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ABSTRACT 

We present a detailed derivation of the master equations for coherently prepared de-

generate and nondegenerate three-level lasers coupled to vacuum reservoirs. Employing 

these equations we analyze the squeezing properties of the cavity radiation and the output 

radiation. We find that under certain conditions squeezed light can be generated. The 

same equations are also used to study the photon statistics for the two systems. We see 

that the distribution functions have the same form as the one for the signal mode from 

parametric oscillators. 
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1. INTRODUCTION 

In 1954, Gordon, Zeiger, and Townes showed that coherent electromagnetic radiation can 

be generated in the radio frequency range by the so-called maser (microwave amplification 

by stimulated emission of radiation) [1]. The maser principle was extended for the first 

time by Schawlow and Townes, and also by prokhorov, to the optical domain, thus obtain­

ing a laser (light amplification by stimulated emission of radiation) [2,3]. A laser consists 

of a set of atoms interacting with a resonant electromagnetic radiation inside a cavity with 

a single port-mirror. A laser operating well above threshold generates coherent light. 

Squeezed light is generated when the quantum noise in one quadrature is suppressed 

below the vacuum level at the expense of enhanced fluctuations in the conjugate quadra­

ture, with the product of the variance in the two quadratures satisfying the uncertainity 

relation [4-8]. Squeezing is a nonclassical feature of light. A degenerate parametric oscil­

lator is a typical source of squeezed light [9-13]. It is also worth mentioning that squeezed 

light has important applications in low-noise communication and weak-signal detection 

[14,15]. 

A coherently prepared three-level laser is defined as a quantum optical system in 

which three-level atoms in a cascade configuration and initially prepared in a coherent 

superposition of the top and bottom levels are injected at a certain rate into a cavity 

coupled to a vacuum reservoir via a single-port mirror. We denote the top, middle, and 

bottom levels by la), Ib), and Ie), respectively. In addition, we assume the cavity mode 

to be at resonance with the two transitions la) ---+ Ib) and Ib) ---+ !c), with direct transition 

between levels la) and Ie) to be dipole forbidden. It has been found that a degenerate 

three-level laser produces under certain conditions squeezed light [16-18]. 

The aim of this thesis is to analyze the squeezing and statistical properties of coherently 
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prepared degenerate and nondegenerate three-level lasers. We consider a three-level laser 

in which atomic coherence is introduced by preparing the atoms to be initially in a coherent 

superposition of the top and the bottom levels. The transition from the top level to the 

middel level and then to the bottom level produces two photons of the same frquency in 

a degenerate three-level laser. Whereas in a nondegenerate three-level laser the transition 

from the top level to the bottom level via the intermediate level results in the generation 

of two photons of different frequancies. 

In this thesis, we first derive, applying the method used in ref. [19], the master 

equation for the cavity radiation of the degenerate and nondegenerate three-level lasers. 

Then employing the master equation, we obtain the equations of evolution for the first 

and second order moments of the cavity mode operators. With the aid of the steady 

state solutions of the resulting equations, we calculate the quadrature variance, the mean 

photon number, and the variance of the photon number. We also calculate, using the 

time dependent solutions, the squeezing spectrum. Moreover, applying the steady state 

solutions, we determine the antinormally ordered characterstic function [19J with the aid 

of which the Q function is obtained. Finally the Q function is used to calculate the photon 

number distribution [13J. 
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2. A COHERENTELY PREPARED DEGENERATE 

THREE-LEVEL LASER 

A coherently prepared degenerate three-level laser is defined as a quantum optical system 

in which three-level atoms in cascade configuration and initially prepared in a coherent 

superposition of the top and bottom levels are injected at a certain rate into a cavity 

coupeled to a vacuum reservoir via a single-port mirror. An atom emits two photons of 

the same frequency as it makes a transition from the top level to the middle level and 

then to the bottom level. Such a laser generates under certain conditions squeezed light 

[19]. 

In this chapter we wish to analyze the squeezing and statistical properties of a coher­

ently prepared degenerate three-level laser. We first derive in the linear approximation 

and in the good-cavity limit the equation of evolution of the density operator for the cav­

ity mode and with the help of this equation, we obtain the equations of evolution of first 

and second-order moments for the cavity mode operators. Then applying the steady-state 

solutions of the resulting equations, we calculate the quadrature variance, the squeezing 

spectrum and the variance of the photon number. Furthermore, employing the same solu­

tions, we determine the antinormally ordered characterstic function with the aid of which 

the Q function is obtained. Finally the Q function is used to calculate the photon number 

distribution. 

2.1 The Master Equation 

A three-level laser consists of a cavity into which three-level atoms in a cascade config­

uration are injected at a constant rate r a and removed from the cavity after a certain 

time T. We denote the top, middle, and bottom levels by la), Ib), and Ie), respectively. In 
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addition, we assume the cavity mode to be at resonance with the two transitions la) ---+ Ib) 

and Ib) ---+ Ie), with direct transition between levels la) and Ie) to be dipole forbidden. 

• 

ri~ 
~ 

la) 

Ib) • • • Ie) • • • • • K 
• • • • • • • • • • 

Fig. 2.1 A coherently prepared degenerate three-level laser. 

The interaction of a three-level atom with the cavity mode can be described in the 

interaction picture and at resonance by the Hamiltonian 

fI = ig[iit(lb)(al + le)(bj) - ii(la)(bl + Ib)(ej)], (2.1) 

where g having the dimension of t is the atom-radiation coupling constant taken to be 

equal for both transitions, and ii is the annihilation operator for the cavity mode. We 

take the initial state of a three-level atom to be 

(2.2) 
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and hence the initial density operator for a single atom has the form 

(2.3) 

in which p~Oj = IdO)12 and p~~) = IdO)12 are the probabilities for the atom to be initially 

in the upper and lower levels, respectively, and pia;; = p';!;,)* = Ipia;; leW represents the 

initial coherence of the atom. 

