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Preface 

A linear optimization problem is the task of minimizing a linear 

real valued function of finitely many variables subject to linear 

constraints; in general there may be infinitely many constraints. This 

paper is devoted to such problems. 

This type of problem often called semi infinite linear 

optimization problem, which is a generalization of the classical linear 

optimization problem (with only finitely many constraints), appears in 

the solution of many concrete examples. In this paper we mention the 

so-called uniform approximation of functions (as an application of 

weak duality), which plays a major role in the construction of 

computer representation of mathematical expression. 

The central concept of this paper is that of duality in semi 

infinite linear optimization. Duality theory here is used as an effective 

tool for numerical treatment of linear optimization problem. 

This paper is written based on the book "Linear optimization 

and Approximation" by Glash off and Gustafson (cf. [3]), for the 

methodological formulation, this paper follows the excellent book 

"Optimization theory I "by Deumlich (cf[l]). 



O. Preliminaries 

0.1 Optimization problems: 

Optimization problems are encountered in many branches of technology, in 

science, and in economics as well as in our daily life. They appear in so many 

different shapes that is useless to attempt a uniform description of them. In the 

present section we will introduce a few general concepts which occur in all 

optimization problems. 

The general optimization problem is: 

Let M be a fixed set and let fbe a real valued function defined on M. 

We need to find x EM such that 

f(x) ~ f(x), for all XEM. 

M is called the feasible set and we call f an objective function. 

The value ofthe optimization problem denoted by v is defined as: 

V = {in ff(x)1 xEM}. 

0.2 Some Mathematical Prerequisites. 

This paper reqUIres knowledge of some elementary concepts of mathematical 

analysis as well as linear algebra. 

(I) Matrices. An m x n matrix A (m;:: I) is a rectangular array ofm.n real 

numbers aik (i = 1,2, . .. , m, k = I , . .. ,n) where aik is situated in row number i and 

column number k. 

To each matrix A = aik, we define its transpose AT, by AT = aki, with row number 

k and column number i.We note that (AT)T = A. 



(2) Linear mappings. Every m x n matrix A defines a linear mapping of 

91" into 91 m
, where x E9I" is mapped in to YE9Im by 

y = Ax. 

For this system of liner equation to be solvab le uniquely, The inverse of A must 

exist. 

(3)Hyperplane. Let y E9I" and 11 ER be given. Then the hyperplane denoted by 

H(y; 11) is defined as 

H(y; 11}: = /x = Ylxl + ... + y"x" = 11, for all x E9I". 

y is called the normal vector of the hyperplane. 

The hyperplane H(y; 11) separates 91", in to three disjoint sets, 

i.e. the hyperplane and the two "open half-spaces". 

(3) Scalar prodnct and Euclidean norm 

Let x E 91" then norm of x is denoted by Ilx ll, satisfying 

i) II xii ~ 0, x E 91" and Ilxll = ° for x = ° only 

ii) IIAxl1 = IAlllxll, XE9I
ll

, AE9I; 

iii) Ilx + yll ~ Ilxll + Ilyll, XE9\", YE9\". 

The scalar product ofxE9I" and YE9I" is given by 

T T 
X Y = Y x = YlYI + . . . + x"y". 

The real number 

Ixl = .JXT x = (XI' + ... + x,;))I, 
is called Euclidean norm. (i), (ii) and (i ii) can be easily verified . 

(5) Some topological fundamentals 

Let A ~ 91".A point a EA is said to be an inner point if there is a sphere 
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k,(a)= {x Emn Ilx-al<a}, such that k(a) c;; A. We denoted the interior of A by A. A 

is said to boundary point of A denoted bybdA, ifaEA\A. 

(6) Compact sets. Let A c;; mn. A sis said to be bounded when there is r > 

o such that A c;; k,(O). Closed bounded subsets of mn are compact. 

Definition: A c;; mn is said to be compact if every infinite sequence {Xi}i > I in A 

has a convergent subsequence L \ in A. tA lk J;>! 

If f: mn ---+ mm is a continuous mapping, then the image f(A) of every compact 

set A is also compact. 

(7) Theorem of Weierstrass. Let A be a non empty compact subset of 

mn and f a real valued function defined on A.Then f assumes its 

maximum and minimum on A. 

I.e., there exists XI EA and X2EA such that 

t~X I ) = max {f(x) I x EA} 

and f(X2) = min {f(x) I x EA}. 

1. Weak Duality 

1.1. Introduction: 

In chapter 0, we have defined the general optimization problem by: 

To find x EM such that ( x ) ::;; f(x) for all xEM, where 

M is a fixed set and the objective function f is a real valued 

function defined on M. 

In this paper we will try to study a particular optimization problem called linear 

optimization. 
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Definition 1.1.1. A linear optimization problem is an optimization problem in 

which the objective function is linear and the feasible domain is defined by linear 

constraint functions. 

Linear Optimization Problem: 

Given a vector c = (Cl, ... ,cn)TEmn, a non empty index set S, and for every SES, 

asEm" and bsEm. 

We need to find: Y Emn which solves the problem: 

(P) fey) = c Ty --+ min, 

s.t a; y<: b" 'v'SES'. 

Or we can write (P) by 

" 
(P) La; (s)cryr <: b(s), SES. 

r =l 

If we put S = {SI , S2, ... , Sm}, where m <: 1, the corresponding linear constraints 

takes the form. 

A \ <: bj , i = I , . .. , m 

where A = (arCsj)), (r E (I, ... ,n) and s E {l, ... ,m}. 

Definition 1.1.4 The Linear optimization problem obtained by selecting a 

finite subset {Sl, ... ,sm} of s is called discriptization of the original problem. 

T I Example 1. Let S: = [0,1]. Let as = (I, s) and bs = ""S, S E[O, 1]. 

Then the constraints have the form 

Yl + SY2 <: Fs, s E [0,1], Y E\H2. 

S may generate infinitely many hyperplane we discritized the problem as 

follows. 

Select a natural number m > 2 and put 
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h: = _l_ andsi: = (i - l)h. 
m-l 

We obtain 

a, = (l,(i - l)h)T,i E{l, ... ,m}. , 

b, = ~(i -l)h , iE(l, ... m}. , 

That is we have finitely many constraints and the problem is identified as 

linear optimization problem with finitly many constraints.Ifwe denote 

the value of the discetized problem by vm(P) then clearly we have 

vm(P) S v(P). 

The discritization helps us in computational practices to calculate an 

approximate solution of a linear optimization problem with infinitly 

many constraints. 

1.1 Weak Duality 

In this section we try to put the foundation for the theoretical as well as 

computational treatment of linear optimization Problems. We will consider 

certain examples, which prepare us to understand the central concept of duality 

theory. 

1.2.1 Duality Lemma and Dual problem. 

Consider the optimization Problem: 

(P) fey) = cTy -? min, YEW. 

" 
S.t L(a,(s,>)'yr ~b(S i),iE{l, ... ,q} 

r=l 

yr~O,rE{l, ... ,n} 

5 
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As soon as feasible vector y is availab le, we obtain an upper bound for the value 

of the problem. Since for any feasible vector y, v(P) :s; c T y. 

Now we are interested to determine a good lower bound for the value of the 

problem. To construct such lower bounds we use the following fundamental 

lemma and its corollary. 

Lemma 1.2.1 (Duality Lemma): Let {Sl, ... , Sq} ~ s, q 2! I, and the non­

negative numbers XI, Xz, ... , Xq be such that 

C = aSI) XI + a(sz) Xz + ... + a(sq)xq 

Then for any feasibl e vector YE9I", 

b(sl) XI + b(sz)xz + .. . + b(sq)xq:S; cTy 

Proof:- Since y is feasible for (P) by assumption we have 

a(s)Ty 2! b(s), SES . 

in particular 

a(si)Ty 2! b(si), i E {I, ... , q} 

Since Xi 2! 0, i E {I, ... ,q} 

T . 
b(si)Xi :s; (a(si) y)Xi, l E {I, 2, ... ,q} 

hence we have 

i=1 

q 

Therefore I (b(si)xi:S; C Ty. 
1': 1 

1=1 

;=1 

(I) 

(2) 

Corollary 1.2.2. Let {Sl , Sz, ... , Sq} ~ s, q 2! 1 and let the numbers XI, ... , Xq be 

such that 
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t (ar(Si) Xi) = Cr, r = 1, . .. ,n 
;=1 

Then t (b(Si) Xi ::; v(P). 
;=1 

(3) 

The Proof follows immediately from the definition of v(P) and the above lemma. 

