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ABSTRACT

We present a detailed derivation of the master equations for coherently prepared de-
generate and nondegenerate three-level lasers coupled to vacuum reservoirs. Employing
these equations we analyze the squeezing properties of the cavity radiation and the output
radiation. We find that under certain conditions squeezed light can be generated. The
same equations are also used to study the photon statistics for the two systems. We sce
that the distribution functions have the same form as the one for the signal mode from

parametric oscillators.
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1. INTRODUCTION

In 1954, Gordon, Zeiger, and Townes showed that coherent electromagnetic radiation can
be generated in the radio frequency range by the so-called maser (microwave amplification
by stimulated emission of radiation) [1]. The maser principle was extended for the first
time by Schawlow and Townes, and also by prokhorov, to the optical domain, thus obtain-
ing a laser (light amplification by stimulated emission of radiation) [2,3]. A laser consists
of a set of atoms interacting with a resonant electromagnetic radiation inside a cavity with
a single port-mirror. A laser operating well above threshold generates coherent light.

Squeezed light is generated when the quantum noise in one quadrature is suppressed
below the vacuum level at the expense of enhanced fluctuations in the conjugate quadra-
ture, with the product of the variance in the two quadratures satisfying the uncertainity
relation [4-8]. Squeezing is a nonclassical feature of light. A degenerate parametric oscil-
lator is a typical source of squeezed light {9-13]. It is also worth mentioning that squeezed
light has important applications in low-noise communication and weak-signal detection
[14,15].

A coherently prepared three-level laser is defined as a quantum optical system in
which three-level atoms in a cascade configuration and initially prepared in a coherent
superposition of the top and bottom levels are injected at a certain rate into a cavity
coupled to a vacuum reservoir via a single-port mirror. We denote the top, middle, and
bottom levels by |a), |b), and |c), respectively. In addition, we assume the cavity mode
to be at resonance with the two transitions |a) — |b) and |b) — |c), with direct transition
between levels |a) and |¢) to be dipole forbidden. It has been found that a degenerate
three-level laser produces under certain conditions squeezed light [16-18].

The aim of this thesis is to analyze the squeezing and statistical properties of coherently
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prepared degenerate and nondegenerate three-level lasers., We consider a three-level laser
in which atomic coherence is introduced by preparing the atoms to be initially in a coherent
superposition of the top and the bottom levels. The transition from the top level to the
middel level and then to the bottom level produces two photons of the same frquency in
a degenerate three-level laser. Whereas in a nondegenerate three-level laser the transition
from the top level to the bottom level via the intermediate level results in the generation
of two photons of different frequancies,

In this thesis, we first derive, applying the method used in ref. [19], the master
equation for the cavity radiation of the degenerate and nondegenerate three-level lasers.
Then employing the master equation, we obtain the equations of evolution for the first
and second order moments of the cavity mode operators. With the aid of the steady
state solutions of the resulting equations, we calculate the quadrature variance, the mean
photon number, and the variance of the photon number. We also calculate, using the
time dependent solutions, the squeezing spectrum. Moreover, applying the steady state
solutions, we determine the antinormally ordered characterstic function [19] with the aid
of which the Q function is obtained. Finally the Q function is used to calculate the photon

number distribution [13).




2. A COHERENTELY PREPARED DEGENERATE
THREE-LEVEL LASER

A coherently prepared degenerate three-level laser is defined as a quantum optical system
in which three-level atoms in cascade configuration and initially prepared in a coherent
superposition of the top and bottom levels are injected at a certain rate into a cavity
coupeled to a vacuum reservoir via a single-port mirror. An atom emits two photons of
the same frequency as it makes a transition from the top level to the middle level and
then to the bottom level. Such a laser generates under certain conditions squeezed light
[19].

In this chapter we wish to analyze the squeezing and statistical properties of a coher-
ently prepared degenerate three-level laser. We first derive in the linear approximation
and in the good-cavity limit the equation of evolution of the density operator for the cav-
ity mode and with the help of this equation, we obtain the equations of evolution of first
and second-order moments for the cavity mode operators. Then applying the steady-state
solutions of the resulting equations, we calculate the quadrature variance, the squeezing
spectrum and the variance of the photon number. Furthermore, employing the same solu-
tions, we determine the antinormally ordered characterstic function with the aid of which
the Q function is obtained. Finally the Q function is used to calculate the photon number

distribution.

2.1 The Master Equation

A three-level laser consists of a cavity into which three-level atoms in a cascade config-
uration are injected at a constant rate r, and removed from the cavity after a certain
time 7. We denote the top, middle, and bottom levels by |a), |b), and [c}, respectively. In
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addition, we assume the cavity mode to be at resonance with the two transitions [a) — [b)

and |b) — |¢}, with direct transition between levels |a) and |¢} to be dipole forbidden.

ri: SN ")
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Fig. 2.1 A coherently prepared degenerate three-level laser.

The interaction of a three-level atom with the cavity mode can be described in the

interaction picture and at resonance by the Hamiltonian

7 = iglat (1b){al + e){bl) — a(la (bl + ) (e, (2.1

where ¢ having the dimension of % is the atom-radiation coupling constant taken to be
equal for both transitions, and & is the annihilation operator for the cavity mode. We

take the initial state of a three-level atom to be

[4(0)) = Ca(0)]a) + Ce(0)lc) (2:2)




and hence the initial density operator for a single atom has the form
pa(0) = pQla)(al + pf2la) (el + pe)al + Qe el (2:3)

in which pg.],) = [C’l(lﬂ)l2 and p((fc)) = |C’,£0)|2 are the probabilities for the atom to be initially
in the upper and lower levels , respectively, and p,;(,%) = o0 — |p¢(1%)[e‘9 represents the
initial coherence of the atom.