Suppose PAR(t, tj) is the density operator for a single atom plus the cavity mode at 

time t, with the atom injected at time tj such that (t - T) :::; tj :::; t. The density operator 

for all atoms in the cavity plus the cavity mode at time t can then be written as 

fJAR(t) = Ta L: fJAdt, tj)D.t, 
j 

(2.4) 

where TaD.t represents the number of atoms injected into the cavity at time t j. Now 

converting the summation into integration, we have 

(2.5) 

and on differentiating with respect to t, there follows 

d
d PAR(t) = Ta (PAR(t, t) - PAR(t, t - T)) + Ta 1t ~ PAR(t, t')dt'. (2.6) 
t ~rut 

We notice that PAR(t, t) is the density operator for the cavity mode plus an atom 

injected at time t. The cavity mode and the atom being injected are uncorrelated, so that 

this operator can be expressed as 

fJAR(t, t) = fJA(O)p(t), (2.7) 

with p(t) being the density operator for the cavity mode alone. We also observe that 

fJAR(t, t - T) represents the density operator for an atom plus the cavity mode at time 
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t, with the atom being removed from the cavity at this time. The cavity mode and the 

atom being removed are uncorrelated, so that this operator can also be put in the form 

(2.8) 

Now in view of (2.7) and (2.8) , one can rewrite (2.6) as 

:tfiAR(t) = Ta (PA(O) - fiA(t - 7)) p(t) + Ta t {){) PAR(t, tl)dtl. (2.9) Jt-T t 

In the absence of dissipation the density operator PAR(t, n evolves in time according 

to 

:tPAR(t, t) = -i[b, PAR(t, n]' (2.10) 

and hence using this, (2.9) can be rewritten as 

d
d PAR(t) = Ta (PA(O) - PA(t - 7)) p(t) - iTa t [b, PAR(t, nldt. (2.11) 
t Jt-T 

Taking into account (2.5), one can put Eq.(2.11) in the form 

(2.12) 

Furthermore, tracing over the atomic variables and taking into account the damping 

of the cavity mode by a vacuum reservoir, we get 

(2.13) 

where If, is the cavity damping constant. 

Since 

(2.14) 

6 



we see that Eq. (2.13) reduces to 

d A 'T [HA A (t)] 1 (2A "f "fA ~fAA) dl=-~ j'A ,PAR +21\: apa -paa-aap. (2.15) 

Emploing (2.1) and applying the cyclic property of the trace operation, the master 

equation for the cavity mode can be put in the form 

(2.16) 

where Pa{3 is defined by 

(2.17) 

with a, fJ = a, b, c . On the other hand, we observe from (2.12) that 

~Pa{3 = Ta ((aIPA(O) IfJ) - (al/iA(t - r)lfJ))p(t) - i((aIHpARlfJ) - (alpARHIfJ)) - ,Pap, 

(2.18) 

where the last term included to account for the decay of atoms due to spontaneous emis-

sion. And " considered to be the same for all the three levels, is the atomic decay rate. 

We assume that the atoms are removed from the cavity after they have decayed to a level 

other than the middle or lower level. We then see that 

(2.19) 

and hence Eq.(2.18) reduces to 

Applying this equation and taking into account (2.1) and (2.3), one readily obtains 

(2.21) 
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(2.22) 

d A _. (0) A ( A A t A A) A 

(ltPaa - 1 aPaa P - 9 Paba + apba - "(Paa, (2.23) 

:tPbb = g(&t Pab + Pba& - Pbc&t - &pcb) - "(Pbb, (2.24) 

d A _. (0) A (A A A A) A 

dtPac - 1 a Pac P + 9 Paba - apbc - "(Pac, (2.25) 

(2.26) 

We carry out our analysis applying the linear and adiabatic approximation schemes. 

The linear approximation is achieved by dropping the g-terms in (2.23), (2.24), (2.25), 

and (2.26) 

d A _. (0) A A 

dtPaa - 1 aPaa P - "(Paa, (2.27) 

d A A 

dtPbb = -"(Pbb, (2.28) 

d A _ (0) A A 

dtPac - raPac P - "(Pac, (2.29) 

d A _. (0) A A 

dtPcc - 1 aPcc P - "(Pee· (2.30) 

In addition, we assume that K, ~ g, "( (the good-cavity limit). Under this assumption, 

the cavity mode variables change slowly compared with the atomic variables. Since the 

atomic variables reach steady state in the relatively short period of ,,(-l, one can take 

the time derivatives of such variables to be zero, while keeping the zero-order atomic 

and cavity mode variables at time t. This procedure may be referred to as the adiabatic 

approximation scheme. Thus upon applying the adiabatic approximation scheme, we get 

from Eqs. (2.27), (2.28), (2.29), and (2.30) that 

(0) 
A raPaa A 

Paa = -,,(-p, 

Pbb = 0, 
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(2.32) 



(0) 
'" Tapac " 
Pac = --p, 

I 
(0) 

A 1'apcc A 

Pcc= --po 
I 

(2.33) 

(2.34) 

Now combination of (2.21), (2.31), (2.32), and (2.33) as well as (2.22), (2.32), (2.33), 

and (2.34) leads to 

d, gra( (0)" (O)"!) , 
dtPab = --:y Paa pa - Pac pa - IPab, 

d , gra ( (O)'!' (0)' ') , 
dtPbc = --:y Pac a P - Pcc ap - IPbc' 

Using once more the adiabatic approximation scheme, we easily find 

, _ gra ( (0)" _ (0) ,,!) 
Pab - 2 Paa pa Pac pa , 

I' 

, _ gr a ( (0l'!' _ (0) ") 
Pbc - 2 Pac a P Pcc ap . 

I 

(2.35) 

(2.36) 

(2.37) 

(2.38) 

Finally, on account of (2.37), (2.38), and (2.16), the equation of evolution of the density 

operator for the cavity mode takes the form 

(2.39) 

where 

(2.40) 

is the linear gain coefficient. 

It is worth mentioning that the quantum properties of the light generated by degen-

erate three-level laser are determined by the master equation (2.39). It is not hard to see 

that with p~~ = pr;) = 0 and p~~ = 1, this equation goes over to the master equation 

of a two-level laser operating below threshold. The term involving p~~ corresponds to 

the usual gain and that proportional to plJJ), to absorption. We will see that the atomic 
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coherence p~~ as well as p~2 is responsible for squeezing. The term involving K, represents 

cavity losses. 

