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INTRODUCTION 

In broad terms, the study of combinatorial des ign is the study of the Slrllctu~e of 

collections of subsets of a finite sctwhen these collections of subsets sati sfy certain 

prescribed properties. In particular, a block design has the property that every onc of 

these subsets has the same size k and every pair of points in the set is in exact ly the same 

number of these subsets. 

In this paper, we wi ll introduce the idea of balanced, incomplete block des ign (BIBD) 

and look a l some special fam ilies of such des igns, namely: finite project ive planes. arnne 

plane, Ste iner triple systems and Kirkman triple systems. We wi ll also describe the 

importance of "difference system" in the construction of designs. This design theory is 

the mosl interesting and applicable part of combinatorics. Block des ign can be applicable 

in agr icultural experiments in order to minimize the effect of chance on decis ion, to 

des ign league schedules, security programs etc. 

The discuss ion of this paper comprises two sections in which the first is dedicated to 

introducing the theoretical aspects of block design. The second section gives life for the 

first section by identify ing and applying the theoretical aspects to the rea l phys ica l 

systems, 
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Combinatoria l Design 

PART I: DESIGN THEORY 

1.I BALANCED INCOMPLETE BLOCK DESIGN 
Definition 1.1.1 A Balanced incomplete block design (BISO) with parameters 

(v. b. r, k.J..) is a space (X, A) where X is a set, A is a collection of subsets o f X, the five 

parametersare non-negative integers with v>k>O and the parameters represent the fo llowing. 

)io> V (order):The size of X (Elements of X are points) 

~ b (block number):The number of clements of A(elements of A are blocks) 

)io> r (replication number): the number of blocks to wh ich every point be longs; 

» k (block size): the common size of each block . 

» A. (Index): the number of blocks to which every pai r of distinct points belongs. 

Balanced incomplete block designs are used in the design of experiments when the total number 

(v) of objects to be tested is greater than the number (k) that can be tested at anyone time. They 

are used to design experiments where the subjects must be divided in to subsets (blocks) of some 

size to receive different treatments. Such that each subject tested the same number of times and 

every pair of subjects appears in the same number of subjects. 

The word "Balancecr refers to the factthat J.. remains constant. If khanges, depending on the 

pairofpointschosen. the designis not balanced. 

The word "incomplete" refers to the fact the k<v that is the size of each block is less than the 

number of varieties. Different notationsare used for balanced incomplete block designs. Such as 

(v. b. r , k,A) BIBO. (v . .l;A)BIBO and S, (l.k.A) design , 

Department of mathematics Page 3 
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The origins o f the theory of blocks designs can be traced back to the prob lem of designing 

certain types of statistical experiment. It is therefore not insignificant that the name of the 

di stingui shed stati stician fi sher is attached to one of the first results in the subject (Theorem 

1.5.2). 

The idea beh ind a block design can be seen in the fo llowing type of problem. Suppose 

that a number o f brands of instant coffee arc to be tested among a number of housewives, the 

object of the experiment being to let the ladies compare the different brands and decide on their 

relat ive merits. To make the tests as fai r as possible, it is decided that the foll owing conditions 

should sati sfied: 

( I) Each housewife should taste the same number of brands; 

(2) Each pair of brands should be compared by the same number of housewives. 

Clearl y, one way of achieving thi s would be to give every housewife every brand of coffee , but 

this is waste ful and time consuming. The problem is to achieve the aim more economicall y. 

Malhematic<l ll y. all that is invo lved is a set of varieties (t he brands of coffee), and a collection of 

subsets of S (each subset consisting of those varie ti es which a particular housewife tastes) call ed 

blocks, with properties: 

(a) Each block has the same number o f clements; 

(b) Each pair of vari eties is contained in the same number o f blocks. 

Moreover a block design is a family of b subsets of asset X of elements 

Such that, for some fi xed k and A, 

( I ) Each subset has k elements . 

(2) Each pair o f elements of X occur together in exactlyA subsets, 

Department of mathematics Page 4 
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LemmCl 1.1.2I n a BIBD each variety is contained in 

r = .1.(V- l} blocks. 
' - I 

Proof . we use the im portant technique of counti ng in two ways and then equati ng the two 

counts. Let Xi be anyone of the vari eties, and suppose that xiis contai ned in r blocks 

Since each block contains k elements, each of these blocks contains k-I varieties other than 

Xi. We now consider each of the v- I pairs {XI. y}, where y is vari ety di fferent from Xi, and fo r each 

such pa ir, we count the number of blocks in which both varieties arc contained. 

Each pai r {xl.y} is contained in A blocks(lhcse blocks must be A of the blocks in ( I) since they 

are al\ the blocks containingx,). 

Adding,we get ,l (v- I). 

On the other hand , each of the blocks in ( I ) contains k-l pai rs one element of which IS Xi 

.Adding . we now get (k- l) r.equating these two counts, we obtain 

,l(v-I ) ~(k- I ) r. 

I-ience, x, is conta inedin A(v- I) / (k- I) blocks .This is true for each vari ety x"and thus each 

vari ety is con tained in r= A(v- I) / (k-l ) blocks. 

Corol/ary J.l.3ln a BIBD,we have 

bk=vr 

Proof we have alread y observed that counting by rows, the number of I's in the incidence 

matri x A of a BIBO is bk. By lemma 1.1.2, we know that each column of A contains rl ' so Thus, 

counting by columns, the number of I's in A equals vr. Equating the two counts, we obtai n 

bk= vr. 

