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Abstract

In this project we have presented a review of momentum, heat, and mass transport
by molecular diffusion that takes place near interfaces and boundary layers. Specif-
ically, we considered the thermodynamics of fluids, conductive heat and momentum
transport mechanism by molecular collision, thermal conductivity and heat equation.
Moreover, diffusive transport mechanisms and the associated fluxes, coupled Heat
and Mass Transport by Molecular Diffusion, and the equations that describe them.
Fluid flow is governed by a coupled nonlinear system of partial differential equations.
However, in many practical situations, the calculation of friction or energy losses in
conduits, or the heat and mass transport at interfaces can be greatly simplified by
using so called transport coefficients. These coefficients, which are based on analytical

solutions are typically gathered as correlations based on dimensionless numbers.
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Chapter 1

Introduction

Molecules move continuously and this motion becomes more and more chaotic on in-
creased thermal excitation, but is constrained due to cohesive forces between molecules.
The transport by molecular diffusion is caused by the random motion of the fluid
molecules. This phenomenon tends to make uniform all the fluid properties, so the
fluid evolves from local to global thermodynamic equilibrium conditions.

All the mechanisms of molecular diffusion are similarly modeled, that is, by the prod-
uct of a diffusivity constant (1, k, Dag) times a gradient of a fluid variable. This is
not by chance, but rather because all the diffusion mechanisms have the same origin:
the microscopic random motion and collisions of the molecules. In particular:
Transport of momentum is translational random motion, the molecules of smaller ve-
locity travel to areas of higher velocity, and viceversa, causing collisions which average
their velocity. Viscosity is responsible for this transport phenomenon. This property
creates friction between the layers of fluid because of the relative motion between the
fluid particles.

Transport of heat is the temperature of a substance in an indication of its vibrational

energy [1]. Collisions between molecules at different temperature tend to average the



vibrational energy of all the molecules, so the temperature becomes more uniform.
Heat diffusion is the mechanism of heat transport by molecular interaction.
Transport of mass causes the migration of molecules from areas of high concentration

to areas of low concentrations by the molecular collision.

1.1 Background of Study

The earliest physicist, particularly bernoulli, Clausus, Maxwell, Vanderwaals and
Jeans focused their attention on the gaseous state and developed a mathematical
formula of the kinetic theory [1].

All materials are made up of molecules, and the same molecular motions and inter-
actions are responsible for viscosity, thermal conductivity, and diffusion [2].

In the late seventeenth century, Isaac Newton (1642-1727) proposed that a fluids re-
sistance to motion was proportional to a velocity gradient and proved this by a series
of experiments measuring the drag force on a sphere immersed in a flowing fluid. We
name the analog of Hookes law for fluids after Newton. A simpler experiment for
determining the relationship between the stress on a fluid and the velocity gradient.
During the late eighteenth century, James Joule (1818-1889) first classified heat as a
form of energy and proved that a given amount of mechanical work done on a system
was equivalent to adding heat to the system. Jean-Baptiste Biot (1771-1862), and
later Jean-Baptiste Joseph Fourier (1786-1830), performed and analyzed a series of
experiments finally tying the flux quantity or heat flux, to a gradient in the state
variable, the temperature [3].

Long after Newtons law, and Fouriers were developed, people were still uncertain



about the movement of chemical species from one location to another. Adolf Eu-
gen Fick (1829-1901), a physiologist, performed a series of experiments tying the
flux of chemical species to a gradient involving the mole/mass fraction or concentra-
tion/density of chemical species [3].

Since the days of Osborne Reynolds (1842-1912) who experimented with the motion
of viscous fluids in pipes, it has been known that when the velocity of a viscous fluid
exceeds a certain critical limit, the initial laminar flow breaks down into irregular

turbulent eddies, resulting in a rapid mixing of the fluid elements [4].

1.2 Objectives of the Study

General objectives
To describe the aims of momentum, heat, and mass transport by molecular diffusion.
Specific objectives

To identify and examine the relation ship between thermal conductivity with mean
molecular speed, density of the gas, and mean free path.

To derive the wind speed at various heights in the atmospheric boundary layer.

1.3 Out Line of the Study

This project is organized in Six chapters: Introduction, Thermodynamics of heat
transfer, Thermal Conduction Transport in Fluids, Transport Phenomena by Diffu-
sion, Conductive Heat Transfer in Boundary Layer, and Summary and Conclusion.
In the first chapter includes, Fundamentals, objectives, and basic definitions of mo-
mentum, heat, and mass transport by diffusion are introduced.

In chapter two, The laws of thermodynamics lay the framework for the science of



heat transfer it includes (the first law requires that the rate of energy transfer into a
system to be equal to the rate of increase of the energy of that system, and the second
law requires that heat be transferred in the direction of decreasing temperature), and
mechanisms of heat transfer.

In chapter three we present a general overview of the kinetic theory of fluids which
is the main building block of our work. We will briefly discuss the concept of heat
transport by conduction in fluids includes (heat transport equation, the general heat
conduction equation, thermal conductivity of non-uniform fluids, the effect of tem-
perature, pressure, and chemical species on the thermal conductivity of fluids, and
the heat conduction velocity), and a modification of the eucken formula providing a
good a agreement with exact calculations is proposed.

In chapter four, we present transport phenomena by diffusion includes momentum
transport by diffusion, momentum transport equation, mass transport by binary dif-
fusion (mass transport equation, molecular collisions and diffusion, and diffusion ve-
locity and partial velocity), molecular interpretation of diffusion transport, and fluid
flow is governed by a coupled heat, mass transport by diffusion of nonlinear system
of partial differential equations are discussed.

In chapter five, we will briefly discuss the concept of boundary surfaces and present
the earths land - atmosphere boundary layer, and earths ocean-atmosphere boundary

layer. In chapter six, finally we will present summary and conclusions.



Chapter 2

Thermodynamics of Heat Transfer

2.1 Thermodynamics of Fluids

Thermodynamics is the study of the internal motions of many body systems. In par-
ticular, we shall be concerned with the type of motion that we normally call heat.
Heat generated by friction is transferred to the surroundings in an amount equal to
the change in kinetic energy of the vehicle [3,5]. We shall try to establish what con-
trols the flow of heat from one body to another when they are brought into thermal
contact. Thermal energy is considered to be the energy associated with creating dis-
order in a system.

When no temperature difference exists, no spontaneous heat transfer occurs, a con-
dition of thermal equilibrium. This is because the higher the temperature, the higher
the kinetic energy of the particles of a system.

Temperature is a measure of the average kinetic energy of the particles in a system.
We shall also attempt to understand the relationship between heat and mechanical
work.

Entropy and temperature are the two fundamental concepts of thermodynamics [4].



2.1.1 First law of thermodynamics

The first law of thermodynamics is the law of conservation of energy for a thermody-
namic system. The law says that the heat added to a system is equal to the change
of the internal energy of the system plus the work done by the system [6].

A system has an internal energy (U) which is the sum of the energy of all the internal
degrees of freedom that the system possesses. We can change the internal energy of
the system by heating it or by doing work on it. The change in internal energy of a
system can be written as

AU = AW + AQ (2.1.1)

where A(Q is positive for heat supplied to the system and AQ is negative, heat is
extracted from the system; AW is positive for work done on the system and if AW is
negative, the system does work on its surroundings. In applying equation (2.1.1), the
variables that determine () and W will often be continuously changing. Such change
can be handled by adding up very small changes of U or , more exactly, by integrating

over infinitesimal changes in U. The differential form of equation (2.1.1) is
dU = dQ + dW (2.1.2)

We define a thermally isolated system as a system that can not exchange heat with
its surrounding AQ = 0
dU = dW = —pdV (2.1.3)

2.1.2 Second law of thermodynamics

In fact, the first law allows the cold body to become cooler and the hot body to become

hotter as long as energy is conserved during the process. However, in practice this



does not happen; instead, the law of nature imposes another condition on the process,
a condition that stipulates the direction in which a process should take place.
To as certain the proper direction of a process, let us define a new state variable, the

entropy, as follows

— que'U

ds
T

(2.1.4)

where S is the entropy (amount of disorder) of the system, dg,., is an incremental
amount of heat added reversibly to the system, and T is the system temperature.
Since entropy is a state variable, it can be used in conjunction with any type of process,
reversible or irreversible. The quantity dg,., is just an artifice; an effective value of
dg.., can always be assigned to relate the initial and final states of an irreversible

process, where the actual amount of heat added is dg.

d
ds = ?q + dSirrev (2.1.5)

Equation (2.1.5) applies in general to all processes. It states that the change in
the entropy during any process is equal to the actual heat added, dqg divided by
the temperature, %, plus a contribution from the irreversible dissipative phenomena
of viscosity, thermal conductivity, and mass diffusion occurring with in the system,

dsiirev these dissipative phenomena always cause an increase of entropy.
dSiprev > 0 (2.1.6)

The equals sign in the inequality (2.1.6) denotes a reversible process where, by defini-
tion, the above dissipative phenomena are absent. Hence, a combination of equation

(2.1.5) and (2.1.6) yields

dg
T

ds > (2.1.7)



If the process is adiabatic, dq=0 and (2.1.7) reduces to
ds > 0 (2.1.8)

Equations (2.1.7) and (2.1.8) are two forms of the second law of thermodynamics.
The second law gives the direction in which a process will take place. Equations
(2.1.7) and (2.1.8) imply that a process will always proceed in a direction such that
the entropy of the system plus its surroundings always increases, or at least remains
unchanged.