Suppose par(t,{;) is the density operator for a single atom plus the cavity mode at
time t, with the atom injected at time ¢; such that (z — 7} < t; < t. The density operator

for all atoms in the cavity plus the cavity mode at time t can then be written as

par(t) =710 panlt t;)A, (2.4)
g

where r,A¢ represents the number of atoms injected into the cavity at time ?;. Now

converting the summation into integration, we have

t
pantt) = 1o [ pant¥)et, (25)

t—r
and on differentiating with respect to t, there follows

d, . , PO
EE'DAR(t) =71 (Par(t,t) — par(t,t — 7)) + 14 apm(ta t')dt’ (2.6)
t—7

We notice that par(t,t) is the density operator for the cavity mode plus an atom
injected at time t. The cavity mode and the atom being injected are uncorrelated, so that

this operator can be expressed as
Par(t, t) = pa(0)p(t), (2.7)

with p(t) being the density operator for the cavity mode alone. We also observe that
par(t,t — 7) represents the density operator for an atom plus the cavity mode at time
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t, with the atom being removed from the cavity at this time. The cavity mode and the

atom being removed are uncorrelated, so that this operator can also be put in the form

par(t,t — 1) = palt — 1)A(t). (2.8)

Now in view of (2.7) and (2.8) , one can rewrite (2.6) as

d, . ) \ Lo, oo
‘CEPAR(t) = 74 (Pa(0) — pa(t — 7)) p(t) + 7o t EEPAR(t}t ydt'. (2.9)

In the absence of dissipation the density operator par(t,t') evolves in time according

to

3 ~ I O FrT A !
aPAR(t;t ) = -“Z[H, PAR(t, I3 )]; (2'10)

and hence using this, (2.9) can be rewritten as

%ﬁm(t) = 70 (P4(0) — palt — 7)) (t) — ira ft_ [H, par(t, ¢'))dt’ (2.11)

Taking into account (2.5), one can put Eq.(2.11) in the form

& panlt) = ra (9a(0) ~ palt — 7)) 4(0) = 18, par(d)} (2.12)

Furthermore, tracing over the atomic variables and taking into account the damping

of the cavity mode by a vacuum reservoir, we get
d . . . . ) TS
3P = raTra (pa(0) — palt — 7)) p(t) — iTr alH, par(t)]
L oasst — sate - atas
+§fc(2apa — pala - a'ip), (2.13)

where « is the cavity damping constant.
Since

T’I‘ﬁA(O) =Trpalt —7) =1, (2.14)




we see that Eq.(2.13) reduces to
d ~ . oA 1 ~ AAT AA1'A A? A A
TP = —iTralH, par(t)] + 5&(2&,00, — pild — a'ap). (2.15)

Emploing (2.1) and applying the cyclic property of the trace operation, the master

equation for the cavity mode can be put in the form

Do it — aoat 4 ats — 5 6t b b d— 8 b B — 85
Eip = g(@"fap — Pap@' + @ Prc — Poc@’ + Pral — Gfpa + Pl — Bpey)
L 0656t — sate — ates
+§ﬁ(2apa — pata — a'ap), (2.16)
where f,p is defined by
ﬁaﬁ = (aIﬁARlﬁ>) (217)

with o, § = ¢,b,¢ . On the other hand, we observe from (2.12) that

%ﬁaa = 7a({21pa(0)|8) — {clpalt — )IBY)A(E) — i({c| HparlB) — (alparH|B)) — Yias,

(2.18)
where the last term included to account for the decay of atoms due to spontaneous emis-
sion, And +, considered to be the same for all the three levels, is the atomic decay rate.
We assume that the atoms are removed from the cavity after they have decayed to a level

other than the middle or lower level. We then see that

(alpa(t — T)IB) =0, (2.19)
and hence Eq.(2.18) reduces to
& pup = relcdpa I — (el Apanl8) — (albanllE) - 1hes.  (2:20)

Applying this equation and taking into account (2.1) and (2.3), one readily obtains

d A o an A R
'(Epab = Q(Paaa — QPpp — pacat) — YPaby (221)




d

Eﬁbc = g(ﬁbb& + E\Lilacze': - a‘ﬁcc) - ’Yﬁbc: (2'22)
d ©) 5 " A
T Pae = Tapad P = 9(Pas@’ + GPoe) — VPaas (2.23)
d ., sta o oa A st an R
i = 9(&" Pab + Pral — Pocl — &Pey) — Vo (2.24)
d © 5 .
dtpac TaPae P+ g(p bl — apbc) YPacy (2'25)
d ©) " 5
dtpcc Tafec P+ g(a Poc + pcba) YPec: (2‘26)

We carry out our analysis applying the linear and adiabatic approximation schemes.

The linear approximation is achieved by dropping the g-terms in (2.23), (2.24), (2.25),

and (2.26)

i.ﬁa-a: aP(O)P YPaa; (2'27)
dt

d

- — 2.2

dtﬁbb Y Pt ( 8)
2 e = 7ap®P — Ve (2.29)
dt ’
d .
T Pee =TaPQP — Vo (2.30)

In addition, we assume that & < g, (the good-cavity limit). Under this assumption,
the cavity mode variables change slowly compared with the atomic variables. Since the
atomic variables reach steady state in the relatively short period of 4!, one can take
the time derivatives of such variables to be zero, while keeping the zero-order atomic
and cavity mode variables at time t. This procedure may be referred to as the adiabatic
approximation scheme. Thus upon applying the adiabatic approximation scheme, we get
from Eqs. (2.27), (2.28), (2.29), and (2.30) that

. Tl
Paa = =P, (2.31)

P =0, (2.32)




(0)

Pac = azac 2 (2.33)
(0)
Poo = LaPee 5 (2.34)

Now combination of (2.21), (2.31), (2.32), and (2.33) as well as (2.22), (2.32), (2.33),

and (2.34) leads to

d .

TiPas = (pﬁ?pa — 9 pa') — Ypas, (2.35)
d Ot _ o0

pr > T2 (5Dt p— pDap) — ¥se. (2.36)

Using once more the adiabatic approximation scheme, we easily find

gra an
Pt = ?( O pi — p pal), (2.37)
a grg " ~ A
Poc = ?( Datp— pldap). (2.38)

Finally, on account of (2.37), (2.38), and (2.16), the equation of evolution of the density

operator for the cavity mode takes the form

d . 1
b= §Ap(0) (2a1pa — paat — aatp) + Q(Apgg) + 1) (28pa" — pata — a'ap)
+z Ap(o} (pa'? + at?p — 2atpat) + = Ap“") (pa® + a2p — 2apa), (2.39)
where
2
A= g (2.40)
Y

is the linear gain coefficient.

It is worth mentioning that the quantum properties of the light generated by degen-
erate three-level laser are determined by the master equation (2.39). It is not hard to see
that with pg = p,(;c) = 0 and pﬁ? = 1, this equation goes over to the master equation
of a two-level laser operating below threshold. The term involving p( } corresponds to

the usual gain and that proportional to p(g) to absorption. We will see that the atomic
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coherence pgg) as well as pﬁﬂ’ is responsible for squeezing. The term involving x represents

cavity losses.