2.2 Quadrature Variance 

We next seek to determine the quadrature variance of the cavity mode. The equation of 

evolution for the cavity mode operator a is expressible as 

:t (a(t)) = Tr(dt a), (2.41 ) 

with the aid of Eq.(2.39) and employing the comutation relations 

[A f(At A)l _ a f(At A) a, a, a - aat a, a (2.42) 

and 

[At f(At A)l _ a f(At A) a, a,a --aa a,a. (2.43) 

Eq. (2.41) can be expressed as 

! (a(t)) = -~jt(a(t)). (2.44) 

In the same way one can readily obtain that 

:t (a2 (t)) = -jt(a2 (t)) + Ap~~, (2.45) 

:t (at (t)a(t)) = -jt(at(t)a(t)) + Ap~~, (2.46) 

in which 

jt = K, - A(p~~ - /f,h (2.47) 

In veiw of (2.44), (2.45), and (2.46) the steady-state solutions of the first and second-

order moments become 

(a(t))ss = 0, (2.48) 
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('2()) _ A (0) a t ss - -Pac' 
f-l 

(at(t)a(t))ss = A p~~. 
f-l 

The variance of the quadrature operators 

and 

can be written as 

where the + and - refer to the unsqueezed and squeezed quadratures, respectively. 

These operators are Hermitian and satisfying the commutation relation 

Applying (2.48) along with (2.51) and (2.52) 

So that Eq.(2.53) reduces to 

On account of the commutation relation 

[a, at] = 1, 

we can express Eq.(2.56) in the normal ordering 

~a~ = 1 + (: a~(t) :), 
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(2.50) 

(2.51) 

(2.52) 

(2.53) 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

(2.58) 



where :: denotes normal ordering. 

With the aid of the definitions (2.51) and (2.52), the expectation value of the squares 

of the quadrature operatores in normal order is 

(: ai(t) :) = ±[(al2 (t)) + (a2 (t)) ± 2(at (t)a(t))] (2.59) 

Applying the results (2.50), (2.49) and its complex conjugate, one finds at steady state 

It proves to be more convenient to introduce a new parameter defined by 

so that in view of the fact that 

and 

one easily finds 

and 

Upon setting 

P
(O) = 1 - 7J 
an 2' 

P(O) + p(O) = 1 
aa cc 

Ip(O) 12 = p(O)p(O) 
Be aa cc' 

(0) _ 1 + 7J 
Pee - 2 

and taking into account (2.47), expression (2.60) can then be rewritten as 
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(2.60) 

(2.61 ) 

(2.62) 

(2.63) 

(2.64) 

(2.65) 

(2.66) 

(2.67) 



N. 

Now combination of (2.58) and (2.67) yeilds at steady state 

/:::"a2 = I\; + A(l ± (1-1)2)~cosO) 
± A1) + I\; • 

(2.68) 

1.-----,-----,-----.-----~----_.----_.----_.----_.----_.----_. 

0.7 

0.6 

ro 0.5 
<1 A=5 

0.4 

0.3 
A=25 

0.2 
A=75 

0.1 

°o~--~~--~~--~~--~~--~~--~~--~~--~----~----~ 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

'1 

Fig.2.2 plots of the quadrature variance /:::"a~ versus 1) for 1\;=0.8, 0=0, and for different 

linear gain coefficient. 

We see from Fig. 2.2 that the cavity mode is in a squeezed state for all values of 1) 

between zero and one and the degree of squeezing increases as the linear gain coefficient 

increases. It also appears that almost perfect squeezing can be achieved for sufficiently 

large values of the linear gain coefficient. 
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2.3 Squeezing Spectrum 

We now proceed to calculate the squeezing spectrum of the cavity mode. The squeezing 

spectrum of a single-mode light can be expressed as 

where 

&~t(t) = &!ut(t) + &out(t), 

&~ut(t) = i(&!ut(t) - &out(t)). 

(2.69) 

(2.70) 

(2.71) 

We note that for a cavity mode coupled to a vacuum reservoir, the output and intra­

cavity variables are related by [19] 

(2.72) 

In view of (2.72), the squeezing spectrum expressed interms of intracavity variables as 

(2.73) 

where 

Therefore, on account of (2.74) and (2.55), the squeezing spectrum can be put in the 

form 

(2.75) 

To this end, we note that the time-dependent solution of Eq.(2.44) can be written as 

Furthermore, on account of (2.76) together with (2.51) and (2.52), we note that 

(&±(t + T)) = (&±(t))e-~r, 

14 

(2.76) 

(2.77) 



and application of the quantum regration theorem leads to 

(2.78) 

Now upon substituting (2.78) into (2.75) and taking into account (2.67), we readily 

obtain 

(2.79) 

0.8 A=25 

0.7 

0.6 

~ 

o 
:;'-" 0.5 
'ln' 

A=5 
0.4 

0.3 

0.2 

0.1 

°o~--~~--~~--~~--~~--~~--~~--~~--~~--~----~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
'1 

Fig.2.3 plots of the squeezing spectrum 8"."t(0} versus 1] for 1>=0.8, 0=0, and for different 

linear gain coefficient. 

In Fig. 2.3 we see that, at w=O there is perfect squeezing for a sufficiently large values 

of A (linear gain coefficient) for a valne of 1] very close to zero. 
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2.4 Photon Statistics 

In this section we seek to calculate the variance of the photon number and the photon 

number distribution, at steady state, for a degenerate three-level laser coupled to ordinary 

vacuum. 

A. The variance of the photon number 

The variance of the photon number is expressible as 

(2.80) 

where 

(2.81) 

is the photon number of the cavity mode at any time t. 

