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ABSTRACT

Spectral theory is very broad but important aspect of applied functional analysis which extends
to eigenvectors and eigenvalue theory of a square matrix. The name was introduced by David
Hilbert in his original formulation of Hilbert space theory. It was later discovered that spectral

theory could explain features of atomic spectral in quantum mechanics.

While solving the system of linear algebraic equations, differential equations or integral
equations, we come across the problem related to inverse operation. Spectral theory is concerned

with such inverse problems.

In this paper we consider the spectrum of a hermitian (or self-adjoint) operator. We also study
the Hilbert-adjoint operator T*of the bounded linear operator T and the Riesz representation of

bounded linear functional by inner products
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CHAPTER ONE

PRELIMINARY CONCEPT

1.1 BASIC DEFINITION
1.1.2 Definition: Let X be a vector space over a field K. Then a mapping ||.|[: X = [0, ) is

said to be anorm on X if foreachx,ye X ,A € K

Lllx]l = 0and ||x|| = 0if and only if x =0 (positive definiteness)
2.)12x |l = |||l (Homogeneity)
3l + yll < llxll + Iyl (triangle inequality)

If norm is defined on a vector space X, then X is said to be a normed space

1.1.3 Definition: A linear functional on Hilbert space H is a linear map from H to C. That

isp:H - C

1.1.4 Definition: A linear functional ¢ is bounded, or Continuous, if there exists a

constant k such that
lpCOl < kllxl (4)
The norm of a bounded linear functional is
loll = supjxj=11@ )| (5)
If y € H,then ¢, (x) = (y, x) is a bounded linear functional on H, with ||<py|| = ||yl

1.1.5 Definition: Let X be a vector space over K and let (.,.): X X X - K where for all x,y,z €
X

1.(x+y,z)=(x,z) +(y,z) (linearity)

2.{ax,y) = alx,y) (Homogeneity)
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3.{x,y) = (y, x) (conjugate symmetry)
4.(x,x) = 0and (x,x) = 0ifand only if x = 0 (positive definiteness)
Then the pair (X,(.,.)) is said to be an inner product space.

1.1.6 Definition: A Hilbert space is a complete inner product space.

Examples of Hilbert spaces

1. The Euclidean space R™ is a Hilbert space with inner product defined by

(x,y) = x1y1 + -+ + X Yn.Where x = (x1,x5,*x,,) and y = (y; *** V). We obtain that

1
llx|| = (x,x)z = (x;2 + -+ + x,%) and metric defined on it is given
1
2

di,y)=llx—yll=x—y,x— y)% = [(xg —y)? + -+ (2 — y0)?]

2. The unitary space C™: {x,y) = x1y1 + *** X Vn-
3. The Hilbert space [? = {Zf=1|xj|2 < oo}, with inner product defined by (x,y) = X2, x;y;
1

1 2\2
and the norm [lx]| = (x, %)z = (%52, |x]")’

1.1.7 Definition: If T: X — X is a linear operator on linear space X, then A € K is called

eigenvalue of T if there exists a non- zero X€ X then
Tx = Ax (1)

1.1.8 Definition (Resolvent set): Let H be a Hilbert space and let T:D(T) — H be a linear

operator with domain D(T) € H. For any A € C, we define the operator T;= Al — T.Then R; is

inverse operator. That is A is regular value if provided,

a) R, exists
b) R; is a bounded linear operator;

¢) R, is defined on a dense subspace of H
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The resolvent set of T is the set of all regular values of T
p(T)={A € C: A is aregular value of T}

1.1.9 Definition: The set (T) of all A € C that are not regular values of T is called spectrum
of T

Thatis a(T) = C— p(T)
The spectrum of an operator T is usually divided into three disjoint sets.
1. Point spectrum, denoted o, (T')
2. Continuous spectrum, denoted a,.(T)
3. Residual spectrum, denoted a,-(T)
Where
0,(T) = {1 €a(T): ker(Al = T) # {0}}
0.(T) = {1 € a(T): (Al —T) 'is densely defined but not bounded}
0,.(T) ={A € od(T):R(Al —T) is not dense in H}
Elements of g, (T) are called eigenvalues

1.1.10 Definition: Two vectors x and y in inner product space are said to be orthogonal

if (x,y) =0

1.1.11 Definition: The set containing those vectors x ,y such that (x,y) = 0 and ||x||=1 is

said to be orthonormal set.
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1.1.12 Definition: Orthogonal complement for non-empty subset S of Hilbert space we define

the orthogonal complement to S, denoted by S+.
St={y€eH:{x,y)=0forall x € S}

1.1.13 Definition: Let X and Y be normed space. A sequence (T,,) of operators T, € B(X,Y)

1s said to be

a) Uniformly operator convergent: If (T,) converges in the norm of B(X,Y)
to T €B(X,Y)
ie IT, =TIl >0 (2)
b) Strongly operator convergent: If (T,,x) converges strongly in Y for every x € X
ITnx — Tx|| > 0 (3)

1.1.14 Definition: A bounded linear operator T: H — H on Hilbert space H is said to be unitary

if T 1s bijective and
T*=T"1

1.1.15 Definition: A bounded linear operator T: H — H on a Hilbert space H is said to be normal

if TT* =TT

1.2 BASIC THEOREM
1.2.1 THEOREM (Cauchy-Schwarz inequality): If X is inner product space then

(2, p) < llx[llyll (7)
The equality holds in (7) if and only if x and y are linearly depedent.

Proof:

If y = 0, then (7) holds since(x, 0) = 0.

Let y # 0. For every scalar « we have

0 < [lx — ayll*=(x — ay, x — ay) = {(x,x) — a{x,y) — a[{y, x) — a(y, y)]

We see that expression in the brackets [.,.,.] is zero if we choose
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Jeey)I2
llvll2

a= % The remaining inequality is 0 < (x, x) —

)

— 2 _
22 (x,y) = xl

Hence, |(x, y)| < [lx[llll .