That is, in an adiabatic process the entropy can never decrease. If ds > 0 the process
is called an irreversible process, and when ds = 0 the process is called a reversible

process.

Heat Capacity

Heat as energy in transit was preceded historically by the idea that gases, liquids,
and solids have capacity for heat. The smaller the temperature change caused in a
substance by the transfer of a given quantity of heat, the greater its capacity. The
heat capacity of an object is the amount of heat needed to raise its temperature, per

degree temperature increases show equation (2.1.9).

_4Q

O_dT

(2.1.9)

The heat required to a substance depends on just how that heating is conducted [7,5].
The most common ways of heating are at constant volume or at constant pressure.
In general, the internal energy will be a function of temperature and volume, so that
we can write U = U(T,V'). Hence a small change in U can be related to changes in

T and V by
ou ou

dU = (a—T)VdTJr (W)Tdv (2.1.10)



Substitute equation (2.1.10) in to equation (2.1.2) we have that

dQ = (g—g)vdT-f- [(g—g)TJrP} dv (2.1.11)

We can divide equation (2.1.11) by dT to obtain

dQ  (dU oU dv
i (a—T>V+ KW)T”} ar (21.12)

Which is valid for any change in T or V how ever, what we want to know is what is
the amount of heat we have to add to effect a change of temperature under certain
constraints. The first constraint is that a keeping the volume constants. We recall

the definition of the heat capacity at constant volume C',

Cy = (g—g>v (2.1.13)

From equation (2.1.12) this constraint knocks out the second term and implies that

Cy = <g—g) 1% (2.1.14)

The heat capacity at constant pressure is then using equation (2.1.12) given by
oQ ou ou oV
Cr=(==) =|= — Pl | = 2.1.15
=), (), + () 7l (), e

o= (20 ] () - 110

We will use small ¢ for the letter, known as the specific heat capacities.

So that

Cy Cp

Cy = —,Cp =
m

(2.1.17)

Fluid molecules move and collide with each other, and these collisions contribute to

the over all heat capacity. Each collision transfers kinetic energy between molecules.
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Liquid molecules may also exhibit rotational and vibrational motion, which con-
tributes to the total heat capacity. The total heat capacity of a liquid is a result
of these combined effects, and although we don’t typically break it down into ”col-
lisions heat capacity,” the molecular collisions play a significant role in how energy
is distributed and stored. The heat capacity of a fluid is typically measured directly

and expressed as specific heat capacity or molar heat capacity.

2.2 Heat Transfer Mechanisms

Heat transfer mechanism refers to the process of transferring thermal energy from one
substance to another. Heat can through three modes of energy transfer: conduction,
convection, and radiation [8].

All heat-transfer processes involve one or more of these modes.

In this project you consider about heat transfer by conduction and diffusion are
discussed.

When a temperature gradient exists in a body, there is an energy transfer from the
high-temperature region to the low-temperature region. This type of heat transfer is
called conduction heat transfer. More discussed about conduction of heat transfer in

chapter 3.



Chapter 3

Thermal Conduction Transport in
Fluids

3.1 The kinetic Theory of Fluids

Fluid is a substance that continually deforms under the action of shear stress and a
substance that at rest cannot withstand shear stresses. The kinetic theories are avail-
able for gases, and liquid [5]. In liquids, molecules are in constant motion, but unlike
gases, their movement is more constrained. Molecules in a liquid move more slowly
compared to gases and are close enough to interact with each other. This results in
the molecules vibrating and sliding past each other rather than moving freely.
Liquid molecules experience intermolecular forces that are stronger than those in
gases. Unlike gases, which can compress or expand significantly, liquids are relatively
incompressible. This is due to the relatively fixed distances between molecules, which
mean the volume of a liquid is almost constant despite changes in pressure.

The kinetic theory helps explain these transitions by describing how changes in molec-
ular motion and energy lead to different states of matter [9]. The kinetic theory of

gases attempts to explain the microscopic properties of a gas in terms of the motion

11
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of its molecules. The gas is assumed to consist of a large number of identical, dis-
crete particles called molecules, a molecule being the smallest unit having the same
chemical properties as the substance [2].

Elements of kinetic theory were developed by Maxwell, Boltzmann and Clausius be-
tween 1860-1880. How ever this topic deals with kinetic theory of gases only. Postu-
lates of kinetic theory of gases [2].

e Any gas consist large number of molecules. These molecules are identical, perfectly
elastic and hard sphere.

e Gas molecules do not have preferred direction of motion, their motion is completely
random.

e Gas molecules travels in straight line.

e The time interval of collision between any two gas molecules is very small.

e The collision between gas molecules and the walls of container is perfectly elastic.
e The motion of gas molecules is governed by Newton’s laws of motion.

e The effect of gravity on the motion of gas molecules is negligible [2].

3.1.1 Maxwells law of distribution of velocities

This law is to find the number of molecules which have a velocity with in small
interval u, to u; + du,. The derivation of the distribution law is based on a number
of assumptions. The assumptions are as follows [2].

e In the equilibrium state, the molecules have complete randomness of direction and
velocity [2].

e There is no mass motion or convection current in the body of the gas. As long as

there is no net force acting on the system, this assumption is quite justified [2].
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e The probability of a molecule having x-velocity component, say after a large number
of collisions, does not depend on y- and z velocity components. This assumptions
follows from random motion of gas molecules [2].

e The probability that a molecule selected at random has velocity component in the
given range is a function only of the magnitude of velocity component and the width
of the interval.

e The gas molecules have no vibrational or rotational energies. This assumption is
quite justified because vibrational and rotational energies remain unchanged when
gas molecules under go collisions [2].

Consider a gas having N molecules enclosed in a vessel of arbitrary shape and moving
randomly. We represent these molecules on a velocity diagram with u,, u, and u, as
the coordinate axes as shown in (Figure. 3.1). Here du, is an infinitesimal volume

element [2].

Figure 3.1: A volume element du in velocity space for a molecule of velocity u [2].

Let us denote the x, y and z components of the velocity u of a particle by u,, u, and
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u,. There fore, in terms of these three rectilinear components, we can write

u? =l +ul + u? (3.1.1)

The number of velocity vectors ending in element du=du, du, du. gives the average
number of molecules whose velocities lie between given limits u and u+du after a large
number of collisions among identical molecules. It means that we have to calculate
the number of molecules simultaneously having velocity components in the range u,
to ug + dug, u, to u, + du, and u, to u, + du,. Assumption stated above implies that
the fraction of molecules having velocity components in the range u, to u, + du, is

equal to f(uy;)du, that is [2]
dN,, = N f(u,)du, (3.1.2)

where dN,, is the number of molecules having velocity components in the range u,
and u, + du,, N is the total number of molecules and f is an unknown function, which
we have to determine mathematically the ratio dNﬁ denotes the probability of finding
a molecule x-component of velocity in the range u, and u, + du, [2].

