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Abstract

A singular boundary value problem associated with the oo-Laplace equation having,
in general a non-separable inhomogeneous term is considered. The existence of ground
state solution in viscosity sense to such a problem in bounded domains as well as in the
whole Euclidean space RY, for N > 2 is established. The investigation of the problem
is mainly based on sub-solution and super-solution methods, and existence of principal
eigenfunctions to the eigenvalue of Dirichlet type problem —Ay,u = Af(x,u),u > 0 in an

open set Q and u(x) = 0 on 0€2, corresponding to the co-Laplace equation.

Keywords: oo-Laplacian, Viscosity solution, Principal eigenvalue, Principal eigenfunc-

tion



vi

Acknowledgements

I would like to express my heart felt gratitude to my advisors Dr. Seid Mohammed and
Prof. Ahmed Mohammed for their supervision, advice, and guidance from the very early
stage of my starting the Ph.D study. They have provided me their unreserved support
and encouragement in various ways. I really admire the devotion and patience of Prof.

Ahmed Mohammed in disseminating his knowledge.

I need to pass my thank you message to Addis Ababa University, College of Natural
Sciences and Department of Mathematics for giving me the opportunity to participate in

the Ph.D program and the assistant rendered till now.

My thanks also goes to Ball State University for hosting me and the cooperation I
got during my stay in the university. May I be allowed to appreciate the International

Science Program (ISP) for the financial support.

Let me take this opportunity to thank Prof. Ahmed’s wife Aida Said and their son
Akrem Ahmed for their unforgettable hospitality and cooperation.

I would also like to thank x-chair persons and the chair person of the Department
of Mathematics, Dr. Adinew Alemayehu, Dr. Berhanu Guta, Dr. Semu Mitiku, Dr.
Berhanu Bekele and Dr. Zelalem Teshome for their friendly support and follow-ups.

My next thank you message goes to my instructors, specially Dr. Tsegaye Gedif, my

colleagues and my friends for their daily follow-ups and encouragement.

Last but not least, I would like to express my sincere thanks to my wife Aster Alebel,
my children, my brothers and sisters, and relatives for all of their good wishes, supports

and co-operations.



Chapter 1

Introduction

This dissertation is concerned with the investigation of singular boundary value problems

related to the highly degenerate elliptic operator
Apu := (D*uDu, Du).

In the literature, A is referred to as the Infinity-Laplacian and this operator can be
understood as the limit of the p-Laplacian as p tends to infinity. Interested reader may
refer to the paper by Michael Crandall for the precise statement concerning this conver-
gence. Historically, A, appeared in a series of papers [I, 2] and [3] by Gunnar Aronsson
in his work related to finding absolute minimizing functions in a given domain in RY.
Aronsson used a heuristic argument to relate C? solutions of the infinity Laplacian equa-
tion Agpu = 0 with the problem of seeking absolutely minimizing functions on domains.
However, as observed by Aronsson himself, there are absolutely minimizing functions that
are not twice differentiable and therefore not classical solutions of the above equation. A
breakthrough was achieved in 1983 when Robert Jensen was able to show that a func-
tion u is absolutely minimizing if and only if A,u = 0 in a domain in the viscosity sense.
Again, the reader may refer to the seminal paper of 1993 [19] for details. Given a bounded
domain Q < R”, Jensen showed that u is a solution of the Dirichlet Problem

Apu=0 in
u=g on 052

if and only if w is an absolutely minimizing Lipschitz function on €2 such that u = ¢ on the



boundary of €2. The paper and the results therein opened up a new interest in problems
related to the operator A,. Another landmark paper related to the infinity-Laplacian
was published in 2009 (see [29]) and the authors were able to provide a tug-of-war game

interpretation to the solution of the Dirichlet Problem
Apu=f in Q

u=g on 0f)

for a given continuous function f on €2 and a Lipschitz function g on the boundary 0f).

In a recent paper [§], the authors studied the following singular boundary value problem.

—Apu = b(x)h(u) in Q 1)
u=20 on 02

where Q € RY is a bounded domain, b € C() is a positive function, and

h:(0,00) — (0,00) is a continuous function that may be unbounded near 0. An interesting
special case is h(t) = ¢t for v > 0. The paper establishes that if b € C'(2) n L*(9) is
positive and h is a non-increasing continuous function, then Problem (1.1) admits a unique

solution u € C'(2).

The aim of this dissertation is to explore the solvability of the following parameter

dependent singular boundary value problem on bounded as well as on the entire Euclidean

spaces.
—Apu = Af(z,u), u>0 inQ

u=0 on 0f)

(1.2)
where the boundary condition is understood in the sense that u(x) — 0 as |z| — oo when

Q =RV,
The non-linearity is subjected to some natural, but general conditions and includes

all known results as special cases.



Chapter 2

Preliminaries and Background

We next state some basic notations which will be used in the next sections.
Notations:
The set €2 is an open subset of RN, N > 2 and N a natural number, in most cases ()
is bounded. € is the closure of £ and 5 is its boundary.

Given sets O and €2, we write O cc ) to mean O is compactly contained in §2.

The set of all continuous real valued functions in 2 is denoted by C(2) and C(2) if
on Q. The notion u € C* indicates that u is a real valued function on a subset of RY and
it is k-times continuously differentiable. C?(€2) stands for the set of twice continuously
differentiable functions in €2. A smooth function usually means a C? function.

Given a set E < R, C(Q, E) denotes the class of continuous functions on 2 that have

values in F.

If feC(2), L*(Q) is the standard space of bounded Lebesgue measurable functions
with the usual norm,

Hf”Lao(Q) =inf{M eR: |f(z)| < M,z in Q}.