1.2.2 THEOREM (Continuity of inner product): If in an inner product x,, = x and

Yn2)Y. Then (xn' )’n) - (x; y)
Proof:

Subtracting and adding a term, using the triangle inequality for numbers and finally, the Schwarz

inequality, we obtain.
(X, Yn) = (6,0 = [0, Yn) — (, ¥) + (0, y) — €, 9)
< X Yn = + (X —x, ) = 0
Sincex, —x —>0and y,—y—>0 asn— o ]

1.2.3 THEOREM (Riesz representation theorem): Let ¢ be a continuous linear functional on a

Hilbert space H. Then there is a unique z € Hsuch that ¢(x) = (x,z) for allx € H
Proof:
Let N = {x € H: ¢(x) = 0} since ¢ is continuous, N is closed. If N = H, we take Z = 0
H =N @ N* (by theorem of projection)
Take y, € Ntwith ||y,|l = 1 and consider for any x € H the vector
y = 9(X)yo — ¢(¥o)x

Since p(y) =0 forallx € H

0 = (¥,0) = {(p(X)yo — @(Vo)x)x, ¥0) = @ (xX){¥0,¥0) — ¢ (Vo){x, ¥o)
=¢(x) —(x,2)

Hence, ¢ (x) = (x,z), where z = @ (¥o)Yo
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Show that the uniqueness,

@(x) =(x,v) = (x,w). Thentake x = v — w
0="{(x,v)—(x,w)=(x,v—w)=lv—wl|?
>v—w=20

Thus,v = w

1.2.4 THEOREM (Bounded inverse theorem): Let T: V — W be a bounded, linear and bijective

operator from Banach space V into Banach space W then the inverse operator T~X: W — V is

also bounded.
The proof of these theorems so long if you want see on [1]

1.2.5 THEOREM(Principle of uniform boundness):Let(T;,) be sequence of bounded, linear

operator T,: X — Y from a Banach spaceX into a normed space Y such that is bounded for every

x € X,say
ITx||<Cy n=12... (8)

Where Cy is real number, then the sequence of the norms ||T;,||is bounded, that is there is C a

such that||T,,|| < C

The proof of these theorems so long if you want see on [3]
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CHAPTER TWO

Spectral Theory of Bounded Self-Adjoint Linear Operators

2.1 Spectral properties of bounded self- adjoint linear operators
2.1.1 Definition: Let H,and H, be complex Hilbert spaces and T: H; — H, be a bounded linear

operator. Then the Hilbert-adjoint operator T*: H, — H; is defined to be the operator satisfying.
<Tx,y >=<x,T*y > forall x € H;,y € H,

2.1.2 Theorem: The Hilbert-adjoint operator T* of T exists, is unique and is a bounded linear

operator with norm
I T I=IT Il
Proof:
(1T* is bounded.
(2) T* is Linear operator.
(3) T* is unique

Take ye H and T € B(H).We define a bounded linear functional X on H by x (x) =< Tx,y >
forall x,y €H

= X Bounded since | x (x) [=I<Tx,y >I<ITx |yl . Now by Riesz representation
theorem there is unique z € H such that x (x) =< x,z > for all x € H. Here we observe

that z and y must have a certain relation so we can define an operator T*y = z satisfying
<Tx,y>=<x,T*y > forallx € H

Now let’s see T* Linear.
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Lety;,y, € Hand a,f € C,so forall x e H
< x,T*(ay; + By;) >=<Tx,ay; + By, >=<Tx,ay; > +< Tx, Ly, >
=a<Tx,y,>+B <Tx,y, >=<x,aT*y, > +< x, fT*y, >=< x,aT*y, + BTy, >

= T"(ay, + By2) = aTy, + BT7y, .

T* Linear operator.
We want show that || T* [|=|| T ||
Lety e H
I Ty I?=<T"y, Ty >=<y,TT"y >< |ly[lITT*yIl < Iy IITIIT¥Il
= |IT*yll < llyllIT]l, This shows that T* is bounded
e | I | (1)
Similarly, let x € H
ITx||? =< Tx, Tx >=< x, T*Tx >< ||x||IT*Tx|| < l|x|[[IT*[||Tx]|
= ITx|l < NIl
S0TIHKSIHT ... (2).
Combining (1) and (2) we get

T =0Tl |

To show the uniqueness of T*

Suppose that S € B(H, H) also satisfied (Tx,y) = (x,Sy) Vx,y € H. Then for each fixed y we

would have that
(x,Sy — T*y) = 0 for every x, which implies Sy — T*y = 0

Hence, S =T~
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Therefore, T* is unique.

2.1.3 Definition: A bounded linear operator T: H — H on a complex Hilbert space H is said to

be self-adjoint or hermitian if
T=T"
Equivalently, a bounded linear operator T is said to be self-adjoint if
<Tx,y>=<x,Ty> forallx,y €H (1)

2.1.4 Theorem: Let T:H — H be a bounded linear operator on a Hilbert space H.Then:

(1) If T is self-adjoint, then < Tx, x > is real for all x € H
(2) If His complex and< Tx, x > is real for all x € H, then the operator T is self-adjoint
Proof.

1. If T is self-adjoint, then for all x

(Tx,x) =< x,Tx > (D
By definition <Tx,y>=< x,T"y > and since T is self-adjoint, we have
<Tx,x >=<x,Tx > (2)

Combining equation (1) and (2) gives

(Tx,x) =<Tx,x >

Hence < Tx, x > is equal to its complex conjugate which implies that it is real.

2.1f <Tx,x >isreal forall x € H,then

< Tx,x >=(Tx,x) = (x, T*x) =<T*x,x >

AAU.DEPRATMENT OF MATHEMATICS Page 9



Spectral Theory Of Bounded Self-Adjoint Linear Operators |2013

Hence
0=<Tx,x>—-<Tx,x >=((T —T*)x, x)
Thus, T—T*" =0
Therefore T =T*
Remark 1: If T Self-adjoint or unitary, then T is normal; in general the converse is not true.

