any, divergence in the case of shear force.
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Chapter Five

5. Conclusion and recommendation

Certainly the major part of this study has been centered around the application of recent
generalized continuum model developed by Worku (Winkler-type and Kerr-Equivalent
Pasternak model), for the analysis of long and short length of strip plates. Closed form relations
for the plate response under different loading conditions have been obtained, which at times are
lengthy. A spreadsheet program is developed to compute the internal actions for selected
loading conditions. The resulting classical models are compared with Finite —Element based
model results (Plaxis 2D). In the process, the analytical models are calibrated to obtain the

adjusted formulas for the model parameters.
5.1 Conclusions

The following major conclusions are drawn:

1. Closed form solutions are obtained for the deflection, bending moment and shear force
for strip plate supported by elastic foundation under selected basic loading types.

2. For the two parameter subgrade model, three possible cases of the general solution were
obtained. Only one case (p> '4) is important for all practical cases that would be
encountered.

3. A stiffer soil (higher modulus of elasticity of soil) reduces the plate deflection and
bending moment.

4. For long strip plates, there is very small deviation in the maximum deflection for both
models but eventually increases when moving away from mid span. This is more
pronounced in the Winkler-Type model, due to the fact that the assumption when
formulating the model does not include shear interaction behavior of the soil. Moreover,
since the calibration factor is linked solely to the maximum deflection, it is certain to
have deviations when moving away from the maximum deflection.

5. In short strip plate’s deviation of deflection between the models and the Plaxis 2D is very
small. Thus, for practical purpose one can also use a Winkler Type Model for analysis
purposes.

6. The deviation in the bending moment modestly increases when moving away from the

mid span but ultimately decreases before reaching the edge of the long strip plate. In
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contrary, for short strip plates the models are concurrent with slight deviation with FE
based software.

7. The shear force is invariably the same for all models. It implies that it is little affected by
the type of model used.

8. Generally, in all cases using the recommended calibration factors provided in Table 4.1-
4.4, the Kerr Equivalent Pasternak type model gives more compatible results to the Plaxis
2D output than the Winkler Type model. Therefore, by using this model and the
accompanying spreadsheet program, practical analysis of strip plates on an elastic

foundation can be easily performed.
5.2 Recommendation

As the scope of this work is limited to thin strip plates subjected to selected symmetrical
loading conditions, the following actions could possibly strengthen, enhance and expand the

application of this research for future work.

1. A homogeneous, isotropic soil is considered for this research but soils are inherently
anisotropic. Thus this model would be strengthened through the provision for anisotropic
soil behavior.

2. Selected symmetrical loading types are considered to analyze the strip plate. For future
works other types loading (e.g. unsymmetrical loading) are recommended. This can be
done by using the principles of superposition method.

3. This research can be expanded by developing a technique to facilitate the analysis of
thick rectangular plates with holes or with some irregularity.

4. Furthermore, mathematical formulation has been done for strip plate subjected to
concentrated moments. However, a numerical illustration was not conducted for this
problem. For future research, it is best advised to conduct numerical illustration based on
the existing mathematical formulation.

5. A Finite Element program can be written incorporating with the developed mathematical

model for strip plate, that can aid future works in the field.
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ANNEX A

A.1 General Solution of strip Plate on a single parameter subgrade

q

S

Sail
Stratum

Thin

FEEEFEE S

Fig A1 strip plate resting on Winkler’s model

The homogenous differential equation for displacement w of strip plate on Winkler
foundation is given by

D

4 —
0t kwy=0 (AL.1)

Since equation (A1.1) is ODE the Solution form will be
w=e
(W)iv = J4eM

Substituting back in Equation (A1.1)

k,
et 4 Lolx —
e D€
.k
At = —
D
2 - |k,
Let 2 = u ,Then ,u;, = i D

Since 12 =

A= v i and 2= VTS
D D

Therefore

M=V |2 and =i [% (A1.2)
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Ay = V=i \/% and —V=1 " |=% (A1.3)

. 1, 11
With Vi = LTt and v—i L
1 . 1
=5(1+1) =5(1—1)
Thus A, = %(1+i)4—“' - A= (A+10) 3=
k k k
=—-A4+D{= ., A= (A-D{= andi,= (1-0){=
2= —(+D) {2 s= =D add = a-D
So the general Solution will be
k, k, k, k,
(=3 —(+i)ds —(-i)4fs (i1
wx)=ce ‘P +coe P tce Pyce ‘P
Let g* _ks_a“ Thus 2£:\/E_§
64D a \D
w(x) = ale(1+i) §x+ aze(—l—i) §x+a3e(1—i)§x+ a4e(i_1)§x
Where e = cosAx +isinAx e~ = cosAx —isindx

w(x) = ale‘fx*e‘f)d + aze_‘fx*e_gxi + a3e§x*e_§xi + a4e_§x*e§Xi
w(x) = e§x< aleé:xi + age_‘fxi) + e 6% (aze_‘fxi + a4e§xi)

e (a,cosEx +ia, sin Ex + a.cosEx —ia, sin Ex) +
w(x)— 1 1 3 3

e (a,coséx —ia, sinEx + a,coséx —ia, sin &x)

(e"z" ((a1 +a,)cos&x + (a,i —a,i)sin g‘x) +]
w(x) =

e " ((a, +a,)coséx + (a,i—a,i)sin &x)
Let a, + a3=A1 a, + a4=A3

al— azi = A, aul — ayl = A,
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w(x) = e (Acoséx+ A, sinéx)+e = (Acoséx + A, sinéx)
(A1.4)

With the introduction of
egx: coshéx+sinhéx and e_§X= coshéx—sinhéx

) 4, cosh Excoséx + A sinh Excoséx + A4, cosh Exsin Ex + 4, sinh Exsin Ex
W =
4, sinh Excoséx — 4, sinh ExcosEx + A, cosh xsin Ex — 4, sinh Exsin Ex

_(sin Ex((A4, — A,)sinh Ex+ (A, + A,)cosh Ex)+
wx) = cos Ex((4, — 4;)sinh Ex + (4, + 4;) cosh £x)

A2+A4 = Cl A1+A3 = C3
A2_A4 - C2 Al_A3 - C4_
w(x) =sin &x(C, cosh Ex+ C, sinh &x ) + cosh &x( C; cosh Ex + C, sinh £x) (A1.5)

Hence, Equation (Al1.4) and Equation (Al.5) are two alternative forms of solution to

homogenous differential Equation (Al.1)
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ANNEX B

B.1 Finite strip plate on Winkler foundation subjected to vertical load

Strip Plate
N a2 ] j E— Far
“FTTTEFIT™

Fig B1. Finite Strip plate subjected to vertical loading

< TW

Due to the complexity of the mathematical equation of a finite strip plate on single parameter
Hetenyi (1946) superposition method is used to solve this equation. As it is shown in Figure
B.1 we assume that an infinite strip plate is subjected to a given loading, as a result of this
loading certain values of deflection, slope, Moment and shear will be produced at the end
points. To fulfilled the end condition, the elastic curve can be modified by superposing the
loaded strip plate two pairs of concentrated forces and moment (MoA, PoA, and MoB, PoB).

Where MoA, PoA, and MoB, PoB are end condition forces.

