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Abstract

We study the squeezing and statistical properties of the light produced by one-mode
subharmonic generators. We first obtain c-number Langevin equations with the aid of
the master equation for a one-mode subharmonic generator. The solutions of the resulting
differential equations are then used to calculate the quadrature variance and squeezing
spectrum. Furthermore, employing the same solutions, we also obtain the antinormally
ordered characteristic function defined in the Heisenberg picture. With the help of the
resulting characteristic function, we determine the Q function of the light produced by a
one-mode subharmonic generator. The Q function is then used to calculate the mean and

variance of the photon number and the photon number distribution.

On the other hand, we determine the Q function of the light beams produced by a
pair of one-mode subharmonic generators. Then employing the resulting QQ function, we
calculate the mean and variance of the photon number, the photon number distribution,
and the quadrature variance. The mean photon number of the light produced by the two
subharmonic generators turns out to be twice that of the light produced by one-mode
subharmonic generator. In addition, the squeezing of the superposed light beams turns

out to be close to 100% below the coherent-state level.
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Chapter 1

Introduction

A considerable attention has been paid to squeezed states of light. The squeezed properties
of a single-light mode are described by two Hermitian operators satisfying the uncertain
relation AayAa_ > 1. A light mode is said to be in a squeezed state if either Aa; < 1
and Aa_ > 1 or vice versa. Squeezed light has potential application in the detection of

weak signals and in low-noise communications [1, 2].

Various quantum optical processes such as subharmonic and second harmonic genera-
tion produce squeezed light. A one-mode subharmonic generator, consisting of a nonlinear
crystal pumped by coherent light and placed in a cavity coupled to a vacuum reservoir,
is a prototype source of a single-mode squeezed light. In this system a pump photon of
frequency 2w is down converted into a pair of highly correlated signal photons each of

frequency w.

Subharmonic generator is one of the most reliable sources of squeezed light. A the-
oretical analysis of the quantum fluctuations and photon statistics of the signal mode
produced by a subharmonic generator has been made by a number of authors [3-15]. A
maximum of 50% squeezing of the intracavity signal mode produced by the subharmonic

generator has been predicted by a number of authors [3, 4, 5, 6].

The main objective of this thesis is to study the squeezing and statistical properties of
the light produced by a pair of one-mode subharmonic generators. We carry out our anal-

ysis of a one-mode subharmonic generator employing the solutions of c-number Langevin



equations, obtained with the aid of the master equation. We calculate, employing the so-
lutions of the resulting equations, the quadrature variances and the squeezing spectrum.
Applying the same solutions, we also obtain the antinormally ordered characteristic func-
tion with the aid of which the Q function is determined. In addition, with the aid of Q
function, we obtain the mean and variance of the photon number and the photon number

distribution.

On the other hand, we determine the Q function of the light beams produced by a
pair of one-mode subharmonic generators. Then employing the resulting Q function, we
calculate the mean and variance of the photon number, the photon number distribution,
and the quadrature variance. The mean photon number of the light produced by the two
subharmonic generators turns out to be twice that of the light produced by one-mode
subharmonic generator. In addition, the squeezing of the superposed light beams turns

out to be close to 100% below the coherent-state level.



Chapter 2

One-Mode Subharmonic Generator

2.1 c-number Langevin equations

We first obtain c-number Langevin equations associated with the normal ordering for the
signal mode produced in one-mode subharmonic generation. It proves to be convenient to
call a one-mode subharmonic generating system, in a cavity coupled to a vacuum reservoir
via a single port-mirror, a one-mode subharmonic generator.

In a one-mode subharmonic generator, a pump photon of frequency 2w is down converted
into a pair of signal photons each of frequency w. The process of one-mode subharmonic

generation is described by the Hamiltonian

—('a? — ba'?). (2.1.1)