Example 1: If I: H —» H is identity operator, then T = 2il is normal, since T* = —2il, so

that TT* = T*T = 4l butT # T* and T* = T~ = ‘711'1

2.1.5 Theorem: Let T:H — H be a bounded self-adjoint linear operator on complex Hilbert

space H.Then:
(a) All the eigenvalue of T are real.

(b) Eigenvectors corresponding to distinct eigenvalue of T are mutually orthogonal.
Proof

(a) Let A be any eigenvalue of T and x a corresponding eigenvector.

Thenx # 0 and Tx = Ax
= Mo, x) = (Ax, x) = (Tx,x)=(x, Tx) = (x, 1x) = 1 {x, x), using the self-adjointness of T.
= 1, x) — Mx,x) =0
= (A= 2){x,x) = 0. Here(x,x) = |x||> #0
A= 2
(b) Let A and u be cigenvalues of T and let x and y be corresponding eigenvectors.
Then Tx = Ax and Ty = puy since T is self-adjoint and p is real.

Mx,y) = (Ax,y) = (Tx,y) = {x,Ty) = {x, uy) = u{x,y)
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= Mx,y) —ux,y) =0
= A—ux,y)=0,A#u
(x,y)=0 il.exly

2 1—i)

Example2: T = (1 Iy 1

Spectrum of (T) = [0,3] distinct real numbers with eigenvectors.

X, = [_ ) ] and x, = [1 Ii respectively

Finally (x;,x,) = x;Tx; = [-1+i 2] [1 -1{_ l] = 0 so the eigenvectors are orthogonal.

2.1.6 Theorem: LetT: H — H be a bounded self-adjoint linear operator on a complex Hilbert

space H. Then a number A belongs to the resolvent set p(T) of T if and only if there exists a

¢ > 0 such that for every xeH
(2) ITaxll = cllx]| T=T-M

Proof: =) Suppose that de p(T), R; =T 1;: H—> H exists and is bounded. Set||R;|| = k
where k > 0 since R; # 0 now [=R; T3, so that for every x € H

=Nix=y,>x=T"";ysinceRy =T,
= X = R)LT/'LX
= [Ix|| = [[RaTax|l < IR Tax |l = Kl Tax|l
= |lx|| < klITyx||

1 1
= ||Tyx|| = - llx]|, where ¢ = -
1Tyl = clix

2.1.7 Theorem: The spectrum o(T) of a bounded self-adjoint linear operator T:H — H on a

complex Hilbert space H is real.
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Proof:

By theorem 2.1.6 we show thata A = a + i (a, B real) with B # 0 which belongs to p(T), so
that o(T) c R

(Tyx,x) = (Tx,x) — Ax,x) forallx €H............(1
Since (Tx, x) and (x, x) are real

(T,pc—,x) = (Tx,x) — Mx,x), here A= a — B (2)
Subtract equation (2) from (1)

(Tax, x) «(Tyx, x) = (A = Z)(x, x) = 20B||x||?

So that -2iIm(Tx, x) = 2iB||x||?

-Im(Tyx, x) = Bllx|?

Taking absolute value and Cauchy Schwarz inequality, we obtain
1B1Ix11? = tm(Tyx, x)| < Tyl ||l

IB11x]| < [ITyx||, for ||x]| # 0.1f B # 0,then A € p(T)
Hence for A € 0(T) we must have § = 0 that is A is real.

2.2 Further Spectral Properties of Bounded Self-Adjoint Linear

Operators.

2.2.1 Theorem: The spectrum o(T) of a bounded self-adjoint linear operator T: H - H on a

complex Hilbert space H lies in the closed interval [m, M] on the real axis ,where

m = inf=1(Tx, x) M = sup)=1({Tx, x)
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Proof:

o(T) lies on the real axis by theorem of 2.1.7. We show that any real A = M + c withc > 0

belongs to the resolvent set p(T). For every x # 0 and v = ||x||"*x we have x = ||x||lv and
(Tx, x) = ||x[I*(Tv, v) < |lx||*supy=1(Tv, v) = {x, x)M
Hence —(Tx, x) = —(x,x)M and by cauchy schwarz inequality. we obtain
Tx|||[x]| = —(Tyx, x) = —(Tx, x) + Ax,x) = —(x, x)M + A{x, x)
> (=M + D){x,x) = c||x]|?
ITaxlllxll = cllxlI?, llxl # 0
ITaxl = cllx|]
A€ p(T)

Example 3: Consider the operator T: 12 — [2 given by Tx = (0, x4, % -+ ),
Where X = (x; x5, x3,-+).Show that eigenvalue and spectrum of operator
Solution: we use to show two cases
Case l: If A = 0,then 0 € gp(T)
Tx = Ax = Tx = 0x = 0, for some x which is impossible.
Case ll: If 1 # 0,then A € ap(T) there exists x # 0 such that Tx = Ax
= (0,x1,X5,...) = (Axq,Ax3,..)
= Ax; =0,sinceA+0,x; =0
X, = Axy,since A # 0,x, =0
---and so x = 0 a contradiction

op(T) =0
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Therefore 0 € o(T), because T has no inverse.
ie 0¢p(T)

2.2.2 Theorem: For any bounded self-adjoint linear operator T on a complex Hilbert space H we

have
ITIl = max(|ml, IM|) = supjx=1{Tx, x)|
Proof: By the Cauchy Schwarz inequality
Sup|jx=1 {T%, x)| < supj=1 ITx|[[[x]l = lIT]| . where K= supjj=1{Tx, x}|
K<|\TN.ooivieieiiien (1)
We want show ||T|| < K
If Tz =0 then 0 < K. ||z||?
|ITz|| <K VvzeH,]|z| =1

Otherwise Tz # 0 for any z of norm 1

V= ||TZ||%Z and w = ||TZ||_%TZ
Now set y;=v+wand y, = v — w.
Ty, y1) —(Ty2, ¥2) = 2((Tv,w) + (Tw, v))
= 2((Tz,Tz) + (T?z, z)), since T is self-adjoint
=2((Tz,Tz) +(Tz,Tz)) = 2(2(Tz,Tz))
= 4Tz, Tz) = 4||Tz||? .. e e e e e e o (1)
Now for every y # 0 and x = ||y||"'y we have y = ||y|lx and