Using the commutation relation 

[a, at] = 1, (2.82) 

one can rewrite Eq. (2.80) as 

(2.83) 

In view of (2.50), the mean photon number at steady state is 

(2.84) 

in terms of the parameter 7] the mean photon number at steady state is given by 

_ A(l - 7]) 
n-

- 2(A7] + 1\;)" (2.85) 
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Furthermore, since the cavity mode operator ii(t) at steady state is a Gaussian random 

variable [19], i.e., has a vanishing mean, one can rewrite (2.83) as 

(2.86) 

so that in view of (2.49) and its complex conjugate, the photon number variance found 

to be 

(2.87) 

in terms of 'I) the photon number variance can be put in the form 

(2.88) 

25,-----,-,-----,-----,,------,-,----,------,-----,------,-,----,-,----, 

, 
20 ~ , , 

15 

10 

5 

, , 
, , 

Oo~--~~,----~~~~~==~~,~~~;;;;~;;;;~~~~~~~-~-JC~~~ 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

'1 

Fig. 2.4 Plots of the mean photon number n(solid curve) and the uncertainity in the 
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photon number ~n(dotted curve) versus 1) for A=25 and for 1'=0.8. 

Fig. 2.4 clearly indicates that both the mean photon number and the uncertainity in 

the photon number decreases with 7]. 

B. The Photon Number Distribution 

Finally, we proceed to calculate the photon number distribution employing the Q function. 

The Q function for a single-mode light is expressible as [19] 

Q(a*,a) = :2 J cf2ziI>(z',z)exp(z*a - za*), (2.89) 

where the antinormally ordered characteristic function in the Heisenberg picture is ex-

pressed as [19] 

(2.90) 

here ,1(0) is the density operator for the cavity mode and the reservoir at the initial time. 

To this end, applying the identity 

(2.91) 

one can express the characterstic function (2.90) as 

iI>(z*, z) = e-tz'zTr (,1(O)exp(zat - z*a)) 

(2.92) 

and hence on account of the fact that a at steady state is a Gaussian random variable 

[19], we have 

iI>(z', z) = e-tz'zexp G([zat - Z*ii]2)ss) , 

18 

(2.93) 



squaring the expression in the bracket and applying the commutation relation (2.82) 

Eq.(2.93) can be put in the form 

(2.94) 

Next introducing the steady state expectation values of ii2, iit2, and iitii from (2.49) 

and (2.50) into (2.94), the characterstic function can be written as 

<I>(z*, z) = exp[-az*z + (bz2 + b*Z*2)/2J, 

where the coefficients have in terms of the parameter 1] the form 

A(l -1]) 
a= 1+ 2(A1] + 1\;)' 

b 
A(l - 1]2)! -iO 

- e 
- 2(A1] + 1\;) . 

Furthermore substituting (2.95) into (2.89), the Q function can be written as 

(2.95) 

(2.96) 

(2.97) 

Q(oo*, a) = ~ J d2zexp[-az*z + (bz2 + b*Z*2)/2 + z*oo - zoo*]. (2.98) 
1[2 

Therefore, performing the integration over z, the Q function for the cavity mode is found 

at steady state to be 

[u2 - vv*]! 
Q(oo*, a) = exp[-uoo*oo + (voo2 + v*oo*2)/2], 

1[ 
(2.99) 

where 

a 
(2.100) U= , 

a2 - bb* 
b 

(2.l01) 

The photon number distribution for a single-mode light at steady state, can be ex-

pressed interms of the Q function as [13] 

(2.102) 

19 



Now applying (2.99) along with (2.102), the photon number distibution for the cavity 

mode takes the form 

(2.103) 

Hence expanding the exponential functions in power series, we have 

1 (1 )k ,I m a2n 
P( ) _ [2 *J! 2: - u v v [( *)k+21 k+2m] n--u-vv2 a a , 

n! 21+mk!l!m! aamaa" u'=u=o 
kim 

(2.104) 

and in view of the fact that 

an p! 
-xv = xp - n 
aXn (p - n)!' , 

(2.105) 

we find 

P 1 2 * ! (1 - U)kv*IVm (k + 21)!(k + 2m)! 
(n) = n! [u - VV J2 ~ 2l+mk!l!m! (k + 21- n)!(k + 2m _ n)! x 

[(a*)k+21-nak+2m-n] . 
0:*=0.=0 

(2.106) 

Applying the condition a = 00* = 0, it then follows 

_ 1 2 * ! (1 - U)kv*IVm (k + 21)!(k + 2m)! ° 
P(n) - n! [u -vv J2 ~ 2l+mk!l!m! (k + 21- n)!(k + 2m _ n)!Ok+21,n k+2m,n- (2.107) 

From the property of the kronecker delta, we see that 

k+21=n (2.108) 

and 

k+2m=n, (2.109) 

this implies 

I =m (2.110) 

20 



Finally, on account of the result m = land k = n - 2l, the photon number distribution 

takes the form 

2 * 1 [nl n!(1- U)n-21(VV*)1 

P(n) = [U - vv ], ~ 22Il!2(n _ 2l)! ' (2.111) 

where [n]=n/2 for even nand [n]=(n-1)/2 for odd n. This distribution function has the 

same form as the one for the signal mode from a degenerate parametric oscillator. We see 

from Fig. 2.5 that the probability to find an even number of photons is greater than the 

probability to find an odd number of photons. This is due to the fact that the photons 

are always generated in pairs and the existence of some finite probability to find an odd 

number of photons is due to damping of the cavity mode. 

0.6 

0.5 

0.4 

c 0.3 
c. 

0.2 

0.1 

0.0 -h--....--"'r-r~.::::;:::;::;::;::;=O='=;;=rT=rrT'F'F"'",,--,...., 
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

n 

Fig. 2.5 photon number distribution Pn versus number of photons n for A=25, 11:=0.8, 

{kO, and 1)=0.2. 
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3. A COHERENTLY PREPARED NONDEGENERATE 

THREE-LEVEL LASER 

We consider here a three-level atom in a cascade configuration and initially prepared 

in a snperposition of the top and bottom levels. We assume that such an atom emits 

two photons of different frequencies as it makes a transition from the top level to the 

intermediate level and then to the bottom level. We define a nondegenerate three-level 

laser as an optical system into which three-level atoms (described above) are injected at 

a constant rate Ta into a cavity coupled to an ordinary vacuum via a single port mirror. 

The atoms are removed from the cavity after time T. 

In this chapter, we first derive in the linear approximation and in the good-cavity limit 

the master equation for the light generated by a nondegenerate three-level laser. Then 

using the resulting equation, we obtain the equations of evolution for the first and second 

order moments of the radiation operators. With the aid of the steady-state solutions of 

these equations, we calculate the quadrature variance, the squeezing spectrum and the 

variance of the photon numbers. Furthermore, applying the same solutions, we determine 

the antinormally ordered characterstic function with the aid of which the Q function is 

obtained. Finally the Q function is employed to calculate the photon number distribution. 