Figure 2.1: A one-mode subharmonic generator

With the pump mode represented by a real and constant c-number [, the process of

one-mode subharmonic generation can be described by the Hamiltonian
= %(eﬁ —af?), (2.1.2)

where a is the annihilation operator for the signal mode and ¢ = A\§, with A being the
coupling constant. We recall that the master equation for a cavity mode coupled to a

vacuum reservoir has the form

dp N
d—f = —i[H,, p] + g (25@&* —atap— ﬁ&*&), (2.1.3)

so that on taking into account Eq. (2.1.2), the master equation for the signal mode takes

the form
dp €
== 5(% — pa® + pal? — a“ﬁ)
+g (2@;3&* _atap — ﬁéﬁ&) , (2.1.4)

in which & is the cavity damping constant. Now employing the relation

%(@ = Tr<@a) (2.1.5)

along with Eq.(2.1.4), we have

apa'a — a'apa — pa'a 1.
2apata — alapa — pata’ 2.1.6



Applying the cyclic property of the trace operation, we readily find

d
%<d(t)> =Tr (g(pafeﬁa — paa‘al) + g(ﬁeﬁaa - paa*a)). (2.1.7)
Now using the commutation relation
[a,a'] =1, (2.1.8)
one can easily get
patata = paata’ — 2pal. (2.1.9)
Similarly, one can check that
palaa = paa‘a — pa. (2.1.10)

%@(t» =Tr (g(—QﬁdT) + g(—[)&)), (2.1.11)
from which follows
%(&(t)) = —g(d(t)> —e(a'(t)). (2.1.12)
Following a similar procedure, we readily find
%<d(t}d(t)> = —r(a*(t)) — 2@’ (t)a(t)) — e, (2.1.13)
%<€J(t)d(t)> = —r(a'(t)a(t)) —e(a(t)) — e(a(t)). (2.1.14)

We see that the c-number Langevin equations corresponding to Egs. (2.1.12), (2.1.13)
and (2.1.14) are

d K *
Zla(t)) = —5{alt)) —(a’(1)), (2.1.15)
%<0z(t)oc(t)> = —r(a®(t)) — 2e{a*(t)a(t)) — ¢, (2.1.16)

i<o/‘(t)04(t)> = —r{a*(t)a(t)) — el (t)) — e{a?(t)). (2.1.17)



On the basis of Eq. (2.1.15), one can write

d K .
Salt) = ~5a(t) - <a’(t) + 1(0) (2118)

where f(t) is a noise force whose correlation properties remain to be determined. We note

that Eq. (2.1.15) and the expectation value of Eq. (2.1.18) will have the same form if

(f(£)) =0. (2.1.19)

Moreover, using the relation

{ata®) = (“a ) + (at o)), (2.1.20)

along with Eq. (2.1.18), one can readily verify that

%<a(t)a(t)> = —k(a®(t)) — 2e(a” (D)alt)) + 2{a(t) f(¢)). (2.1.21)

Now comparison of Eqs. (2.1.16) and (2.1.21) shows that
{a(t)f(t)) = —5- (2.1.22)
A formal solution of Eq. (2.1.18) can be written as
a(t) = a(0)e /% 4 /Ot eSO Lo () + F(£))dt. (2.1.23)
We then note that
(a(t) (1) = (a(0)f(t))e /> + /O et WFOE) — el (@) f(O))dt. (2.1.24)

Since a noise force at a certain time should not affect a system variable at an earlier time,

one can write
(a(0)f(t)) = (a(0)){f(t)) =0 (2.1.25)

and

(@™ (#) (1)) = {a™())(f(1)) = 0. (2.1.26)



In view of these results, Eq. (2.1.24) reduces to

t
(@lt)f(0) = [ e O g e 2:12)
0
so that in view of Eq. (2.1.22), there follows
G—— —€
/ e =z (f(t)f(t))dt' = - (2.1.28)
0
Now on the basis of the relation
t
/ e~ =2 F (1) g(t))dt' = D, (2.1.29)
0
we assert that
(F(B)g(t")) = 2Dd(t V), (2.1.30)

where D is a constant or some function of the time t. We then see that

(fO)f(t)) = —ed(t = 1). (2.1.31)

Furthermore, employing the relation

w{ata0) = () + (57 (2.1.32)

along with Eq. (2.1.18) and its complex conjugate, one can easily establish that

%<a*(t)04(t)> = —r{a*(t)a(t)) — e(a™(t)) — e(a®(1)) + (B)f* (1)) + (" (1) f(1)). (2.1.33)

On comparing this with Eq. (2.1.17), we have

(@) (1)) + (" (1) f(t)) = 0. (2.1.34)