KTy, )| = lylIPKTx, x)| < llyllsupy=11{Tx, x)| = K|lyll?, so that by the triangle inequality.
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[(Ty1, 1) = (Ty2, y2)l < KTy1, vyl + KTy2, v2)l
< K(lly. 117 + lly=11%)
< 2K(llvlI* + llwll*)
=4K|[Tz||......cceneneen. ()

Combining (1) and (2) we get

4|ITz||*> < 4K||Tz|l, |ITz|l # 0
ITz|| < K by taking supremum over all z of norm 1. ||T|| < K and K < ||T||
IT|l = K = max(Im|, [M|) = sup=11{Tx, x)| n

2.2.3 Theorem: The residual spectrum o,.(T') of a bounded self-adjoint linear operator

T:H = H on a complex Hilbert space H is empty.
Proof.

Suppose not a,.(T) # @. Let 1 € 0,.(T). By definition of a,.(T), the inverse of Tj exists but its
domain D(T 1)) is not dense in H. Hence, by the projection theorem there isa y # 0 in H

which is orthogonal to D(T~1;), but D(T1;) is arange of Ty
(T)x,y) =0 forall x € H. Since A is real and T self-adjoint, we obtain (x, T;y) = 0 for all x

Taking x = Tyy we get ||Tyy||?> = 0,s0 that Tyy = Ty — Ay = 0 since y # 0. This shows that

A is an eigenvalue of T, but contradicts.
A € o.(T)

Hence, o,(T) =0 ]
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2.3 Positive Operators

In this section we can see the definition of partial order is a binary relation “<”

over a set p which is reflexive, antisymmetric, and transitive.

i.e. Foralla,bandcinp

We have that

l.a<a (Reflexive)

2.if a<b and b<athena=0»> (antisymmetric)
3.ifa<bandb < cthena<c (transitivity)

2.3.1 Definition: A bounded linear operator T: H — H is called a positive operator if and only if
T self-adjoint and (Tx,x) >0 forall x € H

A bounded linear operator T: H — H is said to be positive, written

(1) T=0 ifandonlyif (Tx,x)>0 forall x€H
Remark 2: (a) The sum of positive operators is positive.

(b) Every Positive operator on a complex Hilbert space is self-adjoint

Proof(b).
Assume that T € B(H) is positive.
= (T*x,x) = (x, Tx) = (Tx,x) = (Tx,x) > 0
=>((T*—T)x,x) =0 forallx e H
>T*—T=0

Hence, T* =T
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Example 4: Let T: L?(0,1) - L?(0,1) be a linear operator defined by
Tf(x) =xf(x)  forall f€L?(0,1) forallxe€ (0,1)
Show that T is a positive operator.

Solution. For all f € L?(0,1)we have that T is self — adjoint since

rf.g) = |

0

1 1
K (gGdx = [ fOxgGIdx = (£, Tg) for all f,g € 2(0,)
(Tf,f) = [, xf Q)F () = J, xIf ()P dx = 0

Therefore T is positive operator

The following theorem is like the familiar statement about real numbers which says that when

you multiply two non-negative real numbers the result is a non-negative real numbers.

2.3.2 Theorem: Let S and T be a positive and self-adjoint such that ST = T'S. Then their product

ST is positive.

Proof.
Since (ST)* = T*S* = TS we see that ST is self-adjoint if and only if ST = TS.

We show that ST is positive.
This is true for n = 0. Assume it is true for n

We consider

1
) S =7:S Spi1 =S, — S,2 m=123......)

and prove by induction that

(3) 0<S,<I

(a) Forn =1 the inequality (3) holds. Indeed, the assumption 0 < S implies S; < I is

obtained by application of the schawrz inequality ||Sx|| < ||s]||||x]|
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1 1
Six,x) = —(Sx, x) < —|Isx|lllx]| < |Ix||? = {Ix, x
(S1x,x) ISl ) STl sl < [[x]| )

S <1
Suppose (3) holds foran n = k that is

0S5, <1 thus 0<I-5,<1
Then, since Sy, is self-adjoint, for every x € H and y = Six

We obtain

(Sk* (I = S, x) = (I = SISk, Sx) = (U = Si)y, y) 2 0
By definition this proves
S (I —S,) =0

Similarly,
Sc(I—=5)%=0 Since Sy, is self-adjiont

It is clear that from remark (2) sum of positive operators is positive.
0 < 82U = Si) + Sk (I = Si)? = S — Si> = S
Hence, 0 < Si41 <1 [ |
(b) We now show that(STx, x) = 0 for all x € H. Form (3) we obtain successively
S1=5724S, S, =5°4+5;, 5=5+S,

=52+ 85,2+ 5.2+,

:Slz + 522 + 532 + 542 + -+ Snz + Sn+1
Since S;,41 = 0 this implies
(5) SE+ S 4824824 +85,°=58—-541 <5,

By the definition of < and self-adjiontness of S; s

2
TlISix]|” = T i(Six, Six) = Tio1(S;%x, x) < (Syx, x)
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Since n is arbitrary, the infinite series ||S;x||? + |[|S,x||? + --- absolutely converges.
lim,,_, Z?=1||ij||2 = ||Syx]|? hence lim,_e S,x = Sx

(6) (Z?=1 sz)x = (81 — Sp+1)x = S1x

lim,,_, (Z}‘zl sz) x =1lim,, (S5; —S,41)x > S;x

All  the S;s commute with T since they are sums and product of

S; = lISII"tS and S and T commute.Using S = ||S||S;, formula (6) T = 0 and the continutity

of inner product, we thus obtain for every x € H and y; = Sjx
(STx,x) = ||S|{T'S;x, x)
= [ISINim,,-,  X7_4(TS;%x, x)
= ISINlimy, Y- 4(Ty;, ;) =0
Therefore ST is positive [

In this section we consider a condition which, together with boundeness, will ensure that a

sequence is convergent.

