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Preface

A linear optimization problem is the task of minimizing a linear
real valued function of finitely many variables subject to linear
constraints; in general there may be infinitely many constraints. This

paper is devoted to such problems.

This type of problem often called semi infinite linear
optimization problem, which is a generalization of the classical linear
optimization problem (with only finitely many constraints), appears in
the solution of many concrete examples. In this paper we mention the
so-called uniform approximation of functions (as an application of
weak duality), which plays a major role in the construction of

computer representation of mathematical expression.

The central concept of this paper is that of duality in semi
infinite linear optimization. Duality theory here is used as an effective

tool for numerical treatment of linear optimization problem.

This paper is written based on the book “Linear optimization
and Approximation” by Glash off and Gustafson (cf. [3]), for the
methodological formulation, this paper follows the excellent book

“Optimization theory I ”” by Deumlich (cf[1]).



0. Preliminaries

0.1 Optimization problems:

Optimization problems are encountered in many branches of technology, in
science, and in economics as well as in our daily life. They appear in so many
different shapes that is useless to attempt a uniform description of them. In the
present section we will introduce a few general concepts which occur in all

optimization problems.

The general optimization problem is:
Let M be a fixed set and let f be a real valued function defined on M.
We need to find x eM such that
f(x) <Af(x), for all xeM .
M is called the feasible set and we call f an objective function.
The value of the optimization problem denoted by v is defined as:

V = {in f f(x)| xeM}.
0.2  Some Mathematical Prerequisites.

This paper requires knowledge of some elementary concepts of mathematical
analysis as well as linear algebra.

(1) Matrices. An m x n matrix A ( m = 1) is a rectangular array of m.n real
numbers ay (=1, 2, ..., m, k=1, ...,n) where aj is situated in row number i and

column number k.

To each matrix A = aj, we define its transpose AT, by Al = ay;, with row number

k and column number 1. We note that (AT)T =A.



2) Linear mappings. Every m x n matrix A defines a linear mapping of
R" into R™, where x e R" is mapped in to ye R™ by
y = Ax.
For this system of liner equation to be solvable uniquely, The inverse of A must
exist.
(3)Hyperplane. Lety eR" and neR be given. Then the hyperplane denoted by
H(y; n) is defined as
H(y; n): = yTx =y1X; + ...+ yoXp, =, for all x eR".
y is called the normal vector of the hyperplane.
The hyperplane H(y; 1) separates R", in to three disjoint sets,
i.e. the hyperplane and the two “open half-spaces”.

3) Scalar product and Euclidean norm

Let xeR" then norm of x is denoted by [|x||, satisfying
i) | x|| =0, xeR" and |[x|| =0 for x =0 only
i) |Rx]| = I, xeR7, AeR;
i) Xyl < [Ix]| + [yl xeR", yeR".

The scalar product of xeR" and yeR" is given by

XTy . yTX =yiyit ... + Xn¥n.

The real number

I
x| = vx"x :(x|2+---+x3)/2

is called Euclidean norm. (i), (ii) and (iii) can be easily verified.
(5) Some topological fundamentals

Let A = R".A point a €A is said to be an inner point if there is a sphere



ki(a)={xeR" | [x-aj<a}, such that k(a) = A. We denoted the interior of A by A. A
is said to boundary point of A denoted by bdA, if ac A\A.
(6) Compact sets. Let A = R". A sis said to be bounded when there is r >

0 such that A ¢ k(0). Closed bounded subsets of R" are compact.

Definition: A < R" is said to be compact if every infinite sequence {X;};>in A

has a convergent subsequence )tx,.k } in A.
1

If f: R" — R™ is a continuous mapping, then the image f(A) of every compact

set A is also compact.

(7) Theorem of Weierstrass. Let A be a non empty compact subset of
R" and f a real valued function defined on A.Then f assumes its
maximum and minimum on A.

i.e., there exists x;€A and x;€ A such that
f(x;) =max {f(x) | x €A}
and f(x2) =min {f(x) | x €A}.

1. Weak Duality

1.1. Introduction:

In chapter 0, we have defined the general optimization problem by:
To find ¥ eM such that (x ) < f(x) for all xeM, where
M is a fixed set and the objective function f'is a real valued
function defined on M.
In this paper we will try to study a particular optimization problem called linear

optimization.



Definition 1.1.1. A linear optimization problem is an optimization problem in
which the objective function is linear and the feasible domain is defined by linear

constraint functions.
Linear Optimization Problem:

Given a vector ¢ = (cy, ...,c;)' €R", a non empty index set S, and for every seS,
a,eR" and beR.
We need to find: 7 e R" which solves the problem:
() fy)=c'y—>min,
st al y=b;, VseS'.
Or we can write (p) by
(p) Z":af' (s)cryr = b(s), seS.
r=l
If weput S = {sy, sz, ..., S}, where m > 1, the corresponding linear constraints
takes the form.
Aly>b, i=1,...,m
where A = (a(si)), (r {1, ...,n) and s € {1,...,m}.

Definition 1.1.4 The Linear optimization problem obtained by selecting a

finite subset {si,...,sm} of s is called discriptization of the original problem.

Example 1. LetS:=[0,1]. Leta;=(1,s)" and b= Js.s e[0, 1].
Then the constraints have the form
yitsy22+s,se[0,1],y eR>.
S may generate infinitely many hyperplane we discritized the problem as
follows.

Select a natural number m > 2 and put



h: = L and si;=(1—1)h.
m-—1

We obtain
a, =(1,(1i-Dh)",ie{l,.. . mh.

b, = Ji=Dh ,ie(l,..m}.

That is we have finitely many constraints and the problem is identified as
linear optimization problem with finitly many constraints.If we denote
the value of the discetized problem by v,,(p) then clearly we have

Vm(p) < v(p).
The discritization helps us in computational practices to calculate an
approximate solution of a linear optimization problem with infinitly

many constraints.

1.1 Weak Duality

In this section we try to put the foundation for the theoretical as well as
computational treatment of linear optimization Problems. We will consider
certain examples, which prepare us to understand the central concept of duality

theory.

1.2.1 Duality Lemma and Dual problem.

Consider the optimization Problem:

(p) f(y)=c'y > min, yeR" (1)
s.t i(a,_(si N yr =b(s),ie{l, ..., q} (2)
¥ 20,re{l, ..., n} 3)



As soon as feasible vector y is available, we obtain an upper bound for the value

of the problem. Since for any feasible vector y, v(p) < c'y.

Now we are interested to determine a good lower bound for the value of the

problem. To construct such lower bounds we use the following fundamental

lemma and its corollary.

Lemma 1.2.1 (Duality Lemma): Let {sy, ..., sq} <5, q =1, and the non-
negative numbers Xj, Xz, ..., Xq be such that
C=as;) x; +a(sz) X2 + ... + a(sq)Xq (1)
Then for any feasible vector ye R",

b(s1) x1 +b(s)x2 + ... + b(sg)xg <c'y 2)

Proof:- Since y is feasible for (p) by assumption we have
a(s)'y > b(s), seS.
in particular
a(s)'y > b(s),ie{l, ..., q}
Sincex; 20,1 €{l, ...,q}
bsixi < (a(s) 'y)xi, i € {1, 2,...,q}
hence we have

qu b(s))x; < Z (a(s) 'y)xi

i=1 i=1

=3 )y
=c'y, by(1)
Therefore i (b(si)x; < cTy.
i=1
Corollary 1.2.2. Let {si, s2, ..., Sq} =5, q = 1 and let the numbers x, ..., Xq be

such that



q

Z (a(si) xi)=¢c,r=1, ...n (3)

Then (b(s;) x; = v(p).

q
i=1

The Proof follows immediately from the definition of v(p) and the above lemma.
Now let us consider some examples as an application of the duality lemma

and its corollary.