3.1 The Master Equation 

The interaction of a three-level atom with the cavity mode can be described in the inter­

action picture by the Hamiltonian 

(3.1) 

where 9 is the atom-radiation coupling constant which is taken to be equal for both 

transitions and Ii(h) are the annihilation operators for the two modes of the cavity. 

22 



K 

Fig. 3.1 A coherently prepared nondegenerate three-level laser 

We take the initial state of a three-level atom to be 

(3.2) 

where Ca(O) and Cc(O) are the probability amplitudes for the atoms to be in levels la) 

and Ie), respectively. And hence the initial density operator for a single atom becomes 

(3.3) 

where p~Oj = ICaI2,p~) = ICcI2, and p~~ = CaC;. The density operator for all atoms in 

the cavity plus the cavity modes at time t can be expressed as 

PAR(t) = Ta L.PAR(t, tj)t-t, 
j 

(3.4) 

where Tat-t is the number of atoms injected into the cavity at time tj. Converting the 
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summation into integration, we get 

PAR(t) = Ta 1t PAR(t, t'), 
t-7 

(3.5) 

and differentiating with respect to t, we obtain 

d
d fJAR(t) = Ta (PAR(t, t) - PAR(t, t - r)) + j'a 1t aa fJAR(t, t')dt'. (3.6) 
t t-7 t 

We note that fJAR( t, t) is the density operator for the cavity modes plus an atom 

injected at time t. Thus it can be expressed as 

PAR(t, t) = fJA(O)p(t), (3.7) 

in which p( t) is the density operator for the cavity modes alone. We also observe that 

PAR(t, t - r) is the density operator for the cavity modes plus an atom at time t, with the 

atom being removed from the cavity at this time. We can also express this operator as 

(3.8) 

Now with the aid of (3.7) and (3.8), we can rewrite (3.6) as 

In view of (2.10), Eq.(3.9) takes the form 

d
d PAR(t) = Ta (PA(O) - fJA(t - r)) p(t) - ira 1t [il, p(t, t')]dt', (3.10) 
t t-7 

and applying (3.5), Eq.(3.10) can be put in the form 

(3.11) 

Moreover, tracing over the atomic variables and taking into consideration the damping 

of the cavity modes by vacuum reservoirs, we have 
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(3.12) 

where "', assumed the same for both modes, is the cavity damping constant. Taking into 

account (2.14) we see that 

d [ A 1 t t t A At T T di = -iTl'A H, PAR (t)] + 'i",(2O,po' - po' a - a o,p + 2bpb - pb b - b bp). (3.13) 

Making use of (3.1) and applying the cyclic property of the trace operation, Eq.(3.13) can 

be put in the form 

1 t t t A At AtA AtA +'i",(2O,pO, - po, a - a o,p + 2bpb - pb b - b bp), (3.14) 

where the matrix element Paf3 is defined by 

Paf3 = (alfiARI,8), (3.15) 

with a,,8 = a, b, c. 

On the other hand, employing (3.11) we can write 

:iaf3 = l'a«alfiA(O) 1,8) - (alfiA(t - T)I,8))p(t) 

(3.16) 

in which the last term is included to account for the decay of atoms due to spontaneous 

emmission. And "I, taken to be the same for all the three levels, is the atomic decay rate. 

Here as in chapter 2 we also assume that the atoms are removed from the cavity after 

they have decayed to a level other than the intermediate or lower level. Thus we have 

(alpA(t - T)I,8) = 0, (3.17) 
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so that Eq.(3.16) reduces to 

Employing this equation and taking into account (3.1) and (3.3), one obtains 

(3.19) 

(3.20) 

d, _ (0) , ( , ,t ") , 
dtPaa - raPaa P - 9 Paba + apba -'"(Paa, (3.21) 

1thb = g(Pbaa + at Pab - PbJ} - bpcb) - '"(Pbb, (3.22) 

d, _ (0) , (' b ") , dtPac - TaPac P + 9 Pab - apbc -'"(Pac, (3.23) 

d, _. (0)' + (' b' + 'bt') , dtPCC - 1 aPcc P 9 Pcb Pbc - '"(Pcc· (3.24) 

We confine our discussion to linear analysis by dropping the g-terms in (3.21), (3.22), 

(3.23), and (3.24). It then follows that 

d, _. (0)' , 
dtPaa - 1 aPaa P -'"(Paa, (3.25) 

d , , 
d/bb = -,"(Pbb, (3.26) 

d, _ (0)' , 
dtPac - raPac P -'"(Pac, (3.27) 

d, _. (0)' , 
dtPCC - 1 aPcc P -'"(Pcc' (3.28) 

Here again we assume that If,« g, '"( (the good-cavity limit). In the good-cavity limit, 

the cavity mode variables change slowly compared with the atomic variables. Since the 

atomic variables reach steady state in the relatively short period of '"(-1, we can take the 

time derivatives of such variables to be zero, while keeping the zero-order atomic and 
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cavity mode variables at time t. Employing this adiabatic approximation scheme, we get 

from Eqs.(3.25), (3.26), (3.27), and (3.28) that 

(0) 
" Tapaa "­
P.a = --p, , 

(0) 
A TaPac A 

Pac = --p, , 
(0) 

A l'apcc A 

Pcc= --po , 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

Now combination of (3.19), (3.29), (3.30), and (3.31) as well as (3.20), (3.30), (3.31), 

and (3.32) yeilds 

d A gra ( (0) AA (0) AbAt ) A 
dtPab = -:y Paa pa - Pac P -'Pab, 

d A gr. ( (0) At A (O)bA A) A 
dlbc = -:y Pac a P - Pcc P -,Pbc' 

Employing again the adiabatic approximation scheme, we easily find 

Pab = g1; (p~~ pa - p~~ pi}), , 
Pbc = g1~a(p~~atp - p~~)bp). , 

(3.33) 

(3.34) 

(3.35) 

(3.36) 

On account of (3.35), (3.36), and (3.14) the equation of evolution of the density oper-

ator for the cavity modes takes the form 

where 

:tP = ~Ap~~(2at pa - paat - aat p) + ~Ap~~)(2bpbt - pbtb - btbp) 

+~Ap~~(paw + atbtp - 2atpbt) + ~Ap~~(pab + abp - 2bpa) 

+~K(2apat - pata - atap + 2bpbt - pbtb - btbp), 
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is the linear gain coefficient. It is worth to mention that the quantum properties of 

the light generated by a nondegenerate three-level laser are determined by the master 

equation (3.37). It is easy to see that with b = a and X:b=O, this equation goes to the 

master equation of a coherently prepared degenerate three-level laser. 