2.3.3 Definition: A monotone sequence (T;,) of self-adjoint linear operators T,on Hilbert space

H is a sequence (T;,) which is either monotone increasing, that is,
TL<T, <T; < -
Or monotone decreasing, that is,
Th=2T,=2T; = -

The following theorem is a generalization of the familiar fact that if you have an increasing

sequence of real numbers which is bounded above, then the sequence converges

2.3.4 Theorem: Let(T;,) be a sequence of bounded self-adjoint linear operators on a complex

Hilbert space H such that
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(7) T,<T,<T;3<---T, < <K

Where K is bounded self-adjoint linear operator on H. Suppose that any T; commutes with K and
with every T,,. Then (T},) is strongly operator convergent (T,x = Tx for all x € H) and limit

operator T is linear, bounded and self-adjoint and satisfies T < K
Proof.
We consider S,, = K — T,,.

(a) The sequence ((Snzx,x)) converges for every x € H
(b) T,x = Tx, where T is linear, self-adjoint and bounded by uniform boundnees theorem
(@) (Sn”x, X) = (Sypx, Spx)
Therefore S, is self-adjoint

S’ = SpSm = (S — Sp)Sm = (T — Ty) (k — Tpp)

Letm < n.Then T, — T, and K — T, are positive by (7), since these operators commute, their

product is positive. Hence on the left S,,,* — S,S,, = 0, that is S,,* = S,S,, for m <n.
Similary
SnSm = Sn” = Sp(Sm = Sn) = (k = T) (T = T) 2 0
So that S,,S,, = S,°, together
Sm? = 8,8y = S,° m<n
By definition, using the self-adjointness of S,
(S22, %) = (S, 8%, X) = (S,%x, x) = (Spx, Spx) = [ISx||2 = 0 8)

This show that ((Snzx, x)) with fixed x is a monotone decreasing sequence of non-negative

numbers.

Hence, ((Snzx, x)) converges. [ |
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(b) We show that T,,x —» Tx is converges. By assumption, every T,, commute with every Ty,

and with K. Hence the S;s all commute.
These operators are self-adjoint, since —2(S,S,,x, x) < —2(S,°x,x) by (8) where m <n
1Smx — Spxll? = (S — Sn)%, (S — Sp)x)
= ((Sm — Sn)?x,x)
= (S 2%, x) — 2(SpSmx, x) + (S, %%, x)
< (Sp 22, x) — (Sp’x, x)
Since (S, x) is Cauchy sequence. Then H is completes.
We show that T is self-adjoint because T;, is self-adjoint and the inner product is continuous.
(Tx,x) = rlli_r)n(Tnx,x) = 1111_1)11 (x, Tyx) = (x,Tx)

We show that T is bounded

Now we must show that T is bounded and (T;,x) converges to it

sup, || T, x|| must be finite for every x, there is M such that M > 0

= [Tl <M vn

= || Tox|l < Ml|x]|

= lim,,, ||T,x|| < M||x]|| this implies ||Tx|| < M||x||
Hence T is bounded, by uniform boundness theorem.
Finally (Tx,x) = lim,,_,(T,x, x) = (Kx, x)

T=EK ]
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2.4 Square Roots of a Positive Operators
2.4.1 Definition: Let T: H = H be positive bounded self-adjoint linear operator on complex

Hilbert space H. Then a bounded self-adjoint operator A is called a square root of T if,
ey, A2=T

If, in addition, A = 0, then A is called a positive square root of T and is denoted by

1
A =Tz exists and is unique

The following result characterizes the uniqueness and existence of square root of positive

operators.

2.4.2 Theorem: Every positive bounded self-adjoint linear operator T:H — H on a complex

Hilbert space H has a positive square root A, which is unique. This operator A commutes with

every bounded linear operator on H which commutes with T.
Proof.

(a) We show that if the theorem holds under the additional assumption T < [ it also holds

without that assumption

1
If T=0,we cantakeA=T=2 =0
Let T # 0 by cauchy schwarz inequality.
(Tx, x) < ITxlllxll < ITNIxI? = (Ix, x)

(Lx,x) = (Ix, x) since ||T|| # 0 set Q = (”—;”) T,we obtain

(Qx,x) < ||x||? = (Ix,x) thatis Q <1
Assuming that Q has a unique positive square root.

1 1 1 1 1
B=Qz wehave B?=Qand T=|T||Q =Tz =||T||2Qz = TzB

1 L2
(IITIIZ_B) =|ITIIB?> =|IT|IQ =T. Hence if we prove the theorem under the

additional assumption T <[ [

1
(b) We obtain the existence of the operator A = T2 from A,x — Ax where Ay =0

1 2
and (2) Apsr = A, + E(T —4,%) n=012,..
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We consider (2), since Ay = 0,we have A; = %T, A, =T — %TZ -

1
Ansr = An +3 (T — 4,%) n=012,..

Each A,,is polynomial in T, and they also commutes with T.We now prove

3) A, =1 n=012,..
(4) A=A, n=01.2,..

1
(5) Ax->Ax ,A=Tz
(6) ST=TS, = AS=SA

Where S is a bounded linear operator on H.
Proof (3)
This is true if n = 0.Suppose it is true for n. Since | — A, _; is self-adjoint

(I—A,_1)?=0. Also T < L. This implies I — T > 0. From this and (2) we obtain (3)
I—A,=1—-A, 4 +§(T—An_12)
21— Apq +5(1— Anst®)
=1=Any =5 (= Ap) (L + Apoy)
= (1= Ap-)) (I =31+ Ap_p))
= (I~ Ap-)(I~Ap1)5 20

[-A, =0 [

Proof (4).
We use induction (2) gives 0=A, < A; = %T

We show that 4,,_; < A, for fixed n implies 4,, < A, from (2) we calculate.
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Ansr = An = An +5 (T = 4°) = Apoy =5 (T = Anir?)
Ay =3 A = Any 3 Ay
= Ay = Anoy = 407+ A
>(An — An—)l1-5 (An + An_1)]
= (An = An_p)[ 15 (21)]=0
Hence Ap — Ay = 0and (=3 (Ay + Ap_1) 20
Therefore A, < Ap41 n=20,12,.. ]