Now let us consider some examples as an application of the duality lemma 

and its corollary. 

Example 1. Find the lower bound for the value of the problem 

(P) 

subject to 

1 . 
Yl + -Y2 ~ mm 

2 

Yl + SY2 ~ e', SE [O, 1]. 

Solution : We need to find {Sl, S2, . .. , Sq} ~ s and a non negative numbers 

Xl, ... ,Xq for which the assumption of the duality lemma holds. 

First let us take q = 1, and find Sl E[O, 1] and Xl ~ O. 

( I)T T C = 1'2 = a(sl) Xl, when a(s) = (I, s) . 

From this 

This equation is uniquely solvable by Xl = 1, Sl = .!. . 
2 

by 1.2 .2. 

To obtain a rough upper bound we need only to find numbers y 1, Y 2 such that 

the straight line y 1 + sy 2 li es above the graph of the function e' in [0, I] . 

For exanlple take y 1 = I , Y 2 = 2, we get 
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For a better lower bound we put q = 2 

q 1 
La,(s,)xi = cr, r = 1, 2, andcl = 1, C2 =-. 
~ , 2 

al(sl)Xl + al(s2)x2 = Cl 

a2(sl)xl + a2(s2)x2 = C2 

1 
Xl + X2 = Cl =-

2 

1 
SIXl + S2X2 = C2 = -

2 

Ifwe put Sl = 0 and S2 = 1, we get 

1 
Xl = X2 = - . 

2 

Hence we have 

q 

More over (La , (s,)xi )Yr = crY" r = 1,2. 
i=l 

which implies 

Xl + X2 + ... Xq = 1 

1 
SIXl + S2X2+ ... + SqXq = -

2 

(*) 

One possible solution for the above system of equations is Sl = S2= ... =Sq.l = 0 and 

h· h' I' I Sq = I w IC Imp les Xq = -
2 

1 
ThusX le s1 +X2e S2 + ... +Xqe Sq = Xl +"'+Xq_

1 
+-e 

'-------v------ 2 , 
2 
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I I 
= - + - e. 

There fore we have 

Y(p) ~ ~(l + e). 
2 

From (*) it follows 

I 
Y(p) = - (I +e). 

2 

2 2 

Lemma 1.2.3 . Let Y = (YI, ... ,Yn) be feasible for the problem (P). Assume also 

that {s\, ... ,Sq} ,;; s and the non-negative numbers XI, ... , Xq be such that the 

assumption of the duality lemma 

c = a(s\) x\+, ... + a(sq) Xq holds. 

• • 
If ~)(s,)x; = ~>,Y, ' then Y is an optimal solution to (P). 

(I) 

On the other hand from corollary 1.2.2, we get 

• q 

~>Y, = ~)(s,)x; ~ Y(p) (2) 
r - I i =1 

Hence from (1) and (2) 

• 
Y(p) = LC,y, . It fo llows Y is an optimal solution to (P). 

, - I 

Linear Optimization 

Consider the particular problem 

(P) CTy ---+ mm 

s.t. 
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where A is an (m,n) matrix with column vectors ai, " " am and q ~ m, Then every 

non negative solution of the system 

Ax = c, x = (Xl, "" Xm)T 

will give lower bounds for the value of the objective function of the form 

bT ~ V(P), 

we can WTite the equation Ax = c as 

m 

C = La,x, , 
;=1 

A natural objective is to select {Sl, "" Sq} !::;; S and a nonnegative numbers XI, "" 

Xq in order to maximize the lower bound for the value of the objective function 

obtained from the duality lemma, 

Dual Problem (D) 

Find {S l, " " Sq} !::;; S and real numbers XI , "" Xq such that 

sot 

q 

Lx,b(s,) -+ max 
;=\ 

q 

Lx,a,(s,) c" r = 1, " " n 
;=1 

Xi ~ 0, i = 1, ... , q, 

(I) 

(2) 

(3) 

{Sl, "" Sq, Xl, X2, "" xq} is said to be feasible for (D) When S;ES', i E {I , ""q} 

and (2) and (3) hold, 

Theorem 1.2.4 (Weak duality Theorem), 

Let fand $ denote the objective function of the primal and the dual 

respectively, Then for any feasible solution of (p), the value of f is 

never less than the value of $ for any feasible solution of the dual. 

I.e V(D) ;S V(P), 
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Proof: Let yE ~Hn be feasible solution for (P) 

and x E 9"jn be feasible for (D). 

Then for (P), we have 

T a(s) y;:: b(s), SES 

in particular 

a(s;)Ty)x;;:: b(s;) x; , i.e {I, ... , m} 

by taking summation over all i in both side we get 

m ( m )T m 
~ (a(s;)' y)xi = ~ (a(s i ))Xi y;:: ~b(S,)Xi 

Since x E 9"jm is feasible for (D), by definition of CD) we have 

m 

CTy;:: 2:)(s,)x" for all feasible YE\H n and for all feasible xE~Hm of (P) and (D) 
;", 1 

respectively which implies 

mil; {CTy} ;:: max {fb(Si)Xi 
ye91 XE!lf '" i=1 

I.e. V(D) :<; V(P) 

Lemma 1.2.5 (Complementary Slackness Lemma). 

Let y = (Yl, . . . , Yn)T be feasible for (P) and {sJ, ... , Sq, Xl, . . . xq} be feasib le 

for (D) . Moreover let 

x{t,a, (S i )Y, -b(Si))= 0, i E {l, ... , q} (I) 

Then Y is a solution of(P) and {Sl, .. . , Sq, XI, . .. , xq} is a solution of (D). 

FUl1her the values of (P) and (D) coincides. 

" 
Proof: From (1),x;;::O implies La,(si)Y, =b(si) , i E{l, ... , q}. 

r= \ 

11 
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Thus we have 

q " ( q } ~b(S,)Xi = ~ ~ a,(Si)Y, i 

" (q } 
= ~ ~ a, (s,) x, i 

, 
= 2::c,y, (by duality lemma and by feasibility of 

r=1 

{s], "" Sq, X], "" xq} ) , 

hence by lemma 1.2.3, y is a solution of (P) and the corresponding values of (D) 

and (P) coincides , II 

Now let S' = {I, " " M} , The linear optimization Problem given by: 

(F,) CTy ~ min, 

s,t 

where c, YEmn, b E\)jn, A an (m, n) matrix is said to be the primal problem, 

To each (P,) we can assign another linear optimization problem called the dual 

problem given by: 

(P,) 

s, t 

Ax = c 

Transformation of the primal problem to the dual problem 

In the primal problem, in order to have equation constraints we introduce slack 

variables as follows : 
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(I) 

Z ~ 0, ZEmm. 

In the fonnulation of the dual problem i.e. 

(D, ) 

s.t AY-1mZ =C 

we are not guaranteed to have y ~ O. 

In order to have it, we may write yE mn as follows: 

y = l -i, where l = max (y, 0) ~ 0, 

i = -min (y, 0) ~ O. 

Hence we can write the dual problem as follows: 

(D, ) T + T -(C Y - C Y) --+ max 

s.t 

(l, i , Z)T~ O. 

For the transfonnation of (D,) to (P,) where (D,) bTx --+ max 

S.t Ax = c 

x~O 

Then we have the transfonnation 

1.2 State Diagrams and Duality gaps 

Using the weak duali ty theorem we may derive a first classification table for the 

dual pair (P), (D). 
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Definition: 1.3.1. The primal problem (P) of a linear optimization is said to be: 

I. Inconstant (IC), ifthere is no feasible vector, which solves (P). In this case we 

put V (P) = 00. 

2. Bounded (B), ifthere are feasible vectors which solves (P) and Yep) < 00. 

3. Unbounded (VB), if there are feasib le vectors y such that the value ofh 

the objective function is arbitrary small and we put Yep) = -00. 

For the dual problem (D) we have similarly 

1. IC, V(D) = - 00 

2. B, V(D) < 00. 

3. UB, VCD) = 00. 

The statement of the duality theorem may be represented by the state diagram 

below, where the "numbers" denote possible relation and "x" denote the 

impossible relation of the dual pair (P), (D). 

State diagram for the dual pair (P), (D) 1. 

DIP IC B UB 

IC 1 2 4 

B 3 5 x 

UB 6 x x 

The case "s" is of main interest for the applications, since both problems are 

feasib le. 