Example 1. Find the lower bound for the value of the problem
(P) y1+ %yz — min

subject to

y1 +sy2 2 €, se[0, 1].

Solution: We need to find {sy, s, ..., sq} < s and a non negative numbers
X1, ...,Xq for which the assumption of the duality lemma holds.

First let us take g = 1, and find s,€[0, 1] and x; = 0.

C= [1,%} =a(s;) x;, when a(s) = (1, S)T.

From this
1= 1X1
l--sx
2 141
This equation is uniquely solvable by x; =1, s; = —:12- y
1
b(s)xi = x1.6" = LeZ=+e <v(p), by 1.2.2.

To obtain a rough upper bound we need only to find numbers y;, y, such that
the straight line y | + sy, lies above the graph of the function €° in [0, 1].

For example take y =1, y,=2, we get



V)< y1+

For a better lower bound we put q =2

(]' .
Za,(S,)x,-=Cr,f= 1,2, andci=1,¢c= %
i=1
a1(s1)x; + ai(s2)x2 = ¢
ax(s1)x1 + ax(s2)x2 = ¢z
X|+xy=¢; = :
)
S§iX] T SXo=¢Cp = .
1 iRg == —
1 2702 =5
Ifweputs; =0ands; =1, we get
X|=Xp= !
1=X= o
Hence we have
X100 +x -"z=l-}-le<v() (*)
le 2e 5 5% P
q
More over (Zar(s,.)x,- Wi=cy,r=1,2,
i=1
which implies
K1+X2+...Xq:1
1
§1X1 + 83X+ ...+ SqXq = -2—
One possible solution for the above system of equations is s; = s;= ...=sq.; = 0 and
sq = 1 which implies x4 = % :

1
Thus Xje" tXoem2+ ...+qusq= X +"‘+)Cq_] + —e
_\/—J

2



B | —
b | =

There fore we have

Vo)< (1 + o)
From (*) it follows

V(p) = %(1 +e).

Lemma 1.2.3. Let Y = (yi,...,yn) be feasible for the problem (p). Assume also
that {si,...,sq} < s and the non-negative numbers Xi, ..., Xq be such that the

assumption of the duality lemma

¢ =a(sy) xi+,...+ a(sq) xq holds.

q n
If Zb(s,. ;= Zc,_ ¥, , then y is an optimal solution to (P).
i=1 r-1

V®S Y, (1)
On the other hand from corollary 1.2.2, we get

Sy = Yh) SV6) @
Hence from (1) and (2)

V(p) = Z c,y, . It follows y is an optimal solution to (P).

r—1
Linear Optimization

Consider the particular problem
®) C'Y - min
s.t.
A'Y>b



where A is an (m.n) matrix with column vectors ay, ..., a, and ¢ £ m. Then every
non negative solution of the system

Ax=c,x=(Xy, ..., Xm)T
will give lower bounds for the value of the objective function of the form

b’ < V(P).

we can write the equation Ax = c as

m
= Za‘.x,. .
i=1

A natural objective is to select {sy, ..., sq} = S and a nonnegative numbers x, ...,
Xq in order to maximize the lower bound for the value of the objective function

obtained from the duality lemma.

Dual Problem (D)
Find {si, ..., sq} © S and real numbers xy, ..., X4 such that
q
Zx,.b(s,.) — max (1)
i=1
s.t
q
Zx,.ar(s,.) CilI=1,..on (2)
=1
% 29, 1=1, ...,q, (3)

{s1, ..., Sq» X1, X2, ..., Xq} 15 said to be feasible for (D) When s;eS’,i € {1, ...,q}
and (2) and (3) hold.

Theorem 1.2.4 (Weak duality Theorem).
Let f and ¢ denote the objective function of the primal and the dual
respectively. Then for any feasible solution of (p), the value of fis
never less than the value of ¢ for any feasible solution of the dual.

ie V(D)<V(P).

10



Proof: Let yeR" be feasible solution for (P)
and xeR" be feasible for (D).
Then for (P), we have
a(s)Ty > b(s), seS
in particular
a(si)Ty)xi 2b(s) x; 18 41, ..M}
by taking summation over all i in both side we get
m n r m
> (a(s)" y)x; = (Z(a(ss))x.} y = ) b(s)x,
i=1 i=1 i=l
Since xe R™ is feasible for (D), by definition of (D) we have
&'y e Zb(s,. )x;, for all feasible ye R" and for all feasible xe R™ of (P) and (D)
i=1

respectively which implies

. T > m
min {C'Y} > max {;b(s,.)xj

yeR”

ie.  V(D)<V(P)

Lemma 1.2.5 (Complementary Slackness Lemma).
Let y=(¥1,..- yn)T be feasible for (p) and {sy, ..., Sq, X1, ... Xq} be feasible
for (D). Moreover let

xi(iar(s,.)yr—b(s,.)J=0,ie{l,...,q} 1)

Then Y is a solution of (P) and {sy,..., sq, X1, ..., Xq} 1S a solution of (D).

Further the values of (P) and (D) coincides.

ey
/"
n 1‘1 » //
Proof:  From (1), x; > 0 implies Y a,(s,)y, =b(s,),i €{l, ..,q}. [ = /
ral ‘l a 6\’3 ‘$
o
0 $

11 \\\\ .



Thus we have

3 bis )%, = Z(Z a,(s,-)y,},.

r=1\ r=1

= i(i ar' (Si)xr}i

= Zcr v, (by duality lemma and by feasibility of
r=I1

{515 w5 Squ Xy sosy Xt ):
hence by lemma 1.2.3, y is a solution of (P) and the corresponding values of (D)

and (P) coincides. //

Now let §" = {I, ..., M}. The linear optimization Problem given by:

(P) C'Y — min,
s.t
A'Y>b

where ¢, ye R", be R", A an (m, n) matrix is said to be the primal problem.

To each (P,) we can assign another linear optimization problem called the dual

problem given by:

P) b'x — max

s.t
Ax=c
% =0,

where xe R™.
Transformation of the primal problem to the dual problem

In the primal problem, in order to have equation constraints we introduce slack

variables as follows:

12 N



Py EY-LZ=h (1)
Z>0, zeR™,
In the formulation of the dual problem i.e.
(f)ﬂ) -C"Y - max
s.t AY -1,Z=C
we are not guaranteed to have y > 0.
In order to have it, we may write ye R" as follows:
y=y -y, where y" =max (y, 0) 2 0,
y =-min (y, 0) =2 0.
Hence we can write the dual problem as follows:
(D,) -C'Y"-C"Y) - max
y+
s.t (AL A -1 | 9—|=8,
z
6.y, 20
For the transformation of (D,) to (P,) where (D,) b"x — max
8.5 Ax=¢
x=0
Then we have the transformation

() -b'x > min

A C
s.t -A|lx=2|-C
y D

m

1.2 State Diagrams and Duality gaps

Using the weak duality theorem we may derive a first classification table for the

dual pair (P), (D).

13



Definition: 1.3.1. The primal problem (P) of a linear optimization is said to be:
1. Inconstant (IC), if there is no feasible vector, which solves (P). In this case we
put V (P) =0,
2. Bounded (B), if there are feasible vectors which solves (P) and V(P) < .
3. Unbounded (VB), if there are feasible vectors y such that the value of h

the objective function is arbitrary small and we put V(P) = -0,

For the dual problem (D) we have similarly
1.1C, V(D)=-w
2. B, V(D) <.
3.UB, V(D) =oo.