With the aid of the master equation (3.37) along with (2.42) and (2.43), it is easy to 

verify that 

:t (a) = ~p(a) - ~Ap~~(bt), (3.39a) 

:t (bt) = ~Ap~(a) - ~q(bt), (3.39b) 

:t (a2) = p(a2) - Ap~~(abt), (3.39c) 

:t (b2) = _q(b2) + Ap~~(atb), (3.39d) 

:t (abt) = ~(p - q)(abt) + ~Ap~~)(a2) - ~Ap~~(bt2), (3.3ge) 

:t(ala) =p(ata) - ~Ap£:)(ab) - ~Ap~~(atbt) +Ap~~, (3.39/) 

:t (btb) = -q(btb) + ~Ap£:)(ab) + ~Ap~~(atbt), (3.39g) 

d A 1 A 1 (0) t T 
dt (ab) = 2(P - q)(ab) + 2APac ((a a) - (b b) + 1), (3.39h) 

in which 

p = Ap(O) - x: aa , (3.40) 

q = Ap~~) + x:. (3.41 ) 

The steady state solutions of these equations are found to be 

(a)ss = 0, (3.42a) 

At 
(b )B' = 0, (3.42b) 

(3.42c) 
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·t2 (b )88 = 0, (3.42d) 

• ·t (ab )" = 0, (3.42e) 

A3 (0)1 (0)1 2 A21 (0)1 2 A (0)( ) ct.) _ - paa pac + pac q+ paa p-q q 
a a ss - [A2Ip~~12 _ pq](p _ q) , 

(3.42J) 

A3 (0) I (0) 12 A21 (0) 12 
(btb) = - paa pac + pac p 

S8 (0) , 
[A21Pac 12 - pq](p - q) 

(3.42g) 

( A (0) )A (0) C b) - - paa + p qpac 
a S8 - [A2Ip~~12 _ pq](p _ q) , 

(3.42h) 

where ss denotes steady state. 

3.2 Quadrature Variance 

We now proceed to calculate the quadrature variance. The variance of the quadrature 

operators 

(3.43) 

and 

(3.44) 

are defined by 

(3.45) 

These operators are Hermitian and satisfying the commutation relation 

(3.46) 

In view of (3.42a) and (3.45b) along with (2.51) and (2.52) it is easy to show that 

(3.47) 

and hence Eq. (3.45) reduces to 

(3.48) 
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Using the definitions (3.43) and (3.44) as well as (2.51) and (2.52), we can rewrite (3.48) 

as 

6,c~ = 1 + (al a) + (bIb) + (alb) + (abl ) ± ~ ((a2) + (aI2) + (b2) + (bI2 ) + 2(ilb) + 2(albl )) . 

(3.49) 

On account of the results (3.42c), (3.42d), and (3.42e) expression (3.49) becomes 

and substitution of (3.42f), (3.42g), and (3.42h) into (3.50) yeilds 

6,c~ = [A2lpi~12 - pq](p - q) - A3pi~lpi~12 + A21pi~12q + Ap~~(p - q)q 

[A2Ipi~12 - pq](p - q) 

+ _A3pi~lpi~12 + A2lpi~ 12p ± (-Ap~~ + p)Aq(pi~ + pit'!) 

[A2lpi~12 - pq](p - q) 

So that upon setting 

P(O) = Ip(O) lew 
ac ac , 

and taking into account (3.40), and (3.41), the quadrature variance takes the form 

± -2/\:Alpi~I(Ap~~) + /\:)cosl! 

2/\:A2Ipi~ 12 - /\:A2p~~)2 - /\:A2pi~2 - 3/\:2Ap~) + 3/\:2 Api~ - 2/\;3' 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

Applying the relations (2.59) to (2.64), the quadrature variance can be put in the form 

(KA2 + 2/\:2 A)77 + (KA2 + /\:2 A + 2/\:3) ± (KA2 (772 _ 774)! + (/\:2 A + KA2) (1 - 772)!) 
6,2 2 2 2 2 

c± = (/\:A2772 + 3/\:2 A77 + 2/\:3) . 

(3.54) 

Fig.3.2 clearly shows that the cavity modes are in a two-mode squeezed state for all val-

ues of 77 between zero and one and the degree of squeezing increases as the linear gain 

coefficient increases. 
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Fig. 3.2 Plots of the quadrature variance Ll.c~ versus 1] for K=0.8, and 8=0, and for dif-

ferent values of the linear gain coefficient. 

3.3 Squeezing Spectrum 

For a two-mode light the squeezing spectrum is expressible as 

where 

c~ut(t) = ~(a';"t(t) + b~'t(t)), 

c~ut(t) = ~(a""t(t) + h""t(t)). 
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It is not difficult to notice that for a cavity mode coupled to a vacuum reservoir, the 

output and intracavity variables are related by 

(3.58) 

In view of (3.58), Eq.(3.55) can be expressed in terms of the intracavity variables as 

(3.59) 

in which 

Therefore, on account of (3.47), and (3.60), the squeezing spectrum (3.59) can be put in 

the form 

Moreover from Eqs.(3.39a) and (3.39b), we have 

In view of (3.62) 

:t (a(t)) = ~p(a(t)) - ~Ap~~(bt(t)), 

!£(bt(t)) = ~Ap(O)(a(t)) - ~q(bt(t)). 
dt 2 ca 2 

substituting this into (3.63) we get 

(3.61) 

(3.62) 

(3.63) 

(3.64) 

:t: (a(t)) - ~(p - q) :t (a(t)) + ~(A2Ip~~12 - pq)(a(t)) = O. (3.65) 