2.2 Quadrature Variance
We next seek to determine the quadrature variance of the cavity mode. The equation of

evolution for the cavity mode operator ¢ is expressible as

dp ,

) =Tr(2a), (2.41)

with the aid of Eq.(2.39) and employing the comutation relations

[0 £ (@, 8)] = o £ (@1, ) (2.42)
and
af, F(at, )] = — o (@, ). (2.43)
Eq.(2.41) can be expressed as
& a0y = — uale). (2.44)

In the same way one can readily obtain that

L @) = ~ma(0) + Ar2, (2.45)
L@ 0a) = —p@l@am) + A, (2.46)

in which
= k= A - 42) (247)

In veiw of (2.44), (2.45), and (2.46) the steady-state solutions of the first and second-

order moments become
(a(t))ss = 0, (2.48)

10




(@(0)ss = ﬁipa?, (2.49)
(6 (B)a(0)) s = fpg?. (2.50)

dy =a'+a (2.51)
and
a_ =6’ — a) (2.52)
can be written as
Add = (a2) — (a4)?, (2.53)

where the + and - refer to the unsqueezed and squeezed quadratures, respectively.

These operators are Hermitian and satisfying the commutation relation
[ay,a-} = 2. (2.54)
Applying (2.48) along with (2.51) and (2.52)
{a4) = 0. (2.55)

So that Eq.(2.53) reduces to

Ad® = (a2). (2.56)
On account of the commutation relation
[a,al] =1, (2.57)
we can express Eq.(2.56) in the normal ordering

Add =1+ (- 84(2) 1), (2.58)

11




where :: denotes normal ordering.
With the aid of the definitions (2.51) and (2.52), the expectation value of the squares

of the quadrature operatores in normal order is
(e (t) 1) = £[@P (@) + (&%) £+ 2(a" (1)a(e))] (2.59)
Applying the results (2.50), (2.49) and its complex conjugate, one finds at steady state
¢ ak(®) o) = £{A(Q + pld) = 200) /1. (2.60)

It proves to be more convenient to introduce a new parameter defined by

9 =21, (2.61)
so that in view of the fact that
p(O) p(O) =1 (2.62)
and
16D = oD, (2.63)
one easily finds
© .1t (2.64)
and
P01 = 21— )b, (2.65)
Upon setting
e = 1pi1e” (2.66)
and taking into account (2.47), expression (2.60) can then be rewritten as
A ((1 — %) 3cosh + (1 — n))
ad(h) ) = . (26)

An+ &

12




Now combination of {2.58) and (2.67) yeilds at steady state

%+ A(1 % (1 — n?)zcosd)

Adk =
2 An+ K

. (2.68)

1 T I I 1 T 1 ] 1 1

0.7 .
0.6 -
=5 {

O J 1 1 ] i | ¥ I 1
0 0.1 0.2 0.3 0.4 05 0.6 0.7 08 0.9 1

n
Fig.2.2 plots of the quadrature variance Aa? versus 5 for k=0.8, #=0, and for different
linear gain coefficient.

We see from Fig. 2.2 that the cavity mode i_s in a squeezed state for all values of 7
between zero and one and the degree of squeezing increases as the linear gain coefficient
increases. It also appears that almost perfect squeezing can be achieved for sufficiently

large values of the linear gain coefficient.
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2.3 Squeezing Spectrum
We now proceed to calculate the squeezing spectrum of the cavity mode. The squeezing

spectrum of a single-mode light can be expressed as

S94(uy) = 1+ 2Re fo " i (g), ATt + 1) 1) sl (2.69)

where
gt () = ahu (1) + Gour(t), (2.70)
a2t (1) = 8(8d, () — Boue(?)). (2.71)

We note that for a cavity mode coupled to a vacuum reservoir, the output and intra-

cavity variables are related by [19]

a3(t) = Viax(t). (2.72)

In view of (2.72), the squeezing spectrum expressed interms of intracavity variables as

S8 () = 1+ 2 Re f Tl an (D), it +7) YeseTdr, (2.73)
where
(@(t)@i(t + 7)) = (G (8)ax (E+ 7)) — (@ () (@ + 7). (2.74)

Therefore, on account of (2.74) and (2.55), the squeezing spectrum can be put in the

form
S8 (w) = 1 -+ 2%Re /0 T e (Dt 4 7) e dr (2.75)
To this end, we note that the time-dependent solution of Eq.(2.44) can be written as
(@t + 1)) = (at))e 7" (2.76)
Furthermore, on account of (2.76) together with (2.51) and (2.52), we note that

(Ga(t+ 7)) = RO (2.77)
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and application of the quantum regration theorem leads to
G ap(®)arlt+1) ) = (¢ G2(0)ds(t) e 2, (2.78)

Now upon substituting (2.78) into (2.75) and taking into account (2.67), we readily

obtain
. kA ((1 — ?)2cos0 4 (1 — n))
S =1 2.79

) A (AT )P (279)

1 T T T I T I T I i
-
.

0 k 1 o 1 I i 1 1 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

n

Fig.2.3 plots of the squeezing spectrum S°*(0) versus 7 for k=0.8, 6=0, and for different

linear gain coefficient.

In Fig. 2.3 we see that, at w=0 there is perfect squeezing for a sufficiently large valucs

of A (linear gain coefficient) for a value of 5 very close to zero.
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2.4 Photon Statistics

In this section we seek to calculate the variance of the photon number and the photon
number distribution, at steady state, for a degenerate three-level laser coupled to ordinary
vacuuni.

A. The variance of the photon number

The variance of the photon number is expressible as
An? = (%) — (3)?, (2.80)

where

A = at(t)a(t) (2.81)

is the photon number of the cavity mode at any time t.

Using the commutation relation
[4,a!] = 1, (2.82)
one can rewrite Eq.(2.80) as
An? = 7 + (612(1)a2(1))ss — 7% (2.83)
In view of (2.50), the mean photon number at steady state is
@030 =50, (2.84)

in terms of the parameter 5 the mean photon number at steady state is given by

Al —n)
R (2.85)
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Furthermore, since the cavity mode operator a(t) at steady state is a Gaussian random

variable [19], i.e., has a vanishing mean, one can rewrite (2.83) as
An? =i+ 2 4 (@2(8)) (8> () Y550 (2.86)

so that in view of (2.49) and its complex conjugate, the photon number variance found
to be
2 2, A o
Ant=f+7 +Iﬁ|pgg| , (2.87)
in terms of 77 the photon number variance can be put in the form

)
2 _ & =2
An*=n+n +4(An+m)? (2.88)

25 . 1 f I

Fig. 2.4 Plots of the mean photon number 7i(solid curve) and the uncertainity in the
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photon number An{dotted curve) versus 5 for A=25 and for k=0.8.

Fig. 2.4 clearly indicates that both the mean photon number and the uncertainity in

the photon number decreases with 7.

B. The Photon Number Distribution

Finally, we proceed to calculate the photon number distribution employing the Q function.