The statement of the duality theorem may be represented by the state diagram
below, where the “numbers” denote possible relation and “x” denote the

impossible relation of the dual pair (P), (D).

State diagram for the dual pair (P), (D) 1.

p/p| IC [ B | UB

IC 1 2 4
B 3 5 X
UB 6 X X

€2

The case “s” is of main interest for the applications, since both problems are
feasible.

Example: Consider the linear optimization problem given by

14



(P) y1— min,
s.t

sy + s’ys 2 54, seS' =[0, 1],

Clearly y= (y ’J = [OJ is foasible for (P)
\J2 1

more over, the feasible vector (y, y2)" must satisfy y; = 0. Which implies

V({P)=0
follows (P) is in state B.

The corresponding dual problem is

(D) isfx,. — max, €))
s.t. zq:s,. x =1 (2)
is,.zx,. =0 (3)
%2018 {1, .0} (4)

sie [0,1],1€{1, ..., q}. (5)

From (3), Since x; = 0 and s7 >0, we have
s;i=0orx;=0,i€ {1, ...,q}
But (2) Cannot be satisfied.
which implies
(D) is inconsistent (IC).
Hence we have an example for case “2” in the state diagram (1).

Similar examples can be made for each instant cases.

Definition 1.3.2: Let a dual pair (P), (D) be given. The defect of (P), (D)
denoted by &(P, D) is defined as:
&(P, D) =V(P)-V(D).,

.



Here we use the usual conventions:

0 - (-(e0) = o, ((-e0) = + 0
+ 0o-(+00) = 0, +w-c=+4+00 VceR.
ao-(-0) = 0,

If 8(P,D) > 0, we say that a duality gap has occurred.
From state diagram (1), we can formulate the defect diagram corresponding to the

dual pairs.

Defect diagram for the dual pair (P), (D). (2).

D|(P| IC B UB
I 40 +oo 0
B +o0 d

UB | ¢

where 0<d<co.

Example 2. Consider the linear optimization problem
P) y1 — min
st a(s)'y=b(s), seS
where S =[0, 1] U {2}
_JQ#SE@M
(=10, if =2
a'(s)= (5. 5")

The corresponding dual problem is:

b(s)

(D) i b(si)x; — max

SIEANNR {1
o gl

16



xi20,ie{l,...,q}
si€l0,1],ie{l,...,q-1}

Solution: From (1), we have
q=1
Zsfx,. =1
i=l
since (2) and (3) must be satisfied, we have
x;=0ors;=0,ie{l,...,q}.
implies
Xq= 1.

q
Hence Zb(s,.)x,. =-10.

=
ie V(D)= -10
For the solution of the primal
sy; + sy, =s(y; +sy2) 2 0 implies
yitsy220 Vse [0, 1].
it follows
y120.
hence (0, y,)" e %2, is optimal for (P) Yy, > 0.

Thus we have
V(@) =0.
Therefore
8(P,D)=V({P)-V([D)= 10>0
i.e. there is duality gap.

17
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2. Application of Weak duality in Uniform Approximation

2.1 Uniform Approximation

Let T be an arbitrary set and f: T — R be a real valued function, which is defined

on T and bounded there.

The Problem of linear uniform approximation is to determine a linear

combination Z yrvy which is best approximates f in the sense that

r=l

n

>y, ()- £

r=1

sup — min

tel

Therefore the problem of uniform approximation can be put as:

— min, yeR".

Sy, () - £©)

r=]

(PA) sup

tel

Sy, () - £0)

r=]

If we put sup
teT

= ¥n+1

Sy, (0 - £(0)

r=1

Then sup < ¥n+1, for all teT and VneN.

teT

Hence we can express the problem as:

(PA) Ynt1 — min, (y, ynu1) € R™

s.t

Sy, (0 - £(0)

r=1

< Yn+1, VteT (1)

Ja+ﬂza and

Observe that: ja - a| < p <
|-a+p=-a,a,f,acR

18



Similarly we can express (1) as

> 3,9, (O)+ yar1 2 f(0), VteT

r=1

and - Y y,v, () yor1 = - (1), VteT

r=l

Hence the approximation Problem is

(PA) Yo+ = min (1)

s.t Zyrvr &)+ yon 2 f(t), VteT (2)
r=1

- Zyrvr (t) “t yI‘I‘H 2 - f(t), thT (3)

r=1

Now (PA) has the form of a linear optimization problem (P) in R™"' provided that
the index set S and the functions a(s) are properly defined. In (PA), we have two
different kinds of vectors a(s) since the vectors

v, (1) - ()

g :([) and ~ v,:, ol teT (4)

1 1
are corresponding to conditions (2) and (3) respectively. The constraints of the
0

dual of the problem (1) — (3) implies the vector C = 0 eR™! which appear in

1

the objective function (1) must be expressed as a nonnegative linear combination
of finitely many of the vectors (4). Hence the dual Problem corresponding to
(1) — (3) takes the form:

Determine two subsets {7, ..., t;l b Al 5 e B2 ) 0

T(q" +q) > 1) and real number x;', ..., Xpos Xp 5unny X

19



such that the expression

£l e - if(f;')x{ r—

M=

i

s.t ivitf)xf - ivr(t[)x; =0,r=1,...,n
i=1

i=1

q q-

Using similar argument in the discussion of transformation of (LP) — (LD) we

have the following:

The dual problem of (PA) is

determine a subset {ty, ..., tg} of T, and real numbers xj, ..., Xq, (q = 1), such that

q
s.t Zvr(t,.)x,.=0,r=1,...,n,

20



Lemma 2.1.1 Letxy, ..., xq €R, {ty, ..., tg} c T, such that

y vit)x. =0r=1,...,n
Z r(:)xa

i=1

q

Z|x,.|sl.

i=1

Then Zf(t x, < sup

i=1

Zyrv, &) - f(@)| for all yeR"

Proof: - From (1) we have

> (Zq: v, (¢, )x,-] y,=0 implies
3 (i o, )Jx,- =0

if(a)x.-=§ 7)), Z (Zy, A, J
[ﬂﬁ anﬂﬂ*
7()- Zy,vr(t)

.'.'..M*‘-’

i

= sup |f(O) =Yy,
r=1

tel

q
Z|x,.|
i=l

by (2)

teT

< sup |f (t)—iyrvr(t)

Therefore we have

if 6 )x; < sup |f () - Zy,vr(t)

r=l

If we replace if(tj )x, by Zq:f(tj )xi
i=1 i=l

21

(1)

2)

€)

, then the result holds true. because



M=

gf&k

[f(t.l)— ’Z_!yrvr (tf)Jxl

i=1

76)-> v,

r=l

A

|x1|

9
=1

i

= sup /!

tel

1O-3 yv,0)
r=1

Remark: If ¢ =2 n + 1, then (1) has a non trivial solution for the choice of

elements t, ..., t; in T. (1) gives the under determined linear system

of equations
() - @) (X 0
vn (Il ) vn (rq ) 'iq 0
g =]
and setting x = (Zﬁ, [) £, (3)
i=1

xe R satisfy (1) and (2) of (DA).

Example. Let f(t)=¢', te [-1, 1]. Find the error of the best approximation of

f by a polynomial p(t) =y; +yat, t € [-1, 1].