From (3.63) we also have 

(3.66) 
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so that inserting this into (3.62) leads to 

The solutions of (3.65) and (3.67) are expressible as 

and 

where 

Al = ~(p - q) + ~.j(p - q)2 - 4(A2Ip~~12 - pq), 

1 1 . / 2 (0) A2 = :t(p - q) - :tV (p - q)2 - 4(A IPac 12 - pq), 

_ ~P - A2 
al -, " 

"1 - "2 

a2 = 2(Al - A2)' 

_ ~P - Al 
a3 -, " 

"1 - "2 

A (0) pac 

2(lp - Al)(lp - A2) 
a - 2 2 

4 - Ap~) (AI - A2) 

(3.70a) 

(3.70b) 

(3.70c) 

(3.70d) 

(3.70e) 

(3.701) 

Furthermore, using (3.43) and (3.44), the expectation values of the intracavity quadra-

ture operators can be written as 

(3.71) 

Applying (2.51) and (2.52) and a similar definition for b±, one gets 

(c+(t + T)) = ~( (at(t + T)) + (&(t + T)) + (bt(t + T)) + (b(t + T))) (3.72) 

and 

(C_(t+T)) = ~((&t(t+T)) - (&(t+T)) + (bt(t+T)) - (b(t+T))). (3.73) 
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Now substituting (3.68) and(3.69) along with their complex conjugates into (3.72) and 

(3.73) we find 

(C+(t+T)) = ~[((at +a4)(iit (t)) + (a.j + ad (ii(t)) - (ai +a2)(bt(t)) - (a;+aa)(b(t)))e),17 

+((at + U2)(bt (t)) + (a; + al)(b(t)) - (a; + a4)(iit(t)) - (a,j + aa)(ii(t)))e),27] (3.74) 

and 

(C_(t+T)) = ~[((at - a4)(i1}(t)) + (a.j - ad (ii(t)) - (ai - a2)(bt(t)) - (a; - aa)(b(t)) )e),lT 

+((ai - a2)(bt(t)) + (a; - al)(b(t)) - (a; - a4)(iit(t)) - (a.j - aa)(ii(t)))e),27]. (3.75) 

Employing the quantum regration theorem and taking into account (3.42c), (3.42d), 

and (3.42e) one arrives at 

(3.76) 

where 

A± = (al + at ± (a4 + a.j)) (iit(t)ii(t))ss - (aa + ai ± (a2 + a;))(bt(t)b(t))ss 

+(a4 - a2 ± (at - a3)) (iit (t)bt (t))ss + (a.j - a; ± (al - aa)) (ii(t)b(t))ss (3.77) 

and 

B± = (aa + a; ± (a4 + a.j)) (iit (t)ii(t))ss - (al + at ± (a2 + a;))(bt(t)b(t))ss 

+(a4 - a2 ± (a; - at)) (iit (t)bt(t))ss + (a.j - a; ± (aa - al))(ii(t)b(t))SSl (3.78) 

so that using the expressions (3.70a), (3.70b), (3.70c), (3.70d) and their complex conju-

gates, we can rewrite A± and B± as 

A± = (p - 2~2 ~ ~lp~~1) (al(t)&(t))ss _ (p - 2~l ~ ~lp~~1) (bt(t)b(t))ss 
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and 

±((at(t)bt(t))ss + (a(t)b(t))ss) 

B± = (p - 2:11 ~ ~lpi~)1) (at (t)&(t))ss _ (p - 2:
1

2 ~ ~lpi~1) (bt(t)b(t))ss 

±((&t(t)bt(t))ss + (&(t)b(t))ss). 

Upon introducing (3.76) into (3.61), the squeezing spectrum takes the form 

Carrying out the integration leads to 

For w=O the squeezing spectrum becomes 

Now with the aid of (3.79) and (3.80), one readly gets 

Sout(O) = 1- [A2(p - 2A2 ± Alpi~1) - Al(P - 2Al ± Alpi~l)l (AtA) 
± K. A1A2(AI _ A2) a a ss 

-K. [AI (p - 2A2 ± Alpi~1) - A2(P - 2AJ ± Alpi~l)l(btb)ss 
AJA2(AI - A2) 

±K. (A~~:2) ((atbt)s, + (ab),,). 

Next using the steady-state solutions (3.42f),(3.42g), and (3.45h), we have 

(3.79) 

(3.80) 

(3.82) 

(3.82) 

(3.84) 

sout 0 = -K.A31)3 - 2K.2 A21)2 + (1\;3 A + 2K.A3 + 2K.2 A2)1) + (4K.2 A2 + 4K.3 A + 2K.4) 
- ( ) K.A 31)3 + 4K.2 A 21)2 + 5K.3 A1) + 2K.4 

+-(2K.A3 + 2K.2A2) (1)2 _1)4)~ - (4K.2A2+4K.:A)(1-1)2)~. (3.85) 
K.A31)3 + 4K.2 A21)2 + 5K.3 A1) + 2K. 
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• 

• 

Fig. 3.3 shows that for w=O there appears to be perfect squeezing for sufficiently large 

values of A and for values of 7] very close to zero. 

0.9 
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0.7 • 

0.6 

co 
~O.5 
'!n' 

0.4 

0.3 

Fig. 3.3 Plots of the squeezing spectrum 8"U[(0) versus 7] for K=0.8,0=0, and for different 

values of the linear gain coefficient. 

3.4 Photon Statistics 

vVe wish here to calculate the variance of the photon number for both cavity modes and 

the photon number distribution at steady state for a two-mode light . 

A. The variances of the photon number 

The variance of the photon number, for one of the cavity modes is expressible as 

(3.86) 
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where 

(3.87) 

Applying the commutation relation (2.81), we can rewrite (3.86) as 

(3.88) 

We see from (3.42f) the mean photon number, for one of the cavity modes, at steady state 

is given by 

_ _A3p~~lp~~12 + A2Ip~~12q + Ap~~(p - q)q 
nl= [A2Ip~~12-pql(p-q) , 

(3.89) 

in terms of 71 Eq.(3.89) can be put in the form 

(3.90) 

On the other hand, in view of (3.42a) the cavity mode operator a at steady state is a 

Gaussian random variable, so that one can rewrite the variance as 

(3.91) 

on account of (3.42c) the photon number variance reduces to 

(3.92) 

In fig. 3.4 we see that both the mean photon number and the uncertainity in the 

photon number for mode a decreases with 71. 
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Fig. 3.4 Plots of the mean photon number nl (solid curve) and the uncertainity in the 

photon number ~nl (dotted curve) versus 1] for A=25 and for K=O.8. 