Example: Consider the linear optimization problem given by 
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(P) Yl --7 min, 

S.t 

SYI + S2Y2 2: S2, SES' = [0,1 ], 

Clearly Y = (;: J = (~J is feasible for (P) 

more over, the feasible vector (Yl , Y2) T must satisfy Yl 2: 0. Which implies 

V(P) = ° 
follows (P) is in state B. 

The corresponding dual problem is 

(D) 
q 

Is,~ Xi -+ max, 
i=1 

s.t. ..(!-.sx = 1 L, , 
;=1 

X; 2: 0, iE {l, ... , q} 

S;E [0,1 ], iE{ I , ... , q}. 

From (3), Since X; 2: ° and s,' 2: 0, we have 

s; = ° or X; = 0, i E {l, ... , q} 

But (2) Cannot be satisfied. 

which implies 

(D) is inconsistent (IC). 

(1) 

(2) 

(3) 

(4) 

(5) 

Hence we have an example for case "2" in the state diagram (1). 

Similar examples can be made for each instant cases. 

Definition 1.3.2: Let a dual pair (P), (D) be given. The defect of (P), (D) 

denoted by O(P, D) is defined as: 

O(P, D) = V(P) - V(D)., 
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Here we use the usual conventions: 

-00 - (-(00) = + 00, 

+ 00-(+00) = 0, 

-00-(-00) = 0, 

(-(-00» = + 00 

+ 00 - C = +00 \iCE9t. 

If 8(P,D) > 0, we say that a duality gap has occurred. 

From state diagram (1), we can formulate the defect diagram corresponding to the 

dual pairs. 

Defect diagram for the dual pair (P), (D). (2). 

D P IC B UB 

where ° ~ d < 00. 

IC 

B 

+00 +00 

d 

UB ° 
° 

Example 2. Consider the linear optimization problem 

(P) YI ~ mm 

S.t a(s)Ty ~ b(s), SES 

where S = [0, 1] u {2} 

fo, if S E [0,1] 
b(s) -

[- 10, if = 2 

aT(s) = (s, S2) 

The corresponding dual problem is: 

(D) t b(sj)xj ~ max 
&",1 

s.t ,-1 (s. J (IJ (IJ ~ ~ Xi + x q = , 
,=1 s, ° ° 

16 
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Xi 2! 0, i E{ I , ... , q} 

Si E [O, 1], i E { I , ... , q - I} 

Solution: From (I), we have 

,-I 
~S2X= 0 
L. ' , 
i=1 

since (2) and (3) must be satisfied, we have 

xi = Oor si= O, i E {I , ... , q}. 

implies 

Xq = I. 

q 

Hence Ib(s;)Xi = -10. 
c=l 

I.e V(D) = -10 

For the solution of the primal 

SYI + S2Y2 = S(YI + SY2) 2! 0 implies 

YI + SY2 2! 0 'ltSE [0, 1]. 

it follows 

YI 2! O. 

hence (0, Y2) T E 91 2
, is optimal for (P) 'ltY2 2! O. 

Thus we have 

Yep) = O. 

Therefore 

o(P,D) = Yep) - V(D) = 10 > 0 

I.e. there is duality gap. 

17 

(2) 

(3) 



2. Application of Weak duality in Uniform Approximation 

2.1 Uniform Approximation 

Let T be an arbitrary set and f: T ~ R be a real valued function , which is defined 

on T and bounded there. 

The Problem of linear uniform approximation IS to determine a linear 

" 
combination L YrVr which is best approximates f in the sense that 

,.1 

" 
sup Ly,v, (t)- I(t) ~ min 
feT r =1 

Therefore the problem of uniform approximation can be put as: 

" 
(PA) sup Ly,v,(t) - I(t) ~ min, YE9'ln. 

feT r:1 

" 
Ifweput sup Ly,v, (t)- l(t) =Yn+1 

leT r=J 

" 
Then sup LY,V, (t) - I(t) :s; Yn+lo for all tET and 'inEN. 

fET r= 1 

Hence we can express the problem as: 

(PA) . ( )T mn+1 Yn+l ~ mm, Y, Yn+l E" 

s .t 

" 
Ly,v,(t)- l(t) :S;Yn+lo 'itET 
r =1 

ra+/3 ~a and 
Observe that: In - al :s; ~ <=> ~ 

[- a + p ~ -a, a, /3, a E 9\ 

18 
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Similarly we can express (1) as 

" 
Ly,v, (/) + Yn+1 ~ f(t), 'VtET 
r=1 

" 
and - Ly,v,(/) + Yn+1 ~ - f(t) , 'VtET 

r = ] 

Hence the approximation Problem is 

(PA) Yn+1 ~ min 

" 
S.t Ly,V,(/) + Yn+, ~ f(t), 'VtET 

r=1 

, 
- Ly,v,(t)+ Yn+1 ~ - f(t) , 'VtET 

r=l 

(1) 

(2) 

(3) 

Now (P A) has the form of a linear optimization problem (P) in 91 n+1 provided that 

the index set S and the functions a(s) are properly defined. In (PA), we have two 

different kinds of vectors a(s) since the vectors 

VI (I) - VI (I) 

V" (I) 

1 

and ,tET 
- V" (I) 

1 

(4) 

are corresponding to conditions (2) and (3) respectively. The constraints of the 

o 

dual of the problem (1) - (3) implies the vector C = EW+I which appear in 
o 

the objective function (1) must be expressed as a nonnegative linear combination 

of finitely many of the vectors (4). Hence the dual Problem corresponding to 

(I) - (3) takes the form: 

Determine two subsets {I I+ , ... , I;. }, { /I- ' ... , I;} of 

T(g+ + g-) ~ 1) and real number xt, ... , x+. , x~, ... , x-_ 
q q 
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such that the expression 

---+ max 
;=1 ;=1 

+ >0' - 1 + Xi _ ,1 - ,. '" q , 

-> 0' - 1 -Xi _ , I - , .. " q . 

Using similar argument in the discussion of transformation of (LP) ---+ (LD) we 

have the following: 

The dual problem of (P A) is 

determine a subset {tl, ... , tq} ofT, and real numbers Xl, ... , xq, (q 2: 1), such that 

q 

L j(t; )x; ---+ max 
i=l 

q 

S.t Lv,(t;)x; =O,r=l, ... , n, 
;=1 

q 

L Ix; I :<; 1. 
;=1 

20 



Lemma 2.1.1 Let XI, ... , Xq Em, {tl, ... , tq } c T, such that 

q 

Lv,(t,)x; = Or = l , ... ,n (1) 
;= 1 

'I 

Llx,l ~ l. (2) 
j = ] 

q • 

Then LJ(t,)x,~ sUPLy,v,(t)- J(t) forallYEm" (3) 
;: ] leT r=1 

Proof: - From (1) we have 

t (tv,(t;}x,)Yr=O implies 

hence 

tJ(t,)x, = tJ(t,)x,-t (~y,v,(t;}}, 

= t(J(t,)- tp,(tJ}, 

q • 

~ L J(t;}- Ly,v,(t ,)lx,1 
;=] ,:1 

• q 

= SUp J(t) - LY, V, L IX,I 
reT r=1 ;",,1 

• 
~ sup J(t)- Ly,v,(t) by(2) 

reT r=1 

Therefore we have 

q n 

LJ(t,)Xi ~ SUp J(t)- Ly,v,(t). 
;=1 lET , . ] 

q q 

If we rep lace LJ(t,)xi by LJ(t,)xi , then the result holds true. because 
j = ] ;=1 
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q 

L/(/,)X, 
;=1 

q " 

~ L / (1 ,)- Ly,V,(/') IX,1 
i=] r=1 

" 
= sup /(/) - LY, v, (I) II 

fET , : ) 

Remark: If q :<: n + 1, then (1) has a non trivial solution for the choice of 

elements t l, ... , tq in T. (1) gives the under determined linear system 

of equations 

and setting x = (iJq)-1 x, 
.-1 

(3) 

X E mq satisfy (1) and (2) of (DA). 

Example. Let f(t) = e\ t E [-1 , I]. Find the error of the best approximation of 

fby a polynomial pet) = YI + Y2t, t E [- 1, 1]. 

Solution. We have to solve the optimization problem: 

sup lei - YI - Y2t I ~ min, y = (y!, Y2) E m2 

leT 

By Lemma 2.1.1, we select q = 3 and set tl = -1 , t2 = 0, t) = 1. 

The system of equation (1), i. e. 