Balls are expressed as: B,(z):= {y e RY: |y — 2| < r} and
B.(r):={yeR": |y — x| <r}.
o(e) denotes quantities whose quotients by € approaches 0 as ¢ — 0. We write
f(x) < g(x) + o]z — x0|*) as & — ¢ to mean that there is a function h(z) > 0 such that

h(z) = o(|z — xo|*) as x — x0 and f(x) = g(z) + h(z) in a neighbourhood of z.

3



Definition of viscosity solution:

Let Q < RY be a non-empty open subset, and H : Q x R x RY — R be continuous. A
function u € C(Q) is said to be a viscosity sub-solution of the PDE
—Ayu = H(z,u, Du) (2.1)

at o € Q if and only if for each ¢ € C*(2) such that u — ¢ has a maximum at zy €  the

following inequality holds.

—Aop(o) < H (w0, u(20), Dp(20))- (2.2)

A function u € C'(Q2) is said to be a viscosity super-solution of the PDE (2.1) at x( € {2
if and only if for each ¢ € C%*(Q) such that u —  has a minimum at z, € Q the reverse
inequality in (2.2) holds.

Finally, we say u € C(f) is a viscosity solution of (2.1) at zo € Q if u is a viscosity
sub-solution as well as a viscosity super-solution of (2.1) at x.

Viscosity sub-solution, super-solution and solution of (2.1) in a set are defined in an
obvious way. If u is a viscosity sub-solution (resp., super-solution or solution) to (2.1) in

2, we will indicate this by writing
—Apu < H(z,u,Du), (resp., = or =) x €.

All sub-solutions or super-solutions that will be considered in this dissertation are in the
viscosity sense. Therefore, in the sequel we will refrain from prefixing them with the word

viscosity.

The following comparison principle will be useful (see [25], 27, 28]).

Proposition 2.1 Let ¢ € C(Q) n L¥(Q2) such that ¢ > 0,¢c < 0or ¢ = 0 in Q. If

u,v € C(£2) such that —Ayu < ¢ in Q and —Ayv = ¢ in Q, then

max(u — v) = max(u — v).
Q o0



Consider an open set € RY and let R* := (0,0). Let f : Q x R* — R be a continuous

function such that the following two conditions hold:

(F-a) There is h € C((0,ty), RT) for some ty > 0 and a € C(£, [0, 0)) with a(z) # 0 on
2 such that
f(z,t) = a(x)h(t), V (z,t)eQ x(0,t).

(F-b) There are functions g € C(R*,R") and b € C(2,R*) such that
flz,t) <b(x)g(t) V¥ (x,t)e QxR

The following notations will be needed in relation to the functions h and g that appear

in (F-a) and (F-b), respectively.

L g(t) . h(Y)
Jo 1= hrtrisoélp e and ho := htrg(%?f 5 (2.3)

Moreover, we will always suppose that 0 < hg < co.

Finally, the function b in Condition (F-b) above will be assumed to satisfy the following

condition.
(B-w) The following problem admits a solution wg € C(Q).

—Apu = b(z), u>0 in Q
(2.4)
u(z) = 0 on 0f).

If © is unbounded, then the boundary condition in (2.4) is understood in the sense that
u(xr) — 0 as |z| — oo within Q. We remark that if Q; < Q, < RY are two open sets
with 27 bounded, then 0 < wq, < wq, in ;. This is a consequence of the comparison

principle. If Q is bounded and b € C(Q2) n L*(£2), then it is known that (2.4) admits a

solution (see [24]).

The existence of a principal eigenvalue and a principal eigenfunction for the following
eigenvalue problem in bounded domains 2 will be an important ingredient in investigating

the existence of solutions to Problem (1.2).



—Apu = Xa(z)u® in Q
(2.5)
u = 0 on 0N

When a(z) > 0 in €2, and €2 is bounded it is known (see [7]) that there is a positive
principal eigenvalue A1(€2, a) and a corresponding principal eigenfunction ¢ > 0 in 2 that

satisfy (2.5).

In our work in this dissertation, we will establish a similar result when a(x) = 0 in 2, but
a(x) # 0 in Q. The proof of this will be provided in the appendix.

A property of the principal eigenvalue that will be useful here is the fact that

A1 (O, a) = A (Q, a) whenever O < Q. Since a will be fixed, but we will consider different

domains 2, we will denote A;(€2, a) simply as A(2).



Chapter 3

A singular boundary value problem
in bounded domains

Let Q € RY be an open set. Let h: Q x (0,00) — [0,0) be continuous and consider the

problem
—Agu = h(z,u) in Q

u(z) = w on 09, (3.1)
where w € C'(092, [0, o))

Note that @ = 0 on 052 is a possibility and h(z,t) may exhibit singularity at t = 0, for
instance h(x,t) = b(z)t™" for v > 0.

We also note that, by a sub-solution v € C(£2) (respectively a super-solution w € C'(€2))
of the Dirichlet Problem (3.1), we mean a sub-solution (respectively a super-solution) of

—Aypu = h(z,u) as defined earlier such that v < w (resp.,w = w) on 0.

For bounded open set 2 € RY we have the following theorem.

Theorem 3.1 Let 2 < RY be a bounded open set. Suppose v € C(f2) is a sub-solution

and w € C'(2) is a super-solution of (3.1) in Q2 such that 0 <v <win Q and v =w = w

on 0. Then Problem (3.1) admits a solution u € C'(Q) such that v < u < w in €.

Proof: Let {§;} be a sequence of sub-domains of 2 such that
0

Q; cc Qjy and Q= UQk, (j=1,2,--+)
k=1



For instance we can take
Q= {xr e Q:dist(x,00Q) > %}, (j=12---).

Recalling that v(x) > 0 for all x € Q, define h:QxR—Rby
h(z,t) for t > v(x)
h(z,t) :=

h(z,v(x)) fort < v(x).