Let us denote it by the symbol P,. Proceeding further, we note that existence of
velocity components u, and u. , since these are mutually perpendicular and indepen-

dent of each other. So we can write the expression for the probability that a molecule

having velocity components in the range w, to u, + du, and u, to u, + du, as
py = f(uy)du, (3.1.3)

We can express the probability for a molecule to simultaneously have velocity compo-

nents in the range u, to u, +du,, u, to u,+du, and u, to u,+du, using the law of the
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compound probabilities (According to the law of compound probabilities, the com-
posite probability for independent events is equal to the product of the probabilities
of individual events.) this gives [2]

% = P, PP, = f(uy)f(uy)f(u,)duydu,du, (3.1.5)
Note that all these d3Nquyuz molecules lie in the small volume element du,du,du..
In (figure 3.1), these molecules are depicted as velocity points (A point representing a
molecule with velocity components in the three coordinate directions is called velocity

point.) there fore, the density of velocity points, i.e., number density of gas molecules

can be expressed as [2]

PNy (5.16)
P= dugdu,du, o
On combining equations. (3.1.5) and (3.1.6), we can write
p = N () () f () (3.17)

Since the velocity space has been assumed to be isotropic, the density of velocity

points can be taken to be independent of inclination of u to the axes. So we can write
N f(ug) f(uy) f(u,) = constant = NF(u) = N.J(u?) (3.1.8)

where F and J are some other function [2]
u? = ul + “32/ +u? = constant (3.1.9)

Physically, it means that after a large number of collisions, the distribution will be
isotropic. There fore, for fixed u, J(u?) is constant and d[J(u?)] = 0 In terms of du,

, du, and du,, we can write [2]

Of (uy)
u,,

af(uy)
Ou,

Of (u.)
ou,

dug f(uy) f(u,) + f(uy) du, =0 (3.1.10)

fluz)duy + f(ug) f (uy)
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On dividing equations (3.1.10) by f(us)f(uy)f(u.), we obtain

L of(w), 1 Of(w), | 1 Of(w)

) 0w T Ty 0wy T ) 0w, 0 (3.1.11)

The differential form of equation (3.1.9), which expresses the condition under which

Uy,Uy and u, can vary while u? remains constant is
Uzduy + uyduy + u du, =0 (3.1.12)

From this equation, it is clear that the differentials du,, du, and du, are not mutually
independent; these can take any value but must satisfy equation (3.1.12). To relax this
constraint, we use lagrange’s method of undetermined multipliers. In this method, the
constraining relation is multiplied by a constant and the resultant expression is added
to the constrained equation. In this case, we choose the undetermined multiplier to
be 2B. Accordingly, on multiplying equation (3.1.12) by 2B and adding the resultant

expression to the equation (3.1.11), we get

1 O0f(us) 8f(uy) 1 Of(u.) o
Flu) ou, ”B“x} d“”[f(uw ] LAl e e ] R
(3.1.13)
Let us choose the constant B such that
1 0f(ug)
9Bu, — 3.1.14
Flun) o + 2Bu 0 ( )
Then equation (3.1.13) reduces to
1 0f(uy) 1 Of(u.)
_— = 1.1
Fan) o + 2Buy | du, + ) o +2Bu, | du, =0 (3.1.15)

Of the three variables du,, du, and du,, we can consider any two variables as constant.

So let us take du, and du, to be independent. Then, for finite values of du, and du.,
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equation (3.1.13) will be satisfied if the coefficients of these differentials in equation

(3.1.15) vanish separately. That is

1 0f(uy)
+2Bu, =0 3.1.16
fluy) Ou, ! ( )
and
1 0f(uz)
2Bu, =0 3.1.17
Fl) ow. 0 (3:1.17)
To proceed further, we rewrite equation (3.1.14) as
d,
M) _ oy du, (3.1.18)
f(ug)
This equation can be easily integrated to obtain
—2Bu?
In f(uy) = ——= +In A (3.1.19)

where In A is an integration constant. We can rewrite this result as
f(u,) = Aexp[—Bu?] (3.1.20)

where A and B are unknown constants.

Note that the lagrange’s method of undetermined multipliers has helped us to dis-
cover the form of the function (f); it is a decreasing exponential. But now we will
have to deal with two unknown constants rather than one unknown function.

On combining this result with equation (3.1.2), we can express the number of molecules

having velocity components in the range u, to u, + du, as
dN,, = NAexp(—Bu2)du, (3.1.21)

Proceeding further, we note that the differential equations satisfied by f(u,) and

f(u,) are similar to that satisfied by f(u.), and by analogy, we can write

fluy) = Ae= P4 (3.1.22)
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Flu,) = Ae= P (3.1.23)

On combining equation (3.1.21), (3.1.22) and (3.1.23) we obtain the required expres-

sion for d®* Nu,u,u,

d* Ny, = N A3 BOERGTD) gy duy du, = N A>e™ P du,duy, du, (3.1.24)

p=NA®exp[—B(ul + u; 4+ u?)] = NA® exp[—Bu?], (3.1.25)

This is the required expression for the Maxwell’s velocity distribution function.

3.1.2 The speed distribution

The number of molecules lie with in the box of volume du,du,du. whose velocity lies
with in u to u+du is the same as number of molecules with in the spherical shell of

inner radius u and outer radius u+du as shown in the (Figure. 3.2). The volume of the

U,’I,'

Figure 3.2: Molecules with speeds between u and u+du occupy a volume of velocity
space in side a spherical shell of radius u and thickness du [2].

shell in velocity space will be 47%u?du. In view of the geometry under consideration,

it is more appropriate to express the volume element in terms of spherical polar
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coordinates. The limits of integration over # vary from 0 to m and over ¢ from 0 to

2m. This gives
™ 2m )
AN, = &*Ny,uyu, = / / N Ade P y? sinfdfdpdu (3.1.26)

AN, = &Ny, p,u. = 47N APu2e™ P du (3.1.27)

To evaluate the unknown constants A and B , we first make use of the fact that if we
integrate equation (3.1.27) for dN,, over all possible values of u from 0 to co, we will

get the total number of molecules:
N = / dN, = 47N A® / u2e P du (3.1.28)
0

We use the standard integral formula to integrate equation (3.1.28) by the equa-

tion [; e PV v dv= ity D (%) where T'(n) is gamma function. For n=2, the

integral on the right hand side can be expressed in terms of the Gamma functions
as T'(2H) =T(3/2) = yr 5~ Using this result equation (3.1.28) for the total number of

particles takes an (3.1.28).

4N A3 /7

1
N =47NA*— S5 ['(3/2) =

On simplification and arrangement of terms in equation (3.1.29), we can express A
in terms of B as

A=4/=2 (3.1.30)

s
We can determine B, either by calculating the average speed or the mean square
speed u? of a molecule, i.e, by relating B to the momentum or the average energy of
a molecule. Here we will calculate ,,,, and define u2 as

5 Jyutan,

2= 3.1.31
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On substituting for dN,, from equation (3.1.27), we get

— fooo 47N A3e=Bv 22 dy fo ute= B

u? = = = 3.1.32
Jo AmN Ade=Bu*u2duy I ue B“2du ( )
By referring to the integral in the gamma function , you can write
— T'(5/2) 3/2 .
u? = QBEZF@/?) = 355/258@ since I'(5/2) = (3/2)I'(3/2), we get
2B
— 3
2= 3.1.33
w = ( )
The mean kinetic energy of a gas molecule
The mean kinetic energy of a gas molecule is given by
1 9 3
< EFKE >= gm < >= §KBT (3.1.34)

The average kinetic energy of a molecule is %K gT'. There fore, we can write

1 — 3

On combining this result with equation (3.1.33) we can write

—mu? = —m-—— = 3/2KgT (3.1.36)

_ A= 1.
ok,T " 2K 5T (3.1.37)

we can express the number of molecules in a maxwellian gas having speeds

3/2 2

m mu
dNu = 47N 2 — d 3.1.38
L= (27rKBT) ”eXp[ (QKBT)] " (3.1.38)

Equation (3.1.38) tells as that distribution of molecular speeds depends on the nature

of the gas as well as the temperature [2].
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Average or mean speed

The average speed is the sum of all the velocities ranging from 0 to oo divided by

total number of molecules N [7].

fooo udN,, 1 [
a0 Y =[N, 1.
TN, NAQL (3.1.39)

On substituting for dN,, from equation (3.1.38), we get

3
1 2 o0 _ mu?
ﬂ:—47rN( m ) / ude (%BT)du (3.1.40)
0

N 27T]€BT
3
B\? [~ 2
u=4r <—> / e P uldu (3.1.41)
™ 0
° 2 1 m
—Bu~,_ 3
du = —— and B = 3.1.42
/0 e wdu = 5o an T ( )
8kgT 8kgT
u:¢ Z :¢ > (3.1.43)
Tm 7TN—
A

where m is the mass of the gases molecule. If M is molecular weight which can be

given by M = mN4 and R = kgN4 . Then the above equation becomes

SRT

v= TM

(3.1.44)

Root mean square speed

The rms speed is the square root of the sum of all the squared velocities ranging
from 0 to oo divided by total number of molecules N is defined as s = V w2 from
equation (3.1.33) we recall that for a maxwellian gas, mean square speed is related

to constant B. On substituting the value of B from the equation (3.1.37), we get

2_1_3I€BT
us =35 =

= kgT
Urms = u? = 3:; (3145)

By comparing equation (3.1.43) and (3.1.45) for average speed and root mean square

speed, respectively, you will note that u,,s > w.
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3.1.3 Mean free path

Mean free path of gas molecules is defined as the average distance traveled by a
molecule between two successive collisions.