P

FPoA oB
P
q q
Mo doB . .
o ta /Stip Plate * Strip Plate
e

&I
=
=

FOerece HEaRE
FFEHEELY

Fig B.2 End condition of the original case
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The corrective value of this terms must be determined from simultaneous equations,
representing the simultaneous fulfillment of the end conditions at point A and B (moment and
share at point A and B must be zero). By using equation (3.26),(3.27),(3.31) and (3.32) the end

conditions can be written as

M, +§+ZO§B *(cos Ex —sin éx) + %+%e§x(cos§x):0

_pOA pOB &_ % —&x : _
0, Y 4§ “(coséx)—¢ 5 £ S (coséx+sinéx)=0 -

M M
M, + 4 Pos, " (cosEx—sinéx) + Pop | Pt ytr (coséx)+—L=0
4§ 4¢ 2 2

26 My “(cosEx+sinéx)—E—2L =0

0, - P20A *(coséx)+ p;’g

In order to simplify the solution of these equations the original loading will be resolved into two parts,

symmetric part and antisymmetrical one

Hetenyi (1946) solve this case and come up the following expression

MaA=M'A+M"'s , Mp=M'g—M"'p (B1.2)

Qu=Q'A+Q"'s | Qu=—Q'5+Q" "

Where: Ma, Qa, Mg and Qg moment and shear at point A and B due to original loading case
M’4,Q'a, M’ &Q’s moment and shear at at point A and B due symmetrical loading case
M"7A,Q " A, Mg & Qs moment and shear at point A due to antisymmetrical loading case

By superposing the symmetrical and antisymmetrical components the following end-condition forces

will be obtained
PorP’0+P""0 PosP'o+ P (B1.3)
Moa=M'0+M"g Mes-M'0+ Mo

In order to remove the moment and shear at A and B on infinite beams Po,a, Moa, Pos and Mg
should produce all together -Ma, -Qa at A and-Mg, -Qp at pint B, if P'oand M’ produce altogether —
M’a, -Q'aat Aand -M'5,Q's at B, and P""oand M "o produce -M "', -Q""sat A and -M '3 +Q’" ' at B.
From this relation the end conditioning forces can be determined separately for symmetrical and

antisymmetrical cases
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For symmetrical case

4¢*f

'

(Q'A (1+e’2ﬁ (c0s2,b’))+éjM'A (l—e’zﬂ (cos2ﬂ+sin2ﬂ)))

Po = S (sinh 28 +sin28)
M = é - 2;1;1 7 (0" (1+¢7 (cos2p—sin2))+ &M, (1= (cos2p3)))
(B1.4)
For antisymmetrical case
o — 24;z_ﬂ Sy (0, (1-¢™ (cos28))+ &M ", (1+¢7™ (cos2 5 +5in23)))
M = é — 2;iﬁ ey (0", (1-¢ (cos2p-sin2p))+&M ", (1+¢ ™ (cos25)))
(BL.5)

By applying equation (B1.3) one can obtain the end condition forces

[sinh28(Q ) —sinh28* (e cos28)(0,) +

po_ 4% Esinh28(M ) —Esinh2B*e >’ (cos2 B +sin2B)(M ) +
“ 2(sinh4p” —sind )| sin28(Q,) —sin 2 8* (e Pcos28)(Q,) -

| &sin2 (M )+ & sin 2Be 7 (cos2B+sin2 )M,

—sinh28(Q,) +sinh 28*(e™* cos 2 8)(Q,) +

P 4e*# Esinh23(M ;) —Esinh 2 3% e (cos2 8 +sin2 B)(M ) —
* 2(sinh4B’ —sin4 %) | —sin28(0,) +sin 2 8*(c P cos 2 B)(Q,) -

| Esin2B(M ) +Esin2Be ™ (cos2 B +sin2 B) (M)

_—sinh2,B(QB)+sinh2ﬂ*e"2ﬂ(cos2ﬂ—sin2,B)(QA)+_
1 e 2&sinh 2 B(M ) —2&sinh 2% e (cos 2 8)(M ) —

£ (sinh 28 —sin2/8) | sin28(0,) +sin 28 *e > (cos 2 B —sin 2 8)(Q, ) -
_fsin2ﬂ(MA)+§sin2ﬂe_2ﬂ(c0s2ﬂ)(M3)

—sinh23(Q ) —sinh 28*e > (cos 28 —sin 2 8)(0,) + |
1 e 2&Esinh23(M ) —-2&Einh 28 *e > (cos2B) (M) +
E (sinh2B—sin2B)|sin23(Q,)—sin2B*e>*(cos2—sin25)(Q ) —
| Esin2B(M )+ Esin2Be (cos2 B)(M,,)
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By substituting Ma,Mg, Qa and Qg from equation (3.27,3.28,3.32 and 3.33) the end force will be

Y e’ cos S+ g e’ cos f*e cos2f+

P, = . -
 E(sinh2fB +sin2 )

Al N

e’ (cos B—sin B) — % e’ (cos B—sin B)*e > (cos2 B +sin2 )

(B1.6)

46%° %efﬂ COSﬂ+§efﬁ cos B*e "’ (cos2B—sin2 )+

T2 P b con psin )L P con fsin ) e (cos2)

(B1.7)

2 £e“’jcosﬂ+§c§'gcosﬂ"‘efzﬂcoslﬁ—

[\9)

—e

c(sinh2/3+sin2/9) %e’ﬂ (cos B—sin f3) —%e_ﬂ (cos B—sin B)*e ™’ (cos2 B +sin2 )

oB

(B1.8)

452 Letcosp +§e_ﬁ cos f*e(cos2B—sin2 ) —

TSI D 5 cos sin ) + L e (cos fsin ) (cos2)

\S)

(B1.9)

Deflection at any point x will be the summation of deflections due to vertical load (Wp) ,due to end

force at A(Wpoa), due to end force at B(Wp.g), due to end force at A(WM,a), due to end force at B
(WMop),

Where
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& 2
w, = 2—]€Se* @ (cosé& +siné)
w —&e*‘:(“/h")(cosé(a/2+x)+sin§(a/2+x))
Pea 2,
w, = —52%3 e s (cos&(a/2—x)+sin&(a/2—x)) ¢ (B1.10)
2
w,, = e Moy Af"B e P ysiné&(a/ 2+ x)
oA 2ks
2
Wy, = % e <@ L sin&(a/2—x) )
After summation one can obtain the deflection equation at any point x will be
cosh&xcosé(a—x)+coséxcoshé(a—x)—
pé 1 | o . : :
w(x) =" sinh&xsiné(a—x)+sinéxsinh &(a—x)+
=% sinh 23 +sin 23 Sxsing (=)t sin xsinh £ (- x) (BL.1T)
2cosh&xcoséx
Once the deflection is obtained the slop, moment and shear can be determined easily
o) — péiz 1 sinh fx(cos §x+cos§(a—x))— S
2k: sinh2f+sin2f | sinéx(cosh Ex+cosh & (a—x)) .
-2 1 sinh fx(sinfx—sincf(a—x))—cosh fx(cosfx-l—cosf(a—x))-l—
M) =L —
46 sinh2B+sin2f| sin fx(sinh Ex—sinh&(a- x)) —cos fx(cosh Ex+coshé(a —x))
(B1.13)
W(x) = g — 2ﬁ1+ Y [cosh &x(sin Ex —sin &(a—x) )+ cos Ex(sinh £x —sinh &(a —x))]

(B1.14)
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ANNEX C

C.1 General Solution of a strip plate on Kerr Equivalent Pasternak Foundations

q

i

Strip Plate

TEETETLT

Fig C1 strip plate resting on Kerr Equivalent Pasternak model

The homogenous differential equation for displacement, w of strip plate on Kerr-Equivalent

Pasternak model is illustrated in the figure (C.1) is given by

Dd*w Gd’w -
R Z’xz +kw=0 (CL.1)

ERW’

Where D = m

To solve this differential equation we assume some parameters

= l; = 5 2
L=4 ka ,‘f:%:“—”,y: kaa and p = s
640"~ o \D G, y

Let= _ _ L (C1.2)
o= 4 kpa4 * Gp p= Gp
\/ 64D \koa® | " 8Dk,
Thus the differential equation becomes
4 4 2 2 4
dw_6 ﬂpdw+64ﬂ—4w=o (C1.3)

dx* a  dx’ a

Since Equation (3.46) is an ODE with constant coefficients the solution is of the form W= ce™

substituting this expression one obtain the following characteristics polynomial

2 4
m PP y6al

= =

a a
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Letm? =n

2 4
e - TV
a a

From quadratic equation

n, = 3252” 85 (1607 -1)

~222 [ape o 1)

There are three possible cases of general solution which depends on whether
p>- ,p——orp<1/4

Casel (p <1/4)

In this case the term 4/ (16p% — 1) is complex number we can write it like this form

My, =242 g \/(4,0 J_ri\/(l—Toz) )

From algebra \/y + iy = I% (r+y) +signzi E (r— y)l (C1.4)

Where r = /y? + z?
y:4p Z:w/1_16p2

r= \/(4,0)2 + (V- 16p2))2= 1

M 534 _+2‘/_ﬂ{ (7’+y)+(51gn(z))z ( y)}

:%[\/(1+4p)ii\/(l—4p):|
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Let ¢ = (1+4p) and ¢, = (1—4,0)