Solution. We have to solve the optimization problem:

suple' —yi — yat | = min, y = (y1, y2) e R

teT
By Lemma 2.1.1, we select =3 and set t; =-1,t, =0, t3 = 1.

The system of equation (1), i.e.

3
Zvr )z, =0, 1=1,2 becomes
i=1

22



from (II) we have X, = X3
and from (I) we get X, =-2%,=-2X%3
hence for any arbitrary o, the general solution is

X, =3=x., 5 =2

The “normalization” (3) gives
3 -1
X= (Z lx,.|] X implies
i=1

x = (4a)" (o, -2a, o) follows
[1 —1 1]“”
K= | rmgr—y—=| &
4’24
i =1 1

7
Thereforet; =-1,t,=0,t3=1and x = [Z’?’Z] meets the constraints of (DA).

Therefore we conclude from Lemma 2.1.1 (4) that if €' is approximated by a

straight line over the interval [-1, 1], then the error will be

gt bt (27
-+ 2 4

An upper bound for the smallest possible approximation error is obtained by

taking y; = 1.36 and y, = 1
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Y1 tyat= 1.36 +t

then sup |e'—1.36 —t| ~ 0.36.

re[-1,1]

Lemma 2.1.2 Let {t, ..., tq, X1, Xg}, ti€T,1 €{1, ..., q} and q = 1 be such that

zq:v,,(t,)x‘;O, refl,...,n}, Zq:
i=1 i=1

x,.|=1

and let yeR", yp41 = s[up]
re|-1,1

’

fO-2 3.0
r=1
Moreover forie {1, ..., q}, either x; =0 or

f(t;) - i Y, v,(t) = ynr18gns;, (1)

r=1

X;

|x,.|

Then {t, ..., tg, X1,..., Xq} is an optimal solution of (DA) and Y of (PA),
and the value of (PA) and (DA) coincides.

where sgnx; =

Proof: Zq:f(t‘.)x,‘ = Zq:f(l‘,-)xf - Zq:y,{ivr (t,.)x,)

= ﬁj[f(r;)—iyrvi(rf)}xf

i r=l1

from (1) we get

q 9
Zf(t,.)x,. = Ynt+l Eq:x,.sgb(x,.) = VYol i|x,.| = Yn+1, SINCE Z|x,| =1.
i=1 i=1 i=1 i=1

f(t)—iyrv,(t) by Lemma 2.1.1.

r=1

q
There fore Z f(t)x, = sup
el

i=1 t
VD)=t vess s BiyoonsBg} = VAE): M
Note: It T is compact and all the functions are assumed to be continuous, then we

can write instead of “sup”, “Max”.
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We conclude this section by showing that the approximation problem is soluble

under fairly general conditions.

Theorem 2.1.3 Let T < R* be nonempty and compact. Assuming that the
function f, ,, ..., v, are continuous and linearly independent on T. Then
the linear approximation problem (PA) is soluble. i.e. There is a vector y eR"

such that

10-3 99,0

r=1

max = min max
tel yeR" tel

0= 5,0

Proof: We define a norm on R" by

>y
r=1

[[ylly = max
tel

Putting y = 0, we get

max = max [f(t)|
teT teT

0= 5,0

n
By the above notice and theorem of weistrass, f- »_ y,v, assumes its maximum

r=1

and minimum — hence

max
tel’

1O-Y 3,0

= max [f(t)| = A.
teT

This implies
The optimal value of (PA) lies in [0, A ].
Because of the minimization we need only to consider those vectors y which

satisfy

max <A
tel

1= 5,0

from triangle inequality

25



i:yr", @) -1f® =< |f(O)- iy,v, (¢)| implies
iyrvr(t) < f(t)—iy,m(t)ﬂf(tnsm.

Thus we need only to minimize for those vectors yeR" such that

Ilylly < 2A; i.e a compact subset of R".

is continuous, by Weierstrass theorem the

7O-3 3,

r=I

Since y — max
tel

optimal solution exist. Hence (PA) is solvable. //
2.2 Polynomial Approximation

This section is devoted to the study of approximation problem in the case when T

is real interval and the function is to be approximated by a polynomial.

Lemma 2.2.1 Lett; <t; <... <ty be fixed real numbers and (x, ..., Xn+1) be

a non-trivial solution of the homogeneous linear system of equations

n+l

Yt 'x=0,r=1,...,n. (1)
i=1
Then xi % < 0, 1€l ..n} (2)

Proof: Let 1 < i < n, where 1 be a fixed integer, and P, be the uniquely

determined polynomial given by

Py(t)= D y,t"" satisfying (3)

i=1

L.j=1
Pu(t) = J g TR o eyon B (4)
[0, j=L.sn+l j+i,j+i+]
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(see fig. 1) pa(t)

Consider the vendermonde matrix:

b § = l/\/,

2 2 .
V(tls ey tn) = tl t2 i tn ti' ti-l ti }’i i+2 ti+3 Flg . 1

tln—t t;rui . Inﬂl

& n

Then det V(ty, ..., ta) == I (t —t;) # 0
i>j

i.e. The vendermonde matrix is non singular.
Hence such a P, exists.

Now, from (1) we have

n+l n n+l

Y. Putdxi= . YrZ t 7 %=0

i=1 r=l
by construction of P, (3), we get

Xi + Py(tis1)Xir1 =0
P, cannot vanish in [t;, ti+]. If it vanishes, then P, would have n-zeros, which
contradicts the construction of Py,.
Therefore Pp(tis1) > 0 implies x; <0 or xj4; < 0.

hence we have x; x4+ <0. //

The following theorem, which is due to De La vallee — Poussin, is important for
calculating lower bounds for the error of the best approximation without solving

the linear system (1) explicitly.

Theorem 2.2.2. Let fbe continuous on [o ,f ], p be a polynomial of degree less
than n and o < t; <ty, ... <ty < B, such that

[f(t) — p(t)] [f(tis1) — p(tir)] < 0,1 € {1, ...,n}. (1)
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The min [f(t;)) — P(ti)| £ Ax < rr;g)!(j [f(t) — p(t) |, where (2)

n
Ay: = inf ft) - .
i = inf, max [f(t) Z; yit™|

Proof: (For illustration of (1) see fig .2)
The right hand side inequality is obvious

Since inf max [f(t) — p(t) | £ max [f(t) — p(t)]
<p astsf

yeR" ast

Let pi, ..., pn-1 be non trivial solution of the system

n+l
> t7'pi=0,refl, ..., n}.
i=1

By Lemma 2.1, we may assume pipi+1 <0, € {1, ..., n}

Now Put

n+l =
Xi = pi {;IPJ} .

In this way we get a feasible solution to the dual problem since

t7'x;=0,re {1, ...,n} 3)

i=1

I

il = 1.

n

+

From the weak duality lemma, we also have

n+l

Z ()% < A (4)

i=1
define &; = f(t;) — p(ti), &i di+1 < 0 by assumption. If for each i, the signs of x; are
change simultaneously, the constraints of (DA) still met.
Hence we get

X0, >0 (5)

Since we also have X ; xj+; <0, applying (3) and (5) we get that

28

</ \
v o -
\\\ &,

Y




n+l n+l n+l

D fxi= 3 xilfte) ~p(e)l = 3,4,

i=1

n+l

min [5] x|
i=]

min [f(t}) - p(t) |

v

Il

Therefore by (4) we have the desired result. //

Corollary 2.2.3 Let P be a polynomial of degree lest than n and such that there
are n +1 points a0 < t; <t <...<ty+ < B with the properties

81| = [£(t) ~ p(t)] = max [f(t) - p(t), 1 & {1, ...,n+ 1} and &; 8y <0,

i PR
Then P is a polynomial of degree less than n which best approximates f in the

uniform norm.
The Proof follows directly from the above theorem.