Depa rtment of mathematics Page 5 
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/fa (v, b. T, k,A) design ex ists then we have a relation. 

b - Av(v- 1) dT ­_ an -
k (k- 1) 

,l(V- l ) 

k-l 

[n view of this b and r arc dependent parameters and by considering the above relationa (Y. b. r. 

k. '{)dcsign arc commonly rderred by three parameters II, k, and A as a (\I, k, A) design 

1.1.4 Necessary conditions for existence 

I. For(v, h, r, k,.4) Design 

I)vr ~ bk 

II ) ),(v-I ) ~ r(k- I ) 

III ) b? v(Fishers inequali ty) 

2. For(v, k,).) Design 

1}1,(v- l ) =0 mod (k-I ) 

II ) ),V (v- t )=Omod k(k-I ) 

Example 1.1.5Considcr the sct X= {I , 2, 3, 4} with the fo llowing subsets (blocks) 

B, ~ ( I , 2, 3}B, ~ (2, 3, 4) 

BJ~ (3, 4, I} B, ~ (4, I , 2) 

Those five parameters discussed are as follows 

v(the order of X) ~4 

b(Block number b):04 

k(Block size) ~3 

r (Rcplicationnumber) = 3 

A(lndex)~2 

Depa rtment of mathe matics Page 6 
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7111'!)'desigll is (4, 4, 3, 3, 2) or (4, 3, 2) design. 

Defillitioll 1. 1. 6 The incidence matrix of a (v.k. )')design is a b by v matrix. A = (ay) defined 

bYUIJ=!l if the ilhblock contain the j'helement 
a othe rwise 

for the blocks 13 1, 8 2. 8 ) ... Bn of (v, k,A.)design . 

EX(l"'ple 1.1. 7Consider the above (4, 3, 2) des ign. Its incidence matrix representation is the 

fo llowing matrix . 

2 J 4 

111 ----------- 0 

112------------ 0 

113---------- 0 

"4------------~ 0 

The rows arelabcled wi th varieties o f the design and the co lumns arclubeled with blocks. 

Example 1.1. 8Gebeta is the knownboard gameofEthiopiu. Seven Gebeta Players arcselected 

from different purts of Ethiopia for cultural spo rt competition. The committee dec ided that 

each player should play Gebeta each duy and also dec ided that each day they should split in 

to IwO groups to play two known Gebeta games, the so ca lled 0 0 tooth" and " lame 

weledech".The group o f size three to play "tooth Dand s ize four to play " lame 

we1edechOsatisfying the following IWO cond itions 

I .Each pair plays together once in a gro up of size three. 

I2.Each pair plays together twice in u group of size four. 

lIestiOll : Is it possible to arrange each pair of once in a group of size fou r j ust like in a group 

of size three? 

bepartment o f mathema ti cs Page 7 
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Solu,;ollHere is one so lution oflhe groups for each day as shown . It can be easil y checked that 

each pair plays once in a group of size thrccand twice in a group of size four. 

Tablel. I.9 

DAY GROUP(Sizc 3) GROUP(Sizc 4) 
Day I { I. 2. 4) {3.5.6.7) 

Day2 {3. 6. 4) {3.5.6.7) 

Day 3 {3 , 2, 5) {5,7.1 ,2) 

Duy 4 {4, 5. 7) {6.1.2,3) 

Day 5 {1.6.5 ) {7,2.3.4) 

Day 6 {2. 6. 7) {1 ,3,4,5) 

Day 7 I 17, 3, 1\ I t 2,4.5,6\ 
,3, t) design (7,4,2) des ign 

What we have done is 10 make usc o f the configurat ion known as the Jevel1 p(}int platle or (FflllO 

Plnllejas shown the fi gure below. In it are seven points and seven lines, with each line containing 

three point s. And cac ilpairofpoints being inexactly one line. The blocks inthc group of size four 

is the complemcntso[thc line of th is configurat ion 

3 

• 

4.~~ ____________ ~~ ____________ ~~7 
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o answer the above question we mLlst have 10 check thallhc dcsi!.!11 (7. 4. 1) cxi .., ts or lHlllw - -
usi ng I h~ m;~cssary cnmlilitH1S I\)f cxi:-:lctlCC or ( v , J,,), ) d.:sign 

, 

1. ).(v-I)=O,-I 

Ix(7- 1) = O mud4-1 

6 == 0 mod J sati sfied 

II . But Av{v-I) = Dmod k(k-I) 

=> 1.7(7-1 ) ; U mud 4(4-1 ) 

7x6 =: 0 mod 12 

42 '= 0 mod 12 iSl/o/ satisfied 

's shows that (7, 4. \) design docs nol exist 

'illcidellce II/lI/r;x I'cpre.\'e llflllioll (~llhe " /}t)l'e clexigl/.l i,\ w,./ul/Oll'.\' 

Day I -, , 0 -, 0 0 0 0 0 

Day 2 0 "I "I 0 1 0 0 "I 0 0 

Day 3 0 0 1 1 0 1 0 -, 1 0 

Day 4 0 0 0 -, "I 0 -, 1 -, 1 

Day 5 1 0 0 0 "I , 0 0 , -, 

Day 6 0 -, 0 0 0 1 1 -, 0 1 

Day 7 -, 0 0 0 0 -, -, 0 

Department or III "I thernal ics 

0 1 -, 

, 0 , 1 

0 1 0 1 

0 0 -, 0 

-, 0 0 -, 

-, l 0 0 

-, 1 0 
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EXlllllple /./ ./0 

A slightly larger example (8, 14,7.4,3)dcsign on the sct X={ 1 ,2,3, .... S} with blocks. 