Consider a gas in container having n molecules per unit volume. Let d be the diameter
of molecule (A) which is assumed to be in motion, while all other molecules are at
rest. The molecule A collides with other molecules like B and C whose centers are at
distance d from the center of molecule A as shown in the (Figure 3.3). If molecule
moves a distance (L) with velocity u in time t, Let the number densities of these gases
be n; and ny. We construct a cylinder of cross-sectional area wd? and length , then

this molecule collides with all molecules lying inside a cylinder of volume V=rd?L

Figure 3.3: If molecule moves a distance L with velocity u in time t, then this molecule
collides with all molecules lying inside a cylinder of volume V=md?L [2].
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Let as consider two molecules of masses m; and ms and diameters d; and ds. When

they collide, They can be considered as one body system having reduced mass pu =

mima

di+ds
m1-+mo 2 :

and the center-to-centers distance d =
When one molecule of the first type moves, it will collide with all the molecules of the

second type contained in the cylinder. The total number of such collisions is given by

kT
mims2
mi1+mao

fra = nomd*u = nymd® (3.1.46)

If all the molecules are identical, We can write di=dy=d, mi=mo=m and n,;= ns=n.

Using these in the expression for fi5, Which we re designate as f, we get

2 x 8kpT
f =y 225 (3.1.47)

mi

T 1
=" (3.1.48)

u
A = — = p—
f Vomnd?u  2mnd?

3.2 Molecular Transport Processes

Molecular transport processes in general we are concerned with the transfer or move-
ment of a given property or entity by molecular movement through a system which
can be a fluid. We know that a fluid molecule has a finite mass and is characterized
by random thermal motion. There fore, it possesses momentum as well as kinetic
energy. So, while moving from one part of the container to another, it is a potential
carrier of physical quantities such as matter, energy or momentum. When a fluid is

in equilibrium, there is no net transport of these physical quantities.
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3.3 Heat Transport by Conduction in Fluids

Conduction is described by Fourier’s law, which states that”the rate at which heat
is transported through a medium by conduction is proportional to the temperature
gradient in the direction of the flow and to the cross-sectional area A through which

the heat passes” [7]. Shown in the (Figure 3.4) Fourier’s law for unidirectional flow

T, 4
\. Tq

b Ax |

Figure 3.4: Heat conduction through a large plane wall of thickness Az and area A
[10].

of heat in the X-direction is given by the equation (3.3.1)

. AT

where the negative sign is because heat flows”down hill” the constant K is called the
thermal conductivity of the fluids.
In general in three dimensions we can write that the heat conduction transfer is

related to temperature gradient using by the given equation (3.3.2).

Q=—-KAVT (3.3.2)
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Heat flux is defined as the rate of heat transfer per unit area through a material as a

result of a temperature gradient.

C%:—K<%D (3.3.3)

If the temperature varies in all three directions, then we can write an equation like

(3.3.3) for each of the coordinate directions. @, = Q — _pdr

_ Q. _ dT
G =k, Q=% - kL. T

Az
each of these equation is multiplied by the appropriate unit vector and the equations
are then added vectorially, we get the equation (3.3.4) Which is the three-dimensional

form of fourier’s law

Q=-KVT (3.3.4)

When inequalities of temperature exist in a fluids, heat is transferred by molecular

action from hotter regions to colder; this process is called conduction.

3.3.1 Heat transport equation

Heat is conducted through a fluid medium over time, is fundamentally governed by
the heat diffusion equation or heat conduction equation. This equation is derived
from Fourier’s law of heat conduction and accounts for changes in temperature as
heat diffuses through the fluid. In its general form, heat conduction equation in a
fluid is given by using the conservation of energy principle, the rate of change of
energy with in the control volume is equal to the difference between the heat in flow

and out flow. Mathematically, this can be expressed as:

% (Energy in control volume) = Heat in flow — Heat out flow (3.3.5)
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Since the energy stored in the control volume is related to the temperature and the

material’s heat capacity, we have;

0 or or

To simplify this, use a Taylor expansion for the temperature gradient at x + Awx:

or or 0*T
%LH_AI - %Lg + ﬁA[L’ (337)

Thus, the difference in heat flux becomes:

or orT 0*T

Substitute this into the energy balance equation:

T 2T
pcpA%—tAx = —k%AxA (3.3.9)

Dividing through by pc, AAx gives the heat diffusion equation:

oT K O°T

" e (3.3.10)

3.3.2 The general heat conduction equation

Heat conduction is said to be multidimensional, and in this section we will develop
the governing differential equation in such systems in rectangular, cylindrical, and

spherical coordinate systems [10].

Rectangular Coordinates

Consider a small rectangular element of length x, width y, and height z, as shown in

(Figure 3.5). An energy balance on this element during a small time interval t can
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Figure 3.5: Three-dimensional heat conduction through a rectangular volume element
[10].

be expressed as (Rate of heat conduction at x, y, z) - (Rate of heat conduction at
x4+ Az, y+ Ay, and z+ Az )+ (Rate of heat generation in side the element) = (Rate

of change of the energy content of the element) or

AE’eleme'm‘/

3.11
A7 (3.3.11)

Q:c + Qy + Qz - Qw-i—Ax - Qy—i—Ay - Qz—i—Az + G"(element -

The volume of the element is Vi jement = AxzAyAz the change in the energy content
of the element and the rate of heat generation with in the element can be expressed
as AEement = Erpar — By = me (Tiyar — Tt) = peAxAyAz (Tiiae-1,)

Getement = GVetement = §ATAYAZz

Substituting into Eq. ( 3.3.11), we get

Qx + Qy + Qz - QerAx - Qy+Ay - QerAz —i—gAa:AyAz = pCA:L'AyAZ%;Tt (33 12)

Dividing by AxAyAz

AyAz Ax Az Ay Aty Az 7= Al
(3.3.13)

-1 Qcc—i—Aa: - Q:v 1 Qy—i—Ay - Qy 1 Qz+Az - Qz 4= ch‘t—i—At - T;t
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The heat transfer areas of the element for heat conduction in the x, y, and z directions
are A, = AyAz, Ay, = AxAz, and A, = AzAy, respectively, and taking the limit as
Ax, Ay, Az and At — 0 yields

o (kOT\ & (kOT\ o [ OT T
P L L) L D () 1= e 3.14
8x<8x)+8y(8y>+82(k82)+g P (3:3.14)

Equation (3.3.14) is the general heat conduction equation in rectangular coordinates.
In the case of constant thermal conductivity, it the case of constant thermal conduc-

tivity, it reduces to

o*r  o9*r o0*r g 10T
S =—— 3.1
ox? * 0y? + 022 + k'« ot (3:3.15)

where the property o = £ is the thermal diffusivity of the material. Equation (3.3.15)
pc

is known as the fourier-Biot equation, and it reduces to these forms under specified

conditions:

e Transient, no heat generation (diffusion equation)

T PT  9°T 10T

0x? + 0y? + 022 «a ot

(3.3.16)

The diffusion equation is a parabolic partial differential equation. It describes the
macroscopic behavior of many micro-particles in Brownian motion, resulting from
the random movements and collisions of the particles.

e Steady-state ( the poisson equation)

PT T PT g
== 3.1
0x? + 0y? * 072 k (3:3.17)

A Poisson distribution is a discrete probability distribution. It gives the probability
of an event happening a certain number of times with in a given interval of time
or space. The Poisson distribution has only one parameter, A\ , which is the mean

number of events. The graph below shows in (Figure 3.6) Poisson distributions with
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Figure 3.6: Graphical representation of a poisson distributions [10]

different values of \.

e Steady-state, no heat generation (laplace equation)

0*T N o*T N T
ox2 = oy 022

0 (3.3.18)

The general theory of solutions of laplace’s equation is known as potential theory.
The twice continuously differentiable solutions to laplace’s equation are the harmonic
functions, which are important to the study of heat conduction. In general, laplace’s
equation describes situations of equilibrium, or those that do not dependent explicitly

on time.

Cylindrical coordinates

The general heat conduction equation in cylindrical coordinates can be obtained from
an energy balance on a volume element in cylindrical coordinates, shown in (Figure
3.7), by following the steps just out lined.