In addition, using Eq. (2.1.18) and its complex conjugate, we find

t

<a(t)f*(t)>=<04(0)f*(t)>6‘”t/2+/ e ORI F(t)) — ela” (@) f* ()]t (2.1.35)

0



On account of the assertion that a noise force at time t should not affect system variables

at earlier times, we have

(a(t)f*(1)) = /Ot e ORGP f(E)) (2.1.37)
and
(" (1) f(2)) = /O e DR fH (1)) dt (2.1.38)
Now taking into account Egs. (2.1.34), (2.1.37), (2.1.38) and assuming that
(fr O FE) = (F@O)f ), (2.1.39)

we arrive at

2 / t e 2Pt f(2))dt = 0. (2.1.40)
0
Therefore, in view of Egs. (2.1.29) and (2.1.30), we get
(f* @ f() = {f&)f () = 0. (2.1.41)

It is worth mentioning that Egs. (2.1.19), (2.1.31) and (2.1.41) describe the correlation
properties of the noise force f(t) associated with the normal ordering.

In order to obtain the solution of Eq. (2.1.18), we introduce a new variable defined by
ax(t) = a*(t) £ a(t). (2.1.42)

It can then be shown using Eq. (2.1.18) and its complex conjugate that

dai (t)

20— Dha(t) + () % £(1), (2.1.43)

where
Ay = K 2. (2.1.44)

According to Eq. (2.1.43) together with (2.1.44), the equation of evolution of a_ does
not have a well-behaved solution for k < 2¢. We then identify x = 2¢ as the threshold

condition. For 2¢ < &, the solution of Eq. (2.1.43) can be written as

s (t) = a£(0)e =42 4 / t e 2 ) Py & f(1)dt (2.1.45)
0



Now with the aid of Eq. (2.1.42), one can write
1
(t) = 30+ (1) — (1)), (2.1.46)

so that in view of Eq. (2.1.45), we get

a(t) = AL (H)a(0) + A_(t)a*(0) + BL(t) — B_(t), (2.1.47)
in which
Ay = %<e%*+t + eé*—t) (2.1.48)
and
B, = %/Ot e 22 P4y 1 f(1)]d. (2.1.49)

2.2 The Q function

We now proceed to calculate the Q function for the signal mode applying the anti-normally

ordered characteristic function defined in the Heisenberg picture by
D, (2, 1) = Tr(p(0)e > 4020 ), (2.2.1)
Using the identity
eleB = eBeAclABl, (2.2.2)
Eq. (2.2.1) can be rewritten as

Dy (2, 1) = e Tr(p(0)e*® De=="00) (2.2.3)

The characteristic function can be expressed in terms of c-number variables associated

with the normal ordering as

Do(z,t) = e (exp(za® — 2*a)). (2.2.4)
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If we assume the signal mode to be initially in a vacuum state, then we see from

(2.1.47) along with (2.1.49) that
(a(t)) = 0. (2.2.5)

Thus we observe that «(t) is a Gaussian variable with zero mean. On account of this, Eq.

(2.2.4) can be put in the form [3]

D,(z,t) = ezz*exp[%((za* — z*a)?)]. (2.2.6)

It then follows that
. 1
Oy(z,t) =€ % exp §<(z2a*2 + 2*%a? — 22" z2a%Q)) |. (2.2.7)

Using Egs. (2.1.47) and (2.1.49) it can be readily verified that

(@?) = (%), (2.2.8)
(@) = (8), (2.2.9)
(o) = (B7B), (2.2.10)
where
B =p+— - (2.2.11)

Furthermore, one easily finds with the aid of Eqs . (2.1.49) and (2.2.11) that

(8%) = (BL) + (BZ) — 2(B+8-), (2.2.12)

(B7%) = (BL) + (B2) + 2(B4B-), (2.2.13)

and

(B*8) = (82) — (B2). (2.2.14)



11

Applying Eq. (2.1.49) along with (2.1.31) and (2.1.41), it can be established that

1

()= [ PR O O OFON GOSN O) O]

4 Jo

Taking into account Eqgs. (2.1.31) and (2.1.41), we get

1

t
— Z/ e‘é’”(t_t/)ﬂdt'dt”[—ea(t—t’)+(—Ea(t—t’)) :
0

2
(67)
so that on carrying out the integration, there follows

3

2) = ——— (1 —eMh).
Similarly, one can check that
2 € At
- (1-—
(82) = —5—(1— )
and
(B+6-) =0.
Now on account of this results, we have
2 _oype2y & gy &t
() = (5%) = 51 ) = (= et
€ €
* -~ (1-= gt — (1 - At
(3°8) =~ (1= ) + 51 = )

Thus in view of Egs. (2.2.20) and (2.2.21), Eq. (2.2.4) takes the form
®y(z,t) = exp| —azz* +b(z* + 2*%) /2],
in which

a=1——(1—e™) 4 —

1— —A_t
(1)

?

and

b= — (m(l —eM) 4 2%(1 - e—“)).