{1,3,7,8) {4,5,7,8) 

{I ,2,4,8) {1,5,6,8) 

{2,3,5,8) {2,6,7,8 ) 

{3 ,4,6,8) {I ,2,3,6) 

{3 , 5, 6, 7}{2, 4, 5, 6) 

EXlImpleJ. / . ll show thaI the fo llowing designs donol ex ist 

a) ( 11 ,6,2) 
b) (25 , 10,3) 

sollliio/l 

a.Since it would require h(v. l) '""f (k-I ) 

=>2(1 1-1) ~r (6-1 )thcn F 4. 

Since bk IE vr 

=>6b- -I-I 

This is clearly impossible 

b. A(v- I)~r(k- I )=>3(25-1)~r( 1 0-1). Then F 8 

And vFbk 

25F bxl0 

IOb~200 

~20 

Which is a contradiction to the fact that v<b. 

Department of mathematics 
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1.2 COMPLEMENTARY DESIGN 

Jiven (v k A) design 0 we can obtain another dcs ignDfrom it in which the blocks arc the 

complements of the blocks of 0 thenD is ca ll ed the complementary design ofD. 

Theorem 1.2.1: Let 0 be a (v, k, J..) design on the set S with blocks [3 ,,8 2. Bb then the subsets 

(blocks) Hi \Bi from a(v, v-k, A')design where),: =b-2r+l provided that A.>Osuch design DO is 

ca lled complementary design of 0 

Proof Since Il3il=k for eachi IBil=ISHBil=v-k for each iWe want 10 show that every pair of 

elements ors lie in exact ly A' blocksofl3, Now if x.y belongs 10 S(i.c. x,y cS) then x,Y dl, 

Precisely neither x nor y belongs to Bi but by inclusion - exclusion principlcThe no of blocks 

containing neither x nor y is given by b- (110 of 

blocks cOlltaillillg x) - (110 of blocks cOlltaillillg y)+ (110 of blocks COlllilillitlg x 

alld y) 

= b-2r+}" 

Exalllple 1.2.2 find the complementary design for (7, 3, I) design 

Solution 

v=7 k=3 A=1 

i) kl=V-k 

= 7-3=4 

Department of mathematics Page 11 
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ii) A' = b-2r+A 

~AI=b-2r +A 

O AV( V- I ) _ 2 A(V-l ) + 1 
Ic Ck 1) Ie-I 

l X7{7- 1) Ix(7- 1) 1 
<:=> - + 

3(3- 1) J- 1 

",,7-6 + 1 = 2 

since b :;:; <V(V-l ) 

k (k-l ) 
and r 

).(v- l) 

k-l 

The complementary design i5 is (7, 4. 2) design (see example 1.1.6). The 

design fo r a group of size four is the complementary design for design of group of size three. 

Defi"ition 1.2.3A balanced incomplete block design is symmetric (SBIBD) ir thc number of 

points equals the number of blocks. ThaI is v=b and its incidence matrix rcprescntution is a v 

x v mat rix . 

Defi"ition 1.2.4a (4m- I, 2m-I, 111- 1) design is called handmade design . 

• 
Department of mathemati cs Page 12 
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1.3. DEFERENCE M ETHODS 

The seven point plane can be constructed by starting with{ 1,2,4 land obtaining further blocks by 

add ing I (mod7) successively, to obta in the Other blocks 

{203,5) , {3,4,5 },(3,4 ,6), {4,5,7), {5,6, I },{ 6,7,2} and {7, 1,3} :as shown in example 1.1.6. 

What is special about the choice of {I , 2, and 4} which makes the method work? similarly the 

block {I,3,4.5,9} was used in cxamplc( 1.2.5) to obtain Handmard Design: what is special about 

this choice? 

Consider the difference between clements of {I 2 4} modulo 7 Ihey arc ±(2· 1), ±(4.2). ± (4-1) 

i.c. ± 1, ± 2, ± 3 i.c. 1,2, 3,4,5,6 all non-zero clements of Z, occurri ng oncc. Simi larl y consider 

the difference between element of { I ,2 ,4,5,9} (mod II ) Ihey arc ± l ,± 2, ±3, ±4, ±S •• ±2 

.± 6.± 1, is, ±4 i.c. all nOIl-zcro number occurring twice. 

Nole the lirst gives ri sc to a design ;\.= 1 and the second gives rise to a design with ;\.=2 

Consider the following subtraction tab le mod V. 

0 2 4 ·Mod ll I 3 4 5 9 

0 0 6 4 
I 0 9 8 7 3 

2 0 5 
3 2 0 10 9 5 

4 3 2 0 4 3 I 0 10 6 

Table 1.3 .1 5 4 2 I 0 7 

0 4 
0 6 3 

9 8 6 5 4 0 

04 rable 1.3.2 

43 0 

Table 1.3 .3 

Department of mathematics Page 13 
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From the above three tables we observe the following : 

I. Every non zero element occurs once in the table. I .3. 1 

II. Every non zero clement occurs twice in the table 1.3 .2 

111. The nu mber I occurs once in the table but thc number 4 occurs twice in that table 1.3.3 

The bloeks { 1.2.4 land { 1.3.4.5.9} leadsto a cycl ic des ign bllt {0. 1.4 }docsnot 

Definition 1.3.4A subset B of to, I, ... ,v·1 lis a perfect difference SCI mod v if each of 

1,2, ... , v- I occurs the same number of times in its subtraction table . 