It can also be obtained directly from Equation (3.3.14) by coordinate transforma-

tion using the following relations between the coordinates of a point in rectangular
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and cylindrical coordinate systems: x = rcos ¢, y = rsin ¢, and z=z

After lengthy manipulations, we obtain

ol

Figure 3.7: A differential volume element in cylindrical coordinates [10].

19/ or\ 10 ([ T\ o [ OT T
PO () 4 L9 (1) 4 2 (195 4= pes 3.1
ror (krar)+r28¢ (kra¢>+az (kaz)“’ P (3:3.19)

The cylindrical coordinate is initially a uniform temperatur in the ¢ - direction and
the temperature with in the cylindrical coordinates will change along the radial and
axial distances r and z with time t, that is T=T(r,z,t). The thermal conductivity
is given to be constant, and there is no heat generation in a cylindrical coordinates.
There fore, the differential equation that governs the variation of the temperature in
the cylindrical coordinates is obtained by the heat generation term and derivatives
with respect to ¢ is equal to zero. There fore cylindrical coordinate equation (3.3.19)

to simplify (3.3.20)

10 oT 0 oT oT
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Spherical coordinates

The general heat conduction equations in spherical coordinates can be obtained from
an energy balance on a volume element in spherical coordinates, as shown in (Fig-
ure 3.8), by following the steps outlined above. It can also be obtained directly
from Equation (3.3.14) by coordinate transformation using the following relations
between the coordinates of a point in rectangular and spherical coordinate systems:
xX=r cos ¢ sin #, y=rsin ¢ sin f, and z=cos 6

Again after lengthy manipulations, we obtain

Figure 3.8: A differential volume element in spherical coordinates [10].

10 or 1 90 ([ 0T 1 0 or oT
—— k= |t | k= — | ksinf— |+g = pc— (3.3.21
r2or ( : 8T)+rzsin203¢( 8¢)+r28in989( o 80)+g P ot (3:3.21)

A spherical coordinate is initially at a uniform temperature and is cooled uniformly
from the entire outer surface. Also, the temperature at any point in the spherical co-
ordinate will change with time during cooling. There fore, this is a one - dimensional
transient heat conduction problem since the temperature with in the spherical coor-
dinate will change with the radial distance r and the time t. That is, T=T(r,t). The

thermal conductivity is given to be variable, and there is no heat generation in the
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spherical coordinate. There fore, the differential equation that governs the variation
of temperature in the spherical coordinate in this case the heat generation term equal

to zero. We obtain

19 [, 0T\  aT

3.3.3 Thermal conductivity of non-uniform fluids

The thermal conductivity defined by the equation (3.3.2) we consider the thermal
conductivity of a gas to result from the net flux of molecular kinetic energy across a
surface. The total kinetic energy per mole of the molecules of an ideal gas is simply
its internal energy, which in turn equals CyT. The average kinetic energy of a single
molecule is there fore Cy/T. Divided by Avogadro’s number, N,, and if we define a ”
molecular heat capacity” as C{‘,:?V—‘;.

We assume as before that each molecule crossing the surface made its last collision at
a distance % above or below the surface, and that its kinetic energy corresponds to

the temperature at that distance. If T, is the temperature at the surface the kinetic

energy of a molecule at a distance % below the surface is

(3.3.23)

2LdT
cir=cy (.- 27)

3 dx

The energy transported in an down ward direction, per unit area and per unit time,

is the product of this quantity and the molecular flux:

1 2LdT
Q T: ZTLTLC‘*/ (TO — ?Z—y) (3324)

In the same way, the energy transported by molecules crossing from above is

(3.3.25)

1 9L dT
Q4= JnuCy (To + —)

?dy
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The net rate of transport per unit area, which we identify with the heat current, is

dr

1 — Yk

and by comparison with Eq. (3.3.2) we see that the thermal conductivity is

1 .. lac:
k:§nuC’VL:§ O_V

(3.3.27)

Thus the thermal conductivity, like the viscosity, should be independent of density
[24]. This is also in good agreement with experiments down to pressures so low that
the mean free path becomes of the same order of magnitude as the dimensions of the

container. The ratio of thermal conductivity to viscosity is

n m mN, M nCy

where M is the molecular weight of the gas. There fore the theory predicts that for

all gases this combination of experimental properties should equal unity.

3.3.4 The effect of temperature, pressure and chemical species

on the thermal conductivity of fluids

The thermal conductivity is directly proportional to the density of the gas, the mean
molecular speed, and the mean free path, which is the average distance traveled by

an energy carrier (a molecule) before experiencing a collision [11].

1
K = gcvpﬂ)\ (3.3.29)

_ kgT
V2rd2p
where Kp is Boltzmann’s constant, Kz = 1.381 x 1072J/K, d is the diameter of

(3.3.30)

the gas molecule, and p is the pressure, representative values of which are included
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0.3

Hydrogen
M =2.016,d = 0.274

Helium 4.003, 0.219

Q
[

Thermal conductivity (W/m-K)

Figure 3.9: The temperature dependence of the thermal conductivity of selected gases
at normal pressure molecular diameters (d) are in nm.Molecular weights of the gases
are also shown [8].

in (Figure 3.9). As expected, the mean free path is small for high pressure or low
temperature, which causes densely packed molecules.

The mean free path also depends on the diameter of the molecule, with larger
molecules more likely to experience collisions than small molecules; in the limiting
case of an infinitesimally small molecule, the molecules cannot collide, resulting in
an infinite mean free path. The mean molecular speed, can be determined from the

kinetic theory of gases, and Equation (3.3.29) may ultimately be expressed as

9y -5 cy |[MkpT
k= \/ 3.3.31
4  wd? Nym ( )

where the parameter 7 is the ratio of specific heat capacity v = f—"; equation (3.3.31)

can be used to estimate the thermal conductivity of gas.

For most liquids, thermal conductivity typically increases with temperature. This is
because higher temperatures generally lead to increased molecular motion, which can
enhance the transfer of heat. The thermal conductivity of a liquid is highly dependent

on its chemical composition. Different liquids have varying molecular structures and
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bonding characteristics that affect how heat is conducted.

The effect of pressure on the thermal conductivity of a liquid is less straightforward
and can vary depending on the liquid. The thermal conductivity of non metallic
liquids generally decreases with increasing temperature. The thermal conductivity of
liquids is usually insensitive to pressure except near the thermodynamic critical point.
Also, thermal conductivity generally decreases with increasing molecular weight. Val-
ues of the thermal conductivity are often tabulated as a function of temperature for
the saturated state of the liquid. Liquid metals are commonly used in high heat flux

applications.

3.3.5 The heat conduction velocity

The term "heat conduction velocity” in fluids is often used to refer to the thermal
diffusivity of the fluid, which describes the rate at which heat spreads through the
medium. This is a measure of how quickly a fluid can conduct heat compared to its
ability to store thermal energy. It is defined as the ratio of thermal conductivity to
the product of density and specific heat capacity at constant pressure [5]. Thermal
diffusivity is formulated by the equation (3.3.32).

a= La (3.3.32)

PCp

The thermal conductivity of a fluid is influenced by; the mean free path affects heat
conduction as it determines how often fluid molecules collide. The relationship can

be approximated by the formula.

3k 3pcya \/§7rd2p
Cv)\ n Cy /{?BT

u =

(3.3.33)
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3.4 Modified Eucken Formula

Eucken proposed equation (3.4.1) for pure gases by separating the contributions due

to translational and internal degrees of freedom in to separate terms:

kM 1+2 2
—— =t =l (3.4.1)
v T (#)—1

Eucken correlation for pure gases is indicated in equation (3.4.1). Equation (3.4.2) is
often referred to as the modified eucken correlation which was used by svehla (1962)

in his compilation for high-temperature gas properties [12].

kM 1.77 1.77
— =1324 ——=1324+——— 3.4.2
nCy CV/R (Cp/R) -1 ( )

The modified Eucken equation (3.4.2) predicts higher values of k than those of Eu-
cken equation (3.4.1). This difference increases when CYy increases to approximately
12.65mol 1K1,

In the case of liquids, the situation is more complex due to stronger intermolecular
forces and different molecular dynamics compared to gases. The modified Eucken

equation for liquids incorporates these complexities and is expressed as

1
1—

(3.4.3)

1 ney
a

3 p ¢

where ¢ is a factor that accounts for molecular interactions , and 7 is the dynamic

viscosity.