We observe that h € C(2 x R) and satisfies SUDg, 1

ﬁ(m, t)‘ < oo for any compact interval

I € R, and any integer 7 > 1. Furthermore, for each positive integer j, v is a sub-solution

and w is a super-solution of the following Dirichlet Problem.

—Agpu = ?L(l‘, w) in €
u=1v on 0€); (3.2)

For each j, let u; € C(£2;) be the minimal solution of the Dirichlet Problem (3.2) with
respect to the sub-solution v such that v < u; < w in Q; (see [[27], Theorem 2.5]). In
particular, u;41 > u; on 0€);, and u; is a minimal solution. We conclude that u; < uj4;
in ;. We extend u; to Q by defining it to be v on ﬁ\ﬁj. This way, we obtain a sequence

u;} of functions in C(Q) such that v < u; < uj1; < w on € for all j.
J J J

Next, we define u by  u(x):= lim u;(z) (xe€Q).

J—©

The sequence {u;} is uniformly bounded on 2. We note that {u,} is equicontinuous
(see [[8], Theorem 2.4]) on compact subsets of 2. Therefore, given O cc €, the sequence
{u;} has a subsequence that converges to w uniformly on O. Consequently, we see that
ue C(R). Since v <u<wonQ, and v =u = w on I9, we conclude that u € (CQ).

~

It remains to show that Ayu = —h(z,u) in the viscosity sense. For this we first show
that Aypu > —h(z,u).
Suppose that ¢ € C%(Q) and u — ¢ has a local maximum at some g € 2. Let j be large
enough such that z¢ € ;. Then

u(x) — (z) < u(zg) — ¢(xo), x € Br(0) <<



for some r > 0. Let € > 0 be small. Without loss of generality, we suppose that {u}>;
converges to u uniformly on B,.(xg).

For k > 7, let x; be a point of maximum of
up(w) = (p(x) + 5 |z — zo[*)
on B,(zo). In particular,
ur () — (p(xr) + § ok — 2ol?) = wi(wo) — (o) (3.3)
Since x;, € B,(x0), by passing to a sub-sequence if necessary, we assume that x; — 2
for some 2 € B, (x,). Taking limit in (3.3) as k — oo we obtain

u() — (p(&) + 5 1% — zol*) = u(wo) — (o).
which is
g & — mof”) < w(®) — (2) — (ulxo) — ¢(x0)) <0,

showing that & = x. Thus, ), € B,\2(x0) for sufficiently large k. Since uy, is a sub-solution

and z;, is a point of local maximum of uy — (¢ + € | — 20|*) on B, (), we have

Acp(r) +0(e) = — R, ur(ar)). (3.4)
Taking the limit in (3.4) and recalling that u;, — u locally uniformly on €2; we find that

Agp(o) + () = —h(zo, u(z0)).
Next, we take limit ¢ — 0 and conclude that Ayu > —lAL(x, u) in the viscosity sense.

A similar argument shows that u is a super-solution of Ag u = —ﬁ(%, w).
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Since u > v in €, by the definition of h we see that fAL(:c, u) = h(x,u) in , and thus u

is the desired solution of Problem (3.1).

The next two results establish a super-solution and sub-solution to problem (3.1).

Theorem 3.2 Let Q < RY be an open set, and f: Q x (0,00) — R be a continuous
function that satisfies Condition (F-b) with b satisfying (B-w). There exists a positive
constant A, depending on g, and |wq|,, such that corresponding to any 0 < A < A§

there is vg ) € C(€2) which is a super-solution of Problem (1.2).

Proof: We define a continuous function G: (0,00) x (0,00) — (0,0) as follows.

thsup g(s)s™ O<t<rt
G(t,7) = tsssT
tg(r)r 0<7<t.

The function G(t,7)t™% is non-increasing in t. Let

I'(y) = Eﬁ Gl 4 (3.5)

T2 s°

We note that I' is a O decreasing function. To check that I' is decreasing, we differ-

entiate (3.5),

, 2 (" G(s,7) 2/G(t,y) 1G(t/2,7)
F(t):_t_Q o 53 dS‘i‘;( e —5 (t/2)3 )

_1Gty)  26(y)  1G(#/2.9)

t 3 e t (t/2)°
1G(t,y) 1G(t/2,7)

= - - = < 0
t 3 t (t/2)3
Moreover, we have
G G(v/2 t t
g(z) _ (7;7) <T(y) < (v/ ,37) ~ swp %)g sup &3) (3.6)
Y 0l (7/2) yj2<t<r t ~y/2<t<o b



Consequently, we have

lim I'(y) = .

=00
Now, suppose that g, < 0. Set

1

o= 3
9o HwQHoo

For 0 < A < Ay we have

1 1
lim F(’}/) = 3 < 3
s Ao lwals,  Aweal,

Consider the function

Ll
U(t) :zfoﬁds, t > 0.

Note that

W(t 1
lim 28 _ i () = lim ——— > VA |wg||

t—owo  t t—o0 t—o0 3 f‘(t)

Therefore, we can find 6 > 1 large enough such that

0"

11

(3.7)

(3.10)

On the other hand, suppose g, = 0. In this case, the function ¥ defined as in (3.9)

satisfies

v(t)
Qyi=sup ——= < 0.
t=1

(3.11)
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We define

3
Oy
A= | 22 ) 3.12
z <||wg|oo) (312

so that for 0 < A < \§. We have
VM wal, < /3 [wal, = ax.