3 

LV,(/,) X, = O, r = 1,2 becomes 
i=1 
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from (II) we have XI = X 3 

and from (I) we get X 2 = -2 x 1 = -2 x 3 

hence for any arbitrary a, the general solution is 

XI = 2 = XJ ' x, = -2a. 

The "normalization" (3) gives 

x = (t Ix; I) - I X implies 

x = (4ayl (a, -2a, a) follows 

(
1 - 1 I)T 

x= 4'2'4 

(
1 -1 I)T 

Therefore t l = -1, t2 = 0, t3 = 1 and x = - ,- ,- meets the constraints of(DA). 
424 

Therefore we conclude from Lemma 2.1.1 (4) that if e' is approximated by a 

straight line over the interval [-1 , 1] , then the error will be 

1 - I 1 1 -e --+-e~ 0.27 
4 2 4 

An upper bound for the smallest possible approximation error is obtained by 

taking YI = 1.36 and Y2 = 1 

23 



YI + Y2t = 1.36 + t 

then sup Ie' - 1.36 - tl '" 0.36. 
IE[- '.'I 

Lemma 2.1.2 Let {tI, ... , tq, XI, xq}, tiET, i E {I, ... , q} and q ~ I be such that 

q q 

~>, (I , )x; = 0, r E {I, . .. , n}, l: lx,1 = I 
;=1 

, 
and letYE91n, Yn+1 = sup J(t) -l: y,v,.(t) , 

le[- I,q r=1 

Moreover for i E {I, .. . , q}, ei ther Xi = ° or 

" 
f(ti)-l:y,v,(t) =Yn+lsgnsi, (I) 

,,,,1 

x· 
where SgnXi = - ' 

Ix,l 
Then {tI, . . . , tq, XI, ... , xq} is an optimal solution of(DA) and Y of (PA), 

and the value of (PA) and (DA) coincides. 

q q q (q ) 
Proof: -8J(t,)x; = -8J(t,)x; - -8 Y' ~V,(t;)Xi 

q [ " } = -8 J(t,) - ~y, v;(t,) ; 

from (I) we get 

q q q q 

l:J(t,)x; = Yn+ll:x;sgb(x,) = Yn+I l:IX,1 = Yn+I, since l: lx,1 = I. 
;=1 ;= \ ;= \ j = 1 

q " 

Therefore l:J(t;)x; = supJ(t)- Ly,v,(t) byLemma2.1.1. 
j = ] leT r=\ 

V(D) = {t l, . . . , tq, XI, ... , Xq} = Yep). II 

Note: It T is compact and all the functions are assumed to be continuous, then we 

can write instead of "sup", "Max". 
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We conclude this section by showing that the approximation problem is soluble 

under fairl y general conditions. 

Theorem 2.1.3 Let T ~ R k be nonempty and compact. Assuming that the 

function f, v, ... , v" are continuous and linearly independent on T. Then 

the linear approx imation problem (PA) is soluble. i. e. There is a vector y E91n 

such that 

" " 
maxf(t)-I),V,(t) 

leT r= ] 

= mm max 
ye9f" 

f(t)- Ly,v, (t). 
lET ,. ] 

Proof: We define a norm on ~H n by 

" 
IIYllv = max Ly,v, (t) 

lET ,:1 

Putting y = 0, we get 

" 
max f(t)- Ly,v,(t) = max If(t)1 

teT r_ 1 leT 

" 
By the above notice and theorem of weistrass, f - LY, v, assumes its maximum 

,. ] 

and minimum - hence 

" 
max f(t)- L y,v, (t) = max lf(t) I= 6. 

fET r=1 leT 

This implies 

The optimal value of (P A) lies in [0, 6 ). 

Because of the minimization we need only to consider those vectors y which 

satisfY 

" max f(t)- L y, v,(t) $ 6 
l e T 

r=1 

from triangle inequality 
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n n 

L>,V,(/) - I f(t) 1 ~ 1(/)- Ly,v,(/) implies 
r =1 r=1 

• • 
Ly,v, (/) ~ 1(/)-Ly,v, (/)+lf(t) I~ 2~. 
r=1 r= 1 

Thus we need only to minimize for those vectors yE mn such that 

liyllv ~ 2~; i.e a compact subset ofm" . 

• 
Since y ~ max 1(/) - LY, v, (I) is continuous, by Weierstrass theorem the 

lET r =1 

optimal solution exist. Hence (P A) is solvable. II 

2.2 Polynomial Approximation 

Tlus section is devoted to the study of approximation problem in the case when T 

is real interval and the function is to be approximated by a polynomial. 

Lemma 2.2.1 Let t1 < t2 < ... < tn+1 be fixed real numbers and (X l, ... , Xn+1) be 

a non-trivial solution of the homogeneous linear system of equations 

11+ 1 

Lt;-IXj = 0, r = 1, .. . ,n. 
i=1 

Then x; X;+l < 0, i E {I, ... ,n} 

(1) 

(2) 

Proof: Let 1 ~ i ~ n, where be a fixed integer, and P n be the uniquely 

determined polynomial given by 

• 
P net) = LY , I , - I satisfying (3) 

;=1 

[
1 j ' = 1 

P t- = ' 
n( J) [0 ' I 1 · ·· · 1 ,j = , ... ,n+ ,j+l,j+l+ 

(4) 
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(see fig. I) 

Consider the vendermonde matrix : 

I I 

/ , 
V(t" ". , to) = /,' 

/n , 
In 

/,,-1 /,,-1 ... / ,,-1 
I 2 " 

Then det V(t" ". , to) = ± n (ti - tj) ;t 0 
.» 

i.e. The vendermonde matrix is non singular. 

Hence such a p" exists. 

Now, from (I) we have 

11 +1 /I 11+1 

L P"(ti)Xi = L Y'L 1;-' Xi = 0 
;=1 r=1 

by construction ofP" (3), we get 

Xi + P"(ti+I)Xi+1 = 0 

p"(t) 

Fig. I 

p" cannot vanish in [ti , ti+l]. If it vanishes, then p" would have n-zeros, which 

contradicts the construction ofP". 

Therefore P"(ti+l) > 0 implies Xi < 0 or Xi+l < O. 

hence we have Xi Xi+1 < O. II 

The following theorem, which is due to De La vallee - Poussin, is important for 

calculating lower bounds for the error of the best approximation without solving 

the linear system (I) explicitly. 

Theorem 2.2.2. Let f be continuous on [a ,p ], p be a polynomial of degree less 

than n and a ~ t, < t2, ... < t"+1 ~ p, such that 

[f(ti) - P(ti)] [f(ti+l) - P(ti+I)] < 0, i E {I , ... ,n}. (I) 
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The min If(ti) - P(ti)1 ~ l>n ~ max If(t) - pet) I, where 
i as.ts.p 

" 
l>n: = inf max If(t) - I y,t,OII · 

ye91 n 
aSt5.{J r=] 

Proof: (For illustration of (I) see fig .2) 

The right hand side inequality is obvious 

Since inf max If(t) - pet) I ~ max If(t) - p(t)1 
YE~I1 ~ aSlsp a Slsp 

Let PI, . .. , pn- I be non trivial solution of the system 

11 + 1 

I Clpi = O,rE{I, .. . , n} . 
j ", l 

By Lemma 2. 1, we may assume PiPi+1 < 0, E {I, . .. , n} 

Now Put 

In this way we get a feasible solution to the dual problem since 

1/+1 

I ( -I Xi = 0, r E {I, ... ,n} (3) 
j= 1 

11+ 1 

I IXi l = 1. 
;=1 

From the weak duality lemma, we also have 

11 +1 

I f(ti)xi ~ l>n. (4) 
;=1 

(2) 

define Oi = f(t;) - P(ti), Oi Oi+1 < 0 by assumption. If for each i, the signs of Xi are 

change simultaneously, the constraints of (DA) still met. 

Hence we get 

(5) 

Since we also have Xi Xi+1 < 0, applying (3) and (5) we get that 
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11+1 11+1 11 +1 

L f( ti)xi = I xdf(ti) - p(tDI = I x,o, 
;=1 

11+1 

2: min IOil Ilx,l 
I i=1 

= min If(ti) - P(ti) I , 

Therefore by (4) we have the desired result. II 

Corollary 2.2.3 Let P be a polynomial of degree lest than n and such that there 

are n + I points a ,.; tl < t2 < .. . < tn+1 ,.; /3 with the properties 

IOil = If(t i) - p(ti)1 = max If(t) - p(t)l, i E {I, ... , n + I} and Oi Oi+1 < 0, 
a5015oft 

i E{l, ... , n} . 