Chapter 4

Transport Phenomena by Diffusion

4.1 Momentum Transport by Diffusion

Momentum conduction involves the transfer of momentum due to molecular collisions
and interactions. When fluid molecules move and collide with each other, momentum
is transferred from one molecule to another, leading to the over all conduction of
momentum through the fluids [13, 14]. We know that the property by virtue of which
a fluid opposes the relative motion between the adjacent layers is known as viscosity.
It is quantitatively expressed in terms of the coefficient of viscosity, which is defined
as the tangential force (F) per area when a unit velocity gradient exists in a direction
perpendicular to the direction of motion. Mathematically, for small velocity gradient

is given by the equation (4.1.1).

F (4.1.1)
— =Ty = — 1.
A Yy ndy

where 7., is denotes molecular momentum diffusion flux and CZIL; is the velocity gra-
dient along the positive y-direction [25]. The negative sign signifies that the viscous

force is directed against the velocity gradient.

37
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4.2 Momentum Transport Equation

For the general three-dimensional situation, the viscous stresses acting on an element
of fluid are shown in (Figure 4.1). We find that the diffusive momentum flux is given

by 7, where 7 is the stress tenser.

ay

T

T

Tys 2

o, Tzl *2

Figure 4.1: Three dimensional stress state [25].

Tex Toy Taz

T =

Toe Ty Ty (4.2.1)
Tze Tzy Tzz
The stress tenser is a 3x3 matrix. The component 7;; of the stress tensor is the stress
that acts on the plane perpendicular to the axis i and in the direction of the axis j
for foreground faces and in the opposite direction for background faces. Foreground
faces are those where the normal vector is aligned to a coordinate axis and background
faces those where the normal vector is in the opposite direction to a coordinate axis
[15]. Normal stresses are those perpendicular to the face upon which they act, i.e.

Tez = Oz, Tyy = 0y and 7., = o, and shear or tangential stresses are those tangent

to the surface upon which they act, i.e. 7.y, 7oz, Ty, Ty, oo and 7. For a general
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three-dimensional flow equation(4.1.1) generalizes.

8ui (?uj

where p the second viscosity coefficient. Expanding equation (4.2.2) to

Oug Our | Ouz  OQwy | Oug
28:{:1 0z o1 Oxs or1 N 100
— Oug Juy Oduo Ous dus :
T N Ox1 + Ox2 2812 Oz3 + Do + :U’v 7 010 (423)
Oug | Our  Ouz | Oug OJug
ox1 + Oxrs  Oxa + Oxs 28:1:3 000

where i and j are indices that represents the x, y, or z- directions, ¢;; is the kronecker
delta (0;; = 0) if ¢ # j, and d;; = 1 if i=j, and p is the longitudinal viscosity. For
most fluids, u = —%”. This value implies that spherically symmetric expansion and
contraction processes are frictionless. The kinetic viscosity v is defined as the ratio
between viscosity to density of the fluid (%) The deformation or strain rate S is the

symmetric part of the velocity gradient tensor,

S=2 {8% + 8@} (4.2.4)

The rate of deformation represents how fast the fluid particle deforms. The deforma-
tion is expressed as change of angles and change of unitary volume per unit time of
a fluid particle. Using the strain rate, the Navier-Poission constitute equation (4.2.2)
can be written as

T =28 + UV - by (4.2.5)

For the most frequently encountered substances, such as water and air, the viscosity
depends only on thermodynamic variables, like the temperature, and is independent
on the velocity gradient or deformation rate. These fluids are called Newtonian and
the constitutive relation between the viscous stress and the deformation rate is linear.

The second law of thermodynamics dictates that n > 0 and p + %n > 0.
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4.3 Mass Transport by Binary Diffusion

The movement of chemical species A through a binary mixture of A and B to the
concentration gradient of A. Ficks law of diffusion is the mass transfer analog of New-
tons law of viscosity for momentum transport, and Fouriers law of heat conduction
for energy transport [13].

Suppose, in a binary mixture of A and B, that A is diffusing to the left and B to
the right, this molecular transport of one substance relative to another is known as
diffusion (also known as mass diffusion, and concentration diffusion) (see Figure 4.2).

The rate equation for mass diffusion is known as Ficks law, and for the transfer of

Concentration = Ca - = Concentration
of species A of species B

Figure 4.2: Mass transfer by diffusion in a binary mixture [28].

species A in a binary mixture of A and B, it may be expressed in vector form as

WAy . de

where w—jy is the diffusive mass flow rate of species A per unit area (or diffusive mass
flux) is proportional to the mass fraction difference divided by the plate thickness, p

is the density of the species A and B, and proportionality factor D 4p is the diffusivity
of the species A and B [28].
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For a mixture of two chemical species, the local mass average velocity v is defined as

VA + pBY VA + pBY
v — PAVA T PBUB _ PAVA T PBUB — wAVA + WEYE (4.3.2)
PA+ pPB p
Jay 1s defined as the mass flux relative to the mass average velocity of the mixture v,
is defined as

Uy = WaAlAy + WBVBy (4.3.3)

Equation (4.3.1) relates the diffusive mass flux to the concentration gradient, The y

component of the diffusive mass flux is

Jay = pwa (Vay — vy) (4.3.4)

This is the flux relative to a coordinate system moving with the mass average velocity
v. The diffusive mass flux of B is defined analogously.

As the two chemical species interdiffuse, there is, locally, a shifting of the center of
mass in the y direction if the molecular weights of A and B different [26]. The mass
fluxes ja, and jp, are so defined that j4, + jp, = 0.

When equations similar to Equation (4.3.1) are written for diffusion in the x and z
directions, and the three equations added vectorially, we then get the vector form of

Ficks law for the diffusive mass flux vector of species A:
jA = —,ODABVUJA (435)
A similar relation can be written down for the diffusive mass flux vector of species B:

JB = —pDpaVwp (4.3.6)

Jja+is=0 (4.3.7)
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If Equations (4.3.5) and (4.3.6) are substituted into Equation (4.3.7), and it is rec-
ognized that Vwy = —Vwpg, since wy + wp = 1 for a binary mixture, it follows
that

Dap = Dpa (4.3.8)

The molar flow rate of species A at steady state is

Wa, dX
= = —cDjp—2 4.3.
A CLAB dy ( 3 9)

Jay

where Wy, is the number of moles of species A transported in the y direction per
unit time, ¢ is the total molar concentration of the species A and B, and x4 is the
mole fraction of species A.
For a mixture of two chemical species, the local molar average velocity v* is defined
as

. CAUA +cBUB  CaV4 + CpUB

— = =X X 4.3.10
v ca s c AVA + XBUuB ( )

J 4y 1s defined as the molar flux relative to the local molar average velocity the mixture

U; is defined as

U; = XAUAy + XBUBy (4311)
JAy = CXA (’L)Ay — UZ) (4.3.12)

A similar relation for the diffusive mass flux vector of species B:
For diffusion in three dimensions, the vector form of Fick’s law for the diffusive molar

flux vectors are written for species A and B as
JA = —CDABVXA (4313)

JB = —CDBAVXB (4314)
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If Equations (4.3.13) and (4.3.14) are substituted to give equation (4.3.15).
Ja+Jg =0 (4.3.15)

where again D g = Dpy. To predicting the mass diffusivity D4p for the binary
mixture of two gases, A and B. Assuming ideal gas behavior, kinetic theory may be

used to show that

Dup ~ ém ~p T2 (4.3.16)

Gases Dy = 10 Fer)

A B m? /s

O (&2 0.185 1.75

Q2 Na 0.181 1.75

0o air 0.178 1.75

H:O  air 0.22 1.75

CO2z  air 0.138 2

Hs air 0.611 2

CH, air 0.196 2

Table 4.1: Coefficients for the mass diffusivity of binary mixtures of gases at py =
101300 Pa and Ty = 273 K [13].

where u increases with increasing temperature and decreasing molecular weight,
and therefore the mass diffusivity increases with increasing temperature and decreas-
ing molecular weight. Because A is inversely proportional to gas pressure, the mass
diffusivity decreases with increasing pressure. This relation applies for restricted pres-
sure and temperature ranges and is useful for estimating values of the mass diffusivity
at conditions other than those for which data are available [27].
For binary liquid solution the small concentrations of A (the solute) in B (the sol-

vent), D4p is known to increase with increasing temperature.
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The mass diffusion coefficients typically depend on the temperature, the chemical

composition and the pressure. For gases, a good approximation is

T\ po
D=D, (=) 43.17
0(%>p (43.17)

which reflects that the diffusion coefficient D increases with temperature but decreases
with pressure and the molar mass. See Table 4.1.