Remark: In the special case when

161] =182] = ... =[8n + 1], we get
n+l
2. f(t) xi= min [f(t)) - p(t)
i=1
Hence (2) and (4) in Theorem 3.2.2 gives the same lower bound for the attainable
approximation error in this case.
Determination of a polynomial satisfying (1) in Theorem 2.2.2
Leta <t <t;<...<ty <P be given
Define & by 8(t;) = (-1)',i € {1, ..n,n+1}.
Now we have to find a polynomial P of degree less than n and a constant € such
that

P(t;) = f(t}) + €d(t), i {1, ..., n+1} (6)
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which is a linear system of equation with € and the coefficients of P as unknowns.
Using the vandermonde matrix, P and € are uniquely determined.
Since P(ty, ..., t,+1) = 0, from (6) we have

- —f[t,,...,t“,]

g = W, where we use the usual notation for divided
12°°2% n+l

differences.

P may be represented in the “Newton” form

n=1

P(t) =p[t1] + P[t1, t2] (t—t)) + ... + P[ty, ta, ..., ta] ]_[ (t—t).

By theorem 3.2.2, [¢| is a lower bound for A;.

Example 1. Calculate the lower bound for the smallest error, when

f(t) = (1 + t)"" be approximated in the uniform over [0, 1].

Solution: Considern=2,1,=0,t,=— ,t3=1and [a, B ]=[0, 1].

O | =

The difference schemes for f and & are:

t f(t)  flt, ] fTt, o, 3] (k) B(, tie)  S[ti, ta, ta]

0 1 ¥, |
Z .
12 e L -8
2 3 1 3 -4
1 1 3 -1
2

hence we have

1
| RN e Y
slt,.t,,t;] -8 24
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1e f(t) cannot be approximated in the uniform norm over [0, 1] by a straight
line with an error less than % 4

Example 2. Let fbe twice continuously differentiable on [, B]. Such that
f"(t)>0,t ela, B]. Let £ be the straight line which interpolates f at the end
points o and f.

Show that £ which best approximates f has the representation

) - ) 55 where % is the approximation error.

Seolution: Since / interpolates f at the end points, we have

1) - 49 = LK) oy

+B

. o
Puttingt=p,t1=a, t, = —5 we get

2(f(t) - €)= (P - o) (ﬂ —(a%ﬁ)J £ ().
taking absolute values on both sides

2
(,8+_a.r) . ""(t), since f" (t)>0.

2[f(t) - £ | = 5

we have
umrmrﬁ%ﬂnﬂm
which follows

ﬂWﬂW—;@gifm)

Since 8 max (1) ~ £(0)] = @ £(t),
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we have f(t) = {(t) - g .

Hence ¢ has the representation £(t) - g which approximates f with an error g

Example 2. Give the approximation error, if f(t) = t*, were / interpolates f at

a+p 1 o), t = a+ﬁ 1

2 T 2 TRl

t1 =

Solution: f"(t) =2 > 0, hence we have

g g @B 1 3 _a+p
2}e(t) -t [ﬁ —2\5(;@ 2)]{[5’ 5 f(ﬂ )]
implies

o) — £ = %(ﬂ —a)

ie. L) - %(B <@y =1,

Therefore the approximation error is % B - o)’

3. DUALITY THEORY

A major topic of this chapter is the derivation of “strong” duality results, i.e to
give theorems which specify when V(D) = V(P). Another important topic is the

proof of existence of solutions to the primal and the dual problems.

At first we will try to discuss the “geometric” representation of the dual problem

(D) which helpful to understand the other sections.
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3.1 Geometric Interperitation of the dual problem

To give a geometric representation of the dual problem, first we introduce the
concepts of a convex set and the special case of convex cone.
Definition 3.1.1 A set k ¢ R" is said to be convex if and only if a;, a; €K
implies Aa; + (1 —A) a, €K, Ae(0, 1).

Moreover if K is convex and ay, ..., agek, then

q q
Z liaiekifz Ai=landA;20,ie {l,....,q}.

i=1 i=l

Definition 3.1.2. Let A < R". Then convex hull of A denoted by conv A is the
set of all convex combinations of elements of A,
i.e Conv A =C,
where

q q

i=| i=]

A 20,ie {1 s q} )
Some of the properties of conv A are:

Property: Let A < R" be arbitrary set. Then
i Conv A is convex for any set A,
2. A convex set which contains A must contain all convex
combination given by c,

3. Conv A is the smallest convex set having A as a subset.

A

Conv A using a figure can be illustrated as:

Conv A
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Definition 3.1.3 A convex cone is a convex set with the property if xeC, then
Ax eC for all AxeC for all A = 0.
Let A # ¢, A = R". Then the {yeR" |y =Ax, xeA, x >0} is a cone
generated by A denoted by cone A and is called the conichull of set A.

We denote the convex conic hull of A by cone (Conv A) or CC(A), where

q
CC(A):= {z|lz= Zx,.a, ,Xi 20, ajeconvA, i.€{l, ..., q},q=1}.

i=l

Geometrically we have

CC(A)

Conv(A)

Thus CC(A) consists of all non negative linear combination of elements of
Conv A. Now we apply the above concepts to the set of vectors, which occur in

the formulation the dual problem and the primal problem given as follows:

Let the primal linear optimization be given by
(P) f(y): C'y = min, ¢, yeR"

s.t

> a,(s)"y, 2b(s), Vse$,

r=1
where S is an indexed Set (finite or possibly infinite).

Then its dual is given by:
M) Db(s)x, —>max
r=1
s.t
q
Zx,a, (50 =enrefl; « N}
i=1
{s1, ..., 8¢} =S

xi20,ie{l,...,q}.
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Now, we define the constraints of the primal problem interms of the set of vectors
Ag: = {ag| 58} < R".

From the constraints of the dual problem and definition of CC(A), we find that

{s1, ..., Sq, X1, ...,Xq} 18 feasible for the dual problem if and only if

C= (cy, ..., cy) lies in CC(A;). We denote CC(A;) by “M,” which is sometimes

called the “moment cone”.
Lemma 3.1.1 The Dual problem (D) is feasible if and only if CeM,,.
Proof: (1) Let (D) be feasible.
Then
C= Zx,.ai , Xi 2 0 by duality lemma. by definition of M,, we have

i=1

C eM,.
(2) Let C eM,,.

q
then C = Zx,.a,. , Xi = 0 by definition of M,

i=1
By duality lemma, we have the dual problem (D) is feasible.

Example 3.1. Let the primal problem of a linear optimization be:
® wn+t %yz — min,
s.t

syj +s’y2¢e' —1,s€[0,1]=8.

Solution: For this primal Problem, we have
1Y s
C= [1,5] g - ( ZJ’S € [0, 1] and As. as|s €S’ [0, 1]} cRE
S

From the constraints of the dual of (P) there are numbers sy, s> € [0, 1] such that

oLTag S
y ii/" YN\
"‘f;" 4 & _\
35 o A0% \ » 1}
t,;ﬁ*‘ 3; }
.'i’ 'f



szlasl ‘E'Xzasz.

@~ [()J e (()J

which imply

Xia, + X2a, = 1

i (an)2+ (as])z X2 = %
1 1
a, —— g o—
2 ] 5 2

We get x; =

>0.,x2=
a, \a,, —a, a, (aSI ~i )

The inequality holds true [for both x; and x;].