Then P is a polynomial of degree less than n which best approximates f in the 

uniform norm. 

The Proof follows directly from the above theorem. 

Remark: In the special case when 

lod = 1821 = ... = 18n + d, we get 

11+1 

I f(ti) Xi = min If(ti) - p(ti)1 
;=1 I 

Hence (2) and (4) in Theorem 3.2.2 gives the same lower bound for the attainable 

approximation error in this case. 

Detemlination of a polynomial satisfying (I) in Theorem 2.2.2 

Let a ,.; tl < t2 < ... < tn+1 ,.; /3 be given 

Define 8 by 8(ti) = (-I)', i E {I, . .. n, n + I} . 

Now we have to find a polynomial P of degree less than n and a constant € such 

that 

(6) 
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which is a linear system of equation with E and the coefficients ofP as unknowns. 

Using the vandermonde matrix, P and E are uniquely determined. 

Since P(t l, . . . , tn+l ) = 0, from (6) we have 

E = - /[1" ... ,1'+1] h -".,..'--'-,----,--"", "" , w ere we 
" [1" .. . ,1,,+,] 

use the usual notation for divided 

differences. 

P may be represented in the "Newton" form 

1/-\ 

pet) = P[tl] + P[tl , t2] (t - tl) + ... + P[t!, t2, ... , tn] n (t - t;). 
;=1 

By theorem 3.2.2, lEI is a lower bound for ""n. 

Example 1. Calculate the lower bound for the smallest error, when 

f(t) = (1 + tyl be approximated in the uniform over [0, 1]. 

Solution: Consider n = 2, tl = 0, t2 = ~ , tl = 1 and [a, p ] = [0, 1]. 
2 

The difference schemes for f and Ii are: 

t; f(t;) fIt;, t;+;] fItl , t2, tl] Ii(t;) Ii(t;, t;+ I) Ii[t!, t2, tl ] 

0 1 -1 

2 4 

1 2 3 I 1 -8 
- -

2 3 1 3 -4 --
I 1 3 

-1 
2 

hence we have 

1 
- /[1,,1, ,1, ] -3 1 

E= =-=-
" [I"I" IJ -8 24 
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I.e f(t) cannot be approximated in the unifonn nonn over [0, 1] by a straight 

line with an error less than }i4' 

Example 2. Let fbe twice continuously differentiable on [a,~]. Such that 

f "(t) > 0, t E[a, ~]. Let £ be the straight line which interpolates f at the end 

points a and ~. 

Show that £ which best approximates fhas the representation 

Ret) - %, where % is the approximation error. 

Solution: Since £ interpolates f at the end points, we have 

f(t) -£(t) = (1-1,)(1 - 1, ) f"(t) 
2 

P · A a+fJ uttmg t = 1" , t l = a, t2 = --, we get 
2 

2(f(t) - Ret)) = W -a) (fJ (a ~ fJ) ) f" (t). 

taking absolute values on both sides 

21 f(t) - Ret) 1= (fJ + a)' . f "(t), since f" (t) > O. 
2 

we have 

2 (£(t) - f(t)) = (fJ+a)' f"(t) 
2 

which follows 

f(t) = Ret) _ -..!.., (fJ + a)' . f "(t). 
2 2 

Since I:i max If(t) - £(t)1 = (fJ + a)' . f "(t), 
as/$/3 2 
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o 
we have f(t) = R(t) - - . 

2 

Hence R has the representation R(t) - 0 which approximates fwith an error 0 . 
2 2 

Example 2. Give the approximation error, iff(t) = e, were R interpolates fat 

a+f3 I a + f3 I 
t1 = -- - - (13 - a), t2 = -- + -(~ - a). 

2 2..fi 2 2..fi 

Solution: f"(t) = 2 > 0, hence we have 

implies 

I.e. 

2 ( a+f3 1 )( a+f3 1 ) 2IR(t) - t 1= f3- --+- (f3 - 2). f3 -----(f3 -a).2 
2 2..fi 2 2..fi 

2 11 'I IR(t)-t 1= 8(f3- a ) 

1 2 , 
R(t) - - (13 - a) = t . 

8 

Therefore the approximation error is .!. (~ -a)2 
8 

3. DUALITY THEORY 

A major topic of this chapter is the derivation of "strong" duality results, i.e to 

give theorems which specify when V(D) = Yep). Another important topic is the 

proof of existence of solutions to the primal and the dual problems. 

At first we will try to discuss the "geometric" representation of the dual problem 

(D) which helpful to understand the other sections. 
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3.1 Geometric Interperitation of the dual problem 

To give a geometric representation of the dual problem, first we introduce the 

concepts of a convex set and the special case of convex cone. 

Definition 3.1.1 A set k ~ 91" is said to be convex if and only if ai, a2 EK 

implies Aal + (I - A) a2 EK, AE(O, I). 

Moreover ifK is convex and ai , ... , aqEk, then 

I AjajEk if I Aj = I and Aj ;:: 0, i E {I , ... , q} . 
i=1 i=1 

Definition 3.1.2. Let A ~ 91". Then convex hull of A denoted by conv A is the 

set of all convex combinations of elements of A, 

I.e Conv A = C, 

where 

q q 

c: = {xE 91" 13qEN, 3Aj, 3aj EA: x = L A,a" L A, = I , 
1=1 i= 1 

Aj ;:: 0, i.E . {I , ... , q}} . 

Some of the properties of conv A are: 

Property: Let A ~ 91" be arbitrary set. Then 

I. Conv A is convex for any set A, 

2. A convex set which contains A must contain all convex 

combination given by c, 

3. Conv A is the smallest convex set having A as a subset. 

Conv A using a figure can be illustrated as: 

Conv A 
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Definition 3.1.3 A convex cone is a convex set with the property if xEC, then 

Ax EC for all AxEC for all A;:: 0, 

Let A ""~' A c;; m
n

, Then the {YEW I y = Ax, xEA, x ;:: O} is a cone 

generated by A denoted by cone A and is called the conichull of set A. 

We denote the convex conic hull of A by cone (Conv A) or CC(A), where 

q 

CecA): = {zlz = 2:>;a; , Xi;:: 0, aiEconvA, i,E {I, .. " q} , q ;:: I}, 
i=1 

Geometrically we have 

CecA) 

Conv(A) 

Thus CecA) consists of all non negative linear combination of elements of 

Conv A. Now we apply the above concepts to the set of vectors, which occur in 

the formulation the dual problem and the primal problem given as follows: 

Let the primal linear optimization be given by 

(P) fey): CTy ---+ min, c, YEm n 

s,t 

" 2::>;(s)'y, ;:: b(s), IiSES', 
r=l 

where S is an indexed Set (finite or possibly infinite), 

Then its dual is given by: 

" 
(D) 2:); (s; )x; ---+ max 

s,t 

r=1 

q 

2:>;a, (Si) = cr, rE {I , .. " n} 
i=1 

{sJ, .. " Sq} C;; S 

Xi ;:: 0, i E{l , .. " q}, 
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Now, we define the constraints of the primal problem interms of the set of vectors 

As: = {as I ssS} <;; 91". 

From the constraints of the dual problem and definition of CecA), we find that 

{Sl, "., Sq, XI, ".,xq} is feasible for the dual problem ifand only if 

C = (Cl, "., cn) lies in CecAs). We denote CecAs) by "Mn" which is sometimes 

called the "moment cone". 

Lemma 3.1.1 The Dual problem (D) is feasible if and only if CEMn. 

Proof: (1) Let (D) be feasible. 

Then 

q 

C = Lx;a; , Xi:?: 0 by duality lemma. by definition ofMn, we have 
;::1 

(2) Let C EMn. 

q 

then C = L x;a; , Xi :?: 0 by definition of Mn. 
;=1 

By duality lemma, we have the dual problem (D) is feasib le. 

Example 3.1. Let the primal problem of a linear optimization be: 

(P) 

s.t 

1 . 
YI + -Y2 --+ mm, 

2 

sYI + s21 :?: eS 
- 1, s E [ 0, 1] = S. 

Solution : For this primal Problem, we have 

C = ( l,±r, as , (:2). s E [0, 1] and As {as Is ES' [0, I]} <;; 91
2 

From the constraints of the dual of (P) there are numbers Sl, S2 E [0, 1] SUIf)Ch that ~ _', 

ot:IO<! " ,." '\ 

35 I '<lI" o~; :) 
C\'l" ... ~" t 
~).v ~ 

\, f" 

'.{/ 



which imply 

1 

The inequality holds true [for both Xl and X2]. 