Furthermore, the variance of the photon number, for the other mode of the cavity 

modes can be written as 

(3.93) 

where 

(3.94) 

Using the commutation relation 

[b, btl = 1, (3.95) 
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one can rewrite Eq.(3.93) as 

(3.96) 

In view of (3.42g) the mean photon number btb, at steady state is given by 

_ _A3pi~lpi~12 + A2Ipi~)12p 
n2 = [A2Ipi~12 - pq](p _ q) , 

(3.97) 

in terms of 1) this can be rewritten as 

(3.98) 

One can notice from (3.42b) that, the cavity mode operator b at steady state is a 

Gaussian random variable, so that we can rewrite the variance of the photon number 

(3.96) as 

(3.99) 

applying (3.42d) the photon number variance reduces to 

(3.100) 

Fig. 3.5 clearly shows that both the photon number and the uncertainity in the photon 

number for mode b decreases with 1). 
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. Fig. 3.5 shows r.he Plots of the mean photon number, T.2, (solid curve) and the uncertain-

ity in the photon number, 6n2, (dotted curve) versus 1] for A=25 and 1>=0.8. 

B. The Photon Number Distribution 

Finally, we proceed to calculate the photon number distribution employing the Q function. 

The Q function for a two-mode light is expressible as 

(3.101) 

here the antinormally ordered characterstic function, for a two-mode light, is defined in 

the Heisenberg picture as [19) 

(3.102) 
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where p(O) is the initial density operator for the cavity modes plus reservoir modes. 

The characterstic function can be rewritten on account of the Baker-Hausdorff identity 

(2.80) as 

(3.103) 

Since a and b at steady state are Gaussian random variables, this expression can be 

put in the form 

(3.104) 

Squaring the expression in the bracket and employing the commutation relations (2.81) 

and (3.95), it then follows that 

q,(Z,1)) = exp[-az*z - b1)*1) + cZ1) + c*z*1)*], (3.105) 

where 

(3.106) 

AtA 
b = 1 + (b b) ss> (3.107) 

c = (atbt}ss. (3.108) 

The above coefficients can be put in terms of 1) as 

(3.109) 

(3.110) 

c= (3.111) 
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Performing the differentiation we find 

ur - vv* '" (1 - u)i(l - r)ivkv*l (i + I)!(i + k)! 
P(m,n) = -~-L.. 

m!n!.. i!j!k!l! (i + 1 - n)!(i + k - n)! 
lJkl 

(j + I)!(j + k)! [(a*)i+l-n i+k-n((3*)i+1- m(3i+k- mJ 
(j + 1- m)!(j + k _ m)! a o'=o=f!'=f!=O' (3.120) 

using the conditions a* = a = (3* = (3 = 0, one gets 

ur - vv* '" (1 - u)i(l - r)ivkv*l (i + I)!(i + k)! 
P(m, n) = min! L.. i!j!k!l! (i + 1 - n)!(i + k - n)! 

iikl 

(j + I)!(j + k)! 
(3.121) 

On account of the property of the Kronecker delta, we note that 

1 = n - i, (3.122) 

k = n-i, (3.123) 

1 = m-j, (3.124) 

k =m-j, (3.125) 

which implies 

1= k, (3.126) 

i = n- k, (3.127) 

j =m- k. (3.128) 

In view of these relations, the photon number distribution turns out to be 

min(m,n) (1 _ )n-k(l _ )m-k k .k 
P( ) _ ( _ *) II '" U r v v 

m,n - ur vv m.n. ~ (n-k)!(m-k)!k!2' (3.129) 
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where min(m,n) is the minimum of m and n. Therefore, for m = n the photon number 

distribution takes the form 

P( ) 
_ ( ,_ *)~ n!2[(1- u)(l- T)]n-k(V*V)k 

n, n - Ul VV L., [(n _ k)!J2k!2 
k=O 

(3.130) 
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Fig, 3,6 Photon number distribution p(n,n) versus number of photons n for A=25, K=0,8, 

0=0, and 77=0.3. 

The probability to observe zero signal and zero idler photons is high. As it is clearly 

shown in Fig. 3.6 the probability to observe n signal and n idler photons decreases with 

n. 
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4. CONCLUTION 

We have derived the master equation for the cavity radiation for the coherently prepared 

degenerate and nondegenerate three-level lasers in the linear and adiabatic (good-cavity 

limit) approximations. With the aid of this equation, we have obtained the equations of 

evolution of the first and second-order moments for the cavity mode operators. Employing 

the steady state solutions of the resulting equations, we have calculated the quadrature 

variance for the cavity radiation, and using the time dependent solutions the squeezing 

spectrum of the output radiation. We have seen that for the two systems, the cavity 

radiation as well as the output radiation is in a squeezed state for values of 7J between 

zero and one. We have found that almost perfect squeezing can be achieved for sufficiently 

large values of the linear gain coefficient. 

Furthermore, applying the same solutions we have determined the antinormally or­

dered characterstic function [19J with the aid of which the Q function has been obtained. 

Finally, the Q function is used to calculate the photon number distribution [13J. We have 

found that the distribution function for a coherently prepared degenerate three-level laser 

has the same form as the distribution function for the signal mode from a degenerate 

parametric oscillator. The probability of finding an even number of photons is greater 

than the probability of finding an odd number of photons for the light produced by a 

degenerate three-level laser. This is because the photons are always generated in pairs 

and the existence of some finite probability to find an odd number of photons is due to 

damping of the cavity mode. On the other hand, the distribution function for a coherently 

prepared nondegenerate three-level laser has the same form as the distribution function 

for the signal mode from a nondegenerate parametric oscillator. We have also seen that 

the photon number distribution in both cases decreases with the photon number. 
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