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)

(2.2.20)

(2.2.21)

(2.2.22)

(2.2.23)

(2.2.24)



12

We now proceed to determine the () function for the one-mode subharmonic generator.

To this end, the Q function for the one-mode subharmonic generator is expressible as

* 1 Zfa—za*
Q(a*, a,t) = F/szgba(z,t)e( ), (2.2.25)
so that on combining Eq. (2.2.22) with (2.2.25), there follows

1 * * * *
Q(Oé*, a, t) == /dZZe(azz +2*a—za* +b(2%+ 2z 2)/2). (2226)
™

Thus on performing the integration employing the relation

d*z . . ) 9 1 2 abc + Ac* + BUb?
7exp[—azz +bz+cz*+ Az*+ Bz }—{m} exp( T 1AD ),a >0
(2.2.27)
we get
1
Qo a,t) = —(u? — v2)§e$p[ — uaa® + v(a® + a*2)/2} . (2.2.28)
T
where
a
and
b

This represents the ) function for the light produced by a one-mode subharmonic gener-

ator.

2.3 Quadrature squeezing

We wish here to study the squeezing properties of the signal mode produced by the one-

mode subharmonic generator.



13

2.3.1 Quadrature variance

We know proceed to calculate the quadrature variance employing the c-number Langevin
equations. To this end, we note that the variance of the plus and minus quadratures is

expressible as
(Aax)® =1+ (: (ax(t), ax(t)) o), (2.3.1)
where :: stands for normal ordering
a, = (a' +a), (2.3.2)
and
a_ =i(a" —a). (2.3.3)

This quadrature variance can be written in terms of c-number variables associated with
the normal ordering as

(Aai)Q = 1:‘:<Oéi(t), Oéi(t», (234)

in which

ax(t) = a+a. (2.3.5)
Expression (2.3.4) can be rewritten as
(Aax)? = 1H£{ad) F (ax)?. (2.3.6)

We note that

(as(t)) = 0. (2.3.7)
Hence expression (2.3.6) can be put in the form
(Aax)? = 1£{a?). (2.3.8)
In addition, using (2.1.43), we easily get

%(@i(m = —Ax{ad(t)) + 2o (t) (1)) £ 2Aax(t)f (1)) (2.3.9)
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From Egs. (2.1.19), (2.1.22) and (2.1.41), we note that

{a(t)f(1)) = (™ () f (1)) = 0. (2.3.10)

Now with the aid of (2.3.7) along with (2.1.22) and (2.3.10), we readily find

. €
(s () f(t) = 5 (2.3.11)
£
(o (0F(1) = F5 (23.12)
Therefore, in view of these results Eq. (2.3.9) can be rewritten as
d, o 2
Ewi(t)) = —Ai(ai(t)) — 2. (2.3.13)
A formal solution of Eq. (2.3.13) can be written as
¢
(a2 (1)) = (@2(0))e ! + / e =9 dt. (2.3.14)
0

With the cavity mode initially in a vacuum state, the solution of this equation turns out

to be
(d(t) = - [1 - e‘“t} (2.3.15)

Thus combination of (2.3.8) and (2.3.15) yields

2
(Aay)? = 1¢A—5 [1 - e/\it} . (2.3.16)
+

We observe that the signal mode is in a squeezed state and the squeezing occurs in the
plus quadrature. The squeezing increases with time and reaches its maximum value at
steady state

(Aas)? = 1§, (2.3.17)

Moreover, on taking into account (2.1.44), we see that at steady state and at threshold

(Aay)? = % (2.3.18)

And the variance of the minus quadrature goes to infinity. We note that at steady state

and at threshold there is a 50% squeezing of the cavity signal mode.
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2.3.2 Squeezing spectrum