1 1 1 1 
If a ~ - and a < - or a s: - and a >-

52 2 $1 2 $2 2 S I 2 

Hence if we choose a =! E [0, 1) and a = 
51 4 5 2 

3 
- E[O, 1) we have Xl = 2 and 
4 

By definition we have 

CEMn = CC(As). Which implies 

The dual problem (D) of (P) is feasible by Lemma .1.1. 

Theorem 3.1.2 (Reduction theorem). 

Let z ERP (P ~ 1) be a nonnegative linear combination ofz l , .• . , Zq in RP 

and q ~ 1. i.e 

q 

Z = L:>;z; , X i ~ 0, i E { 1, . . . , q} (1) 
i=1 

Then Z admits a representation 
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q 

Z = LXiZi , Xi ~ 0, i. E {I, . .. , q} (2) 
i=] 

such that there is { x. , .. . , x. } ~ {XI, ... , xq} where r S p, Xi > 0 
11 'r J 

and Zi are linearly independent. , 

Proof: If ZJ, .•. , Zq are linearly independent, then q -, p and Xj = Xi are uniquely 

detennined by (1) and (2) and we are done. 

Suppose ZJ, ... , Zq are linearly dependent. 

Then there are ai , .. . , a q not all zero in R such that 

q 

Lai zi = 0 
j = ] 

Hence for each r with a r "" 0, 

"a Zr=-L...J-1Z;, 
;'1" a,. 

Putting this in (1), we have 

Z= L Xi -x, - ' Zj 
q ( a.) 

;'= 1 a,. 
'" 

(3) 

(4) 

Hence we get a representation of Z as a linear combination of q - 1 of the vectors 

ZJ, • .. , Zq . Now we can choose r so that (4) becomes a nonnegative linear 

combination. 

I.e a i O· Xi - Xr - ~ , I.e {l , "" r - l, r + 1, ... , q} (5) 
a, 

we select r such that a r > O. 

(if all aj in (3) are non positive we mUltiply (3) by - 1). 

Since Xj ~ 0 and a r > 0, we have 

a i 'f Xj-Xr - ~Ol ajs 0 
a, 

Hence (5) holds true if aj S O. 
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For the case eLi > 0, (5) implies 

x · x 
-' ;:>:-' 
a j a r 

This holds true and hence (5), if we determine r such that 

Then (4) expresses Z as a nonnegative liner combination of the vectors 

z\, ... , Zr+h .. " 2 q. We may repeat this procedure until we have the repress-

entation (2) . II 

Example 2 Let P = 2 and q = 4. And let 

Then 2 admits the representation 

1 1 1 1 
Z = - 2\ + - 22 + - 2) + - 24. 

4 2 4 4 

Since the vectors 21. ... , 24 are linearly dependent, we can find 

the representation of 2 with vectors less than 4. 

We can express 2\ as 

or -32\ + 22 + 2) = ° 
Hence we have 

4 

La,z; = 0, where eLl = -3, eL2 = 1, eL) = 1, eL4 = ° 
i=l 

Since we must have eL, > 0, r must be equal to 2 or 3. Now to determine 

the smaller of the coefficients 

x, 1 X3 1 
- = - and - =-
a, 2 a 4 4 

. {x' X3} 1 . I 3 mm -,- = - Imp y r = 
a, a 3 4 
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Therefore we have the fonn of representation (2) in the Reduction theorem 

using the representation of z in (4). 

I I 
I.e Z = z, + - Z2 + - Z4. (*) II 

4 4 

We can carry out another reduction step on (*) to obtain z as a non-negative linear 

combination of the vectors ZJ, Z2, Z4 . As a consequence of the Reduction theorem 

we have the following Theorems with out proof. 

Theorem of Caratheodory: 

Let A ~ ~n. Then for each Z E conv A, there are n + I reals 

XI, ... ,Xn+ ' 2: 0 and n + I points~, ... , an+, EA, such that 

, +1 

x, + .. . = X n+' = I and Z = Lxiai see the proof on [I] 
;=1 

Theorem 3.1.3 Let {sJ, .. . , Sq, XI, ... , xq} ,q 2: I be feasible for (D). i.e 

q 

La,(si)xi = C" rE {I, ... ,n}, 
i=1 

X; 2: 0, i. E {I , ... , q}. 

Then there is a subset { s. , ... , Si } is also feasible to (D)., 
" " 

I.e 

" 
"ar(s j.)xj . = Cr, r = 1, .. " il, 
L. " j=l 

- >0 ' - 1 X i . - ,J - , .. " n. , 

The vectors a (S i
j 

) which belong to positive numbers Xi} are linearly 

independent 

The proof follows directly from the reduction theorem. 
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Now consider the n + 1 equations 

q 

I a, (S; )X; = co, 
{= I 

q 

Ia,(s;)x; = cr, rE {I, ""n} 
{= J 

(5) 

Then we obtain an important result that n + 1 points s; , "are enough" to determine , 

V(D), hence we fom1Ulate (D) as follows: 

11 + 1 

(D) Ib(s;)x; -+ max, 
j=1 

n+l 

s,t Ia,(s;)x; = cr, rE{I, .. "n}, 
{= ] 

s\ , . . " Sn+l ES, 

XI, .. " Xn+ l ~ O. 

Ifwe adjoin the real number b(s) to the vectors a(s) and consider the vectors 

il (s) = (b(s), ales), .. " an(s))T E9'ln+1 

Then we have another moment cone Mn+1 ~ 9'ln+I, 

We write (5) in the fom1 of 

q 

Iil(s;)x; = (co, CI, .. " Cn)T (6) 
j= 1 

If we let A, : = {il (s) I SES } ~ W +I, Then 

Mn+1 =CC(AJ 
By the definition of convex conic hull every Z EMn+1 admits the representation 

q 

Z = Iil(s;)x;, x; ~ 0, 
i=J 

Comparison with (6) gives 

{Sl , "" Sq, XI , " " xq} is feasible for (D) with the corresponding value Co of 

the dual objective function if any only if 

(co, CI, .. " cn) T E Mn+1 by Lemma 3,1.1 (7) 
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A " geometric" formulation ofthe dual problem is 

co~ max (8) 

s.t 

(O, C)T n = 2 

1 

Fig 3. 1 

Fig 3.1 gives a geometric illustration of the dual problem (8). We have to find the 

point ( c 0, C)T of the straight line 

{ (co, CI , ... , Cn), c OE R} 

which belongs to M n+l and whose first component is maximum. 

From a solution (c 0, C), ... , Cn)T E Mn+ ), we have 

,,+1 

c o= Ib($;)x;, 
i=l 

11+1 

and C = Ia($;)xp 

;:1 

where X; are nonnegative number and $; E S, i. E {I , ... , n+ I} . 

Hence { $1 , ... , $,,+1' XI ' ... , X,,+I } is a so lution to (D). 
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3.2 SOLUBILITY OF THE DUAL PROBLEM 

The following important theorem on the solvability of the dual problem (D) is an 

immediate consequences of the formulation (8) above. 

Theorem 3.2.1. Let for a given linear optimization problem the dual problem 

(D) be bounded and Mn+1 is closed, Then the problem (D) has a solution, 

Proof: by a state diagram (10 given in chapter 1.3, (D) is bounded implies V(D) 

is finite, where V(D) is the maximum of the continuous function f given by 

f(zo, Zlo .. " zn) = Zo defined on the set 

Mn+111 {(zo, Z)T I V(D) - I $ , Zo $ V(D), Z = C} (*) 

where C is a vector in mn, exist in the formulation of the primal problem given by 

(*) is compact as it is closed and bounded follows the maximum exist. 

Since Mn+1 is closed, 

(zo, ZI, .. " zn) EMn+1 implies 

11+ 1 

Zo = L)(S; )X; , 
i= 1 

"+1 

and z= L)(s; )x, , x;:2': 0, S;ES, i,e {I , .. " n+ l} 
;=] 

Since (D) has feasible solution as it is bounded, we have 

{Sl, .. " Sn+1o Xlo .. " xn+d is a solution to (D), II 

Quite often we shall encounter a special class of problems where the index set S 

and the functions alo .. " an, b which appears in the constraints of (P) 

" La, (s)y, :2': b(s), SES 
r= ] 

satisfying the following assumptions: 

(*) General assumptions on (P) 

S is a compact subset of R k and the real valued functions 

ai , "" an, b which are defined on S are continuous there, 
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If S is finite, then trivially every real valued function on S is continuous. hence 

we can assume that 

S = {I , ... , m} C R. 