1
and > —
as] 2

1 1 1
If 4 = — and < — or & L
aSZ 2 ai‘] 2 asl 2

Hence if we choose ¢ = — € [0, 1] and &, = %E[O, 1] we have x; =2 and

L
4

X2=§,X1,X220.

1
ie. C=[1|=2
2

By definition we have
CeM, = CC(A;). Which implies
The dual problem (D) of (P) is feasible by Lemma .1.1.

10

Theorem 3.1.2 (Reduction theorem).
Let zeR (P > 1) be a nonnegative linear combination of zy, ..., z, in R”
andg=>1. ie
Ziix,.zi,xizo,ie{l,...,q} (1)

i=1

Then Z admits a representation
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i L%, 20,ie {1,...q} )

such that thereis { x., ..., x, } < {X1, ..., Xq} wherer< p, fij>0
i

I

and z; are linearly independent.

Proof: If zi, ..., z4 are linearly independent, then q -, p and x; = X, are uniquely

determined by (1) and (2) and we are done.

Suppose zi, ..., Zq are linearly dependent.

Then there are ay, ..., 04 not all zero in R such that
q
Sz =0 3)
i=1
Hence for each r with o, # 0,

:_Z_Z

Putting this in (1), we have

N,y %,
z—;(xf 2, arjzl (4)

i=r

Hence we get a representation of z as a linear combination of q — 1 of the vectors

Z, ..., Zg. Now we can choose r so that (4) becomes a nonnegative linear
combination.

o ai .

1.e Xi-%—20,1e {1,..,r—1,r+1,..,,q} (5)

we select r such that o, > 0.
(if all o in (3) are non positive we multiply (3) by —1).

Since x; = 0 and o, > 0, we have

&
-x— 201fa;< 0
o

r

Hence (5) holds true if o; < 0.
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For the case a; > 0, (5) implies

X;
= B
2F

R |~_><

r

This holds true and hence (5), if we determine r such that

X .| x
—= =1in 3 —|&; >0
a, a,

I
Then (4) expresses Z as a nonnegative liner combination of the vectors
Zl, «oor Zrtl, ..., Zg. We may repeat this procedure until we have the repress-

entation (2). //

Example 2 LetP=2and q=4. And let

(e

Then z admits the representation

Z=lz+lz+lz+lz
4 a3 gt g ®

Since the vectors zy, ..., z4 are linearly dependent, we can find
the representation of z with vectors less than 4.
We can express 7 as

1
&l = —Z2+ =Za

or 371tz +z3=0

Hence we have

4
Za'lz,. =0,wherea;=-3,0,=1,03=1,04=0
i=1

Since we must have o, > 0, r must be equal to 2 or 3. Now to determine

the smaller of the coefficients
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Therefore we have the form of representation (2) in the Reduction theorem

using the representation of z in (4).

. 1 1
i.e 7 = 7 + ZZZ P ZZ4. (*) {/

We can carry out another reduction step on (*) to obtain z as a non-negative linear
combination of the vectors zi, z3, zs. As a consequence of the Reduction theorem

we have the following Theorems with out proof.

Theorem of Caratheodory:
Let A = R". Then for each z € conv A, there are n + 1 reals

X1, ...,Xn+1 = 0 and n + 1 points a4, ..., a+] €A, such that

n+1
Xit...=Xp=landz= Zx,.a,. see the proofon [1]

i=1

Theorem 3.1.3 Let {sy, ..., 8¢, X1, ..., Xq},q = 1 be feasible for (D). i.e
q
Y a,(s;)x; =c,re {1,...n},
i=1
xi20,1. € {1, ..., q}.
Then there is a subset { s, , ..., s; } is also feasible to (D).,
1,8
Zar(s,._)fi, =c,r=1,...,n,
= f fi

X S =Ty, oyl

;
The vectors als, ) which belong to positive numbers ¥, are linearly
2

independent

The proof follows directly from the reduction theorem.

39



Now consider the n + 1 equations

q
Z a,(s)x, =cg,
=1

iar(s,.)xl.zcr, re{l,...,n} (5)

Then we obtain an important result that n + 1 points s, “are enough” to determine
J

V(D). hence we formulate (D) as follows:

n+l
(D) D b(s;)x; — max,
i=1
n+l
s.t Zar(s,.)x,;cr, re{l,...,n},
i=1
815 +1ey Sp+l ES,
X1y ooy Xntl > 0.
If we adjoin the real number b(s) to the vectors a(s) and consider the vectors
a (s) = (b(s), a(s), ..., ay(s))" eR™
Then we have another moment cone My+1 gl

We write (5) in the form of
- T
> @(s;)%; = (Co, €15 > Cn) (6)
i=1
Ifwelet 4 :={a@(s)|seS } € R"", Then
Mun =CC (4, ).

By the definition of convex conic hull every z e M;+; admits the representation
q
Z = a(s;)x;, x20.
i=1

Comparison with (6) gives
{S1, ..., 8¢, X1, ..., Xq} 18 feasible for (D) with the corresponding value ¢ of
the dual objective function if any only if

(o, €1, .., Cn)' € Mys by Lemma 3.1.1 (7)
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A * geometric” formulation of the dual problem is
¢o — max (8)

s.t

i
(Co,C] ,...,Cn) € Mn+l

2

0,¢)" n

Fig 3.1

Fig 3.1 gives a geometric illustration of the dual problem (8). We have to find the
point (¢ o, ¢)" of the straight line
{ (co, c1, -..5 Cn), coER}

which belongs to My, and whose first component is maximum.

From a solution (¢ ¢, ¢y, ..., cn)Te M;+1, we have

n+l

EO = Zb(gt )‘f.l H)
i=1

n+l

and c¢= ) a§)%,,

i=1

where X, are nonnegative number and 5§, €S, i.€ {1, ...,n+1}.

Hence {5,, ..., §,,,5 X;5 .., X,,; } is a solution to (D).

n+l ?
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3.2 SOLUBILITY OF THE DUAL PROBLEM

The following important theorem on the solvability of the dual problem (D) is an

immediate consequences of the formulation (8) above.

Theorem 3.2.1. Let for a given linear optimization problem the dual problem
(D) be bounded and My is closed. Then the problem (D) has a solution.

Proof: by a state diagram (10 given in chapter 1.3, (D) is bounded implies V(D)
is finite, where V(D) is the maximum of the continuous function f given by

(29, 21, ..., Zn) = 7o defined on the set

Mast M {(z0,2)" | V(D) -1 <, 20 < V(D), Z=C} *)
where C is a vector in R", exist in the formulation of the primal problem given by
(*) is compact as it is closed and bounded follows the maximum exist.
Since M+ is closed,

(20, Z1, ..., Zn) €EMp4) implies

n+l

7= Zb(s,.)x,. !

i=1
n+l
and z= > b(s,)x,,xi20,seS,ie{l,...,n+1}
i=1

Since (D) has feasible solution as it is bounded, we have

{S1, -.-» Snt1s X1, +..» Xnt1} 18 @ solution to (D). //

Quite often we shall encounter a special class of problems where the index set S
and the functions ay, ..., ay, b which appears in the constraints of (P)

Za,, (s)y, 2b(s), seS

r=1

satisfying the following assumptions:

(*) General assumptions on (P)
S is a compact subset of R¥ and the real valued functions

ai, ..., a,, b which are defined on S are continuous there.
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If S is finite, then trivially every real valued function on S is continuous. hence

we can assume that

S={l,...m} CR.