The Q function for a single-mode light is expressible as [19]

Qla*, o) = 7% [ 2®(z*, 2)exp(z e — za*), (2.89)

where the antinormally ordered characteristic function in the Heisenberg picture is ex-
pressed as [19]

@@ﬁﬂ:TV@wwﬂW%wm) (2.90)

here 5(0) is the density operator for the cavity mode and the reservoir at the initial time.

To this end, applying the identity
e“e

AB — ATBH3AB] (2.91)

one can express the characterstic function (2.90) as
B(2*,2) = e 27Ty (p(0)eap(zd’ — z*a))

= e 2% % (eap(zd! — 2'a)), (2.92)

and hence on account of the fact that a at steady state is a Gaussian random variable

[19], we have
. 1
B(z*, 2} = e~ Zeqp (5([2(3? — z*a’]z)ss) ; (2.93)

18




squaring the expression in the bracket and applying the commutation relation (2.82)

Eq.(2.93) can be put in the form
. 1
O(z*,2) = 7% *exp (5([2261"2 + 2*%a% — 2z*z&"&])ss) : (2.94)

Next introducing the steady state expectation values of 4%,a'?, and a'a from (2.49)

and (2.50) into (2.94), the characterstic function can be written as
(7, z) = ewpl—az*z + (b2? + 6*2*%) /2, (2.95)

where the coefficients have in terms of the parameter 7 the form

A(l —n)

—1+ , 2.96
2(An + k) (2.96)
Al - 2)2

b= |/ 2.97
2(An+8) (287)

Furthermore substituting (2.95) into (2.89), the Q function can be written as

1

Qo*, ) = = fdzzerﬂp[—waz*z + (b2% + b*2**) /2 4 2% — zat). (2.98)

Therefore, performing the integration over z, the QQ function for the cavity mode is found

at steady state to be

2 _ 1L
Qof,a) = [u? — vor]? expl—ucta + (va® + v a*?) /2], (2.99)
where
a
U= m, (2100)
v = b (2.101)
T a2 — bb’ '

The photon number distribution for a single-mode light at steady state, can be ex-
pressed interms of the @ function as [13]

T 821’1

Pn) = n! o Barn

e [Q0", @)™ *lar=amo- (2.102)

19




Now applying (2.99) along with (2.102), the photon number distibution for the cavity

mode takes the form

2n

aa*naan 6.1}])[(]. - u)a*a + (U*Q*Z + v )/zla‘za-—-ﬁ-

P(n) = %[Tﬂ — ]2

Hence expanding the exponential functions in power series, we have

(1 —u) 'U*IU o k42 E12m
P(n) - ] Z AtmEllm!  Han o [(a ) o ]a*=a=0’
and in view of the fact that
o p!
i L I
o’ T p-n)

we find

i - wfvto™ (k4 20k + 2m)!
W]Z:%mwm!w+m—mm+%%mn

P@:%W—

[(a*)k+2!—nak+2m—n] oo -

Applying the condition o = o* = 0, it then follows

P(n) — D> (L= wboto™  (k+ 2)(k + 2m)!

From the property of the kronecker delta, we see that

k+2l=n
and
k+2m = n,
this implies
I=m

20
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ZHmk!l!m! (’G+2l )(k+2m ) 5A+2in k+2m,

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)




Finally, on account of the result m ={ and k& = n — 2{, the photon number distribution

takes the form
[n]

(1 — n-2 LAY,
Pogarer

na—

P(n) = [u* — vv*]

where [n]=n/2 for even n and [n]=(n-1)/2 for odd n. This distribution function has the
same form as the one for the signal mode from a degenerate parametric oscillator. We see
from Fig. 2.5 that the probability to find an even number of photons is greater than the
probability to find an odd number of photons. This is due to the fact that the photons
are always generated in pairs and the existence of some finite probability to find an odd

number of photons is due to damping of the cavity mode.

08 T
0.5
0.4 -
0.3 -
0.2

0.1 4

Q0T T T T T T T T T T T T T T T T T T
0 1 2 3 4 5 & 7 8 9 10 11 12 13 14 15 18

Fig. 2.5 photon number distribution p, versus number of photons n for A=25, x=0.8,

§=0, and 5=0.2.
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3. A COHERENTLY PREPARED NONDEGENERATE
THREE-LEVEL LASER

We consider here a three-level atom in a cascade configuration and initially prepared
in a superposition of the top and bottom levels. We assume that such an atom emits
two photons of different frequencies as it makes a transition from the top level to the
intermediate level and then to the bottom level. We define a nondegenerate three-level
laser as an optical system into which three-level atoms {described above) are injected at
a constant rate r, into a cavity coupled to an ordinary vacuum via a single port mirror.
The atoms are removed from the cavity after time 7.

In this chapter, we first derive in the linear approximation and in the good-cavity limit
the master equation for the light generated by a nondegenerate three-level laser. Then
using the resulting equation, we obtain the equations of evolution for the first and second
order moments of the radiation operators. With the aid of the steady-state solutions of
these equations, we caleulate the quadrature variance, the squeezing spectrum and the
variance of the photon numbers. Furthermore, applying the same solutions, we determine
the antinormally ordered characterstic function with the aid of which the Q function is
obtained. Finally the Q function is employed to calculate the photon number distribution.
3.1 The Master Equation
The interaction of a three-level atom with the cavity mode can be described in the inter-

action picture by the Hamiltonian
I = iglaf|b){a| — afa)(b| + b'|c)(b] — Blo)(el], (3.1)

where ¢ is the atom-radiation coupling constant which is taken to be equal for both

transitions and &(5) are the annihilation operators for the two modes of the cavity,
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Fig. 3.1 A coherently prepared nondegenerate three-level laser

We take the initial state of a three-level atom to be

[%4(0)) = Ca(0)|a) + Ce(0)fe), (3.2)

where C,(0) and C.(0) are the probability amplitudes for the atoms to be in levels |a)

and |c), respectively. And hence the initial density operator for a single atom becomes
pa0) = pila)(al + pila)(e] + pQle)al + o le) (el (3.3)

where pl = (Cal?, ,oﬁf? = |C,?, and p&?g) = C,C*. The density operator for all atoms in

the cavity plus the cavity modes at time t can be expressed as

parlt) =1q ZﬁAR(t, t) A, (3.4)

2

where r,At is the number of atoms injected into the cavity at time ¢;. Converting the
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summation into integration, we get

t
ﬁAR(t) = Ta[ ﬁAR(t:t’)a (35)
t—7
and differentiating with respect to t, we obtain
d A A A ¢ a ~ ! !
—[)AR(t) =Tq (pAR(t: t) - PAR(t; t— T)) + 7 —“PAR(t, 3 )dt . (36)
dt i OF