Therefore, there is v, = 1, depending on A, such that

v
X g, < 2020 (313)
a0
Therefore, either (3.10) or (3.13) shows that there is § > 1 such that
U(0) > 0 |wa,- (3.14)
Let ® be the inverse of U, i.e. ® satisfies
D(t) 1
J ds=t, t=0.
o /I(s)
We now define,
va(r):= B0V  \wg(z)), (z€Q), (3.15)

where 6 is as in (3.14), and wq, is a positive solution of (2.4) in bounded domain 2, whose
existence is guaranteed by Condition (B-w). By the comparison principle, we note that

0 < wq < wy in €.
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We observe that

va(r):= B0V  wg(z)) < (I)(e\?)/XHU)QHOO) <4.
We have vy > 0 in Q, and vg y = 0 on 0€2. We now proceed to show that
—AOOUQ)\ = )\f(ZL’, UQ)\), (I € Q) (316)

For convenience we drop the subscript from vg x. So, let (zg, p) € Q x C?(2) such that
v —  has a local minimum at zy. Without loss of generality, we can assume that z; is a

global minimum of v — ¢ in Q, and that v(zg) = @(xo).

Denote n(x): U(p) e C3Q).

1
Y

Then, we have wq(zg) = n(zo), and wg — 1 has a minimum at zg. Since wq is a

viscosity super-solution of Problem (3.4), we see that
AOOT](ZU0> < —b(l’o).

We next compute
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The following chain of inequalities hold at x.
Ay < PPAT(0) A
< —0P A0 ()b
< <9>3A@x¢) by (3.6)
2
< —Abg(p), since  @(zo) = va(zo) <
< —Af(zg,p) by Condition (F-b). (3.17)

This shows that (3.16) holds.

For later use: Since 6 > 1, it follows from (3.17) that —Ayp < —Ab(x)[(p).
Therefore,

Ayv < =Ab(z)I(v). (3.18)

Remark 3.3 If g, = 0 in (2.3), then Problem (1.2) admits a positive super-solution

vax € C(Q) for any A > 0, provided that the hypotheses in Theorem 3.2 holds.

The following theorem provides a positive sub-solution to Problem (1.2) for an appro-

priate range of the parameter.

Theorem 3.4 Let Q < RY be a bounded domain, and f: Qx (0,00) — R be a continuous
function that satisfies Condition (F-a). Given A > A;(Q)hy ", there is ¢ 5 € C(£2, (0, 0))

which is a sub-solution of Problem (1.2) in €.

Proof: Fix A such that A > A;(Q)hy'. If the constant hg in (2.3) is finite, there is a

sufficiently small §:= §(\) with 0 < § < ¢ such that

A ()

3 V0 <t<d.
3\ <

Mﬂ><éﬁ@ﬂﬁ

A Jhot? =
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On the other hand, if hg = o0, then given any A > 0, there is 0 < d:= d(\) < ¢ such

that

In any case, let ¢\ be a positive eigenfunction of Problem (2.5) corresponding to
A1(€2) such that 0 < @q , < min{1,d(N)} in Q. The above choice of §, Condition (F-a),

together with the assumption on A show that

A (@, an) = Ma(z)h(par) = M(Q)a(z)ed , = —Awdanr (3.19)

holds in ). This completes the proof of the theorem.

Remark 3.5: If hy = o0 in (2.3), then under the hypotheses of Theorem 3.4, Problem

(1.2) admits a positive sub-solution ¢q \ € C(2) for any A > 0.

We next state the main result of this section.

Theorem 3.6 Let Q < RY be a bounded domain, and f: Q x (0,00) — R be a contin-
uous function that satisfies Conditions (F-a), (F-b) and that b satisfies (B-w). There

exists a positive constant A&, depending on g and [wy|, ., such that for any A with

A (Q)hyt < XA < A¥, Problem (1.2) admits a solution u = uy € C(Q).
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Proof: Since A > A;(Q)hy!, let ¢, be the sub-solution of (1.2) given in Theorem 3.4.

Then, we have the following chain of inequalities:
Apdar = —Af(z,¢an) by (3.19)

> —A\b(2)g(pa.n) by Condition (F-b)
> —\b(2)¢°T (pon) by (3.6)

= —Ab(ac)l”(gbg’,\), since Qﬁg’)\ <1 in Q,

where I' is the function introduced in (3.5).

Since 0 < A < A&, let vg » be a super-solution of Problem (1.2) as given by Theorem 3.2.

We claim that ¢q \ < vo . in 2. Suppose not. Let

O:={z e Q: pax(r) > var(z)}.

Then in O, we have

Agdar = —Ab(2)(vaa) and Agvgr < —Ab(2)(vg.).

Recall that b > 0 in €2. By comparison principle, we have ¢\ < vq in O, which is a

contradiction, and hence the claim holds.

As a summary, we see that 0 < ¢\ < v\ in Q with ¢g y = vy = 0 on 02. We now
invoke Theorem 3.1 to conclude that Problem (1.2) admits a solution u € C(£2) such that

¢Q7/\ < u < UQ7)\ in Q

Remark 3.7: (1) If g, = 0 and hy, = oo in (2.3), then under the assumption of
Theorem 3.6, Problem (1.2) admits a positive solution ug ) € C(£)

for any A > 0.
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(2) Given an open set Q € RY. Since \¥, as defined in (3.7) or (3.12),
depends on g, and |wg|.,, where we recall that wg is a solution of
Problem (2.4) in  given in Condition (B-w). By the standard
Comparison Principle, we see that wq < wgr~ in {2, and as a consequence
we have Ay < Af, for any bounded open set {2 < RY. Therefore, for any
0 < A < Aiw, and any open bounded subset {2 RY,
let vo ) and vy:= vgw , be the super-solution of Problem (1.2) corresponding
to Q and R¥, respectively. The existence of these super-solutions is a

consequence of Theorem 3.2. By definition (see(3.15)), we see that vg \ < vy
on €. Therefore, given a bounded open set 2 € RY, we note that
0 < ugx < vy on €, where ug  is the solution of Problem (1.2) given in

Theorem 3.6.