200

a

@ +l¢2]

m,s4 =

Where 28 =&
a

M54 :ig[ﬂ ii¢z] (CL.5)

Substituting equation (C1.5) into W= ce™

w(x) =" (Fie"%)‘i + erﬂ%x" ) +e (F;e*%x" + F‘te‘f”}zx" ) (C1.7)

Where e* = cos Ax +isin Ax

e~ = cos dx —isin Ax

e ((F1 + F, )cos &g, x + (iF, —iF, )sin §¢2x)+
= e ¥ ((F, + F, ) cos Ep,x + (iF, —iF, ) sin &, x)

Let F+F, = A4 F3+F, = Az

iF—iF, = A, 1F,—iF; = A,
w(x) = (4, cos Eg,x + A, sinEpyx) + e N (4, cos Eg,x + A, sin &, x) (C1.8)
The above equation can further be simplified

e* = cos hx + sin hx

e ™ = cos hx — sin hx

x ([cosh(@ﬁlx)+smh(.§¢1 ] [A cos(&p,x)+ A4, sm(ﬁqﬁg)]}
[cosh(§¢1x) s1nh(§¢1x)] [A cos(&p,x)+ A, sm(§¢2x)]

)= [sin(é%x) *[(Az +A,)cosh(&gx)+ (A, — A, )sin h(Egx) +JJ
cos (&g x)* [(A1 + A, )cosh(Epx)+( A4, — 4, )sin h (§¢1x)]
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Let A2+A4:C]_ A1+A3:C3

A — Ay = (, A — Az = Cy

sin(&g,x)(C, cosh(&gx)+C,sin h(Egyx))
(x) = , (C1.9)
+c0s(Eg,x)(C; cos h(Egx)+ Csin h(E4x))
Equation (C1.8) & (C1.9) are two alternative forms of the solution to the homogenous

differential Equation of (C1.1). Since Equations (C1.9) is very complicated, Equation (C1.8)

is used as a general solution in this work.

Casell (p=1/4)

In this particular case p = 1/4 will be substitute in the equation below

ULREW! =i\/§§\/(4p— »\’(16,02 - 1)

Mmy334 = i\/iﬁ

Letg =2 (C1.10)

Thus the general solution becomes

w(x) =Be*" + B,e " + Bxe"" + B,xe "
wx) =™ (B +Bx)+e ¥ (B, +Bx) (C1.12)
Case IlIp > %

Since p > i all the roots are real

My34 = % ‘/Ef\/(‘LP —(16p? = 1)

Introducing Equitation (C1.4) yields

Mmy234 = izf[\/4p+ 1+ \/4/)— 1] (C1.13)
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Let ¢ =4p+1 and ¢ =\4p+1

General Solution is given by
w(x) — o (Ee%x + er—§¢zx ) ot <F3€—§¢zx + F;e%x)

X

e* = coshx + sinhx and e * = cos hx — sin hx

e (coshig, (F +F, )+ sinhed, (- F)) +
| g (coshép, (F, +F,)+sinhég, (F,— F))

w(x)

Let Fi+F>=E; and F3+F4=E;3

Fi-Fo=E» F4-F3=E4

w(x) = e ( E, cosh &p,x + E, sinh &,x) +e " (E, cosh &g,x + E, sinh &gx)

(C1.14)

(C1.15)
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ANNEX D

D.1 Infinite strip plate subjected to vertical concentrated load

An Infinite strip plate on Kerr Equivalent Pasternak foundation subjected to concentrated
vertical load is considered in this section. The particular solutions are determined by

introducing the suitable boundary condition s from Figure (D1).

P
Strip Plate

it

Fig D.1 An infinite strip plate on Kerr Equivalent Pasternak model subjected to vertical

concentrated load

Boundary condition

Lw'(0) =0

2.Dw"'(0) =P/2

3.w(o) =0

Casel (p < i)

The general Solution for deflection is given by

w(x) =e** (A4, cos Eg,x + A, sin Eg,x) +e N (4, cos Eg,x + A, sin Epyx)

Whereg =1+4p , ¢, =/1-4p and A, A, A3 and A4 are open constants

Applying the 3rd boundary equation the left part of the equation must be zero to satisfy the
third boundary condition so that A} and Az =0

So the equation becomes

w(x) =4, coségx+ A,e sing,x (D1.1)
Apply the 1st boundary Condition

w(x)=0 at x=0
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) —&o, A3e—§m cos &, x =&, A3€7§W sin &¢,x
w'(x) =
&P A, e sinpx+EpAe N cosEpx =0

L) (D1.2)
¢
Applying 2" Boundary Condition
D III(O) _ P
AT
3 3 3
- [ =(88) A +2(8) dp A+(E) db°A4 | P
w(x) = - 5 ) 3 = E (D1.3)
+(§) ¢2¢1 A4 +2(§) ¢2¢1 A4 _(§¢2) A4
Substituting equation (D1.2) in to in to (D1.3)
4= P
L AD(e) (¢ +474,)
P (D1.4)
A3 = 3 3 2
4D(E) (4" +44 )
By placing equation (D1.4) in to equation (D1.1) the following Deflection equation can be
obtained
Wx) = P : oA {cos EP,x | sin §¢2x}

Successive differential of Equation D1.5 yield the following expression for slop, moment and

shear forces.

o(x) = Pe—:mz (sin §¢2x] DL6)
4D(E)Y\ ¢4,
M (x) _ —Pe"fi" (sin $g,x  cos §¢2x] (D1.7)
4(¢) ¢ %

(D1.8)

V(x)= Pe;m (cos &p,x —sin &g, x)
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Case II (p = %)

The general solution is given by

w(x)=B, & +B,e " + Bxe*"" + B,xe "

Where ¢ = JE and B1, B2, B3 and B4 are open constants

Applying the 3" Boundary Condition w(®) =0, B;and Bswill be zero

w(x) = B,e*" + B,xe " (D1.9)
Applying the 1% Boundary Condition, w’(x) = 0 at X=0

w(x) = —§¢1Bze_§¢‘x + B4xe_‘§¢‘x —§¢IB4xe_§¢‘x

c, =2l (D.10)
a

Applying the 2™ Boundary Condition

nr P

w(x) =(=£4) Ce ™ +3(&4) Cie ™ —(&¢) xCoe ™
AtX=0

P

(=60) B +3(54) B = (D1.11)

Substituting Equation (D1.10) in to Equation (D1.11) one can obtain the following open

constants
p-_ bt
4D(ch) (D1.12)
R
Y 4aD(&g)
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Thus the deflection equation becomes

Pe 1
_ (D1.13)
wx) 4D(5¢1)2[(5¢1)”J

Successive differential equation (3.63) gives slope, moment and shear force

—Pe X
0(x) = D.14
T ((m)] -
Pe (1
M(x)= - D.15
(1= [(m) j .19
VM=&;%ﬂ?Lq (D.16)
Case I1I (p>1/4)

.The general Solution for deflection is given by

w(x) = e (Elcosh§¢2x +E,s inh§¢2x) +e N (E3coshr§¢2x +E,s inh§¢2x)

Whered =/1+4p and ¢, =\/4p—1 and E1, E, E3 and E4 are open constants

Applying the 3™ boundary equation the left part of the equation must be zero to satisfy the third

Boundary condition thus the constant E; and E, will be zero. Thus, the equation becomes
w(x)= E,e " cosh &px+ E, e *** sinh &p,x (D1.17)
Apply the 1st boundary Condition (w'(x) = 0 at X = 0)

() —EgEye " cosh &gy x + &g, By e sinh &g, x
w'(x)=
-4 E, e " sinh S, x+EPE 4676’%){ cosh &g, x =0

B =%E, (D1.18)

Applying the 2™ boundary Condition

nr P
w (O) = 5
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~(64) B -2() 807 E ~() 9B+ | _
(&) BB E +2(E) B47E+(50) E,

Substituting Equation (D1.18) in to (D1.19)

E4 = 3 r

D(&Y ¢,(47-9,")
E, = 3 P

AD(£) ¢ (47 -4,")

Thus the deflection equation becomes

cosh (&g,x) . sinh (&g, x)

B Pe
) “an () (4 —¢;){

_ —Pe " sinh £, x
4D(5) ¢4,

0(x)

X

4(¢) ¢

V(x)= Pej"" {— cosh &g, x + sinh

_ peH {cosh Epx  sinh&gx

(D1.19)

(D1.20)

(D1.21)

(D1.22)

(D1.23)

(D1.24)
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ANNEX E

E.1 Finite strip plate subjected to vertical concentrated load

A finite strip plate on a Pasternak foundation subjected to concentrated load and two regions

are considered as shown in Figure (E.1), the loaded and unloaded region.