For liquids, the diffusion coefficient increases with temperature.

4.3.1 Mass transport equation

Mass can not be created or destroyed, so there is no generation term in the balance
equation [18]. The differential equation of mass conservation, called the continuity

equation, is obtained

)
8_/; +V - (pu) =0 (4.3.18)

Using indicial notation, and for cartesian coordinates,

dp 0 .
E + 81‘1 (,OUZ'),Z =0 (4319)
Noting that
Dp  0p
= 2 . 4.3.2
Dt = +u-Vp (4.3.20)

The continuity equation can also be written as

1D
e R VY (4.3.21)
p Dt

For an incompressible fluid or a liquid, the density is constant and the continuity

equation simplifies to

V-u=0 (4.3.22)
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In indicial notation and for Cartesian coordinates it can be written in the more

compact form

u;,i =0 (4.3.23)

Recall that the divergence of the velocity is the unit dilatation per unit time of an
infinitesimal volume of fluid Vol (i.e. the rate of change of the volume of a fluid

particle per unit volume),

1 dVol
di . Veu=—
wlw) =V-u= 300

(4.3.24)

For a liquid, since the volume of a fluid particle (or a small fluid volume) is constant,
the dilatation is zero. Thus the divergence of the velocity in an incompressible velocity

field is zero.

4.3.2 Molecular collisions and diffusion

Molecular collisions are the underlying mechanism that drives diffusion. As molecules
collide and interact, they move from areas of high concentration to low concentration,
leading to the spreading out of substances this processes is called diffusion. Diffusion
is the transport of material due to concentration gradients or more precisely due to

gradients in the chemical potential [16].

4.3.3 Diffusion velocity and partial velocity

In a multi component system the various species will normally move at different
velocities; accordingly, an evaluation of a velocity for the gas mixture requires the
averaging of the velocities of each species present [16,17]. The mass-average velocity

for a multi component mixture is defined in terms of the mass densities and velocities
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of all components by

Z PiVi Z PiVi
v = i=t _ =1
Z Pi ’
i=1

where v;, denotes the absolute velocity of species i relative to stationary coordinate

(4.3.25)

axes.
The molar-average velocity for a multi component mixture is defined in terms of the

molar concentrations of all components by

n n
E CiV; E CiV;
i=1 =1

C

* _
== —
>
i=1

The velocity of a particular species relative to the mass-average or molar average

A%

(4.3.26)

velocity is termed a diffusion velocity. We can define two different diffusion velocities.
v; — v, the diffusion velocity of species i relative to the mass-average velocity.

v; — v*, the diffusion velocity of species i relative to the molar-velocity average.
According to Fick’s law, a species can have a velocity relative to the mass or molar
average velocity only the gradients in the concentration [2].

If partial velocity typically refers to the velocity component of a particular species
with in a mixture or multi-component system. Each component in a mixture can
have its own partial velocity. Which describes how fast that particular component
is moving. In a gas mixture, for instance, the partial velocity of a gas component
i, can be related to the over all velocity of mixture and the relative motion of that
component i v; = v — u;, where v; is the partial velocity of component i v is the
velocity of the over all gases mixture and w; is the velocity of component i relative to

the mixture.
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4.4 Molecular Interpretation of Diffusion Trans-
port

The diffusivity coefficients can be estimated for gases at low densities by the kinetic
theory of gases. In this theory, the gas molecules are considered rigid spheres of
mass m, which neither repel nor attract. Let us assume that the density of molecules
is N and that the molecules transport the property I'. I' represents the velocity
u for momentum transport, specific enthalpy (h) for heat transport and chemical
concentration for mass transport of the species A. According to the lattice model for
gases, at equilibrium the relative velocity of the molecules with respect to the fluid
velocity is stochastically distributed in all spatial directions. We want to calculate

the net flux of property I" to the right across the surface [13]. Thus,
U =net flur = Vi — Vyigne (4.4.1)

= ¢ Nmal'(left) — s Nmul (right)
= %Nmﬂ(I’(left) — D(right))

%Nmﬂ(F(m — é) —I'(z + é) (4.4.2)

The coeflicient % stems from distributing the molecules randomly in all three Cartesian

axes and, for each axis, in the two directions. Applying Taylor series around x,

l (@)l | PT(x) P

F($ — 5) = F($) do 5 + d$2 Z —————— (443)
D(x + é) —T(z) + dz(;)é + d;(f)lz —————— (4.4.4)

and subtracting I'(z — L) —T(z + {) ~ dl;f)l The length 1 is related to the distance

that the molecules travel between collisions in direction x and is proportional to the
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mean-free path. Thus,

-1 dl'(z)
V= —Nmul 4.4.
mu I (4.4.5)
1
D = Nl (4.4.6)

VU = 7,q,andJ4 and D=pu, k,and Dss. Therefore, for a gas at low pressures, the

following relation between the diffusion transport coefficients can be derived,

L
P

LN (447)

where D 44 is the self-diffusion parameter.

4.5 Coupled Heat, Mass Transport by Molecular
Diffusion

The concentration gradients can induce heat transport and, vice versa, temperature
gradients can cause mass transport. Heat transport by diffusion can be caused by

three effects: temperature gradients, mass diffusion and concentration gradients,
Q — QT + Qm + QDufour (451>

The first term, QT, due to temperature gradients, is given by Fouriers law of conduc-
tion, Qm is the heat transport due to mass diffusion, and QD“f °u" is the Dufour or

diffusion-thermo effect,

Q™= haja (4.5.2)
A=1
hya=e+ % is specific enthalpy of species A.
) Nesp MNesp D .
Dufour _ RT ket (]—A - LB) 45.3
? Z Z maDag \pa psB ( )

A=1B=1
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where R is the universal gas constant, and D are the thermal diffusion coefficients.
Mass transport by diffusion can be produced by concentration gradients, temperature

gradients, pressure gradients for each chemical species,
ja=J%+is+7h (4.5.4)

For binary systems (1 < A, B < 2), mass transport can be simplified to

D
ja = —pDapVws — DIV(InT) + m“‘me ABRAGp (4.5.5)

Coupled heat and mass transport through molecular diffusion involves the simultane-
ous movement of heat and mass in a medium due to concentration and temperature

gradients.



Chapter 5

Conductive Heat Transfer in
Boundary Layer

5.1 Conductive Heat Transfer at Boundary Sur-
faces

As for the flow field, boundary layers can be laminar or turbulent. Laminar flow
is typically orderly, predictable and deterministic. Turbulent flow is always three-
dimensional, unsteady and chaotic. In turbulence flow, there are random fluctuations
of the fluid field transport properties [19].

Turbulent involves rapid fluctuations in time of the velocity at any point as the
sum of a time-averaged component and fluctuation. The transition from laminar to
turbulent flow in pipes was first described quantitatively by Reynolds in 1883. The
number that governs the transition from laminar to turbulent flow is the transition
Reynolds number(Re), which depends on the geometry of the flow among other factors
such as the free-stream turbulence and surface roughness [20, 21]. The dimensionless

parameter is given by the equation (5.1.1)

R, = == (5.1.1)

20
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Taking into account the qualitative structure of the boundary layer, the transport
equations can be simplified within interfaces. This is known as Prandtls boundary
layer theory (1904), which states that for high Reynolds numbers, the boundary layer
thickness § at a position x = L from the beginning of the boundary layer is much

smaller than L, i.e. § < L, the local Reynolds number is defined as

R,y = —~- (5.1.2)

5.2 Earth’s Ocean - Atmosphere Boundary Layer

In the atmosphere, the boundary layer may be defined as the thin layer extending
from the earths surface up ward in which the airflow strongly experiences the effect
of the earths surface friction [22]. Carrying the analogy of molecular diffusion to
turbulent transport in the atmosphere, we can express the fluxes of momentum, heat,

and moisture(E) in terms of gradients in the vertical direction z;

duy

o0
Q= —thcpa (5.2.2)
_ 0q
E =Ko (5.2.3)

where K, K, and K are the turbulent exchange coefficients for momentum, heat,
and moisture; w0, 0, and § are the mean stream wise wind component, mean potential
temperature, and mean specific humidity. The extension of that concept to turbulent
exchange in the atmosphere is known as K-theory.

We start with definition of velocity components u,, u,, and u, along right handed

coordinate axes x, y, and z, respectively these velocity and scalars such as 6 and q
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can each be separated in to mean component denoted by an over bar and an eddy
component denoted by a prime; u, = U, + u, u, = U, +uy, u, = U, +u, 0§ = 0+,
and ¢ = g + ¢’ By definition, we have v/, = v/, = v/, = 0/ = ¢ = 0. If the x-axis
is defined in the direction of the mean flow, %, = u, = 0; only u, # 0. Over a flat,
level, homogeneous surface, we take x and y to be horizontal and z to be vertical and
positive up wards.