Chapter 4

A singular boundary value problem
in RY

An alternative and useful reformulation of the definition of viscosity sub-solution and
viscosity super-solution can be given in terms of sub-jets and super-jets as described below
(see [13]).

The second order super-jet of u at zg € €, denoted by J*>Tu(zy), is defined as the set

of all pairs (p, X) € RN x S(N) such that
u(x) < u(zo) + (p, @ — woy + 3(X(x — 20), x — Toy + o(|z — zo|*) as z — .

The closure of J*%u(zg), denoted by 72’+u(x0), is defined as the collection of all pairs
(p, X) € RY x S(N) for which there exists a sequence (xy, pr, Xi) € Q x J>Tu(x;,) such
that
(g, Py Xi) = (20,0, X).
We note that S(IV) is the set of all N x N real symmetric matrices.
Similarly, the second order sub-jet of u at zo € Q denoted by J* u(xg), is defined as
follows:
The second order sub-jet of u at xy € € is the set of all pairs (p, X) € RY x S(N) such
that

u(z) = u(zo) + {p,x — 2oy + 2{(X(x — x0),x — ) + o(|z — o) as z — .

18
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The closure of J* u(xq), denoted by 72’7u(m0), is defined as the collection of all pairs
(p, X) € RY x S(N) for which there exists a sequence (xy, pr, Xi) € Q x J> u(x;,) such

that

(l‘k,pk, Xk) e ($07p7 X)-

Note: From the above definitions, for u: 2 — R, it follows that, if

J>Tu(z) n JP"u(z) # &, then

Du(x) and D?*u(z) exist and J?Vu(z) n J> u(z) = {(Du(x), D*u(x))}.

We now restate the definition of viscosity sub- and super-solutions of the PDE (partial

differential equation) (2.1) in terms of 72’iu(xo).
A function u € C'(2) is a sub-solution of the PDE (2.1) in Q if
(Xp,p) = —H(xo,ulz0),p), VaoeQand V(p,X)e i Tulxo). (4.1)
Similarly, u € C(Q2) is a super-solution of the PDE (2.1) in Q if
(Xp,p) < —H(zo,ulz0),p), Vo Qand ¥ (p, X)ej  u(zo). (4.2)

The above definition is equivalent to the one given earlier in chapter 2. This equivalence

is presented below. First we state the notion of “small order o”. For k > 1,

f(x) < o(|z|") as & — 0 if and only if there is w € C([0, %), [0, %)) such that w(0) = 0
and sup La;) < w(r).
2eB\(0) |2]
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Consider the general second order degenerate elliptic PDE
F(z,u(z), Du(z), D*>u(x)) = 0in Q .
Here, we may write the PDE (2.1) which is —Ayu = H(z,u, Du) as

F(x,u, Du, D*u) = —Ayu — H(z,u, Du) = 0.

Equivalence of definitions for a sub-solution: Let u: €2 — R. The following are

equivalent:

(i) For zpe Q and (p,X) € 72’+u(x0), F(zo,u(zo),p, X) < 0.

(i) For any ¢ € C*(Q), if u - ¢ attains its maximum at zy € €, then
F(@o,u(o), D(0), D*¢(0)) < 0.
To show: (i) = (ii) For x¢ € Q and any ¢ € C%(Q), suppose (u—¢)(xy) = max(u— p)(z).
Taylor’s expansion of ¢ at zy gives
o) = @(z0) +(Dp(m0),  — 20) + 3(D*p(x0) (T — 0), T — T0) + o(|z — zo|%) as & — .

= u(z) < u(zy) +{Dp(xg),x — o) + %<D2g0(x0)(x —Z9), T — xoy+ of|x — x0|2) as

T — xg, since (u — ¢)(x) < (u— ¢)(zg) = 0.
Thus we get, (Do (z0), D2o(z0)) € J>ulzo) € T u(zo).

(ii) = (i) For zp € Q and (p, X) € J*>Tu(zgy), we can find non-decreasing continuous
function

w: [0,00) — [0,00) such that w(0) = 0 and

u(r) < u(zo) +{p,x — o) + %<X(x —Zg), T — xg) + T — a:0|2w(|x —xo|) as ¥ — xo.  (*)
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By the definition of small order o, we can find wy € C([0, ), [0, 0)) such that wy(0) = 0,

and

1 1
wo(r) = swp ———— (@) — ulwo) = (py v — w0) — (X (2 = m0), — 30) .
weBy(w0)\{zo} |T — To| 2

We have that w(r):= sup wy(t) satisfies (*).

o<st<sr

We next define

o(x):=(p,xr —xo) + %<X(x —x9),x — xg) + V(|x — x0|),

2s

where (t) := ﬁﬁt (JS w('r’)dr) ds = t*w(t)

Computing, we get

(Dp(xg), D*¢(x0)) = (p, X) and (u — @) (x) = (u — p)(x) for x € Q.
Hence, for 25 € Q and (p, X) € J*>Tu(zo), we have F(xq,u(z),p, X) < 0.

Next for zq € Q, let (p, X) € j2’+u(x0). Then we can find (py, Xz) € J>Tu(xy) with 2, € Q

such that
khj}()lo(xk7pk7Xk) = (x()’p; X) and F(xk7u<xk)7pk7Xk) < 07
Sending k — o0 we obtain F(zq,u(zq),p, X) <0

This implies that (i) holds.
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Note: In view of the above equivalence, we see that for each zq € €0,

J>Tu(zy) = {(Dap(:vo), D*(z0)) e RN x S(N) : 3p € C*(Q) such that u — ¢

attains its maximum atxo}.
Similar holds for a super-solution.