P
Regio% I Strip Plate

TTETTITL

Fig E.1 A finite strip plate resting on a Kerr Equivalent Pasternak foundation and subjected to

Region II

a vertical concentrated load
The deflection of loaded region I is governed by fourth order differential equation

d'w 64B’pd*w _ B
R +64-w=0
a X a

k_ 4 k_a4 2
Where 'Bz"élaD 7= ’ % p:(gj
p

S|

The deflection of unloaded region (II) is governed by second order differential equation given

— — d*w
TP g

_0 (E1.1)

wf (x)=Ce"x

The general solution for unloaded area will be

ks ks
wf(x):CseJ: + Cee \E (E1.2)
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The following boundary conditions are drawn from the loading arrangement shown in Figure

(E.1)

At X=0 At X=L At X=00
1. W'(x)=0 3. W(L)=WL) 7. We(x)=0
2. W"'(x) = % 4. W'(L)=W¢ (L)

5. W"(L)=0

6. W'"'(L)=0

These boundary conditions are employed to general solution given in Equation (3.47-3.49)

Casel p<'s

The general solution is given by

w(x) =" (C, cos Epx +C, sinégx) +e  (C, cos Egx + C, sin &g, x)

Where C is open constant , ¢ 12,/ 1+4p and ¢ 22,/ 1+4p

> Applying the 7" boundary equation

/4

f (x) =0 at x=0

wf(x)=C sejé{:;:i’)r +C 6e_\/§:i’x

csejgiix + cﬁef\%x —0 (E1.3)

In order to make this equation zero Cs must be zero

» Applying the 1% boundary equation

w'(x)=0 at x=0
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(E1.4)

w'(x)= EHC +ERC, —EHC, +E¢,C, =0

> Applying the 2™ boundary equation

()= (87 =36¢2)C -G’ p:-4)C2- | p. E15
(—4° +34:$2")C3— (34> po— 2*+)Ca ) 2D
Applying the 3™boundary equation
Continuity of Deflection at the ends of the beam at x = 5 yields
(3] ()
2 72
\/Zv v
@2=0 (EL6)

Cie™ cos(Bp2) + C2e sin (B2 - Cze ™ cos (Bp2) + Cae ™ sin(fp2) — Cse

> Applying the 4"boundary equation

Continuity of Slope at the ends of the beam at x = 5 yields

G é:ewl (¢1 cos(fBe,)— ¢, Sin(ﬁ¢2)) +C é:emjl (¢1 sin(5¢,) + ¢, COS(ﬂ¢2))
—C e Ml ¢1 cos(fS¢,) - ¢, Sln(ﬂ¢2)) +Cyge ™ ( ¢ sin(f59,) + ¢, COS(ﬁ¢2)) =0 (EL7)

+C. \/:e_Ex

> Applying the 5"boundary equation

Moment at the ends of the beam at yields

w"x)=0
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CEe (47 -7 )cos(B,) 24, sin(g,) )+
C.E%e™ (4~ 42 )sin(Bg,) + 204, cos(Bg) )+ | ; -
CEe™ (42— 42 )cos(Be,) + 24, sin(54,) )+ |
C.&e™ (¢ — 47 )sin(Bg,) — 24, cos(54,))
Equation (E1.4) (E1.5) ,(E1.6) (E1.7) &(E1.8)can be represented in matrix form
LxC=M
_Cl | 0 _Lll L12 L13 L14 LIS
C2 % L21 L22 L23 L24 L25
Where C=| C, (M= 0 andL=| L, L, L, L, L
C4 0 L41 L42 L43 L44 L45
CS L 51 L52 L53 L54 LSS
L5 L0 L
C=L'M
L,=S%¢ ., L, :2§¢2 ) L,=S84, L,=-¢¢, L =0
Ly=&(¢ =34 ¢.) . L,= B¢ 02— 9.))
Ly=[2P (=g 2434 9D L=EG4 20— ¢ ) . L,,=0
L, =ePP1c0s (Be 2) > L, =eP15in B¢ 2),
ks a
Ly=e™F%c0s (B4 ) Ly=e™Fsin (B4 ) I
L, :Cf eB91 {¢ .08 (B¢ 2)'®25in(6¢ 2)} ) L,=¢ efi {¢ 1Sin(B¢ 2)+®ZCOS(B¢2)}

Ly :f 2B e~ B0 {¢ ICOS(B ¢ 2)'®23in(B¢2)}+ )}

5,5
e—ﬂan{_wlsin([s@z)ﬂz)zcos(ﬁwz)}L45=J:—:e G”

Ly =[¢]"eP% (g 2-¢ P cos(Bp )2¢ ¢ sin(Bg )}

L,=¢&
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Lo=[ ] eP% 1(p -p )sin (Bp )+24 4 cos(By )}
Ly=[]'e P2 (g >-p *)cos (B )2¢ ¢ sin(Bg )}
Ly=[]'e P (g 2-p P)sin (Bg )24 ¢ cos(Bg )}
L,=0

The integral constants C; can be determined by inverting L

C=L'M

Case Il ( p =1/4)

w(x)=e™"(C, +Cyx)+e ' (C, +C,x) (E1.9)
» Applying the 1% boundary equation

w'(x) =0 atx=0

w(x)=e™"(C, +Cyx)+e " (C, +C,x)

EpC —E4C,+C,—C, (E1.10)
> Applying the 2" boundary equation

w"(x)= % at x=0

(&6,) C—(&p,) C,+3(&p,) C, +3(&4,) C, =0 (EL11)

> Applying the 3boundary equation

Continuity of Deflection at the ends of the beam at x = %yields
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by ya
C +e ™, +(%jeﬂ¢‘c3 +(gjeﬂ¢‘C4 —e (& 2C, =0 (E1.12)
> Applying the 4"boundary equation

Continuity of slop at the ends of the beam at x = % yield

=[5,
§¢1e'g¢‘C1—§¢Ie_'g¢‘Cz+eﬂﬂC3+ﬂ¢1eﬂ@C3+e_MC4—ﬂ¢le_ﬁ¢‘C4+\/ge \j: C, (E1.13)

> Applying the 5"boundary equation

Moment at the ends of the beam at X=a/2 yields

(h) e™Ci+(E) e Cav2(E0) e Cat

%(é{zﬁl ) ™ —2(§¢1)e‘ﬂﬂc4_%(5¢1 JeCi=0 (E1.14)

Equation (E1.10) (E1.11) ,(E1.12) (E1.13) &(E1.14) can be represented in matrix form

LxC=M
_ 0 ] _ -
Cl P Ll 1 le Ll 3 L14 L1 5
Cz 5 L21 Lzz Lzs L24 Lzs
Where C=| C, | M= 0 andL=| L, L, L, L, L
C4 0 L41 L42 L43 L44 L45
_CS | _L 51 Lsz L53 L54 Lss _

Lllzé: ¢1 ) L12:§ ¢1 ) L13:1 , Liy=1, L15:0
3 3 2 2
L21:[§¢1] J L22:[§¢1] , Ly;=3 [§¢1] . Ly=3 [§¢1] » Lys=0
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S a

k
Ly=ef% Ly, =ef% L[, Lef | L,="eFhF4 ,L35=e_\/G__P*5F5

ksx*a
Ly =&pePo | L, =8pe”™ | Ly=(1+B0y)ef? , L,=(1-B )e F ,L4s:\/§:;e_\/®_z
Ly (¢’ Ly={efe o Lo 2(e)+2(e)] e

2
L54=[_2{§}+%{§} ] e F Lis=0
The integral constants C; can be determined by inverting L
C=L'M

Case Ill (p >1/4)

() = C,e™ cosh £g,x +C,e**" sinh &g, x (EL15)
+C,e " cosh &g, x+C,e " sinh £, x

» Applying the 1% boundary equation
W'(x)=0 atx=0
SHC, +Eh,C, —EPC, + 5, C, =0 (E1.16)