Defillitioll 1.3.5LctZ"denotes the integers modu lo v. A k-eleme nt subset 0 = {dl , .... dd ofZ\. is 

cal led cyclic perfect diflcrcnce seLlf D is a difference set, the set D+a={d l+al , ......• dk+a}is 

call ed atranslate of 0 and Do,O" ... ,0 ,,-1 from the design.Such type of design is called cycl ic 

design. 

Example 1.3.6 

Consider Z7= (0, I , ... . ,6) by considering perfec t difTerence set i):=-{ I 24} 

Do. D+O= {I . 2. 4) 

D, ..D+I= {2. 3. 5} 

D, . D+2= {3. 4. 6} 

D, ..D+3= {4. 5. 0) 

0 , . 0 +4= {5. 6. 1) 

0 , . 0 +5= {6. O. 2) 

0 • • 0 +6= {O. 1.3) 

Theoreml J.7 If 0 = {d ...... d.) is • cyclie (v.k.)') difference set then the transl.tcsO+i • 

o ::;:i<v-I arc blocks of symmetric (v. k."i..) design. 

Proof 

Department of mathematics 
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Here D+i = {d" ... ,d,+i}. 

Clearly there arc v translates each size k. So we have onl y \0 check the balance propeny. Two 

clements x, y arc in the same translate D+a if and onl y if x=a+d, and y=a+d/or some j:;t:iwc 

have 

Example 1.3.8 

I) {1,2,4, IO} is staner blcx: k ror (13, 4. I) design. 

2) {I ,2,5, 15, 17} is a (2 1 ,5, I) dilTerence scI in Z2l. 

3) { I ,2,7, 19,23,30} is a (3 1,6, I) di lTerence SCI. 

4) {I ,3, 4. 5, 9} is (11 , 5, 2) deference set. Tlt e complemelllo! a differellce sel is (t/SOiI differellce 

set. 

1.4 STEI NER TRIPLE SYSTEM 

Definitio/l 1.4. 1Whcrc A= i a (v.3. 1) design is called tcincr triple system of order V STS 

(v). 

The blocks arc tri ples and each pair of varieties appears in exactl y one tri ple. 

TI/eoreml.4. 2 (KirkManI840) 

Their cxistsStciner triple system of order vvaricticsif and only ifv:::: 3and v :: l mod 6 or =3 

mod 6 

A single triple contains 3 pairshcncc there are a lotal or" (". 1)/2 pairs of elements 

Since each pa ir appears in exactl y one triple 

Department of mathematics Page 15 
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FV (v- I)/2 

b=v (v- I )/6 

\I consider onc clcment x . Every othcr clcment is paired with x in the same block BUlthosc 

blocks contain exaclly two other clements with no repetition so r - (v-I )l2and r is an integer mllsl 

be odd sincc b is an in teger v is an integer odd v is add ei thcr 3 dividcs vor6di vidcs v- I 

=>v=3( mod6)orv= l{ mod6) 

EXI/Illple 104.3 

Steiner Triple Systems Gild there triples (blocks) 

v= l 0 

v=3 { 1, 2, 3} 

v=7 {I, 2, 4} {2, 3, 5} {3, 4, 6} {4 , 5, 7} 

{5,6, I} {6,7,2) {7,1,3} 

v=9 { 1 ,2,3 } {2,5,8} {3 ,4,8} 

{4,5 ,6} (3 ,6,9) {1,6,8} 

(7,8,9) {1,5 ,9} {2,4,9} 

{1,4,7} {2,6,7) {3,5 ,7} 

Department of mathematics 
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The complete graph of order v denoted by Kv is a graph with v vertices in which a pair .... _"" 

ve rt ices is joined by an edge. Steiner tri ple system is equivalent 10 the decomposition of Kv. 

EXllmp /eJ.4.4 Decompositiollof K,. 

A Steiner triple system can be represented graphically as fo llows. Each variety in the set X 

represented by a vertex , and each triplc{a , b, c} is represented by a triangle joiningthc 

vert ices a,b and c. Since each pair o f variety in exactl y one triple, each edge belongs to 

exactly one triangle. 

__ 6 [> 
• 

• '(j D 
• • 

~ <J [>"7 :::;: .~ • 
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1.5 FISH ER'S INEQUA LITY 

Theorellll.S.1 If A be the incidence mat rix of (l', k. J.) th i,,!!l A I A=-(r·).} /+)..i where I IS 

iden tity matrix and J is v x v mat rix with every entry equal to 1. 

Tlieorelll 1.5.2(Fisher ill eqtUt!i~v) in a (II. b. r, k.),) design b_ 1' 

Proof we give a matrix proof rather than giving combinational proof 

Let A be 1he incidence matrix orlhe design. Then denoting the dCI~ l' l1linan t orn ma tri x M by lMI 

we have 

1.. . .... ...... , I. 1... ........ .1. 