Let us next consider the case 0 = RY, and then we look at the following problem in R¥.

~Apu = Af(z,u), u>0 in RY

u—0 as |z| — o (4.3)

Here, it is assumed that f satisfies (F-a) and (F-b) with Q = RY. We will also assume
that condition (B-w) holds for Q = RY | so that Problem (2.4) admits a solution wgn~.
In this case, the boundary condition in problem (2.4) is understood in the sense that

w(x) — 0 as |z| — .
We recall that, by Remark 3.7, |wq||,, < ||w|,, for any bounded domain Q = R¥.

The following lemma (Source: Shigeaki Koike, A Beginner’s Guide to the Theory of
Viscosity Solutions, June 28, 2012, Saitama University, Japan; see also [13]) will be useful

for the completion of the proof of the main result of this section.

Ishii’s Lemma: Let u and w be upper semi-continuous functions defined on Q. For

¢ e C%(Q x Q), let (x0,10) € Q x Q be a point such that

max (u(z) + wly) — ¢(2,y)) = ulzo) + w(zo) — ¢z, yo).
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Then for each p > 1, there are X = X (u), Y =Y (u)) € S(N) such that

(Dx¢($07 y0>7 X) € 7%+u($0)’ (Dbe(flf(), yO)v Y) € 7%+1U(y0)
and

I 0 X 0
~(n+141) < <A+ 2
0 1 0 Y H

where A = D%¢(x¢,v0) € S(2N).

Note: If we suppose that u,w € C?(Q) and (9, y0) € Q x , in the hypothesis of Ishii’s

Lemma, then we have,

X 0
X = D?*u(zy), Y = D*w(yy), and < Y) <A
0

The last matrix inequality in the Lemma indicates that when v and w are only continu-

ous, we get an error terms 1~ 'A?, where in such a case p > 1 will be large. It is also to

1
be noted that for ¢(z,y) = % |z — y|*, we have
£

I -1
A= D%(%;?Jo) = 1 ( >7 A? = %A and |A] = 1
eE\-1 I €
Mm|W:mK%ﬁAC>MMM%q
Y Y

In general, we may also use for A € S(N), |A| = max {|A4] : Ax is an eigenvalue of A}.

Let 1 be chosen to be 1/e. We have 0 < & = i < 1. Then, we have a simplified version

)

of Ishii’s Lemma,

3 (1 0 X 0 3
€\0 I 0 Y €
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Next, let w(y) = —v(y). Then, with ¢(z,y) as considered above, we get,

3 (1 0 X 0 3 (1 -1
= < <= |
€\0 I 0 -Y e\-I I
For the remainder of this section, we will assume that a(z) in Condition (F-a) is
positive in €.

We now state the main result of this section.

Theorem 4.1 Let f satisfy conditions (F-a) and (F-b) in Q = RY with b satis-
fying condition (B-w). There exists a positive constant A* such that for any A\ with
A1 (B(O,1))hy' < XA < A*, Problem (4.3) admits a solution u = uy € C(RY).

To prove this theorem we first state and prove the following lemma.

Lemma 4.2 Suppose f satisfies condition (F-a) with a € C(€2, (0,0)), and let
A > A (B(O,1))hgt. Given a positive integer ¢, there is an eigenvalue @y:= @p, of (2.5),
depending on A such that for any solution uy:= ug, ) of (4.3) in By:= B(O, k) we have

Uk = Py in B(O,@ Yk > /.

Proof: For each (z,t) e RY x (0,0), let
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By assumption
A > A (B(O,1))hy?
where hg is as defined in (2.3) and kg is interpreted to be zero if hg = 0.
Let us fix 7 such that
A1 (B(0,1)) < 7 < hoA. (4.4)
Then by definition of hg, there is 0 < t*:= t*(\) < to such that h(t) = (7/\)t® for
0 <t < t*. Therefore,

f(x,t) = a(z)h(t) = (t/Na(x)t3, (x,t) e Qx(0,t*). (4.5)

h(z,t) = ~, (z,t) e RV x(0,t). (4.6)

T
)\7

Next, let ¢, be an eigenfunction of Problem (2.5) corresponding to the principal eigen-
value Ay(B(O,?)) on the ball By:= B(O, ). We assume that ¢, has been normalized so
that 0 < ¢, < t* in B(O, /).

For notational convenience, let

vl = Yy, U= Ug, A15: Al(B(O, 1)) and AgZ: Al(B<O,€))

Suppose the conclusion of Lemma 4.2 in not true. Since v < w on the boundary

0B(0, 1), it follows that v/u attains its maximum in B(O, ¢), and therefore

log <E> = logv — logu
u
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attains its positive maximum at some point x¢ € B(O, (). Put,

a(x) = logv(x), and f(x) = logu(z).

Then, computation shows that

1 1

Apa = —— |Do['+ S ALv = ~[Da|' = A and (47)
v v
1 1 Az, u

ApfB = A ’DU|4+$AOOU = —|Dg|" - % (4.8)

Thus we have,

A
ahy = —Apo— |Dal*  and M(,u)

w3 - _Aooﬁ - ’D5|4

v _
Note that the function o — 8 = log (—) has a positive maximum in B(O, /), that is
u

M:= maxgg (o — 3) > 0.

Next put

B.(2,4) = a(e)-Bly)—- I~y (5.9) € BO,0XB(O,0), (4.9
Let us define,

M= (., ye) = s D O (z,y), for some (z,y:) € B(O,¢) x B(O,!)