Definition 3.2.1 If thereis a vector 7=(J,, ..., ¥,) €R", such that

i a,(s)y, >b(s), seS, (1)

r=1

Then (P) is said to meet the slater condition.

If (P) satisfies (1), we also call (P) super consistent since (1) is a sharpening of the

statement that y is feasible for (P).

Suppose now the general assumption on (P) is satisfied. Then the slater condition
(1) met, if one of the functions ay, ..., a, is constant. For example:

Leta(sl)=1,s €S

then (1) 1s met if we take

5=(%,0,...,0)7,

where Y, > max b(s).

This is possible since b is continuous on a compact set.

Remark: The slater condition is an example of the so called regularity
conditions which are introduced in the theory of optimization and which play a

major role in the derivation of theorems on duality and existence of solutions.
Lemma 3.2.2. Let A < RP be a compact set.

Then con V(A) is also compact.
Proof: Let ay, ..., a, €A and

(x1, ..., Xp+1) €D, where

D < R" is defined by
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p+l
D={x eR" [x20,ie. {l,...,p+1} and Zx,. =13

i=1
Then by definition

p+l
Conv (A)= > a,x,

i=1

Hence conv (A) is the image of the compact set Ax Ax---x AxD

p+1 times

under the continuous mapping

p+l
(@15 ++vs Apt1, X1, .00y Xpr1) = Zaixi
i=1

Since A is compact and the mapping is continuous we have

conv (A) is compact

Theorem 3.2.3 Suppose that the general assumption of (P) is satisfied and (P)

meets the slater condition. Then M+ is closed.

Proof: Let z be an arbitrary vector in M We will show that z must be also in

n+l*
Mn+l .

Since M4 = CC(;I s) by definition, for z € M ,+, we may associate a sequence
{hi}i> in conv (2 s) and a sequence of nonnegative numbers {A;};> such that

z= lim 7\.11’1{ (1)

Since S is compact, and ay, ..., a,, b are continuous, the set A s 1s compact. by
Lemma 3.2.2, conv (Z s) is compact. Therefore we may pick a subsequence of
{Ai}i>1 which converges to a vector he conv (Z s). from (1) we may assume by

limh; =h, he conv (25).

—w
Case 1. If now the sequence {Ai)i>1 is bounded, in similar way we can assume that
it converges to A > 0. Then we obtain

z= lim Kihj = lim h,‘ lim hi =Ah

i—w i—»wo i—w

and from he conv (A4,), A > 0, it follows that
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z = Ah ecc( ZS) =My

Case 2.if {Ai}i > 1 is un bounded, then we may assume by using a suitable

subsequence, that A; > 0,1=1, 2, ..., and lim-i— = (0. Hence we get

i

h= limh;= lim i?L,-hi = lim L lim A;h; = 0z = 0.

i ino ] iso . iow
1 1

i.e the nuall vector of R™" lies in conv(ﬁ s). Hence there are q > 1 non negative

numbers o, ..., 0q and q points sy, ..., sq in S such that

S a(s)a;

M=

and a, =1 (2)

q
which implies »_b(s,)er; =0

i=]
q
and Zar(sf)ar. =0, r=1,...,n
e=1
Let ye R" be an arbitrary vector. The last two equation give

q a; (iyrar(si)_b(si)J = (3)

r=1

15

Since (P) meets the slater condition there is ¥ € R" such that
Y ¥.a,(s)-b(s) >0,i.€ {1,...,q}
r=1

Now if we put y = y in (3) we get, since o; = 0, that o; = ... ag = 0 must hold.
But this contradicts (2). This rules out the possibility that {A;};> is unbounded.

Hence we have established the theorem. //
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Example. Consider the linear optimization problem
C'Y - min
(P) s.t

s’y = s, sef0, 1]

Here we haven=1, S = [0, 1], a;(s) = s°, b(s) =S.
Since a;(0) = b(c) = 0, the slater condition is not met.

M+ is not closed since the vectors (s, O)T, X1 > 0 are in M p+1 but not in M.
33 Separation Theorem and Duality

We start this section by developing a fundamental tool to be used in the proof of
strong duality theorem, namely the statement that a point outside a closed convex
set in R" may be “separated” from this set by a hyper plane i the sense of the

following definition.

Definition 4.3.1 Let M be a non empty, closed and convex subset of R and

z#M a fixed point, the hyperplane
H(y; m) = {xeR" [y'x =n}

is said to separate z from M if

yTx <n< yTz, x eM
Geometrically

M(z-zo, )

Zy

Fig. 4.3

From the geometric consideration, a vector y which defines a separating

hyperplane is obtained by determining the projection zp of z on M and putting
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y =2z —zy. We will therefore show that existence of projection theorem.
First let us see the role of the concept of separating hyperplane in the
theory of the dual pair (P) — (D). Assume that the hyperplane
H(y; 0) | = {ze®"" | X z,, =0}
r=0
separates the moment cone M,,+; from the point V ¢ M.

Thus all of M4, lies on one side of the hyperplane. hence

02z ery, , for all (zg, my, z,) €M+ (1)

r=0
In particular since My = CC( A s) we have
z= a(s)=(b(s), ai(s), ..., a(s)) €My, for all seS. Thus we find
from (1) that

02b@E)yo+ D a,(5)y, , s€S

r=1

If yo > 0 holds, then the last relation takes the form

3 a,(s)- Zo2b(s), s €8
r=| yO

Hence the vector Y = {_—y',...,iJ is feasible for (P).
Yo Yo

Theorem 3.3.1 (Projection theorem)
Let M cR” be a nonempty, closed, convex set and let z be a fixed point
out side of M. Then there is exactly one vector zoeM which lies “closest
to z” i.e, 7y is such that

0<|z-2z|<|z—X| VxeM.

Proof: 1. Existence
Since M is closed and z¢ M we have

p= Egt; |z—x|>0.

Obviously, it is sufficient to search for a vector zg in the set
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M =M A {xeR? llz—x| < 2p}.
Now the continuous real-valued function x — |z — x| assumes its minimum value
on M as it is bounded and closed set. hence there 1S a ZpeM such that
[z-zo|<|z—x|, xe . (1)
From the construction of A7 , (1) holds for all xe M.
2. Uniqueness
Assume z; # z; such that
[z—2z| < |z - x|, for all xeM.

Putz, = Gt %)
2

From parallelogram law we have

-2 = £|(2—20)+(Z~Zl)|2< %l(z—zo)+(z—zl)|2+ Lol

which implies
|z — 22| < |z — 29
But this contradicts the construction of z.

follows z; is unique. //

Theorem 3.3.2 (Separation theorem).
Let M < R” be non empty, closed, and convex set. Let z ¢M be a
fixed point whose projection on M is zj. If we put y =z — 7 and
n=(z- zo)T Zp we get

y'x<n< yTz, xeM;

i.e the hyperplane H(y; n) separates z from M.

Proof: Let xeM be an arbitrary vector and 0 < <1 be a fixed number. Then
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(1 —p)zo + pux =zp + W(x — z9) eM.
we also find that
-2 <|z-(20+pix—x0) [
=lz— 2" ~ ap(z ~20) (x ~ 20) + p* [x ~ z0[")
giving
(z -20)" (x—20) < % pjx — zo|.

Letting p — 0, we have
(z—20)" (x—20) <0,
which follows

y'’x <y (1)

For the other inequality we have

0<lz-zf=(@z-2z0) (z-20)=y'z-y'Zo=y'z—1.
follows

N<yz 2
From (1) and (2) we have

y'x< n<y'z /

Suppose now that the assumption of separation theorem hold, but specialize M to
be a convex cone. Then xeM implies that AxeM for all A > 0. form (1) and (2)

we have

y'(x)<m, >0,
or yTx - E, A>0
A
Letting L — o we have
yTx <0, xeM.
Thus if M is a convex cone we may put 1 = 0, we have

yTx <0< yTz, xeM.