We note that pagr(t,t) is the density operator for the cavity modes plus an atom

injected at time t. Thus it can be expressed as

Par(t,t) = pa(0)(E), (3.7)

in which g(t) is the density operator for the cavity modes alone. We also observe that
par(t,t —7) is the density operator for the cavity modes plus an atom at time t, with the

atom being removed from the cavity at this time. We can also express this operator as

Par(t,t — 1) = palt — 7)5(t). (3.8)

Now with the aid of (3.7) and (3.8), we can rewrite (3.6) as

d . R . . S
EpAR(t) = 14 (pa(0) — palt — 7)) p(t) + 74 EEPAR(t’ t"dt'. (3.9)
f—1

In view of (2.10), Eq.(3.9) takes the form

d, ) . Y LANPE
& panlt) = 50— pale =) 0 e [ LN, (10
t—T1
and applying (3.5), Eq.(3.10) can be put in the form
d R . . T
7 Par(t) =12 (pa0) = palt — 7)) (t) — i, par(t)). (3.11)

Moreover, tracing over the atomic variables and taking into consideration the damping

of the cavity modes by vacuum reservoirs, we have

% 5= 1,Tr4 (a(0) — palt — 7)) p(t) — iTralH, par(t))
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1 ~ -~ Pl -~ ~
+§5(2aﬁaf — pata — atap + 2bpbt —~ pbth — BYbp). (3.12)
where &, assumed the same for both modes, is the cavity damping constant. Taking into

account (2.14) we see that

d . , A 1o onant amtn atan . edag are nen
= ~tTralH, par(t)] + —2-»'5(20,,0&T — pita — alap + 2bpbt — pbTh — bThg).  (3.13)

=

Making use of (3.1) and applying the cyclic property of the trace operation, Eq.(3.13) can

be put in the form

d . At A N P Y A
757 = 9(@"Pas = Py + 6 s — puch! + Prall — o + P — )
1 . b aa aa SrA Aes
+§fs(2apaf — pata — atap 4 2bpbt — pbth — btop), (3.14)

where the matrix element j,g is defined by

Pap = (@|par|B), (3.15)

with a, f = a, b, c.

On the other hand, employing (3.11) we can write
d, . . .
giPes = Ta{e]pa(0)|B) — (alpalt = T)IB))A(1)

—i({c|Hpar|B) — (elparH|B)) = Viap, (3.16)

in which the last term is included to account for the decay of atoms due to spontaneous
emmission. And -, taken to be the same for all the three levels, is the atomic decay rate.
Here as in chapter 2 we also assume that the atoms are removed from the cavity after

they have decayed to a level other than the intermediate or lower level. Thus we have
(dpalt — 7)1B) =0, (3.17)
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so that Eq.(3.16) reduces to

Sihan = 1a(@lpaOIBYFO — il ApanlB) ~ (clparhlI) ~ i (515)

Employing this equation and taking into account (3.1) and (3.3), one obtains

d . o . 2 N
a"ipab = Q(Paaa — Qpps — pacbf) = Y ab, (3'19)
d - ,,1. - " o T A ~
apbc = g(a Pac -+ Pbbb - bpcc) = YPbcs (3-20)
d . © 5 t
JPaa = TaPaah = HPab' + GPta) — Yhaas (3.21)
2w = 9Pt + it fab — Pocd’ — bpeb) — YPuws (3.22)
d (0) 5 5
y tpac 0P B+ 9(Pasb — Gfsc) — Viacs (3.23)
d WOr 2
giPee = TaPe P+ 9(Desh + b re) — Yee. (3.24)

We confine our discussion to linear analysis by dropping the g-terms in (3.21), (3.22),

(3.23), and (3.24). It then follows that

d .
7 Paa = 2P0 P — YPaay (3.25)
d .
dtpbb = —Yeb, (3'26)
d . 0) 4
Epac Tap pP— %ouc: (327)
d .
apcc:'r (D)p '7)0 (3'28)

Here again we assume that k < g,+ (the good-cavity limit). In the good-cavity limit,
the cavity mode variables change slowly compared with the atomic variables. Since the
atomic variables reach steady state in the relatively short period of v7!, we can take the

time derivatives of such variables to be zero, while keeping the zero-order atomic and
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cavity mode variables at. time t. Employing this adiabatic approximation scheme, we get

from Fqs.(3.25), (3.26), (3.27), and (3.28) that

(0)
~ Tapml ~
Paa = i) 3.29)
aa p” (
ey = 0, (3.30)
(0)
. T ”
Pac = aPac Ps (3.31)
’Y
{0)
" PaPec .
Pee = p. 3.32)
e = (

Now combination of (3.19), (3.29), (3.30}, and (3.31) as well as (3.20), (3.30), (3.31),

and (3.32) yeilds

d 9a; (0) an 3
T CH P oY) — Ypa, (3.33)
d . .
= hhe = —(p(") 15— p26p) — Vire. (3.34)

Employing again the adiabatic approximation scheme, we easily find
g7a
Pab = ,Y—g( (O)Pa P(O)be) (3.35)

Pre="5 Lo (o @atp - pObp). (3.36)

On account of (3.35), (3.36), and (3.14) the equation of evolution of the density oper-

ator for the cavity modes takes the form

1 e oe s een
gz = §Ap(°) (24! po — paat — aatp) + = Ap(o) (2bpbt — pbth — blDp)

i Ap(")(panﬁ +atbtp — 2atpbty + = Ap(ﬂ)( pih + abp — 2bja)
+§n(2aﬁaf — pata — atap + 2bpbt — pbth — bTbp), (3.37)
where

A=2rL (3.38)
2




is the linear gain coeflicient. It is worth to mention that the quantum properties of

the light generated by a nondegenerate three-level laser are determined by the master

equation (3.37). It is easy to see that with b= & and Kp=0, this equation goes to the

master equation of a coherently prepared degenerate three-level laser.

With the aid of the master equation (3.37) along with (2.42) and (2.43), it is easy to

verify that

@) = 2p(@) — S AP,
d :

S0y = 5498 — Sa(B),
d

(%) = p(a®) — Ap(? (abty,

L) = ~aB) + A iath),

d. . 1 1 1 .
5(abl) = —(p — q){ab’) + S APGE") — S AR (),

d
S (a'a) =

~y P ~ 1 -
—(btb) = —q(b'b) + —Ap.(:ﬂ’ (@b) + - ApQaldl),

d

in which
p=Apl) — &,
q=ApY + k.