Without loss of generality, we can assume that the sequence {(x.,y.)}, as e — 0, con-
verges to (2,z) € B(O,) x B(O,{) where M = (o — 3)(2). Since M > 0, we must have
z € ). Consequently, we can suppose (z.,y.) € B(O,{) x B(O,{) for sufficiently small
e > 0. By the Maximum Principle of Ishii (see ([18], Lemma 1) or ([13], Theorem 3.2)),
there are X, Y. € S(IV) such that
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(e, Xo) e T a(z.), (=, Ye) e T B(y:) and

3 (1 0 X. 0 3 (1 -I
—= < <= ,
e\o I 0 -Yv.) e\~I I

1
where 7.:= g(ate, Ye).

It follows from the last inequality that X. < Y.. From the definition of sub-solution

and super-solution applied to equation (4.7) and (4.8) respectively, we get

|4 |4 M (ye, U(ys))

S - 3
u?(ye)

—Nea(ze) < (Xeme,me) + |775 and (Yon.,n.) + |778

Recalling that X, < Y., we conclude

Af (Ye, uye))

u3(y.) ) < Aa(ze).

Taking the limit as € — 0, we obtain the inequality

Af (2, u(z))

u3(z) ) < Aga(2).

Therefore,
Mz, u(z)) < Ap < Ay

Since v(z) > u(z) by assumption, and since h(z,t) is non-increasing in t for each x, we

conclude that

~

A(z,v(2)) < Ag.
Putting this last inequality together with the inequality in (4.6) we conclude that

T <A (4.10)
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The inequality (4.10) is a contradiction to the original choice in (4.4) that
7> A (B(O,1)). Therefore, the claim that uy > ¢, in B(O, () for all k > ¢ holds.

Proof of Theorem 4.1 Let \*:= Ay be the positive constant in Theorem 3.6 corre-
sponding to 2 = RY. Let A;(B(O,1))hy' < A < A*. For each positive integer k, let
By, := B(O, k) be the ball of radius k centered at the origin O. Since A(B(O,k)) <
A1(B(O, 1)), we see that A1(B(O,k))hyt < X < ABok)- Since f satisfies conditions
(F-a), (F-b) (and b satisfies condition (B-w)) on 2 = B(O, k), we invoke Theorem 3.6
to pick a solution uy:= up, ) € C(By), for k = 1,2,---, of the following boundary value

problem.
—Apu = Af(x,u)in By
u(z) =0 on 0B (4.11)

According to Remark 3.7 we have 0 < uy, < vy in By. (4.12)

where v, is the super-solution of (1.2) given by Theorem 3.2 in = RY.

The inequality (4.12) shows that {uz} is uniformly bounded in RY. Therefore, the
sequence {ug} is locally uniformly Lipschitz (see [[9], Theorem 2.4]). A standard Cantor
diagonalization type argument produces a sub-sequence, which we still denote by {u},

that converges locally uniformly to some uy € C(RY) and that 0 < uy < vy in RY.

Next, fix an arbitrary positive integer ¢, and take an eigenfunction ¢, of (2.5) as in

Lemma 4.2, so that
0<gy<u in B(O,0) Yk >{.
As a consequence of this inequality, we have

0 <uy <uvy in B(O,f)
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Since £ is arbitrary, we conclude that uy > 0 in RY. An argument similar to the one
used in the proof of Theorem 3.1 shows that u) is actually a viscosity solution of Problem
(4.3). Finally, it follows from 0 < uy < vy in RY that u(x) — 0 as |#| — oo. This

completes the proof of Theorem 4.1.

Remark 4.3: Suppose that g, = 0 and hy = o0 in (2.3). If the conditions of Theorem

4.1 are met, then problem (1.2) admits a positive solution uy € C(RY) for any A > 0.



Chapter 5

Appendix: An eigenvalue problem
for the co-Laplacian

Let © € RY be a bounded domain, and a € C(£,[0,0)) such that a(x) # 0 in 2. Here

we are interested in the eigenvalue problem

—Agu = Aa(z)u® in Q

u=0 on . (A1)

To study Problem (A.1) we first study the following related perturbation problem.

—Agu = Aa(z)u’® + a(r) in Q

u=0 on o (A.2)

Consider the set,
E,:= {\ € R : Problem (A.2) admits a solution v > 0 in Q}.

I. We first show that E, is bounded above. We adapt an argument used in [20]
(see also [7]).

Note that if A < 0, then v = —A\7¥3 solves ~Ay v = Aa(z)v® + a(x). Therefore, by

Theorem 3.1 of [9], Problem (A.2) has a positive solution in 2.

30
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If A = 0, then a solution w € C(2) of Problem (A.2) exists with w > 0 in
(seef8, 9]). Therefore, we see that (—o0,0] < E,.
Next we show that E, is bounded above. Since a is non-trivial, there is x( € ) such that
a(xg) > 0.

By continuity, there is r > 0 such that B,(zo) < €2, and 0 < ¥ := min, 5, ., a(z).

Now, suppose A > 0 and —A,u = Aa(z)u® +a(z) in Q for some u € C(Q) with u > 0
in €.
Let (:= ming ) u and m(s):= ming, ., u for 0 < s < dist(xo, 2).

We note that m is non-increasing on the interval (0, dist(zo, 052)). Moreover,
u(x) = m(lx — xo|) = m(t) Voe Bi(xg) and 0 <t < dist(xg, 082).
Let us consider the following initial value problem where 1 > 0 is a constant to be chosen.

(w'(s))?w”"(s) = —XIm(s)®> =9, w(0)=mn, w'(0)=0.

This has a solution defined on (0, r) and we choose 1 so that w(r) = ¢. We now define

vin B.(zg) as

v(z): = w(|z — xo]), x € B.(x0).

One can show that v is a viscosity solution of

Apv = =XIm(|z — x0])® —9;  in B.(x0) and v = £ on 0B, (z).
Note that u satisfies

Apu = =Xa(z)u® — a(z) < = MIm(|x — 20])® =9 in B,(z0) and u > ¢ on B, (z).