IA I ~ ). , 1... .. . . . . . .. 1.. 0 ........... 0 

r }, ........ .. A o r- ).,. " ...... 0 

0' o 

on subtracting the first row from each of the other ro\\ s. We kno\\ ~Idd to the fi r::.1 columns the 

Slim of all other columns 10 obtain 

1+ (v. 1)1, ). ) . .... ............ ). 

IATAI~ 0 ,., 0 ....... ..... .. .. 0 

0, 0 ,.) •............... 0 

0 .. ' ....•........ 0 ... • ........... 0 ... • .......... ,.). 

Depa rtmcilt of mathematics rage 18 
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={r+(v- I)A HV-A)"] 9"k(r-A)"] 

Since by theorem 1.5.1 r+ (v-I )A=r+r(k-I )=rk 

Now k<v so by theorem 1.5. 1 r>'A. and so 

IA TAl ;to NowATA is vxv matrix and so it 's of rank p (AT A) must be v.But peA r A) '91(A), 

where p(A)~numberof rows of A; so p (AT A) :sb thus v <bas required. 

1.6 FINITE PROJECTIVE AND AFFINE PLANES 

Definition 1.6.1 A finite projecti ve plane (of order n) is a fini te sct of points and the 

collection of subsets artha! sct(each subset being called iine:s)satisfying. 

i) Any two points lie on precisely one line. 

ii)Any two lines meet in precisely one point. 

i ii) Each line contains n + 1 points. 

iv) Each point lies on n+ 1 lines. 

So the previolls example (seven point plane) is a !inite projective plane of order 2.ln searching 

for symmetric design it is natural to look for such designs with A=l .Thc seven point plane is such 

a design. In general, if we have a design with k=n+ 1 and)"=! then ),,(v- I )=k(k- I) gives v- I = n
2
+n 

so that the design is a (n2+n+ 1 ,n+ 1,1) design. Co"versely,nny (n2+n+ l ,n+ 1,1) design must 

sati sfy)" (v-l )=r(k-I) andbk=vr.We havc n2+n=rn and b (n+ I)=(n
2
+n+l)r so that r= n+ l=k and 

b=n2+n+I=v, so the design must be symmetric .Thus in FI)P there arc equal number blocks and 

elements (symmetric). 

I Department of mathematics 
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Combi nmorial Design 

Definition 1.6.2 For n~2, a finite projective plane (FPI)o f order n is a {n2+n+ l, n+ I ;I~ ... ~ 

design 

EXQlnpie J. 6.3 seven point plane FPJ> of order 2 is (7,3, I) design and the blocks arc just the 

blocks in example 1.1.6 of group of size 3. 

Example 1,6, 4 FPP of order 3 is (13, 4,1) des ign with its blocks 

11 ,2,4,1 0} ,12,3,S, 11 ), I 6,4,6,12), {4,S,7,13 },{ 5,6,8,1 ), ... ,1 I 0, 11 ,1 J ,6} ,{ 1I, 12, I,7}.{ 12, 13,2,8} .1t 

has the cycl ic nature of the design(modulo 13) 

It is now known that such cyclic FPP of order P exists for (I II primes p (modulo pZ+p+ I). 

Definition 1.6,5 

An affine plane (order n) is a finite set of po ints and the set of subsets of points(lincs)s<llisfy the 

following 

i) One line contains n points 

ii) Every point ison exact ly n+llines 

iii) There are exactly n Z points 

ivy There arc exactl y nZ + n lines and n+l parallel classes.(A Pamlle! classes is the 

collection o/lines that partition the plane) 

DefillitioI11.6.6~- For some a positive integer n (n2
, 11, \ ) design is anine plane of order 11 . 

Example 1.6.7:. Affine plane of order 2 has a set of points X=( 1,2,3,4}.E.el1 line 

represenls a block of the design. 

Three parallel classes and 6 lines (block) as shown below 

The lines are(l. 2} ,(3, 4), (I, 3), 12, 4}, (I , 4), (3,2) 

I'age 20 
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ri~ure 1.6.8 

Those three para llel classes arc 

(( 1.2}{J.411 

{I 1.11 12.411 

((2.l}{ 1.4 11 

II ~(!!11J2i.D£2: Aflinc plane of order 3 has n sct of points X II ,2 .. . ,')1 ;uld 12 I im;s with 

four parallel classes arc listed below 

" 
~ 

twum 1.610 

I . of mathcllwtics 

, 

, 

({1 ,2,3} , {4,5,6,} , {7 ,B,g}} 

((1,S,9}, {6,2,7}, {4,8,3}} 

{{ I ., - }.( _~,- :}.{ ' Ill}} 

{{3,S.7}, (2.4,'J}, {B,G.l}} 
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Parameters FPP order (n) Affine plane orde r n 

v n2+ n + I n' 

b n2 + n + I n n 

r n + 1 n + 1 

k n + 1 n 

1 I I 

Table 1.6.11 

1.7 Resolvable design 

Defi"itiolls 1.7.1 

o A (v, k, ).) design on the set S is resolvable if the blocks can be arranged in to r groups so 

that each group forms partition of X. 

o A reso lution of a BIBD is part ition of the fami ly o f blocks in to pal1lll cl classes. A 

resolution contains exact ly r parallel classes 

o Parall el class is the collection of blocks that partition a finite sct X. 

o A BIBD is reso lvable denoted by RBIBD if it has at least one resolut ion. 