> Applying the 2™ boundary equation

w"(x)= % at x=0

= E1.17
2D (EL17)

()=o)

B +366))C + (34’ p:+8,)Ca —] »
(¢13 +3¢:42°)C3+ (3P’ d + 2> +)Ca

Applying the 3"boundary equation

Continuity of Deflection at the ends of the beam at x = %yields
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5)-3)

Cie® cosh(fp2) + C2¢™ sinh (B + Cre P cosh (Bp2)+ Cae ™ sinh(Sp2)— Cse

*
SRR
I
[ww]

> Applying the 4™boundary equation

Continuity of Slope at the ends of the beam at x = %yields

Ciée™ (4, cosh(Bg,) + ¢, sinh(B,)) + C,&e”™ (4, sinh(S¢,) + ¢, cosh(S,))
+Cy5e ™ (~¢ cos(Bg,) + ¢, sinh(B4,)) + C,Ee ™ (~4, sinh(Bg,) + 4, cos(54,)) (E1.18)

+C\/7 _\j‘];:f’i

> Applying the 5"boundary equation

Moment at the ends of the beam at yields

w"x)=0

(£) ™ (47 + 47 ) cosh(Bg,) + 2, sinh(Bg,) )+
(£) ™ (¢ + 42 )sinh(Bg,) + 246, cosh(Bg,) )+
C (€)' ™ (4 +¢7 ) cosh(Bg,) - 244, sinh(B4,)) +
(&) e (47 - 43 )sinh(B,) 2416, cosh(54,))

Q

(E1.19)

m

Equation (E1.15) (E1.16) ,(E1.17) (E1.18) &(E1.19)can be represented in matrix form

LxC=M
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_Cl | 0 —Ln L, L L, L |
G, % L, L, Ly L, Ly
Where C=| C, |M= 0 andL=| L, L, Ly L, Ly
C, 0 Ly L, Ly Ly, Ly
LCs | Ls Ly, Ly Ly, L |
L, =S4 L, =3¢, L, =-&¢ L,=3¢, L;=0

Lyl 9 (0,739 Lo=[£]70,00 30 D) Ly=[&]"9 (4 239D
L24:[§]3¢2(¢22+3¢12) L25:O

L31=coshﬁ¢2eﬁ®1 L32=sinhﬁ¢2eﬁ®1

L,,=cosh 8 ¢ , e P
ks a
Ly, =sinhﬁ¢2 e Fh Li=—e \/G: 2

Ly=ef®[£]( ¢ sinhBg +¢ coshfg ) L,=eP:[&|( g coshfg +¢ sinhfg )

Ly=e B[ £]( ¢ sinhf¢ -@icoshfg ) Ly,=e P £]( ¢ coshf¢ - @, sinhp@,)

X _ ,ks*a
L = _Se Gp 2
45 Gp

Ly=[¢]’eP{(p >+¢ coshfg +2 ¢ ¢ sinhfs |

Lo=[£]’eP?((p *¢ DsinhBg +2 ¢ ¢ coshpg }

Ly=[¢]’eP91{( ¢ Pcoshfg 24 ¢ sinhfg }
Ly=[]’e PP (g 3¢ *sinhfg 2 4 ¢ coshfp )
L=0

The integral constants C; can be determined by inverting L
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ANNEX F

F.1 Finite strip plate subjected to concentrated Moment

A finite length strip plate resting on Pasternak foundation and subjected to a concentrated

moment is considered as shown in the Figure.

lim pa=Mo
a—-x
Mo ke niy — X
Reglon(|l) | Iﬂ s J.-r-"' Sirip Plate
¥ 7 - GP
(a)
p p

- Region(l]x Strip Plate

IREEEE

(b)

Fig (F.1); (a) A finite strip plate resting on Kerr Equivalent Pasternak foundation and
subjected to a concentrated moment (b) A finite strip plate subjected to oppositely directed

forces

Case I (p<1/4)

W (x)= 7 y(x)

Where

y(x) = K, cos &g, x + K, e sin £, x + K e 4 cos £y x + K e sin £y x
-2

ki:—D Ci and Cl':L_l
P

For loading showing in the Figure (3.12b)
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W)= % y(xt+a)-y(a)

o(x) = g”

M(x) = —

D

a

kEge P cos (§¢2X) — k&g e sin (§¢2x) +
k,Ege™sin (Eg,x ) +h,E,e™ cos (E¢,x)
—k,Ege N cos (Epx ) — ke P sin(Eg,x)
— k4§¢167§¢‘xsin (§¢2X) + k4§¢2€7§¢1

*cos(&pyx)

2

k (¢4) e cos(Egyx) -2 (f) de”"'sin(Eg,x )

k (&¢ 2)2€§¢' cos(&g,x)+k, (§¢1) e**'sin (&g,x)

ky (8) dhe™ cos(Eh,x)—k, (£4,)" esin (Egyx ) +
ky (6,)" e cos(Egyx )+ 2k, (£)’ ¢1¢2 “Hsin (£h,x )~

k (£0,)" e cos (&%) +k, (£4) € Sm(§¢2 )~

2k, (&) pe " Cos (&%)~ k, (64,)" ¢ *sin (5yx)

k (£6,) e cos(Egyx) =3k, (£) ¢ g,e™ sin (Egyx ) -
(g) ¢, e cos(Ex )+ k (E¢, ) e*'sin (&g, x )+
ky (86, ¢sin (Egx)+3k, (&) 2™ cos (£4,x) —
3k, (&) ¢1¢22 sin (Egx )~ k, (£8) €™ cos(Egx )~

k(é8) e

“cos(Eg,x) -3

k(&

3(‘5) ¢1¢22€ §¢'XCOS(§¢2 ) +k

k(£ e

Vsin (&gx )+ 3k, (§)
3k, (98)3 ¢1¢22€§¢|x5in(§¢2 ) (

)
) ¢1 ¢2 sm(§¢2x)+
(6,)" e #sin(&4,x) -

&) ¢’ pe™ cos (Spx) -
£p,) e*cos(£g,x)

(F1.1)

(F1.2)

(F1.3)

(F1.4)
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v(x) = —j;l

K (E4,)" e cos(Eg,x) — 4k, (£)" ¢ e sin (E¢,x)
6k, (£) 2,2 cos (Egx )+ 4k, (€)' g, ™ sin (Egyx ) +
k(&))" e cos(Egx) +k, (60)" e sin (Egyx) +
4k, (£)' ¢’ pre™cos (£p,x)— 6k, (£)' ¢, sin (Eg,x ) -
k (§) m} #cos(64,x) +k, ()" e sin (Egyx) +
(§¢1) “Wcos(Ep,x )+ 4k, (5) B’ pe M sin(Eyx ) —
6k, ()" 4 ¢22 “hrcos (Ep,x ) — 4k, (5)4¢1¢; “Ehrsin (Eg,x ) +
(§¢2) cos(§¢52 )+k, (§¢1) *Wsin (Egyx ) —
4k, (€)' ¢ pe* cos (Ep,x)— 6k, (€)' ¢¢22 “Wsin (&pyx ) +
4k, (£)' g e P cos (&%) + k, (E¢,)" e sin (Eg,x)

Case II (p=1/4)

w ()= y(x)

where y(x)=k,e hx +k,e St +xkse hx +xkgse hhx

M
w(x)=—2
(x) D

k(Eh) e+, (E4) € + 2k, (Eg) e +
"D

M, (kl (&) &~y (64 ) 5 + 3k, (4 ) o

—-2D

ki=—-C; and C=L1

(k&he™ —kége ™ +ke™ + xk,&he™ + ke — xk,Ehe )

xks(e‘m W2k, (&4 ) e 4 xk, (£) e

xk, (§¢1 )3 e +3k, (5(/51 )2 ek, ( 24 )3 o

-M, (k](fqﬁl)“ N 1k, (E4,) e+ ak, (E4) ¢ +

k(&) e —ak, (&4 ) e +xk, (&4,) e

(F1.5)

(F1.6)

(F1.7)

(F1.8)

(F1.9)
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Case ITI (p >1/4)