The steady state solutions of these equations are found to be

(a)ss =10,
<BT)ss =0,
(@*) =0,
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plata) - —AP(‘” (ab) — 5 Al (@' + Ap(Q,

@\ )——(p 9){ab) + Ap("’((&*&)—(ﬁ”f’)ﬂ)a

(3.39a)
(3.390)
(3.39¢)
(3.39d)
(3.39€)
(3.39f)
(3.39¢)

(3.39h)

(3.40)

(3.41)

(3.42a)

(3.420)

(3.42¢)




(8T2>ss = 0: (342d)

(&BT)SS = 0; (3428)

(813)0 = — A3 Pt |2 + A%|pdPq + Apld(p ~ 9)q (3.420)
85 A2 (0) 9 _ ] '
[A%]pac'|* — pa](p — q)

— A pld |l | + A%1pid 'y

(bh)ss = (3.42g)
(4210212 — pal(p — ¢)
. _ 40 (0)

(4208212 — pal(p — q)

where ss denotes steady state.

3.2 Quadrature Variance

We now proceed to calculate the quadrature variance. The variance of the quadrature

operators
¢y = %(fh +by), (3.43)
and
é —i(a +b) (3.44)
- = -0, :
are defined by
A = () - ()", (3.45)

These operators are Hermitian and satisfying the commutation relation
[64,6-] = 2. (3.46)
In view of (3.42a) and (3.45b) along with {2.51) and (2.52) it is easy to show that
(ex) =0, (3.47)

and hence Eq.(3.45) reduces to
Ach = (&), (3.48)
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Using the definitions (3.43) and (3.44) as well as (2.51) and (2.52), we can rewrite (3.48)

as

A =1+ (ata)+ (5D) + (atby + (abt) + % ((a?) + (@2 + (%) + (612) + 2(aby + z(an‘ﬁ)) .
(3.49)

On account of the results (3.42c), (3.42d), and (3.42¢) expression (3.49) becomes
Ack = 1+ (aa) + (bh) + ((aé) + (a,fz;f)) , (3.50)

and substitution of (3.42f), (3.42g), and (3.42h) into (3.50) yeilds

A (421682 — pal(p — q) — A% | P2 12 + 42162 P + ApS (p — q)a
[42]p2 12 ~ pa)(p — g)

A% pld |pid |2 + A%pfd |Pp =+ (—Aphd + p) Ag(pte + pid)

+ (3.51)
(42|82 " — pal(p — q)
So that upon setting
Pl = o1, (3.52)

and taking into account (3.40), and (3.41), the quadrature variance takes the form

—kA2|pD2 — kA2 — 3k2 AP + K2APY — 23
2;@A2|pf£3)|2 — r.;Aszﬁ)z — kA? p&?lﬂ — 3&2Ap£2) + 352;1,;&?3 — 2K3

2 _
Acy =

N 2k A2 (APt + K)cosd
2!@A2|p£?;)|2 — kA? .(33)2 - A2 ((31)2 - 311:2Ap£2) + 3&2Ap539 — 23

(3.53)

Applying the relations (2.59) to (2.64), the quadrature variance can be put in the form

(3.54)

(Ll

(4 + 26 A0 + (5 + w4+ 26) £ (S0~ )+ (A4 - )
= (kA%n? -+ 3K%An + 2k8)

Fig.3.2 clearly shows that the cavity modes are in a two-mode squeezed state for all val-
ues of 77 between zero and one and the degree of squeezing increases as the linear gain

coeflicient increases.
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Fig. 3.2 Plots of the quadrature variance Ac* versus 7 for k=0.8, and #=0, and for dif-

ferent values of the linear gain coeflicient.

3.3 Squeezing Spectrum

For a two-mode light the squeezing spectrum is expressible as

SO(19) = 1 + 2Re f (: 9 (8), B 4 7) 1) oo T (3.55)
1]
where
AU 1 - ou L.ou
D) = (A0 B ) (3.56)
Eom(f) = %(&?_‘“(t) T 5o (e)). (3.57)
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It is not difficult to notice that for a cavity mode coupled to a vacuum reservoir, the

output and intracavity variables are related by

ch(t) = Ve (t). (3.58)
In view of (3.58), Eq.(3.55) can be expressed in terms of the intracavity variables as
S9w) =14 2xRe ]; °°< ex(t), x(t + 1) :)5s€™Tdr, (3.59)
in which

(Ex(8), ex(t + 7)) = (Cx(B)ee(t + 7)) — (Ex(ON (et + 7)) (3.60)

Therefore, on account of (3.47), and (3.60), the squeezing spectrum (3.59) can be put in

the form

§98(w) = 1 + 26Re /0 Tl ea (Bt 4 7) ueTdr (3.61)

Moreover from Fqs.(3.39a) and (3.39b), we have

< (a(0) = gpta(t) — TAKDH @), (3.62)

0(6)) = 5AKD(a(0) — 2a(b (1) (3.63)
In view of (3.62)

(H6) = - g lgpa) — )] (3.64)

substituting this into (3.63) we get

"j_;( th - “(1" Dy (“(t)) Azlp“’)lg — pa){@(z)) = 0. (3.65)

From (3.63) we also have

(@) =

2 d 1 .
LB )+ a0 @) (3.66)
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so that inserting this into (3.62) leads to

d?

The solutions of (3.65) and (3.67) are expressible as

@t + 1)) = (a(a(t)) — aalb ()M — (as(a(®)) — ax{bl(O))e™

and

(b1t + 7)) = (a3(a() — a3 ()M — (ai(a()) — ai (B ())e,

where

@)~ 3o ) SH ) + L (A2P - )P (B) = 0.

1

1
A = 1(p - q) + Z\/(p — q)2 — 4(A2|pt(1?3)|2 - pQ)i

1 1
Y = 10— 0~ 7/ (0~ 07 — 44212 ~ pa),

a _%P—M
o — Apc(;%)
2T - )
. =X
3—)\1_}\2:

_203p = M) (5P — )
4 = 0 .
Apea (/\1 - '\2)

(3.67)

(3.68)

(3.69)

(3.70a)
(3.706)

(3.70¢)
(3.70d)
(3.70¢e)

(3.70/)

Furthermore, using (3.43) and (3.44), the expectation values of the intracavity quadra-

ture operators can be written as

(st + 1)) = —=((as(t +7)) + (balt +7))).