1.7.2 Necessary conditions for existence of RBIBD 

o ,<v.I ) = O mod (k· l ) 

o v = Ornodk 
If a (v.k.A.) RBlBD exists then b ::: v + r _ I where b is the number of blocks and b = v + r - I 

or r = k + 1 .RBIBD has the propriety that twO non·parallel lines intersect in exactl y k',v 

points and which has v - l l z Paraliel class wi th each parallel class contains tJ 13 triples. 

1.7.3 Kirkmantriple System (KTS} 

Page Z2 
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ant l ie 1.7.4:- /I. KTS (9) with 1);Jralkl..:hssl's· II II II II • ... 1. l' I. .• 

be defined as i()l1ows 

l< 14 .lU .l4 

1 3 4 7 5 ? I 6 8 

; () 2 5 S 2 6 7 2 4 9 

S ') 
, 

(, ? 3 4 8 3 5 7 
.' 

talrrple 1. 7.5 

7.2 Kirkmtl/l 's scil ool air! lroblem 

In 19NO Kirkman posses the following problem. Fifh':Cll ) lIun g lad;c~ walk uullu In ,chllol 

Ihn:c abn.:asl l'or SCWII days in suo.:CSSiOIi . II is n.:tluin:d 10 arrall~c Ihem J<lil ) :0.\1 IhOiI IllI \ \\\1 

wal\.. l\V i c~ abreast. This is cquiva1cnllo linJing the n:sohllicm Of SOIllC ( 15. 1. I) design or 

KTS (15 ).The fol lowing is the solution of Kirkmans school girl problem 

A (V, 3, \) RI3I13D together with resolution ofil is call ed Kirkeman triple system orarder \ . 

Monday TUl.!sday Wetln..:sday 'j"hurst!'I> ].'riday SaLurJa) S um!;l) 

1).10.1 2 10.11.1 3 11 ,12.14 12.13.1 5 13.14.9 14 .15.1 0 15.9.11 

. - - 11 ,8,4 12.8.5 IH,6 14.n 

, . 

15.8.1 9,H.2 10.8,3 

10.6,4 11.7.5 12. 1."- -

13.2.7 14 ,). 1 1 SA.1 95J 

-- - 9.1.4 10.2.5 

11 .3.6 12.4.7 1}.5. 1 14.6.2 15.7.3 

- - - 11.1.2 1 :!.2,3 133.4 

14,4 .5 13,5.6 9.6,7 10.7,1 

-



TH E WILSON CONSTRUCTION 

giving the Wilson constructi on we will need to sec a few preliminaries . 

.'1- factor of a graph G is a pair wise di sjoints cdgl.!s which PUrlilion the verlex sct. We wi ll 

l'd I-fac torization of a very particular graph. The so called dclicicncy graph or (In. I). The 

ficicncy graph of (1.11 • +) where n s 1 mod 6 or n = 5 mod 6 is defined to be the graph G = 

,E) with vertex scI X= Zn\ {O} and edge scI E "" l I;.:. -:>;j .\;.:.-2x} I x I: X } . What is important 

(. us is the laCl that the defi ciency graph always has a 1- l ~u; loriza l ion . 

wheel is i.l graph consisting it cycle of even length and a ] · I(IClOr in which the edges join Ihl! 

'lJositt! vertices or the cycle (called the spokes).A wht:d CU ll be l-fllClorcd in to three l-Jilclorcs 

lak ing alternate edges of cycle as two of a J-fnctor and the spokes ror the thi rd . 

biwhecl is a graph consisting of the union of two vertex disjo int cyc les C. and C2 of Ihe samc 

gth n and a I· factor F consisting n edges such that: (i) each edges in F incident with one 

'hex in C. :md one vcr1ex in C2. and (ii) C. and C2 :Irc isomorphic. 

xa mplc :. (whccl on 8 vertices and I· fae tores) 

3 
1 2 2 3 1 5 

3 4 4 5 2 6 

5 6 6 7 3 7 
4 ': 

7 8 1 8 4 8 

1. Factorizati on of well 

:\:lIn Ic1.8.2 13iwhecl of 20 edges 

2.4(figure 2.4.1) 
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Combinatorial Design 

2.4(figure 2.4. /) 

PART II: APPLICATION OF 

BLOCK DESIGN ----._ .. _--_ .... _ . __ .-.... _._._-

2.1 November 8 2010: Dire Dawa 

Celebration day of Ethiopian nations and nationalities 

The daygives an opportunity to both Ethiopians and foreigners to observe and appreciate the 

culture of different nations, naliohalili cs and peoples of Ethiopia in one place. Therefore the 

program design ing committee worked hard to prepare u program that could fulfill the 

fo llowing condit ions: The primary objecti ve of the programmers was insuring cquuilimc for 

each nations, nat ional ities and peoples on the slage. The stadium had been made to h:lvc 8 

compartments as shown in the figure below. The eight compartments were reserved for 

cultural and trad it iona l shows. These eight compartments were made to circle around the 

place which is reserved fo r the media. The eight compartments in the stadium were designed 

to enab le eight ethnic groups to present their shows to the spectators at oncc. The total 

number of nat ionsand nationali ties who prescnted their presentat ion on the date was fifty. 

seven. Each ro und of a prescntationtook fi ve minutes. 
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Combinatorial Design 

To make what is described above the programmers had to answer the following key qucslio .---...-
I. I-low many rounds of presentation were supposed 10 be handled on that day? 