W(x)=55 ¥(x)

y(x)=kqe 9g¢1xcosh £ x +k,e <9 “sinh & ¢ 2X+k38_ <9 “cosh & ¢ 2x+k4e_ C"%Xsinhg ¢ X

k1§¢1emeOSh (§¢2X) + k1§¢ze§¢]x5inh (§¢2X)
(x)= % k2§¢1emx5inh(§¢2x) + k2§¢2emeOSh (§¢2X) (F1 1())
T0D| —keget cosh (&g, x ) k,Ep e #sinh (£g,x) |

—k,Ede " sinh (§¢2x) +k,Epe** cosh (§¢2x)

k (£4,)" e cosh (&g,x) — 2k, (&) di,e*sinh (Egyx )
k( £4,)" ™ cosh (Eg,x ) +k, (&4 esinh (&g,x)
o0 Mo 2k, (£)’ e cosh (Egx) —k, (&4,)° € sinh (Eg,x ) +

2D | k,(&4) e *cosh(&p,x) + 2k, (£) dihe *'sinh (Eyx ) —
ky (&) e *cosh (&%) +k, (&4,) e *sinh (Egyx) —

2k, (&) ppe **Cosh(Epx)—k, (&p,) e **'sinh (Eg,x)

(F1.11)

k (E4,) e cosh (Epx) +3k, (&) ¢pe™ sinh (E¢,x)
3k, (&) g, e cosh (&g, x) + k, (&6, ) esinh (% ¢2xj +
(2}

ky (E4,) e*sinh (E¢,x )+ 3k, (&)’ ¢ pe cosh (2 ¢2x)
a

M(x) = —

o | 3k, (5)3 ¢1¢2ze§¢1xsinh(§¢zx) +k, (§¢2 )3 e cosh (%%Xj _ (F1.11)
a

ky (E¢) e cosh (Ep,x)+3k,(£) B2 e sinh (E¢,x) —
3k, (&) e cosh (Ep,x) +ky (£ ) e Hsinh (Egyx ) —

k, (§¢1) efﬂx81nh(§¢2x)+3k (2’8j ¢1 p,e mXcos(fqﬁzx)—
3k, (&) g, e sinh (Ep,x) + k, (Ep, )’ e cosh (Ep,x)
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=gl

k(&) e cosh (Egyx ) + 4k, (£)' ¢ de™ sinh (£4,x)
(5) B¢, e cosh(§¢zx)+4kl(§) ¢¢,’e”"'sinh (Eg,x )+
ki (£, e® cosh(Egx) +k, (£4,)" esinh (Epx) +

)
4k, (€)' g e cosh (Egx ) +k, (&g, ) e sinh (Egyx ) +
ky (E0,)" e cosh (Egyx ) — 4k, (€)' ¢ de #sinh (Egyx ) +
)

6k, (£)" 40,2 cosh (Ep,x) — 4k, (€)' g, °e“sinh (Egyx ) +
k, (88,)" e #cosh(Ehx)+k, (&) e inh (&%)~
4k, (&) ¢’ pe N cosh(Egx)+ 6k, (£ 44,2 Hsinh (Eg,x) -
4k, () g e cosh (Egx ) +k, (&g, ) e sinh (Egx)

(95 & ¢zeé¢l COSh((:E¢2 )+6k2 (5) & ¢22 h Slnh(§¢2X)+

(F1.12)
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ANNEX G

G.1 A finite length strip plate subjected to Uniformly Distributed load

A finite length strip plate resting on subgrade and subjected to a uniformly load is presented in

this section

q
Region | /

_.Strip Plate
Region I /| Region I

fiaiiiiit

Fig G.1. A finite strip plate resting on Kerr Equivalent Pasternak foundation and subjected to

a uniformly distributed load.
Casel (p <1/4)

1.When point C is within the loaded region
_ _[_adx
we=[ddw =[ > Y()
y(x) =k, e cos Eg,x +k, e sin Eg x + k, e N cos Ef,x +k, e P sin E,x
(G1.1)

ki:_ 2—D Ci

q
The integration constants C; are then obtained from the inverse matrix relation

C=L'M

=%H‘y(x)dx+ Iy(x)dx}
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we =

(e (4 coségym+ g, sin &g, m) + (¢ cos Egyn+ 6, sin £y m) - 24, |+

o ([ (singhm—, cos &g m)+ e (4 sin &g cos g m) + 29, |+
2DE(7+47 )| [ K€" (~4 cosEgm -+ sin iy m) + €™ (=g cos g+ sin g ) +24, ]+
k(€ (~1B,sin &y, cos &g, m)+ ¢~ sin égyn— g cos &y )+ 24, |

(G1.2)

Once the deflection is obtained the slop, moment and shear can be determined easily

Oc =
2D

M(@©=-D {j d+J‘dydx}

+ky (~Edhe " cos égym— £
+h, (<G sinGgym + e

=4[k (e cosEp,m — e cos Ep, n) + k, (e sin Epym — e sin Eg, n) +
k(e cos Epym —e " cos Ep, n) + k, (e sin Ep,m — e sin £g, n)

(G1.3)

k(60" cos Sgym—Ege™" sinégm + Ghe™” cos Egn—Ege™ sin &y -24,)

+k, (§¢Ie‘f¢"" sin Egym + Eg,e™" cos Epym + Ege™" sin Egyn+ Eg,e™" cos Egyn — 24, )
"sin Gm = Eghe ™ cos Sgn—Gpe™ singn =24,
" cosSym— &g sin G-+ e cos Egn -2, )

(G1.4)
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(B7e™" cos Egym — 244,65 sin Ep,m — §,> ™ cos Epym ) —
Al ((¢ 2t cos Epyn — 24,5 sin Ep,n — ¢, e cos Ep,n ) + J
o [(¢l2ef¢*m sin &g, m + 2¢,¢,e°"" cos Ep,m — ¢,>e*" sin Eg,m ) }

(B7e™" sin Ep,n + 2¢h8,6°"" cos Ep,n — ,>e*" sin Egn ) +
K3(g’e " cos Eg,m + 2¢1¢2e*f¢"" sin &g,m — ¢, e 4" cos Eym —)
(#7e %" cos Eg,n+ 24, p,e M sin Egyn — ¢, e M cos Eg,n ) +
K4(47e " sin Epym — 2¢1¢2e—W cos Ep,m —p,7e " sin Egym ) —
(47e " sin Egyn— 24 p,e " cos Egyn— p,7e " sin Egyn)

(G1.5)

Ve = q§2

2.When point C is to the left of loaded region

we= % [fony(x)dx — fomy(x)dx]

K, (€% (¢ cos &+ g, sin &, m) ~(e™" (¢, cos Efym+ g, sin &g, m) |

Ly | [k (@ sinEgn—g, cos &g n)(e” (4 sin égm ¢, cos gy m) |
2DE(7 +47)| [ e ™ (~ cos En+ b, sin &g, ) — (" (~, cos Egym + ¢, sin &y m) | +
| kye " (—,sin &g n -, cos &6, ) — (¢ " (~gB, sin &gym — 6, cos g, m) |

we =

(GL6)

Once the deflection is obtained the slop, moment and shear can be determined easily

o3[ B 2]

o k (e cosépym— e cos Eg, n) + k, (""" sin Egm — e sin g, n) +
c=——
2D\ ky(e " cos Epym —e M cos Ep, n) + k, (e """ sin Epym — e " sin Eg, n)

(G1.7)

B md?y ndy
Mc=-D zu[fo dxzd _f ]
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nd? a4’y
ve==D [fo dx3

K2
chqafz
K3

ké (emn dcoség,n—d,sinég,n) — " (gcosép,m - ¢2Sin§¢2m))
k& (e (¢sinég,n+ dycosépn)—e™" (4 sinég,m + ¢Zcos§¢2m))

(
284,
—k,& (e f‘A” ¢1c’os§¢2n + @, sinép,n ) e a (¢1c0s§¢2m + ¢2sin§¢2m)J
+k,& (e m’ ¢1sm§¢2n +@,cosép,n ) e shm (—¢lsin(§¢2m + ¢zcos§¢2m))

dx

(G1.8)

_fmdy ]