Proof (5)

(A4;,) Monotone increasing by (4) and 4,, <1 by (3). Hence (by the theorem monotone

sequence) implies the existence of a bounded self-adjoint linear operator A.
Such that A,,x - Ax for allx € H since (A,x) converges (2) gives
Apiix — Apx = %(Tx —4,x)>0as noow

Tx —A’x =0 forallx
Tx =A%x, x#0 hence T = A?
Also A = 0.becuase 0 = Ay < A, by (4)
= lim, L (Apx, x) = lim,_(x, A, x) = (x, Ax) =(Ax, x) = 0 by continuity of inner product
Proof (6)
Let S € L(H, H) be any linear operator that commute with A

SA, =A,S vn

Since A4, = A4, A,Sx = ASx
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Using continuity of inner product S
lim, o SA,x = Slim,_, A,x = SAx = lim,,_,,, 4,5x = ASx
Hence ST =TS = AS = SA

(c) Uniqueness: Let both A and B be positive square root of T. Then A?> = B2 = T. Also BT =
B2B = BB? = TB, So that AB = BA by (6)

Let x € H be arbitrary and y = (A — B)x

Then (Ay,y) = 0 and (By,y) = 0 because A>0 and B > 0
Using AB = BA and A? = B? we obtain

(Ay,y) +(By,y) = ((A+ B)y,y) = ((A* = B*)x,y) = 0

Hence (Ay,y) = (By,y) = 0,since A > 0 and A is self-adjoint. It has itself a positive square
root C, that is C? = A and C is self — adjoint.

We obtain

0 = (Ay,y) = (C*y,y) = (Cy,Cy) = |ICy||? and Cy = 0,also Ay = C*>y = C(Cy) =0

Similarly,
B > 0and B is self — adjoint, it has itself a positive square root D.
That is D? = B and D is self-adjoint.
0 =(By,y) = (D?y,y) = (Dy,Dy) = |IDy||*> and Dy = 0, also By = D>y = D(Dy) = 0
Hence By =0, since B >0
Hence (A—B)y =0, usingy = (A—B)x forallx €H
lAx — Bx||* = ((A — B)?>x,x) = ((A— B)y,x) = 0

Hence A = B. Then A is unique.
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CHAPTER THREE

PROJECTIONS

3.1 BASIC DEFINITION AND PROPERTIES OF PROJECTION.
3.1.1 Definition: Let H be a Hilbert space over Complex number. A bounded linear operator P

on H is called

1) aprojection if P? =P
2) an orthogonal projection if P2 =P and P* =P

Note: The Ran (P) = P(H) of a projection on a Hilbert space H always is a closed linear
subspace of H on which P acts like the identity. If in addition P is orthogonal, then P acts like

zero operators on V' (P).

If x=y+2zwithy € R(P) and z € V(P) is the decomposition guaranteed by the projection
theorem, then Px = y. Thus the projection theorem sets up a one-to-one correspondence between

orthogonal projection and closed linear subspaces.
H=Y®Y*
x=y+z=Px+({—-P)x
This show that the projection of H onto Yt is I — P
Example 5: Let P: C3 — C3 be the linear operator defined
by P(x,v,z) = (x,v,0) forall x,y,z € C3

Then P is orthogonal projection

X x x X
Solution: Since C3 is finite dimensional P € B(C?) and P? (y) =P (y) = <y> =P (y)
z

Therefore P is idempotent.
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Follows from (P(x,y, z), (w,v,w)) = xu + yv = ((x,y,2), P(u,v,w))
Then P is self-adjoint
Therefore P is orthogonal projection.

Orthogonal projection P has Imp = {(x,y,0):x,y € C} orthogonal projection P matrix

representation.
1 0 0
T=10 1 0
0 0 O

In general a n X n diagonal matrix whose diagonal element either 0 or 1 is the matrix of an

orthogonal projection B(C?)

3.1.2 Theorem: A bounded linear operator P: H - H on a Hilbert space H is a projection if and

only if P is self-adjoint and idempotent.
Proof.

(=)Suppose that p is a projection on H and denote P(H) by Y. Then P? = P because for every

X € Hand Px =y € Y we have
P?x = Py = y,hence P2x = Px = P? = P is idempotent.
Now consider any two vectors x; and x, in H, from decomposition we can write
X, =y, + 2z, and x, = y, + z, where y;,y, €Y = R(P) and z,,z, € Y* = N(P)
Then (y;,2,) = (V5,2 ) = 0 becuase Y LY+
We show that P is self-adjoint

(Px1,x2) = (Y1, Y2 + 22) = (Y1, ¥2) = (V1 + 21, ¥2) = (x1, Px3)

Hence P is self-adjoint
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(&) suppose that P self — adjoint and idempotent, denote P(H) by Y.Then for everyx €

H. Using projection theorem.
x=Px+(—-P)x
Orthogonality. Y = P(H) L (I — P)(H). Follows from,
(Px,(I — P)v) = (x,P(I — P)v) = (x,Pv — P?v) = {x,0) = 0

LetY = P(H) = R(P), then Y is a linear subspace of H. If y,, = Px,, ,with y,, — z, then
Py, = P?x = Py, = yp

So,
Z=nli_r>r(1)OPyn=Pz€Y

Hence is Y closed subspace of H

Then P is projection on H.

3.1.3 Theorem. For any projection P on a Hilbert space H,

(3) (Px,x) = ||Px||?
(4) 0<P<I

G) IPIl= 1 |IPIl =1 if P(H) # {0}

Proof .

(3) (Px,x) = (P%x,x) = (Px, Px) = ||Px||?