2. What about the number of presentation that each ethnic group may participl1tc in 

J. What type of BIBD is it? 

4. How long did the program take? 

5. How docs one construct the blocks? 

These should be answered satisfactori ly 

Solution We have v=57 k=8 and A; 1 

1. To find the number of rounds of presentation (block number) 

b=Av(v - l) 
k(k - I) 

1· 57(57 - 1) 
57 = 

8(8- 1) 

2 . To find the number of blocks in which each nation participate (replication 

number) 

r= 
A(v - I) 

(k - I) 

, = 1(57 - 1) =7 
(8-1) 

3.To identify the type of BIB D(57, 8, 1)= (7' +7+1, 7+ I, I) design wh ich is FPP of ordcr7. This 

is because FPP of order n for any positive integer n> 1 is (n2+n+ 1, n+ I. 1) design 

4. We have 57 rounds o/presenwlioll each takes 5 minute 

We need (57xS) minutes = 285 minutes 
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Combinatorial Design 

5. We can use starter block of Z S7 

IfwecheckanysubsetofX=(023 56} ,r - . . , • ,... . oJ SIZe eight IS perfect difference set 

(mod) 57 then we can use it to generate all other blocks of a (57,8, I)desigll. 

Bo = {I t 6, 7, 9, 19,38, 42, 49} which is perfect difference set other blocks (translates) 

generated by Bo are 

90= Bo+O= ( 1,6,7,9, 19,38 , 42,49) 

B, = 90+ 1 = {2,7,8,IO,20,39,43 ,50} 

9 , = Bo=2 = {3,8,9,11 ,2 1,40,44,51 } 

BJ = 90+3 = {4,9, IO,12,22,4I ,45 ,52} 

9 ,,= 90+36 = ( 1 ,5,6, 8,18,36,41 , 48} 

2.2 GROUPING 

At the beginning of the academic year all teachers divide their students in to different groups to 

give ass ignmentsand use these grouping throughout the year. The problem is onc or two 

students are doing their assignment throughout the year and submit under the name of the 

group. Due to this condi ti on more than half of the students in the group may not participUIC in 

the assignment. 

The reso lvable design can be used to solve such kind o r chall enges: 
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Combinatorial DC:'sign 

Example2.3.} :-For the case of21 student we can usc KTS (2 1) design wi th its rCSlJ l u tio l\"'_~~ 

fo llows 

iT, iT2 713 iT. iT5 

2 3 456 7 8 9 10 II 12 13 14 15 

4 7 Il 7 10 16 10 13 19 I 13 16 4 16 19 

5 8 14 8 II 17 II 14 20 12 14 20 5 17 20 

6 9 15 9 12 18 12 15 21 3 15 18 6 18 21 

10 17 21 3 13 2 2 6 16 5 9 19 8 12 

II 18 19 14 21 3 4 17 6 7 20 2 9 10 

12 16 20 2 15 19 I 5 18 4 8 21 3 7 II 

iT6 iT7 1l"g iT9 7!jo 

16 17 18 19 20 21 10 18 20 I I 16 21 12 17 19 

7 19 4 10 2 13 21 3 14 19 15 20 

2 8 20 2 5 II 3 5 16 6 17 2 4 18 

3 9 21 3 6 12 6 8 19 4 9 20 5 7 21 

4 II 15 7 14 18 I 9 II 2 7 12 3 8 10 

5 12 Il 8 15 16 4 12 14 5 10 15 6 II 13 

6 10 14 9 Il 17 7 15 17 8 13 18 9 14 16 

In order to get the above grouping, li st all triples of X = (1,2,3, ... ,21}those satisfy the cond ition 

that A = 1 and portioned it into 10 parallel classes. 

We can use the above resolutions (USE thcpartition Trifor i1llmonth) 

If we have fifteen students we can use Kirkman school girl problem of7 pnrallelclasscs 

Moreover for any n >1 KTS (6n+3) ex ists 
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Combin:110rinl Design 

2.3 LEAGUE SCHEDULE 

I. Ethiopian Premier Leaeue 

There are 18 teams which is (1 8,2,2) design. Two teams have got a chance to 
meet two times within a season 

Generalization: -such League design for even number of teams is{2n, 2 , 
2)design 

2. Enelish Premier League Thcrcare 20 teamswhich is (20 , 2, I) des ign . 1\1'0 

teams meet once in a season 

3. Champions League 

There are 32 teams. And here we need five different lypes of design 

Phase I 

32 Teams 

(8 , 2, I ) (8 , 2, I) (8 , 2, I) (8.2, I) 

Phase 2 
16 teams 

(4,2 , I ) (4, 2, I) (4.2, I) 

Phase 38 Teams (8, 2, I) 

Phase 4 4 Teams (4, 2. I) 
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Traffic police Placement 

deficiency graph (255 ,+) have the following three components for each componellt weproduce 
a I-factorization usingthe deficiency graph algorithm.F I and Fl arc alternate edges of cycles 
eland C2 respectively 
andF, ; [[x,y) / x + y" 0 mod 55, 
x E E1,y E E2 ,wherE1andE2 are the edge set of C1andCz respective ly} 