¢’ cos Eyn — 24,4, sin Ep,n — g7 e cos Ep,n ) +

K{((xﬁlzew cOs Epym — 24,4 sin Epym — §, 2" cos Epym) -
(

{(qsfe@’lm sin Eym + 24,64 cos Epym — ,2e™" sin Epym ) -
(

(@€ 54" cos Eg,m + 24, ¢, " sin Eg,m — g, " cos Ep,m

@>e""" sin Eg,n + 24 p,e”"" cos Egn — ¢,> e sin c§¢n) +

-)

(B7e " cos Ep,n+ 24 ¢, " sin Ep,n — .’ " cos Egyn ) +
KA4(g7e " sin Eg,m — 24, ¢, " cos Ep,m — ¢,>e” " sin Ep,m ) —
(¢12€ " sin Shn — 2¢1¢2e_§¢1n cos &§p,n — ¢22€_§¢1n sin §¢2n)
(G1.9)
3. When point C is to the right of loaded region
=] ) y(dx = ) y(x)dx]
Ky (" (¢, cos &gym +4), sin &g, m) — (™" (¢, cos Epyn+ §, sin &4, ) |
—q kz (emm (¢1 sin §¢2m _¢2 cos §¢2 m) _(emn (¢1 sin §¢21’l _¢2 cos @52 n)}
(G1.10)

“Toe(g4)

[
[
[
[

ky(e " (~, cos égym + ¢, sin &g, m) — (e (~¢, cos Epyn + ¢, sin &, m) |+
ky(e " (@B, sin &gym — 6, cos g, m) —e " (~¢; sin égyn— ¢, cos &gy m) |

Once the deflection is obtained the slop, moment and shear can be determined
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HC_ZD[fmdy ndyd ]

Oc = 4
2D

Ek (e cosEpym — e cos§¢2 n) + k, (e sin Epym — ¢ sin§¢2 n)+ ]

ky(e =" cos Epym —e " cos Eg, n) + k, (e """ sin Ep,m — e sin Eg, n)

(G1.11)

=—D_q[fmd yd . J-nd yd ]

Mc=4
2

vc——D

Ve = q§2

0 dx?
k& (e (¢coség,m—g,sinég,m)—e™" (¢coségyn — gysinégyn))
k& (" (fsinégym+ycoségym) — " (dysinégyn+ dycoséyn)
k& (e (coségm+gysinégym) —e " (coségyn + dsinégyn))
+h e " (~gysinég,m+ grcoség,m)— (e (~dsinépyn + gcoségyn)

[fmdyd _J-ndyd]

0 dx3

(G1.12)

(¢12e§"’1’” cos Ep,m — 24,pre e sin Epym — ¢22 Shm o Epm )
{( "¢ cos Egyn — 24,4, sin Epyn — ¢y’ cos Eyn ) + J
(42" sin Egpym + 24, 4,e°*" cos Epym — ¢,°e*H" sin Egpym ) —
2 [(qsfe@’l" sin &g, n + 2¢,¢,6°"" cos Ep,n — > " sin Egn ) + }
K3(4’e " cos Ep,m + 2 p,e” " sin Egym — > " cos Egpym —)
(42" cos Ep,n+ 2 " sin Egyn — e " cos Egyn ) +
Ka(p2e " sin&p,m —24,p,e 4" cos Epym — g,>e” " sin Eg,m ) —
(47e " sin Egyn— 2446 " cos Egyn — p,7e " sin Egyn)
(G1.13)

Casell (p = 1/4)

1. When point C is within the loaded region

we=[ dw

=/ -

qu
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Y(@) = ke " + ke P kyxe © O 4 kyxe O

ki=—Ci% Wc——[f y(x)dx+f y(x)dx]

k, (ee‘ﬂm 4 eshn _ 2)—k2 (efmm L _ 2) "

_ Epm Epn
= 4 k, (memm + ne " — ¢ _€ + 2 j
2Dsé Eh Ep E

- e
+k, (—me shm _ petht 4

e 2
4+ _
§¢1 §¢1 §¢1 J

(G1.14)

Shm

The integration constants C;are then obtained from the inverse matrix relation
C=L''M
Once the deflection is obtained the slop, moment and shear can be determined easily

oezalr e e
kl( e —e@'”)+k2( e " —e‘gﬂ”)

-9
%= s Ehn
2D —|—k3 ( e§¢1m _e§¢1n)+ k4 (( 2e _eiﬁm]_( 2e _e_§¢ln ]) (G1.15)
2 g

MC__DZD[ mdyd + fndy ]

b (8" + Ghe™ =2) -k, (6 " + e -2)
) (G1.16)
2 -I-k3 (§¢1€§¢1m +§¢le§¢)n —2)+k4 ((_2e—§¢§m +§¢1€_§¢1m)+(—2e_%" . &ble—éﬂn)_z)

Ve=—DJ2[[) (Fdx + f} X ax]

dx3 0 dx3

kl (2§2¢1285¢|m _ 2§2¢12€§¢|n ) + kz (2§2¢126—5¢|m _ 2§2¢126—(§¢|n)

_q ~Egm 242 —Ehm
Ve== 2 -2
=5 k(28026 — 28426 )+ k (§¢1€ Se ) (G1.17)
3 1 1 _ _
~(28ge 28797 )
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2. When point C is to the left of loaded region

Wc——[f y(x)dx—f y(x)dx]

k, (e‘fﬂm + et ) —k, (e*@‘” — e ) +
Shn Shpm
—q " . e e
= k, [ne‘fﬂ — me* " — + ] + (G1.18)
2EDg, Eh, S,
Eon Epm
k, [—ne@"” + me P 4 i _£ j
S <,

Once the deflection is obtained the slop, moment and shear can be determined easily
n dy m dy
Oc= [f dx— |, ]

k, ( oShm _ emn) N kz( oG _ e-mn)

—-q
Oc=— hm &hn
2D| +k, ( e " — e ) +k, [[ 20T gim ] - [—28 —e W D
& 4 .

Mc=—D [fmdzyd _ fndy ]

0 dx?

k(G — ™ )k, (Ghe ™" ~ G ™)
) - - . ) (G1.20)
’ +ks<f¢le@"" _§¢1em)+k4<(%e 20 )+ (g P -2 )

ndy]

ve=—D — — [f —
kl (2§2¢123§¢|m - 252¢1Ze§¢1n ) + kz (2§2¢126_§¢|m - 2é2¢128_5¢ln )

_9q ~Ehm 22 ~Ehm
Ve=2 2 -2
‘T2 k (2E°¢7 e 282026 )+ k ( e e ) (G1.21)
3 | | 4 —(2§¢e_§¢1"—2§2¢2e_§¢‘”)
| |
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3. When point C is to the right of loaded region
WC— — [f y(x)dx — f y(x)dx]

kl( Shm e§¢|”) kz( hm _ o §¢1")+
S | k,| me" —ne” _e_+e_]+
28D¢, o SO (G1.22)
Shm Shn
k,| —me " + ne" + L e_}
sk <o

Once the deflection is obtained the slop, moment and shear can be determined easily
m dy n dy
Oc=2p [f dx = f ]

kl ( e _ oot ) +k2 ( e hm _e—é‘(/ﬁ")

q9
Oc =— Ehm S
2D| 4k, ( ofhm _emn)+ k, ( i; _eiqﬁlm}_( 9252 _emnD
1 1

(G1.23)

MC__DZD[ mdyd N fndy ]

dx?

g B (58 —pe™ )~ k, (Spe " ~ S
Mc =—1L
) 2 +k (§¢le§¢1m — e ) +k, ((fﬂe_mm —2e " ) + (541518_%” —2e™H ))

(G1.24)

vc——D [fgnzx);d —fondy ]

b (28747 =287 )+ k, (2877 —287¢ e )
(2&pe™" —2&°¢%e ")
—(28pe M 28747 ")

Ve q
C—_
2 L3(2,‘52 512 Epn 252 512 .§¢ln) L4

(G1.25)
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Case Illp > %

1.When point C is within the loaded region
we=[ §dw

_f qu
Where y(x)=k, e 501X (o h&é@,x +k, e 0% Ginh EQ,xtks e 591X cosh EQyx +
k.e S 9% Sinh EDyx
2D
And i:_iCF
wc = % o y(dx + [ y(x)dx]