4 0 < ||Px||? = (Px, Px) = (Px,x) < ||x]|? = {x, x)
0<P<I

(5) By the using schwarz inequality

(Px,x) = |Ix|I?
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IPx]|> = [Ix]|I>,  since||x]| # 0
IPl=1........(1) forallx€H
IPx|| = [[P(Px)Il = [IPIIIPxI
IPx|l = |IPI[|IPx|l, since [|P]| # O
1=||P] e (2)
By combining (1) and (2) we get; ||P|| =1 |

3.1.4 Theorem: Products projections on Hilbert space H are satisfying the following two

conditions.

a) P = P, P, is projection on H if and only if the projections P; and P, commute. Then P projects

Honto Y =Y;NY, whereY; = P;(H)

b) Two closed subspaces Y and V of H are orthogonal if and only if the corresponding
projections satisfy PyP, = 0

Proof.
(<) Suppose that P; and P, commute, then show that P is self-adjoint and idempotent
(Px1,X2) = (P1Poxy, X3) = (Pyxq, P1x2) = (xq1, P2P1X3) = (x1,Px3)
Hence, P is self — adjoint
P? = (P1P;)* = (P,P,)(PP,) = P,"P," = P\P, = P
Then P is idempotent.
Hence, P is projection.
Then Px = P;(P,x) = P,(Py1x) =x forallx € H

Since P; projects H onto Y;, we must have
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Px =P, (P,x) €Y,

Px = P,(P;x) €Y,
Px €Y, NY, since x € H was arbitrary. This show P projects H intoY =Y, NY, .
Actually, P projects H onto Y. Indeed, if y € Y,theny € Y; andy € Y,

Py =P Py =Py=y
Theny €Y, NY,,y€Y HenceY =Y, NY,
(=)Suppose P = P; P, is projection defined on H. It must be self-adjoint
PP, = (P1P,)" = P,"P;" = P,P;

Then P;P, = P,P;

b) (=) If YLV,thenY NV ={0}and P,Pyx ={0} forallx € H by part (a), so that
P,P, =0

(&) if PyPy =0 then foreveryy €Y andv eV
We obtain
(y,v) = (Pyy, Pyv) = (y, PyPyv) = (y,0) = 0
Hence Y LV [

3.1.5 Theorem: Let P; and P, be projections on Hilbert space H. Then:

a) The sum P = P;+P, is a projection on H if and only if Y; = P;(H) and Y, = P,(H) are
orthogonal.

b) If P = P;+P, is aprojection, P projects HontoY =Y, @ Y,
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Proof.
(=)Suppose that P = P;+P, is a projection.
Letx € Y; = [|x]|? = [|(Py+P)x|1* = ((Py+P,)x, (P1+P,)x)

= ((P1+P,)%x,x) = ((P1+P,)x, x)

= (Pyx, x) + (P,x, x)

= |lxII* + (P,*x, x)

= llxlI? + [IPx]I* = [|Px|l = 0

Foranyy €Y, andx € Y;
(X, y) = (x, Py) = (Px,y) = (0,y) = 0
(x,y)=0
Therefore Y, LY,
(&) If Y, LY, then P,P; = P;P, = 0 whichimplies P? = P
P?2= (P, +P,)> =P,>+P,P,+P,P,=P,+P,=P
P is idempotent.
P*=(P,+P)" =P, +P,=P
P is self-adjoint.
Hence, P is projection.
b) We determine the closed subspace Y © H onto which P projects,
Since P, + P, for everyx € H
y = Px = Pyx + Pyx

Here Pijx € Y; and P,x €Y,,hencey €Y, @Y,
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Sothat Y c Y, @Y, .........(1)
Weshowthat Y O Y, @Y,

LetveY, @Y, bearbitary.then v =y,+y, ,here y; €Y;and y, €Y, .applying P
Using Y; L Y, ,we thus obtain,
Pv = Pi(y1+y2) + P(y1+Y2) = Puy1+Py; = Y14y, = v
HenceveEYand YoV, B Yy oo e vev ce .. (2)

Combining (1) and (2 ) we have

Y=r0r
3.2 Further properties of projections

3.2.1 Theorem: Let P; and P, be projections defined on a Hilbert Space H. Denote by
Y; = Py(H)and Y, = P,(H) the subspace onto which H is projected by P;andP,,and let V' (P;)

and V' (P,) be the Null space of these projections. Then the following conditions are equivalent.

1. P,P,=PP,=P

2. Y, =P (H) cPy(H)
3. N(P) 2N (P)

4. [Pyl < 1Pl

5. <P

Proof
(2 > 1)Suppose thatY; c Y, = P,(H) c P,(H)

We want show that P,P; = P,P, = P;

For every x € H, we have P;x € Y;. Hence, P;x € Y, by (2)

Pz(Plx) = Plx
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= P,P, = P,

= (P,P,)* = P,"P," = P,P, = P,P, = P,. Since, P, is self-adjoint
P,P, = P,P, = P,

(1 = 4) Suppose P,P, = P,P, =P,

We want show that ||Pyx|| < ||P,x|| forall x € H

= (P;x,x) < ||x]|?, since Pyx = x

= ||Px]|? < ||x||?, forall x € H

= [P llx]1? < llx|?,]lx]l # O

We have ||P;|| < 1 by (1) (Px, x) = ||Px]|?