V2

Applying (2.51) and (2.52) and a similar definition for bs., one gets

E:t+7) = %((&Wt + 7))+ {a(t + 7))+ BT+ 1) + (B + 7))

and

1

(e_(t+7))y = —=(@'t+7)) — @t +7)) + ot + 7)) — bt + 7)),

V2
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(3.72)

(3.73)




Now substituting (3.68) and(3.69) along with their complex conjugates into (3.72) and

(3.73) we find

@r(t+7)) = "\%[((GT +ag)(@1 (1)) + (af +ar)(a(2) - (05 +aa) (b (1)) — (a3 + as){b(2)))e™”
(a5 + a2) (7)) + (a3 + a1)(B(®)) — (a5 + ag) (@' (1)) — (af + as)(@())e™]  (3.74)

and

(-(t+7)) = %[((a’f — ag) (@' (@) + (05 — a1 )(@(t)) — (a5 — az) (B'(2)) — (a3 — aa) (b(1)) )

+((af — aa) (1(®)) + (a5 — a1)(b(2)) — (5 — @)@ (2)) — (af — as)(()))e™T).  (3.75)

Employing the quantum regration theorem and taking into account (3.42c), (3.42d),

and (3.42¢) one arrives at

( ea®)EL(t +7) Yos = % (Apeh™ — Bue™), (3.76)
where
Az = (@ + af % (a1 + 63))(@'(£)a())ss — (03 + @5 + (02 + @3)) (B (£)5(2)) s
+(as — ap % (@] — @3)) (@ (6B ())ss + (0§ — 05 & (a1 — a3)){(@()B(E))ss (3.77)
and

By = (a3 + & + (ag + a)){@ (©)a(t))ss — (01 + aF = (g + a2)) G (£)D (1)) ss

(a4 — az £ (0§ — a}))(@H ()8 (6))so + (a} — a5 & (a3 — a1)){A(ED(1)) s (3.78)
so that using the expressions (3.70a), (3.70b), (3.70c), (3.70d) and their complex conju-
gates, we can rewrite Ay and By as

0 _ oy
= P2 AR gy, =D MDD gy,
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(a1 ()01 (2))ss -+ (@(2)B(E))ss) (3.79)

and
_ (0) _ Oy .,
e = LM EAD G1igagey, - 0720 EAD iy,
(@ )b ()5 + (B(D(E))ss)- (3.80)

Upon introducing (3.76) into (3.61), the squeezing spectrum takes the form

S;""(w) =14k [AiRef e(A1+iw)rdT _ BiRej 6(Az+iw)fd,r:l . (3.81)
0 0

Carrying out the integration leads to

o )\1 )\2
Siut(w) =1—& {Ai /\% o — B._.h )\% n w2] . (382)
For w=0 the squeezing spectrum becomes

Sout(0) =1 — k [—quzA* — AlBi] : (3.82)

Athg

Now with the aid of (3.79) and (3.80), one readly gets

Sout(O) —1— I{.[/\2(p -2\ £ AIPSS:)D - )\1(]3 - 2M &£ A'Pc(x?:)m (&T&)
* Atda(A1 — Ag) *
_pue = 2o A = dalp — 2 & AIRD)
AAz(A — Ag) >
1w (gt by, (3.84)
)\1/\2

Next using the steady-state solutions (3.42f),(3.429), and (3.45h), we have

ﬂ-h‘,A3T]3 _ 2&2‘42”2 + (K’BA 4 2xA4% + 2;{2/12)7? + (4}1‘,2}12 - 43 A + 2&4)
KA + 42 A% + 53 An + 21

S244(0) =

| (A 22A R~ Y — (4KPAT 4 a2 )L~ )l
kA3 + 4k2A%02 + B3 An + 2K4 '

(3.85)
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values of A and for values of 5 very close to zero.

3.3 shows that for w=0 there appears to be perfect squeezing for sufliciently large
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Pig. 3.3 Plots of the squeezing spectrum S°%(0) versus 73 for k=0.8,0=0, and for different

values of the linear gain coefficient.

3.4 Photon Statistics

We wish here to calculate the variance of the photon number for both cavity modes and

the photon number distribution at steady state for a two-mode light.

A. The variances of the photon number

The variance of the photon number, for one of the cavity modes is expressible as

Anf = (@) — (f1)?,
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where
iy = éta. (3.87)

Applying the commutation relation (2.81), we can rewrite (3.86) as
An} = ay + (al%d?) 4 — 72 (3.88)

We see from (3.42f) the mean photon number, for one of the cavity modes, at steady state

is given by

— A3 D12 4 4260 12q + ApD (p — g)q

fip = , (3.89)
(421622 — pal(p — 9)
in terms of 77 Eq.(3.89) can be put in the form
_8mA%2 (24 mATy, o kAT 04
ﬁl — 4 "] (H' 2 )7? + 4 + K (3-90)

kA2n? + 3k2An + 2k
On the other hand, in view of (3.42a) the cavity mode operator @ at steady state is a

(Gaussian random variable, so that one can rewrite the variance as
An? = 7y + 72 4 (61%) 45 (8%) 56, (3.91)
on account of (3.42¢) the photon number variance reduces to
An? = #iy + @3, (3.92)

In fig. 3.4 we see that both the mean photon number and the uncertainity in the

photon number for mode a decreases with 7.
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Fig. 3.4 Plots of the mean photon number #; (solid curve) and the uncertainity in the

photon number An; (dotted curve) versus 5 for A=25 and for k=0.8.

Furthermore, the variance of the photon number, for the other mode of the cavity

modes can be written as

Anj = (ii3) — (M), (3.93)
where
Ay = bib. (3.94)
Using the commutation relation
(6,61 = 1, (3.95)




one can rewrite Eq.(3.93) as
An? = 7ty + (b12b?),, — A2,

Tn view of (3.42g) the mean photon number btb, at steady state is given by

iy — — A3 1012 + A2pQ)%p
(42]p212 ~ pal(p — )

in terms of 7 this can be rewritten as

- A2
e v et &
27 kAMP £ 32 A0 + 263

(3.96)

(3.97)

(3.98)

One can notice from (3.42b) that, the cavity mode operator b at steady state is a

Gaussian random variable, so that we can rewrite the variance of the photon number

(3.96) as

Ang = ﬁz + 'ﬁg + (3‘{2)58(32)337

applying (3.42d) the photon number variance reduces to

An2 = 7y + 72

(3.99)

(3.100)

Fig. 3.5 clearly shows that both the photon number and the uncertainity in the photon

number for mode b decreases with 7.
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-Fig. 3.5 shows «he Plots of the mean photoo number, fiy, {solid curve) and the uncertain-

ity in the photon number, An,, (dotted curve) versus n for A=25 and x=0.8.

B. The Photon Number Distribution

Finally, we proceed to calculate the photon number distribution employing the Q function.