Definition 3.2.1 If there is a vector y = 0\ , ... , y,,) T E 91", such that 

" 
La,(s)y, > b(s), SES, (l) 
r:ol 

Then (P) is said to meet the slater condition. 

If(P) satisfies (I), we also call (P) super consistent since (l) is a sharpening of the 

statement that y is feasible for (P) . 

Suppose now the general assumption on (P) is satisfied. Then the slater condition 

(l) met, ifone of the functions ai , ... , an is constant. For example: 

Let a(sl) = I , s ES 

then (1) is met if we take 

y= cy, , 0, .. . , O)T, 

where y, > max b(s). 
' ES 

This is possible since b is continuous on a compact set. 

Remark: The slater condition is an example of the so called regularity 

conditions which are introduced in the theory of optimization and which playa 

major role in the derivation of theorems on duality and existence of solutions. 

Lemma 3.2.2. Let A £;;; RP be a compact set. 

Then con V(A) is also compact. 

Proof: Let al, ... , ap+1 EA and 

(x\, ... , Xp+l) ED, where 

D £;;; RP+ I is defined by 
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p+ 1 

D = {x ERp+1 I X; ~ 0, i.e. {I , . .. , p+ l } and LX, = I } 
;=1 

Then by definition 

p+1 

Cony (A) = La,x, 
i=] 

Hence cony (A) is the image of the compact set ,A x A x'·· x A x P 

under the continuous mapping 

p +1 

(aJ, . . "' ap+l, Xl, . .. , Xp+l) 4 LQjXj 
;=1 

p+1 times 

Since A is compact and the mapping is continuous we have 

Cony (A) is compact 

Theorem 3.2.3 Suppose that the general assumption of (P) is satisfied and (P) 

meets the slater condition, Then Mn+1 is closed. 

Proof: Let z be an arbitrary vector in M ,.I ' We will show that z must be also in 

M n+l . 

Since Mn+1 = CC( A s) by definition, for z E M n+1 we may associate a sequence 

{h;}; > I in cony (A s) and a sequence of nonnegative numbers {A,}; > I such that 

z = lim A;h; 
;-+00 

(I) 

Since S is compact, and ai, ., " an, b are continuous, the set A s is compact. by 

Lemma 3.2.2, cony (Ii s) is compact. Therefore we may pick a subsequence of 

{A;}; > I which converges to a vector h E cony (A s). from (I) we may assume by 

lim h; = h, hE cony (Ii s). 
i-+«> 

Case 1. If now the sequence {A;);> I is bounded, in similar way we can assume that 

it converges to A> 0, Then we obtain 

z = lim A;h; = lim h; lim h; = Ah 
1-+0') 1-)0 0') 1-+00 

and from h E cony (A s), A ~ 0, it follows that 

44 



Z = Ah ECC( A s) = M n+1 

Case 2.if {Ai}i > I is un bounded, then we may assume by USIng a suitable 

subsequence, that Ai > 0, i = 1, 2, ... , and lim -I = O. Hence we get 
Aj 

i. e the nuall vector of Rn
+

1 lies in conv( A s). Hence there are q 2': 1 non negative 

numbers a I, ... , a q and q points Sl, .. . , Sq in S such that 

q 

La(sj)aj 
;=] 

and (2) 

q 

which implies Lb(s,)aj = 0 
j =] 

q 

and La, (s,)a j = O, r= I , ... , n. 
e=1 

Let yE \lin be an arbitrary vector. The last two equation give 

(3) 

Since (P) meets the slater condition there is y E \lin such that 

" 
Ly,a,(s,) -b(s,) > 0, i. E {I, ... , q} 
r= l 

Now if we put y = y in (3) we get, since ai 2': 0, that a l = ... a q = 0 must hold. 

But this contradicts (2). This rules out the possibility that {Ai} i > I is unbounded. 

Hence we have established the theorem. II 
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Example. Consider the linear optimization problem 

CTy ~ min 

(P) S.t 

2 > S YI _ S, SE [O, I ] 

Here we have n = I, S = [0, I], al(s) = S2, b(s) = S. 

Since al (0) = b( c) = 0, the slater condition is not met. 

Mn+1 is not closed since the vectors (Sl , O)T, XI > 0 are in M n+1 but not in M n+l. 

3.3 Separation Theorem and Duality 

We start this section by developing a fundamental tool to be used in the proof of 

strong duality theorem, namely the statement that a point outside a closed convex 

set in R n may be "separated" from this set by a hyper plane i the sense of the 

fo llowing definition. 

Definition 4.3.1 Let M be a non empty, closed and convex subset of RP and 

U'M a fixed point, the hyperplane 

H(y; 11) = {xERP I ix = 11} 

is said to separate z from M if 

yTx::; 11 < iz, x EM 

Geometrically 

Zo 

M 

Fig. 4.3 

M(z-Zo,11) 

From the geometric consideration, a vector y which defines a separating 

hyperplane is obtained by determining the projection Zo of z on M and putting 
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y = Z - Zoo We will therefore show that existence of projection theorem. 

First let us see the role of the concept of separating hyperplane in the 

theory of the dual pair (P) - (D). Assume that the hyperplane 

" 
H(y; 0) I = {ZEmn

+
1 I LZ,Y, = O} 

r=O 

separates the moment cone Mn+1 from the point V I/' Mn+ I' 

Thus all ofMn+1 lies on one side of the hyperplane. hence 

" o ~ LZ,Y" for all (zo, m!, zn) EMn+1 
r=O 

In particular since Mn+1 = CC( Ii s) we have 

(1) 

Z = a (s) = (b(s), al(s), ... , an(s»T EMn+1 for all SES. Thus we find 

from (1) that 

" o ~ b(s)yo + La, (s)y" SES 
r=1 

If Yo > 0 holds, then the last relation takes the form 

Ia,(s)- ~~ b(s), s ES 
r=l Yo 

Hence the vector Y = __ I , .. . ,--" is feasible for (P). 
(

- Y - Y ) 

Yo Yo 

Theorem 3.3.1 (Projection theorem) 

Let M ~mp be a nonempty, closed, convex set and let Z be a fixed point 

out side ofM. Then there is exactly one vector zoEM which lies "closest 

to z" i.e, Zo is such that 

O < l z-zol~lz-x/. \ixEM. 

Proof: 1. Existence 

Since M is closed and zl/'M we have 

p = inf Iz - xl > O. 
xeM 

Obviously, it is sufficient to search for a vector Zo in the set 
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if = Mn{xERP/ /z - x/:> 2p}. 

Now the continuous real-valued function x ~ /z / '. . 
_ - x assumes Its minImum value 

on M as it is bounded and closed set. hence there is a zoEM such that 

/z - zo/ 5;/z - xl, XE if . 
(I) 

From the construction of if , (I) holds for all xEM. 

2. Uniqueness 

Assume Zl '" Zo such that 

/z - zd 5;/z - xl, for all xEM. 

P t - (, z~J _+~zo'U) u Z2 --
2 

From parallelogram law we have 

/
2 1 2 1 I 

/z - Z2 = -/ (z - zo) + (z - Zl ) / < -/ (z - zo) + (z - Zl) /2 + -/Zo - zi 
4 4 4 

which implies 

/z - Z2/ < /z - zo/. 

I 2 1 2 
= -/(z - zo)+ (Z- ZI)/ + -/(z - Zo) - (Z - ZI)/ 

4 4 

1 22 
= - (/Z - Zo/ + /Z - zd ) = 

2 

= /Z - Zo( 

But this contradicts the construction of ZOo 

follows Zo is unique. II 

Theorem 3.3.2 (Separation theorem) . 

Let M <;;; RP be non empty, closed, and convex set. Let z ~ M be a 

fixed point whose projection on Mis ZOo If we put y = Z - Zo and 

T] = (z - Zo)T Zo we get 

/x:> 1'] < /z, xEM; 

I.e the hyperp lane H(y; 1']) separates z from M. 

Proof: Let x E M be an arbitrary vector and 0 < 1'] 5; 1 be a fixed number. 
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(1 - fl)Zo + flx = Zo + fl(X - zo) EM. 

we also find that 

Iz - zol2 ~ 1 Z - (zo + fl(X - Xo)) 12 

= Iz - zi - Ufl(Z - ZO)1'(X - Zo) + fl21x - zo l2) 

glvmg 

l' 1 2 
(z - Zo) (x - Zo) ~ - fllx - zol . 