(e (¢ cosh &gym — g, sinh &6, )+ (¢, cosh &g,n — g, sinh &4, m) - 2 | +
- :k2 (e™" (¢, sinh &g,m — g, cosh g, m) + e (¢, sinh Egyn— g, cosh &g, n) + 24, ] -

2DE(7 +47 )| [~k (¢ " (4 cosh &gym + g, sinh &, m) + & *#" (4, cosh &gy + ¢, sinh &4, n) 24, ]+

k, (e **" (¢, sinh &gym — g, cosh &g, m) +e " (4, sinh gy — ¢, cosh &g, n) - 24, ]

we =

(G1.26)

Once the deflection is obtained the slop, moment and shear can be determined easily

Ho= [fmdyd _ fondy ]

= (kl (e coshég,m —e*" cosh &g, n) + k, (e sinh Eg,m — e**" sinh £, n) +

2D\ ky(e " cosh Ep,m—e " cosh &g, ) +k, (e " sinh &gym— e " sinh &g, n)
(G1.27)
m d? nd?
Mc=—ng[f0 dx+ [ 2d ]
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K (Ehe™" cosh &g,m—g,e™" sinh &gm+ &g cosh &gyn— ™ sinh Egyn - 24,
+ky (& sinh &gym-+ &, cosh &gym + Ee™" sinh &gy -+ Ege™" cosh Epn—24, )

+hy (<& " cosh &g,m - Ep.e " sinh Egm— e cosh &gn— e sinh gy~ 24,
+k, (~Eghe ™" sinh ém-+ Eg,e " cosh &g,m - Ee ™" sinh Egyn-+ e cosh égn -2, )

Mc:g
2

(G1.28)

After few steps one can obtain this equation

—-q [ rmd3y nd3y
vc=—D—[ —dx — —dx
2D fO dx3 fO dx3

(#7¢*" cosh Eym + 24,6 sinh &g, + ¢,*e™” cos Egym) -
K1

(¢1265¢‘” cosh Eg,m + 24, ¢,e"*" sinh Eg,n + §,°e™”" cosh §¢2n) +

{((pﬁe%m sinh &g,m + 24,6 cosh Egym + ¢, sinh &g,m) —}
K2

(¢lzem" sinh Eg,n + 24,¢,e”*" cosh Eg,n + ¢,”e*"" sinh §¢n) +

Ve=q&’ (G1.29)

K3(g7e " cosh &gy — 2 e " sinh Egym + 4, **" cosh Egym )
(47" cosh &g,n—24,4,e " sinh Eg,n+ g, "¢ " cosh Egyn ) +
K4(¢e " sinh &g,m—24de " cosh &g, A+ g, e sinh Eg,m ) -
(47¢ " sinh &g,n— 2 e " cosh Egyn + g, ’e 4" sinh &gyn )

2. When point C is to the left of loaded region

WCZ%[f:y(x)dx — fomy(x)dx]

K (¢ (¢, cos &gy — ¢, sin &g, 1)~ (¢#" (4 cosh &gym — gy sin &g, m) |+
k(¢ (¢ sinh &gyn— g, cosh &g, m) ~ (" (¢, sinh &m — ¢, cosh &, m) | +
ki (e75" (¢, cosh &yn + ¢, sinh &6, m) — (¢ 4" (¢ cosh &gym + ¢, sinh &, m) |+
ky(e " (~¢,sinh &gy — ¢, cosh &, m) — (¢ 5" (¢, sinh &gym — ¢, cosh &, m) |

_ g
T nE(g )

1 1 111

(G1.30)

Once the deflection is obtained the slop, moment and shear can be determined
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oo i spon- e

o= "4 k,(e""coshég,m —e**" cosh £, n) + k, (e™” sinh Eg,m — e**" sinh £, n) +
2D\ k,(e " cosh &g,m — e **" cosh &, n) + k, (e " sinh Eg,m — e sinh &g, n)

(G1.31)
_ nd?y m d? y
Mc=-D ZD[fo dxzd - f ]

k(e cosh &g n+Eg,e" sinh £g,n—(—Ee™" cosh &gym + Eg,e" sinh &g, m))
+k, ((&e™ sinh &gyn+ Ege™” cosh &, n) = (™" sinh &gm + £, cosh &, m)
+k ((Ee " cosh &gyn—Ee™ sinh &6, ) — (Ee " cosh &gym — Ege " sinh &, m) )
+k, ((Ee " sinh &g,n— 6,67 cosh &, n) - (Ehe " sinh &gym — Eg,e ™" cosh &g, m))

(G1.32)

vc——D [fo —

mdy]

(qﬁlzem’" cosh &p,m + 24,4, sinh Eg,m + $,”e™" cos §¢2m) -
K{(qsfe‘fﬂ" cosh &g,m+ 24y, sinh Egyn+ g, cosh &gy ) + J

(47¢*" sinh &gym + 24 e cosh Egym + ™" sinh £gm ) -
Kz[(ysfefﬁ" sinh &g,n + 246, cosh &gy + ¢, ’e™" sinh Egn ) + }
K3(47e 4" cosh &gym —2gige " sinh Egym + 6, "¢ 4" cosh Egym )
(#7¢ " cosh &g,n—244,e " sinh &gy + 6, "¢ " cosh Egyn )+
K4 (¢lze’5¢"” sinh &g, m —2¢,g,e " cosh Ep, A+ §,°e " sinh §¢2m) -
(¢12e’m” sinh &p,n —2¢g,e " cosh Egyn + ¢, ’e " sinh §¢2n)

Ve =qé? (G1.33)
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3. When point C is to the right of loaded region
we=2[["y(x)dx — [i y(x)dx]

|y (¢" (¢, cosh &,m— g, sin &, m) = (¢ (¢ cos Egyn — g, sin gy m) |+
g | [K(e®" (¢ sinh &gm— g cosh &g, m)— (e (¢ sinh égyn— g, cosh &gy m) | +
2DE(67 447 )| [~y(e*" (4 cosh &gym + g, sinh &, m) — (¢ (¢, cosh &gyn-+ 6, sinh &g, m) |+
|k, (" (~4; sinh &g, m -+ 6, cosh &, m) - (¢ " (=4, sinh &6, B + ¢, cosh &, )|

(G1.34)

Once the deflection is obtained the slop, moment and shear can be determined

0= 2" Lax - [ x|

Oc =

—q(k (e cosh&g,m — e cosh &g, n) + k, (e sinh Eg,m — e sinh g, n) +
2D\ k,(e =" cosh Eg,m —e " cosh ¢, n) + k, (e " sinh Eg,m — e~ " sinh &g, n)

(GL.35)
_ m d? azy n d>? a‘y
Mc=-D2{[" 2 dx — [1'%2dx]
After few steps one can obtain this equation

k(<& cosh &g,m + 6,6 sinh &6, m) —((£ge™" cosh &gyn + £g,e™" sinh g,m

+k, ((Ege™" sinh &gym +Eg,e%" cosh &6, m) - (Ege™" sinh &gy -+ Epe™" cosh &g, m) -
+k, ((Ee ™" cosh &gym —Eg,e™*" sinh &g, m) - (Ege " cosh g,n— Ege™" sinh &, m) |
+k, ((Ege " sinh &g,m - g,e*" cosh &6, m)— (&g " sinh g,n— &gye™" cosh &g, m)-)

Me=4
2

(G1.36)
vc——D [fmdyd —fndy ]

0 dx3

After few steps one can obtain this equation
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(424" cosh &ym + 241" sinh Egym + 67" cos Egym) ~
(4°¢*" cosh &gym+2,¢,e™" sinh &g+ ¢,°e™" cosh Egyn )+
(#°¢™" sinh &gym +24,,e™" cosh &g,m+ ¢, " sinh &gm) -
E (4°¢"" sinh &g,n + 24,6 cosh &g,n + 4, ’e™" sinh Epn )+
Ve=q
K3(4e " cosh &g,m —2gige " sinh Egym + 4, "¢ " cosh Egym )
(¢]2e"f¢'” cosh &p,n — 2¢1¢267§¢‘n sinh &g, n + ¢2267§¢'" cosh §¢2n) +
K4(g7e " sinh &g,m— 2" cosh &g, A+ ¢, e " sinh £gym) -

(#°¢ " sinh &g — 2 e cosh &gy + 4, "¢ " sinh &gyn)

(G1.37)
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