The Q function for a two-mode light is expressible as

Qla, B) = % f B 2d?n®(z, n)exp[z*a + ' B — 20" — nf7), (3.101)

here the antinormally ordered characterstic function, for a two-mode light, is defined in

the Heisenberg picture as [19]

O(z,n) =Tr (f’(U)e_z'“{‘)e’m““)e"”‘b(t)e”bt(t)) ) (3.102)
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where p(0) is the initial density operator for the cavity modes plus reservoir modes.
The characterstic function can be rewritten on account of the Baker-Hausdorff identity

(2.80) as
Bz, 1) = e 3 HITy (3(0)eaplzal () - 7a(9) + () - 1°b(0)

= ¢ 3 ) (upl 2t (£) — 2*a(t) + nbT (2) — (D)) (3.103)

Since & and b at steady state are Gaussian random variables, this expression can be

put in the form
R 1 . -
®(z,n) = e~z H T Mgy (5([.2&* — Z'a+ bt — n*b]Q)sa) . (3.104)

Squaring the expression in the bracket and employing the commutation relations (2.81)

and (3.95), it then follows that

®(z,7) = exp[—az"z — by'n + czn + 2", (3.105)
where
o =1+ (ald)ss, (3.106)
b=1+ (bth),, (3.107)
¢ = (atbh) . (3.108)

The above coefficients can be put in terms of 7 as

_ 3.109
a=1+ kA20? + 3k2An + 2x° ’ ( )
kA2 2 | rA?
=1 4 4 3.110
b=1+ kA2 + 3K2An 4 263 ( )
kA2, | gA? | K2AY (1 _ n2)1/2

(st + 2+ 22) -

c= 2t : 2 e, (3.111)

kAZ? + 3k2An + 263
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Performing the differentiation we find

P(m,n) =~ v’ Z (1 —w)i (1 — r¥vdu? G+ DY+ k)

m’n' v Apratl (G4l —n)E+k—n)!

(7 + D + &)
G +1-m)I{G+k—m)

[(a*)i+£—nai+k—n(ﬁ*)jﬂumﬁjﬁbk—m]a‘=a:ﬁ*:ﬁ:0}

using the conditions o* = o = 8* = 8 = 0, one gets

ur — vt Z (1—w)'(Q —ryofe (DG + k)
= BT G+l —n)li+k—n)

G+ D + &)
G+i-mlG+k-

) 5z+l n(st-HL n63+£ m6_7+k me

On account of the property of the Kronecker delta, we note that

l=n-1,
k=n—1,
l=m—j
k=m—j,
which implies
l=k,
i=n—Ek,
j=m—k

In view of these relations, the photon number distribution turns out to be

min{m,n) (1 _ u)nﬁk(l _ T)m—kvkv*k

P(m,n) = (ur — vv*)m!n! ; =R\ — Rk
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(3.120)

(3.121)

(3.122)

(3.123)
(3.124)

(3.125)

(3.126)
(3.127)

(3.128)

(3.129)




where min(m,n) is the minimum of m and n. Therefore, for m = n the photon number

distribution takes the form

n

P(n,n) = (ur — 'uv*)z (L — w )"']2)5;(“ g (3.130)

0.012
0.010 -
0.008

0.006 4

P(n,n)

0.004

0.002 -

0.000

Fig. 3.6 Photon number distribution p(n,n) versus number of photons n for A=25, k=0.8,
8=0, and 1n=0.3.

The probability to observe zero signal and zero idler photons is high. As it is clearly
shown in Fig. 3.6 the probability to observe n signal and n idler photons decreases with

1.
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4. CONCLUTION

We have derived the master equation for the cavity radiation for the coherently prepared
degenerate and nondegenerate three-level lasers in the linear and adiabatic (good-cavity
limit) approximations, With the aid of this equation, we have obtained the equations of
evolution of the first and second-order moments for the cavity mode operators. Employing
the steady state solutions of the resulting equations, we have calculated the quadrature
variance for the cavity radiation, and using the time dependent solutions the squeezing
spectrum of the output radiation. We have seen that for the two systems, the cavity
radiation as well as the output radiation is in a squeezed state for values of 1 between
zero and one. We have found that almost perfect squeezing can be achieved for sufficiently
large values of the linear gain coeflicient.

Furthermore, applying the same solutions we have determined the antinormally or-
dered characterstic function [19] with the aid of which the Q function has been obtained.
Finally, the Q function is used to calculate the photon number distribution [13]. We have
found that the distribution function for a coherently prepared degenerate three-level laser
has the same form as the distribution function for the signal mode from a degenerate
parametric oscillator, The probability of finding an even number of photons is greater
than the probability of finding an odd number of photons for the light produced by a
degenerate three-level laser. This is because the photons are always generated in pairs
and the existence of some finite probability to find an odd number of photons is due to
damping of the cavity mode. On the other hand, the distribution function for a coherently
prepared nondegenerate three-level laser has the same form as the distribution function
for the signal mode from a ﬁondegenerate parametric oscillator, We have also seen that
the photon number distribution in both cases decreases with the photon number.

45




REFFERENCES
[1] J. P. Gordon, H. J. Zeiger, and C. H, Townes, Phys. Rev. 95, 282 (1954).
2] A. L. Schawlow and C. H. Townes, Phys. Rev. 112, 40 (1958).
[3] A. M. Prokhorov, Sov. Phys. JETP 34, 1658 (1958).
[4] D. F. Walls, Nature 306, 141 (1983).
[5] D. Stoler, Phys. Rev. D 1, 3217 (1970).
[6] H. P. Yuen, Phys. Rev. A 13, 2226 (1976).
[7] J. N. Hollenhorst, Phys. Rev. D 19, 1669 (1979).
[8] Min Xiao, Ling-An Wu, and H. J. Kimble, Phys. Rev. Lett. 59, 278 (1987).
[9] G. J. Milburn and D. F. Walls, Opt. Commun. 39, 401 (1981).
[10] L. A. Lugiato and G. Strini, Opt. Commun. 41, 67 (1982).
[11] M. J. Collett and C. W. Gardiner, Phys. Rev. A 30, 1386 (1984).
(12] J. Anwar and M. S. Zubairy, Phys. Rev. A 45, 1804 (1992).
[13] B. Daniel and K. Fesseha, Opt. Commun. 151, 384 (1998).
[14] C. M. Caves, Phys. Rev. D 23, 1693 (1981).
[15] See, for example, K. Zaheer and M. S. Zubairy, in Advances in Atomic and Molecular
and optical physics, edited by D. R. Bates and B. Bederson {Academic, Newyork, 1990),
vol. 28, p.143.
[16] M. O. Scully, K. Wodkiewicz, M. S. Zubairy, J. Bergou, N. Lu, and J. Meyer ter
Vehn, Phys. Rev. Lett. 60, 1832 (1988).
[17] N. A. Ansari, Phys. Rev.A 48, 4686 (1993).
[18] K. Fesseha, Phys. Rev. A 63, 033811-1 (2001).

[19] K. Fesseha, ”Fundamentals of Quantum Optics” (to be published).

46