The fluxes can now be written as

T, = —pulul, (5.2.4)
Q = —pe, i@ (5.25)
E=—pu.q (5.2.6)

Prandtl hypothesized that turbulent fluctuations can be parameterized in terms of
the mean field variables if we postulate a characteristic mixing length 1’ for the eddy
motion somewhat like the mean free path in molecular motion. According to this
hypothesis a parcel of air at level z which is displaced vertically through a height
interval 1’ carries the mean momentum of the original level to the new level where it
mixes with the air at the new level to cause a fluctuation in the mean momentum
of the new level. The extent of the fluctuation will depend upon the magnitude
of the mixing length and the vertical gradient of the mean velocity. Thus, for the
uz-components u, = —I'0u,/0z. Since 0u,/dz is usually positive in the boundary
layer, I’ is positive for down ward displacement(u/, < 0) and negative for up ward

displacement(u, > 0). We may, therefore, write

Top = —pULU (5.2.7)
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u, =1 %, since u/, and 1" are opposite sign by the above-mentioned convention of
sign. Thus,
au

where [, is the mean mixing- length and K, = 2 (%), is called the coefficient of
eddy vicosity for the vertical transport of x- momentum. Hence, we may write (5.2.8)

in the form
o aﬂz
o _g T

; o (5.2.9)

*2
x )

where T—p“ has the dimension of velocity- squared and is written as w}”, where u} is
called the friction velocity [29].

The logical choice is the friction velocity for the velocity and a length proportional to
height z above the surface. This means that we put K,,, = xzu}, where s, the constant

of proportionality is vonkarman constant (v = 0.4). Making the substitutions in

equation (5.2.9) and simplifying we obtain,

ou, u*
—— 5.2.10
0z Kz ( )

Integrating (5.2.10) with respect to z, we get the logarithmic velocity profile,

U, = (%) In (Zi) (5.2.11)

where z,, which is called the roughness length, is the constant of integration chosen so
that u,=0 at z=z,. The logarithmic wind profile is strictly valid only for the neutral
atmosphere.

As the atmosphere becomes more stable or unstable, the profile departs from being
logarithmic (Figure 5.1). For most applications very close to the ground (i.e.,z <

10m),however, the wind profile can be assumed to be almost always logarithmic.
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This allows us to use the relation ships in (5.2.1), (5.2.2), and (5.2.3) to compute the
fluxes from gradient measurement of properties in the layer. Thus, if w,; and w,s are

the mean winds measured at two heights z; and zy, we have

Ty — Ty = -2 1n (@) (5.2.12)
K 21
K oM (T — 1) (5.2.13)
m = kU = ————(TUpo — Uy 2.
T In(za/2) 2 !

Substituting for u} from (5.2.9). If the reference height z, is the geometric mean of

e Stable Neutral

2(m)

01—

Unstable

-7 1 | ] L
.01
000 1 2 3 4 5

6

T{ms™)

Figure 5.1: Wind profile in stable, neutral, and unstable air [29].

21 and 29, that is (2122)% then at z=z, the mean wind speed is equal to (T + Uy2)/2.
Now, if we assume that close to the ground K,,=K,= K|, all we need for computing
the vertical fluxes are the mean values of # and q measured at the same heights at
which @, and U,y are observed [29]. The fluxes of momentum, heat, and moisture

assume the form

% _— (ﬁy (T — T )? (5.2.14)

29/ 21

L __ (ﬁ)Q (oo — 1) (G2 — B1) (5.2.15)

PCyp 29/21
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L () ()@ -3 (5:2.16)

P Z/2

Estimation of fluxes from profiles is subject to several constraints. We require the
fluxes to be constant with height, which implies uniform flat terrain and observing
heights well within the surface layer. The logarithmic law applies strictly to neutral
surface layers; the estimates become less reliable as the stability departs from neutral

and the profiles deviate more and more from logarithmic.

5.3 Earth’s Land - Atmosphere Boundary Layer

The land surface and the atmospheric boundary layer (ABL) are crucial components
of Earth’s climate system and play significant roles in weather and climate dynamics
[20,21]. The roughness length varies widely with the physical characteristics of the
surface and the average height of the obstacles to airflow. When z, is very large as
over dense vegetation, a modified logarithmic wind profile as given below has been

found to represent the observations some what better.

T, = (%) ln{z;d} (5.3.1)

where d is called the datum-level displacement [23]. Corresponding expressions for

heat and humidity, assuming the same d for both are

_ _ T* —
0, —8)= —1n (Z d) (5.3.2)
K Zh
L q* z—d
_a =1 3.
7. -2= L (227) (5.3.3)

where 2, and z, are new roughness lengths for heat and humidity (analogous to zp)
q* is the humidity scale analogous to 7™ defined

ol Al
¢ = ——=L (5.3.4)

*
ul’
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The traditional nondirectional surface layer functions become

k(2 —d) 0,

e TR (5.3.5)
k(2 —d) 8_5

on = T o (5.3.6)
k(2 —d)0q

bg = oz (5.3.7)

where ¢, ¢p, and ¢, are functions now of (z-d) in steady of z. It is readily seen that

(5.3.5), (5.3.6), and (5.3.7) are equivalent to flux- gradient expressions [29].

O e O,

Z — *2 — - * ;—1 —

P u, [k(z — d)uioy)] P m, (5.3.8)
O W e KL L
e wiT* = — [k(z — d)uioy ] 5 Kh@z (5.3.9)

*
e

In neutral conditions, Kpy,= Kn= Kq=r(z — d)u
The modified logarithmic profiles for humidity and temperature provide a useful
framework for understanding how these variables vary with height in the atmosphere.

They can be tailored to account for surface characteristics, atmospheric stability, and

interactions between heat and moisture.



Chapter 6

Summary and Conclusion

Transport properties are based on the law of conservation of energy for a thermo-
dynamic system (dU = d@Q + dW). In the thermally isolated system that can not
exchange heat with its surrounding (d@ = 0).

In the second law of thermodynamics or entropy (ds = % + dSiprey) in this concept
a molecular collision causes molecules in a substance moving and vibrating randomly.
This movement is a result of the thermal energy they possess, which causes them
to move in various directions at different speeds. The average kinetic energy of the
molecules is directly related to the temperature of the substance (%K sT).

Heat is transferred by molecular action from hotter regions to colder; this process is
called conduction. The heat conduction is described by fourier’s law. It is fundamen-
tally governed by the heat diffusion equation or multi dimensional heat differential
equation.

The proportionality constant in the heat conduction equation is called thermal con-
ductivity. It is directly proportional to the density of the gas, the mean molecular
speed, and the mean free path. The ratio of thermal conductivity to the product of

density and specific heat capacity at constant pressure is called thermal diffusivity.

o7
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Eucken proposed that (%) be modified for polyatomic gases by separating the con-
tributions due to translational and internal degrees of freedom into separate terms.
Newtons law of viscosity describes the momentum transport by conduction involves
the transfer of momentum due to molecular collisions and interactions is governed by
the general three-dimensional flow equation: (Tij =7 [37"; + g—q;i + 045 uﬁ . ﬁ} )
Fick’s law describes the movement of mass from higher concentration to lower con-
centration, which is called diffusion. The governing differential equation of mass
conservation is called continuity equation and a species can have a velocity relative
to the mass or molar average velocity only the gradients in the concentrations. The
concentration gradients can transport heat and temperature gradients can cause mass
transport.

The boundary layer is the lowest 1-2 km of the atmosphere, the region most directly
influenced by the exchange of momentum, heat, and water vapor and other chemi-
cal species at the earth’s surface. The boundary layer, describing the surface layer
over flat grounds, can be laminar or turbulent. The mean velocity profile in the sur-
face layer under neutral stability conditions is described by the logarithmic function
o= (5)n(2)]

The roughness length varies widely with the physical characteristics of the surface
and the average height of the obstacles to airflow. When z, is very large as over dense
vegetation, a modified logarithmic wind profile [ﬂx = (%) In {ZZ;OdH .

Finally, we applied the energy conservation principle to the turbulent fluctuations of
air molecule to the surface layer of earth’s-atmospheric boundary. The fluctuating

air molecule is calculated by using time-average velocity logarithmic profile to predict

the weather/climate condition is neutral, unstable or stable.
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