2 

Letting fl ~ 0, we have 

(Z - ZO)1' (x - zo)~O, 

which follows 

/X~y (1) 

For the other inequality we have 

1 1
2 ( )1' ) l' l' l' 0 < Z- Zo = Z-Zo (z - zo = y z - y zo = y z - T]. 

fo llows 

T] < / z 

From (1) and (2) we have 

/x ~ T] < / z . II 

(2) 

Suppose now that the assumption of separation theorem hold, but specialize M to 

be a convex cone. Then XEM implies that AxEM for all 'A. > O. form (I) and (2) 

we have 

or /x ~1J..., 'A. > O 
A. 

Letting 'A. ~ co we have 

/x ~ O, xEM. 

Thus ifM is a convex cone we may put T] = 0, we have 

/x~O < /z, xEM. 

Now we can use the separation theorem to establish the strong duality theorem. 
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Theorem 3.3.3 (First duality theorem) 

Consider the dual pair (P), (D) with the following assumptions: 

(i) The dual problem is consistent and has a finite value V(D); 

(ii) The Moment cone Mn+l is closed. 

Then (P) is consistent as well and 

Yep) = V(D); 

I.e there is no duality gap. More over (D) is solvable. 

Proof. Since (D) is bounded and Mn+l is closed by theorem 3.2.1 (D) is solvable 

and we have 

but (co + E, Cl, ... , Cn) i1'Mn+l for any E > O. 

Since Mn+l is closed by separation theorem there is a hyperplane in 91n+1 

which separates (co + E,C)T from the convex cone Mn+l. Hence there is a vector 

(Yo, y], ... , Yn)TE91n+1 different form zero, such that 

/I II 

L xryr:<O: 0 < yo(co + E) + L CrYr, 
r=O r=l 

(I) 

in (I) we now put 

and we obtain 

YOE > O. 

Since E > 0, we must have Yo > O. Ifwe set 

T T -(xo, x], ... , xn) = (b(s), al(s), .. . , an(s» E A s ~ Mn+1 

where SES is arbitrary, we find from the left most inequality in (1) 

~ ares) ( -~' ) ~ b(s), SES. 

Hence the vector 

Y
- = (- y, -Y2 - y,,) E\p n 

, '"."' l 

Yo Yo Yo 
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is feasible for (P) . 

The right side inequality implies 

~c , (-Yjy'J < co+€· 

Hence we have 

" 
V(P):S: L c, Y r < Co + E= V(D) + € :S: Yep) + € 

, • 1 

Thus V(P) - € :S: V(D) :S: Yep) 

Theorem 3.3.4. Let the dual pair (P), (D) be given with the assumptions 

i) General assumption on (P) holds; 

ii) (D) is consistent; 

iii) (P) meets the slater condition 

Then (D) is solvable and the values of (P) and (D) coincides. 

Proof: Since (D) is consistent, it is bounded. 

i.e V(D) < 00. 

Moreover (i) and (iii) holds true implies 

Mn+l is closed, by Theorem 3.2.3 

Hence by the first duality theorem, we get the desired result. II 

Now for the special case of the linear optimization problem, where 

s = {l, "., m } we have the following theorem, 

Theorem 3.3.5 Let the primal problem (PI) and the dual problem (D t) be given, 

such that both are consistent. The both are solvable and the values of their 

respective objective function coincides. 

Proof: Since S is finite and compact the general assumption on (P) is fulfilled. 

Moreover, since (D,) is consistent, V(D,) < 00 and (P t) is consistent implies (P t) 

meets the slatter condition. 
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Therefore by theorem 3.2.3 and first duality theorem (P,) and (0,) are solvable 

and their corresponding val ues coincide.! I 

3.4 Supporting Hyperplanes and Duality 

Definition 3.4.1 Let M be a non-empty convex subset of 9tP, and let ZEM be a 

fixed point. The Hyperplane 

H(y; Tj): = {XEW Ilx = Tj} 

is said to be a supporting hyperplane to M at Z if 

lx,.:; Tj = yTz, XEM 

M(y:Tj) 

Fig 3.4.1 

Supporting Hyperplane. 

Lemma 3.4.1 Let ZE Ad (interior of M). Then there are no supporting 

hyperplanes to M at Z. 

Proof: Suppose M has supporiting hyperplane H(y; Tj) at Z. 

Since Z E Ad , there is a A > 0, such that 

z).. = Z + AY E M. 

Then we have 

yTZA ,.:; O. 

But this contradicts the fact that A > 0 and yTy > O. hence we have 

the desired result. II 

Theorem 3.4.2 Let M be a nonempty convex subset of9t P and let Z be on 

the boundary ofM. (i.e. zEbdM = M \Ad). Then there is a supporting 

hyperplane to M at z. 
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Proof: Let zEbdM be a fixed point. Then there is a sequence {zd of points, 

such that ZillO M and lim Zi = Z . 
i 

Let Zi, be the projection ofzi on M such that 

T T -
then Yi x < Yi Zi, X EM, i E (1 , 2 ... ,) (by separation theorem). 

Since Zi !1' M , Yi '" 0, i E {I, 2, ... } 

Setting Yi = I~:I ' i EN 

we get I Y d = 1, and 

T T M . M Yi x< Yi Zj, XE ,IE 

Consider the set B = {y E Wllyl = I}. 

Clearly B is closed and bounded, hence compact. 

(1 ) 

Therefore there is a subsequence of (y i}H which converges to a point Y EB. 

By (1) and taking the limit, we have 

/x:<; yTz, xEM, y '" 0. 

hence we have the desired result. II 

Definition 3.4.2 The dual problem (D) is called super consistent, 

Theorem 3.4.3 Second Duality theorem. 

Let the dual pair (P), (D) be given with the following assumptions: 

i) Y(D) is finite 

ii) (D) is super consistent. 

Then (P) is solvable and Yep) = Y(D). 

Proof: Since (D) is super consistent, we have 
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q 

La,(s;)x, < c" r E {l , ... , n}. 
;=1 

from the proof of Duality Lemma 1.1.1, we get 

q 

La,(s,),y, ~ b(s), SES 
;=1 

which implies by definition y is feasible for (P). 

Hence by weak duality lemma, Yep) is finite. 

Let Co = Yep) · (I) 

Then (Co' c), ... , Cn) T EbdMn+1• Other wise there is Co > Co feasible to (D), 

such that 

(co, c), ... , cn)TEbdMn+l. 

But this is not possible, since it contradicts (I) . 

define the convex cone M n+l = {( z 0, z), ... , Z n)T I there IS (zo, Z), ... , 

Zn)TEMn+l such that Z 0:-; zo, Z 1, .. . , Z n = Zn} 

Clearly (co' c), .. . , cn)TEbdMn+l. 

By theorem 3 .4.2, there is a non trivial supporting hyperplane to M n+l at (co, 

Cl, .. . , cn) T; i.e there is y = (Yo, y) T = (Yo, y), ... , Yn) T '" ° such that 

(2) 

by convexity ofMn+1• 

Since 'Ii, £:;; cc(A,) = Mn+l £:;; M n+), (2) implies 

" 
yob(s) + La,(s)y,:-; 0, s ES (3) 

r = l 

Now we want to show Yo > 0. 

From the definition of M n+l it follows that 

T -(co - A., c) EM n+), A. > 0. 

therefore from (2) we get 

yoco + /c = 0, we find the 

-yoA. :-; 0, A. ~ 0. 
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hence we have Yo 2': O. 

Now to remove the possibility Yo = 0, Let us assume yo = 0 from(2) we have 

, " 
LY,z, ~ Le,y, ,ZE M n, (4) 
':01 , .. 1 

where Mn is the projection of Mn+! on the subspace of 9{n+! defined through the 

condition Zo = O. Therefore (4) means that there is a nontrivial supporting 

hyperplane to Mn at c. (Since y;t O. and Yo = 0 we have (Yh ... , Yn) ;t 0). But 

. 
this contradicts the fact that CE M" . (Lemma 3.4.1). 

hence we have Yo > O. 

Now, Let Yr= b:.., r E {1, ... , n}, 
Yo 

from (3), we obtain 

" La,(s)y, 2': b(s), SES. 

Thus (y h ... , Y n) T is feasible for (P) 

, 
hence V(D) ~ V(P) ~ Le,Y, . 

r=] 

By (2) we conclude that 

" Le,y, = Co = V(D). 
r=1 

Hence we have estab li shed the theorem. 
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