F, F, F, 

I 53 53 4 I 54 

4 47 47 16 53 2 54 

16 23 23 19 27 28 
53 

2 
28 

9 37 37 36 4 51 

36 38 38 14 14 41 
4 0 

41 51 
34 42 42 26 47 8 

26 3 3 49 48 7 

49 12 12 31 16 39 47 7 8 

31 48 48 14 31 24 

14 27 27 I 23 J2 
16 24 36 

54 2 2 51 12 43 

51 8 8 39 9 46 
23 43 32 

39 J2 l2 46 49 6 

46 18 18 19 37 18 
9 046 

6 

37 52 
18 19 17 17 21 3 52 

21 J3 13 29 36 19 

36 29 19 29 52 52 6 26 29 

6 43 43 24 38 17 

24 7 7 41 42 13 38 17 

34 21 41 28 28 54 34 21 

Figurc2.4.1 
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Table2.4.2 -

~o 
'0 "'" 45 > 10 

2\ 

1.1 

II ' lgure 2.4. 

1---+--~33 

'"hl "" 2,4.6 
dd 

Figure 2.4.5 

5 45 

20 15 

50 10 

35 40 

25 30 

II 33 

44 22 

45 20 25 

15 25 30 

10 35 45 

40 30 20 

5 50 15 

Table 2.4.4 

33 44 II 44 

22 II 22 33 

Clistomarily two Iraffic policemen are assigned 10 work togelher in one ve/we for a long time, 
Such tradition may give rise to Ihe developmelll 0/ emotional anachmenl Will solidarity. III 1/11'11 

sllch a relalionship due 10 poverly which we aI/ share in COlllmOIl corruplion may reslllt, 
Drivers, who break traffic rules, may opllO bribe Ihe lraffic police/or 100 Birr inslead o/being 
penalized 300 Birrby the court. Such emotional allachmenl i~' more likely to make corrllptioll 
easier for Ihe IWO parties involved in il. n,e /ollowillg program is IIsed to redllce slIch problems 
if it is employed well. II is more likely 10 reduce corrllption by reshllffiing Ille placement o/ Ihe 
traffic police. The program is developed/or the case 0/ placemellf 0/ miffic police in Arada SlIb· 
city 0/ Addis Ababa.ln Arada SlIb·cilY there are abolll /orlY traffic police alld (WeIlIY high traffic 
venues, where traffic police stand and /aciliwle Ihe mOl1emelll 0/ vehicles alld "lImallS. 

D, 

For this case we can use the tableon page 32 and tu rn ing to the right step by step as 

shown below bay the arrow, then we get the program ror 60 days 
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COlllbin~IOrii.l1 Design 

r-.. r-.. r-.. r-.. r-.. r-.. 

53 4 54 4 1 47 53 53 1 53 47 4 16 54 2 

16 53 23 4 27 54 

9 47 37 16 4 2 

36 23 38 19 14 28 

34 37 42 36 47 51 

... .. 23 53 19 28 

.... . 4 37 47 36 53 51 

16 38 23 34 27 41 

9 42 37 26 4 8 

I 
47 16 53 2 

23 19 27 28 

37 36 

~ 
4 51 

38 34 14 41 

a 42 26 47 8 26 38 3 34 48 41 36 3 38 49 14 7 

3 49 48 7 49 42 12 26 16 8 34 12 42 31 47 39 

12 31 16 39 31 3 48 49 31 7 26 48 3 14 48 24 

8 48 14 31 24 14 12 27 31 23 39 ..... 49 27 12 16 32 

27 23 32 54 48 2 14 12 
. . . . . 

24 31 2 48 51 31 43 

2 51 12 43 51 27 8 1 9 32 14 8 27 39 23 46 

8 39 9 46 39 2 32 51 49 43 54 32 2 46 12 6 

2 32 46 49 6 46 8 18 39 37 46 51 18 8 19 9 18 

18 19 37 18 19 32 17 46 3 6 39 17 32 21 49 52 

17 21 3 52 21 18 13 19 36 18 46 13 18 29 37 19 

13 29 36 19 29 17 -? ,- 21 26 52 19 52 17 6 3 29 

6 13 43 29 28 19 21 43 13 24 36 17 
52 6 26 29 

24 52 7 6 42 29 
.. ... 

29 7 52 41 26 13 
43 24 38 17 

41 43 28 24 34 17 6 28 43 54 38 21 
7 41 42 13 

28 7 54 41 21 13 24 41 7 28 42 34 
28 54 34 21 
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APPENDIC ES 

v k l. O...-r[RENCE SET 

7 3 I 124 

13 4 I 0 1 39 

II 5 2 13 4 59 

21 5 I 367 121 4 .. 
15 7 3 012458 10 

31 6 I I 5 II 24 25 27 

19 9 4 145679 111 6 17 

23 II 5 1234689 12 13 16 18 

57 8 I I 679 193842 49 

73 9 I 1248 1632375564 • 

31 15 7 1 23468 12 15 16 1723 2427 2930 
, 

91 10 I o I 3 9 27 49 56 61 77 81 

40 13 4 12356 9141 5 1820252735 

35 17 8 0 1 3459 11 12 13 141 6 172 1 27282933 

133 12 I 1111 644143526074 78 121 128 

43 21 10 I 4 69 10 II 13 14 15 16 172 1 232425 31 35 3638 40 41 

47 14 I 12346789 12 141 6 17 182 124252728 3234 36 37 42 

183 29 14 0231026394361109 1211 30 136 1411 55 

. 
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