IPyx|l = [[PyPox|l < (P[Pl < [IPpxll

|Pyx| < ||Pyx]|

(4 = 5) Suppose that ||P;x|| < ||Pyx||

We want show that P; < P,

From (Px, x) = ||Px||? and (4) in present theorem we have for all x € H
(Pyx, x) = ||Pyx||? < ||Pox]|I? = (Ppx, x)

P; < P, . By the definition (2.3)

(5 = 3)Suppose that P; < P,

We want show that N'(P;) 2 N'(P,)

Let x € V' (P,) = P,x = 0 by (3) section 3 and (5) in the present theorem

|1Pyx|[? = (Pyx,x) < (Pyx,x) = (0,x) =0
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Hence,Pyx = 0, x € N (P;)
N(Py) DN(P;)

3.2 .2 Theorem: Let P; and P, be Projections on a Hilbert space H. Then:

a) The difference P = P, — Py is a projection if and only if ¥; < Y, where ¥; = P;(H)
b) If P=P,—P; is a projection, P projects H onto Y, where Y is the orthogonal

complement of Y; in'Y,

Proof
(=) Suppose that P = P, — P, is a projection
We want to show thatY; C Y,
If P =P, — P, isaprojection, P = P?
P,— P, = (P, —P)*> = P,> = P,P, — PP, + P;*
(6) PP, + P,P; = 2P,
Multiplication by P, from the left and from the right gives

P,P,P, + P,P, = 2P,P,;

P,P, + P,P,P, =2 P,P,
Hence P,P,P, = P,P;,P,P,P, = P;P, and by (6)
(7 PPy = PP, = Py

Y,CY,
(<) Suppose thatY; c Y, , where Y; = P;(H)
= P2 =(P,—P)?=P,>—P,P, —P,P,+P,>=P,— P,

P is idempotent
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=P =(P,—P) =P " —P"=P,— P,
P is self-adjoint
Hence, P is projection.
(b) Y = P(H)consists of all vectors of the form
(8) y=Px=P,x—P;x forallx €eH
Since P,P; = P;P, = P, impliesY; c Y,
P,y = P,°x —PoPix =Pox —Pix =y
This shows that y€ Y,, also from (8) and (1)
Py = P,P,x — P\’x =Pjx — Pix = 0
=>Py=0
yEN(P) =Yi
Together y € V where V =Y, N Y1, since the projection of H onto Y;-is I — P, everyv € V
is the form
) v=_—=P)y, , (y2E€Y)
Using again, P,P; = P;, we obtain from (9), since P,y, = y,
Pv = (P, — P — Py,
= (Pz_P2P1_P1+P12)}’2
= (P, = PP, — P, + Py, = (P, — Py,
= Py,—P1y; = y,—Piy, = v

Pv =v sothatv € Y, since v € V was arbitrary
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Yov
Y=PH)=V=Y,nYi

3.2.3 Theorem: Let B, be a monotone increasing sequence of projection P, defined on a Hilbert

Space H. Then:

a) (PB,) is strongly operator convergent, say P,x — Px for every x € H, and the limit
operator P is a projection defined on H.

b) P projects H onto

P = Jman
n=1

c) P has the null space

wey = [\
n=1

Proof

a) Let m <n, by assumption,P,, < B,, so that we have P,(H) € B,(H) and P, — B, is
projection. Hence for every fixed x € H ,we obtain by 3.1.3
|1Px = Pl = [ (B, — Pr)xlI?
= ((P, — B)x, x)

= [|Px|? = [IPnx||?
Now ||P,]| € 1 by 3.1.3, so that | P,x|| < ||x|| for all n.

Hence, (]|P,x[|) is bounded a sequence of numbers.(||B,x||)is also monotone by 3.2.1.

Since(P,)is monotone. Hence lim,,_,, B,x — Px is converges. Since (B,x) is Cauchy.
= lim,,_,,, P,x = Px, since H is complete.
= [[Pox|l < (1P [l l]]

= IRl < lIxl
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P, is bounded

(Pyx,x) = (x, Byx) = (x, P,x)

P, is self-ad joint

(B?x,x) = (Pyx, Byx) = (x, B,x)
P is projection

b) We determine P(H). Let m < n.Then B,, < P,
i.e B, — B, =0and ((B, — B )x,x) =0
The continuity of inner product
lim,,_, o ((B, — Bp)x, x) = lim,,_,(x, (B, — By)x)
= lim,,(x, (P — B,,)x)
(P=PB)x,x)=0

That is B,, < P and 3.2.1 yields P,,(H) < P(H) for every m. Hence U B,,,(H) < P(H)
Furthermore, for every m and for every x € H, we have
P,x € P,(H) cU P,,(H)
Since P,x — Px,Px € W(H)
Hence P(H) c U p,,(H)
U B, (H) € P(H) c U B, (H)
=>PH)=N{U-P)

P(H) = Upp= P (H)
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c) We determine V' (P)
N(P) = P(H)* c B,(H)* forall n.Since P(H) D B,(H) by part (b).
Hence V' (P) cn B,(H)* =n N (B,)
SNP) CNN(BY) ceeeeieinieiiiiieiaee (1)
On other hand, if x € N V' (B,), then x € N'(P,) foralln
So that P,x = 0 and Pox > Px = Px=0
Thatis x € N (P).
Since x € ' (P,) was arbitrary.
NAN(P) CN(P) e (2)
By combining (1) and (2) we gets

N(P) = Nyp=1 N (B
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4. CONCLUSION

The spectral theory mainly deals with a systemic study of inverse operators, their general

properties and their relation to the original operators.

Operators on Hilbert space is a basis for a comprehensive study of the spectral theory. In
particular, the hermitian or self-adjoint operators are very important in many applications. In this
project work, we have generalized this idea by showing that the spectrum of a self-adjoint

operator on a Hilbert space also consists entirely of real values.

AAU.DEPRATMENT OF MATHEMATICS Page 39



Spectral Theory Of Bounded Self-Adjoint Linear Operators |2013

5. REFERENCES

[1].Erwin Kreysyzing, introductory functional analysis with applications, John Wiley and sons

New York, 1978
[2].E.Taylor, A, introduction to Functional Analysis New York, john Wiley and sons, Inc 1958

[3].E.Taylor, A and C.Lay, D, introduction to Functional Analysis second edition John Wiley

and son.inc 1980.

[4].Pederson, M, function analysis in applied mathematics and engineering .Florid, CRC press

LLC 2000

AAU.DEPRATMENT OF MATHEMATICS Page 40



Spectral Theory Of Bounded Self-Adjoint Linear Operators |2013

AAU.DEPRATMENT OF MATHEMATICS Page 41



Spectral Theory Of Bounded Self-Adjoint Linear Operators |2013

AAU.DEPRATMENT OF MATHEMATICS Page 42



	1GG2.PRINT
	gemechu.PRINT