Since NIm(|z — xo|)® + 9 = 0, by the comparison principle we find that v < u in B, (zg).

Thus, given 0 < s < r and x € 0B,(x0), for any y € B,(1), we see that

A

w(s) = w(lz = zol) = v(w) = vlz:) < ulw,) := min v < uly)



32

It follows that v(z) < m(s) = m(|z — zol) for all x € B,.(xo).
Therefore,
Apv = =XIm(|z — 20])® =9 < =M — 9 in B,(p).
That is

(w'(s))?w"(s) < =Mw(s)® in B,(z).

Note that w’ < 0 in (0, r). Multiplying both sides of the above inequality by w’ and

integrating, we have

w(0

wis) < —ve(| i) - MW,

w(s)

from which it follows that

n 1 ,
J ———dt > Vs,

4

w(s) A/nt —tt

Therefore, we get the estimate

1 M 1
VA < f dt
7"\4/5 ¢ A/ 774 — 4

1 Jn< _t>—1/4dt
/013 Jo 1

N

4 <77—€>3/4< 4
3rv/i\ 1 =3

This completes the proof of the boundedness of F,,.
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II. Denote
A1 (Q,a):=sup E, (A.3)

We next show that Aj:= A;(Q,a) (This is for notational convenience), as defined in
(A.3), is an eigenvalue of Problem (A.1) that admits a positive eigenfunction. That is,

we wish to show that there is u € C(Q) with u > 0 in  such that

~Apu = Aa(z)u® in Q

u=0 on 0. (A.4)

Theorem A.1 Let a e C(£,[0,00)) n L*(2) be non-trivial. Then Problem (A.4) has a

solution u € C(Q) with u > 0 in Q.

Proof: The idea of the proof is taken from [20]. Let A; be an increasing sequence of
real numbers such that A\, — A;. Let wy, € C(Q) be a positive solution of Problem (A.2)

corresponding to Ag.

We claim that {supg, wy} is an unbounded sequence. Otherwise, suppose
|Aa(z)w + (@) ey < M. Then, if w € C(Q) such that Ayw = —M in Q, and @ = 0

on 052, since obviously Ay wg = —M, by the Comparison Principle we conclude that

0 < wp(x) <w(z), re).

Therefore, the sequence {wy} is equicontinuous and hence has a subsequence that

converges locally uniformly to a solution w € C(Q) of

—Aypw = Aa(z)w® + a(z) in Q

w=0 on 0. (A.5)

By the Harnack inequality (see [6]), we see that w > 0 in €.
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Let w.:= w + ¢, where 0 < ¢ < 1 is to be chosen. Then,

—Aypw, = Apw
= Aa(z)w? + a(x)

= Na(z)[(w + €)® — 3(w + &)%c + 3(w + ¢)e? — *] + a(w)

1 1
= Na(z)w? + a(x) [5 — 3A; (w + €)% + 3A; (w + ¢)e® — A163] + §a(m)
1 1
> a(aj){Ale + [5 —3eA¢(1 + sup w)2]} + 5@(:1:),
Q
this is because 3(w + ¢)e? — &3 > 0.
Therefore, if we let z.:= /2w, we then obtain
A a(x){Alz? + [1 — 6eA1(1 + sup w)z]} + a(x).
Q
Now, choose 0 < ¢ < 1 such that 6eA;(1 4+ supw)? < 1. Then we note that,
Q
3
Az2 + [1—6eA(1+ sgp w)?] = Azl + [1 — 6eA (1 + sgp w)z]m

1 — 6eA;(1 + supw)?
Q }23
2(1 + supw)? e

v

> [A1+

since w + ¢ < 1 4+ supw.
Q

Thus, we find that — —Ayz. = pa(z)z2 + a(x),

1 —6gA;(1 + supw)?
where = Ay + 3

2(1 + supw)?
Q

Therefore, we observe that v = 0 is a sub-solution of (A.5) and 2. is a positive super-
solution of Problem (A.5). Hence by Theorem 3.1 of [9], Problem (A.5) with \i= pu > A4

has a solution v with 0 < u < z..



35

Note that w is a non-trivial solution. Therefore, by the Harnack inequality (see[6} 22]),
we note that u is a positive solution of (A.5). This is a contradiction to the definition of

Ay given in (A.3). Thus, {supgwy} is unbounded, as claimed.

Next, let
= — k=12,
Sup w,
Q
Then
1 3 3 a()
—Apvy = ——— (Ma(z)w} + a(z)) = Mea(z)v) + ———;, (A.7)
(sup wg) (sup wg)
Q Q
Let N > 0 such that
5 a(x)
Aea(r)vp + —— <N forall k> 1.
(sup wy,)
Q L®(Q)
Let w, w € C(Q2) such that
Apw=N, Ayzw=-N, in Q@ and w=0=w on 0.
By the comparison principle, we see that
w(z) <v(z) <wlx) zeC), k=1,2,-- (A.8)

Since {vy} is bounded, again, we can extract a subsequence that converges locally

uniformly to v € C'(Q) and hence letting k — oo in the last equation (A.7), we find that

—Ayv = Aja(z)v3.
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Note that w < v, <w in C(Q), and therefore v = 0 on 0.

We also note that supgv = 1. To see this, suppose that supg vx = vi(zr) = 1 for
7 € Q. Then a subsequence {z;} converges to some x € C(Q). Suppose z € 0§2. Then
according to (A.8) we have 1 = vg(xy) < w(xx) and this implies that W(zg) > 1 which is
not possible. Therefore g € 2. Thus vi(xy) — v(zg) = 1. Since v = 0 and v(xy) = 1, we

conclude, by Harnack inequality, that v > 0 in 2. Thus, we have shown that A;(Q,a) is

an eigenvalue, as claimed.
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