Now we can use the separation theorem to establish the strong duality theorem.
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Theorem 3.3.3 (First duality theorem)
Consider the dual pair (P), (D) with the following assumptions:
(1) The dual problem is consistent and has a finite value V(D);
(i1) The Moment cone M+ is closed.
Then (P) 1s consistent as well and
V(P) = V(D);

i.e there is no duality gap. More over (D) is solvable.

Proof. Since (D) is bounded and M+, is closed by theorem 3.2.1 (D) is solvable
and we have
(i p— Cn)T eMp+1,
but (cot+eciy ..., Cn) €My for any e >0,
Since M+ is closed by separation theorem there is a hyperplane in R
which separates (cg + s,c)T from the convex cone M,s;. Hence there is a vector

(Y0, Y1 « - yn)Te R™! different form zero, such that

H n

D xy<0<yolcote)+ Y, Cym
r=0 r=1
(Xos X1 +++» Xn) €Mirn (1)

in (1) we now put
(%5, 15 crvs xn)T =(Cp, C1y ++-» cn)TeMn+1
and we obtain
yoe > 0.
Since € > 0, we must have yp > 0. If we set
(%o %15 66 xn)T = (b(s), a\(s), ..., an(s))Te A s € Mun
where seS is arbitrary, we find from the left most inequality in (1)
i as) (1J > b(s), seS.
r=l 0
Hence the vector

j)u = [_yl ’~y2 ’-”,_ynjemn
Yo Yo Yo
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is feasible for (P).
The right side inequality implies

n ._.y
e r <¢p+E.
2 () <o
Hence we have

V)< Y e, ¥i<co+e=V(D)+e<V(P)+e

r=1

Thus V(P)—e < V(D) < V(P)

Theorem 3.3.4. Let the dual pair (P), (D) be given with the assumptions
1) General assumption on (P) holds;
ii) (D) is consistent;
1i1) (P) meets the slater condition

Then (D) is solvable and the values of (P) and (D) coincides.

Proof: Since (D) is consistent, it is bounded.
i.e V(D) <co.
Moreover (i) and (iii) holds true implies
M+ is closed, by Theorem 3.2.3
Hence by the first duality theorem, we get the desired result. //
Now for the special case of the linear optimization problem, where

s= {1, ..., m } we have the following theorem,

Theorem 3.3.5 Let the primal problem (P,) and the dual problem (D,) be given,
such that both are consistent. The both are solvable and the values of their

respective objective function coincides.

Proof: Since S is finite and compact the general assumption on (P) is fulfilled.
Moreover, since (D,) is consistent, V(D,) < e and (P,) is consistent implies (P,)

meets the slatter condition.
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Therefore by theorem 3.2.3 and first duality theorem (P,) and (D,) are solvable

and their corresponding values coincide.//
3.4  Supporting Hyperplanes and Duality

Definition 3.4.1 Let M be a non-empty convex subset of RP, and let zeM be a
fixed point. The Hyperplane
H(y; m): = {xe®® |y'x =n}
is said to be a supporting hyperplane to M at z if
yTx <n= yTz, xeM

M(y:m)

Fig 3.4.1
Supporting Hyperplane.

Lemma 3.4.1 Tet ze M (interior of M). Then there are no supporting

hyperplanes to M at Z.

Proof: Suppose M has supporiting hyperplane H(y; n) at Z.
Since z € M , there is a A > 0, such that
Zy=z+Aye M.
Then we have
y'zA <0.
But this contradicts the fact that A >0 and y'y > 0. hence we have

the desired result. //

Theorem 3.4.2 Let M be a nonempty convex subset of RP and let z be on
the boundary of M. (i.e. zebdM = M \M ). Then there is a supporting
hyperplane to M at z.
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Proof: Let zebdM be a fixed point. Then there is a sequence {z;} of points,
such that zj¢ M and lifn Z; = 7.
Let z, be the projection of z; on M such that
Yi=2zi-z,.
then y/ x < y/ z,xe M ,i e (1,2...,} (by separation theorem).

Since z; Eﬂ,yﬁto,i €{l,2,...}

Setting y; = L,i eN

‘J’f

we get | ¥i =1, and

vyl x< y! z;, xeM, ieM (D

Consider the set B = {y e R”| |y| = 1}.
Clearly B is closed and bounded, hence compact.
Therefore there is a subsequence of { y i}i=; which converges to a point y €B.
By (1) and taking the limit, we have
y'x < 57z, xeM, 7 =0.

hence we have the desired result. //

Definition 3.4.2 The dual problem (D) is called super consistent,
ifce M, , where c=(cy, ..., cn)T.

Theorem 3.4.3 Second Duality theorem.
Let the dual pair (P), (D) be given with the following assumptions:
i) V(D) is finite
i) (D) is super consistent.

Then (P) is solvable and V(P) = V(D).

Proof: Since (D) is super consistent, we have
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q
Y a,(s)x; <c,refl,..,n}.
=1
from the proof of Duality Lemma 1.1.1, we get
q
Y a,(s;)y, 2b(s), seS
i=1

which implies by definition ¥ is feasible for (P).
Hence by weak duality lemma, V(P) is finite.
Let ¢, =V(P). (1)
Then (€5 Cisiv s cn)T ebdM,+;. Other wise there is ¢y > ¢, feasible to (D),
such that
(Co, €1, +--» Cn)' €bdMps1.
But this is not possible, since it contradicts (1).
define the convex cone ﬂnﬂ = {(Zo, Z15 o0y 2 ,,)T | there is (zo, Z1, ...,
zn)TeM.m suchthat Z ¢<2zg, Z 1, ..., Z n=2Zn}
Clearly (¢,5 G5 5555 cn)TebdMnH.
By theorem 3 .4.2, there is a non trivial supporting hyperplane to M y+ at (&,
Glizeess cn)T; i.e thereis y = (yo, y)T = (Y0, Y15 +++» yn)T # 0 such that
}Tzso=y0&0+ch,zeﬂn+, (2)
by convexity of My+1.
Since A s cc(As) =Mpy M n+1, (2) implies

yob(s) + iar(s)y, <0,s €S (3)

P
Now we want to show yp > 0.
From the definition of M . it follows that
(&, -, ¢)'e M pa1, A >0,
therefore from (2) we get
Voé, +y'c=0, we find the

-yoh 0,4 = 0.
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hence we have yp = 0.

Now to remove the possibility yp = 0, Let us assume yo =0 from(2) we have
Zyr rS Zcryr’ZGMn’ (4)
r=1 r=1

where M, is the projection of M+ on the subspace of R™*' defined through the
condition zg = 0. Therefore (4) means that there is a nontrivial supporting

hyperplane to M, at c. (Since y# 0. and y, = 0 we have (yi, ..., yn) # 0). But

this contradicts the fact that ce M , - (Lemma 3.4.1).

hence we have yg > 0.

Now, Let y,= zi,r e{l, ..., n},
0

from (3), we obtain
> a,(s)¥, 2b(s), seS.
r=1

Thus (¥ 1, ..., V)" is feasible for (P)

hence V(D) < V(P) < ZC,E,_ .

r=1

By (2) we conclude that

Zcrj;r - 60 = V(D)

r=1

Hence we have established the theorem.
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