We now proceed to obtain the spectrum of quadrature fluctuations, of the output sig-
nal mode produced by the one-mode subharmonic generator. We define the squeezing

spectrum of a given output light with central frequency wqy by

1 > .
S (w) = —Re /O (a3 (1), a3 (t 4 T) 1) s @0 dr, (2.3.19)

where Re denotes the real part and :: stands for normal ordering
ast(t) = a'(t) + a” (), (2.3.20)
and
ac(t) = i(at"(t) — a®(t)). (2.3.21)
Upon integrating both sides of Eq. (2.3.19) over w, we get

/ P w)dw = / (- a%" (1), a%™ (t + 7) 1) sse 0T 8(T)dT. (2.3.22)
Therefore steady state quadrature variance turns out to be

/_OO P w)dw = (: AaS™ :)?, (2.3.23)

[e.9]

Where (: Aa3* :)? is the normally-ordered quadrature variance of the output light. On
the basis of this relation, we observe that S%(w)dw is the quadrature variance of the

output light in the interval between w and w + dw. The normally-ordered quadrature

variance can then be written in the interval between w’ = —\ and w = \ as [3]
A
(Aaf)iy = / ST (w)du, (2.3.24)
oY

in which W' = w — wy.
The squeezing spectrum is expressible in terms of c-number variables associated with

the normal-ordering as

1 &0 4
52(w) = % Re /0 Q2 (E), a2 (E + 7) e O (2.3.25)
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in which

af™(t) = o (t) £ (). (2.3.26)
According to the input-output relation, we have

a” (t) = Vka(t) — aim(t). (2.3.27)

For a cavity mode coupled to a vacuum reservoir and with the cavity mode represented

by c-number variables associated with the normal ordering, one can write
a3 (t) = Veax(t), (2.3.28)
and
Q% (t +7) = VEay(t+ 7). (2.3.29)

Therefore, in view of (2.3.28) and (2.3.29), the squeezing spectrum of the output light

can be put in the form
S (w) = iERe/ (as(t), ap(t +7) )ese @07 dr, (2.3.30)
T 0

We now proceed to obtain the squeezing spectrum of the output signal mode produced
by the one-mode subharmonic generator. To this end, we note that the solution of Eq.

(2.1.43) can be written as
ar(t+7) = ax(t)e =72 4 / e T2t 4 ) £ f(E+7))dr, (2.3.31)
0

so that on multiplying by a.(¢) and taking the expectation value of the resulting expres-

sion, we get

(asas(t+1) = {ad(t)e ™72+ /OT e M au () f1(t+ 7))

+ag () f(t +7))]dr'. (2.3.32)
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On account of the assertion that a noise force at time t should not affect system variable

at earlier times, we have
(s (t)as(t + 7)) = (0 (t))e /2, (2.3.33)
Upon substituting Eq. (2.3.33) along with (2.3.15) and (2.3.7) into (2.3.30), we have
SS9 (w) = ;%Re /O " e Piomwollr gy (2.3.34)

Now on the basis of the relation

& 1
/ e “dr =—,a >0, (2.3.35)
0 a
we then see that
2eR 1
ST w) =T Re( ) 2.3.36
R W Comeprs (2:3.36)

by rationalizing the denominator of the above expression, the squeezing spectrum of the

output signal mode is found to be

eR/T
(w—wo)?+[5Ee]?

S (w) = F (2.3.37)
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Figure 2.2: a Plot of the squeezing spectrum S7*(w) versus (£=#2) for £ = 0.2.

it
57U (@)

o
[ 'mn)lk

Figure 2.3: a Plot of the squeezing spectrum S7*(w) versus (£=2) for £ = 0.5.

From Figs. 2.2 and 2.3 we see that the minimum value of the squeezing spectrum occurs

at w = wp and the value of this spectrum increases with increasing or decreasing w.

We note that at threshold (¢ = §) Eq. (2.3.37) becomes

S () = —g(( n/m ) (2.3.38)
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Where (—%) is the normally-ordered quadrature variance of the output signal mode. Fi-

nally, Upon integrating Eq. (2.3.38) over the interval between w’ = —\ and w’ = A

2 A /
outr2 K dw
(B = - /A s (2.3.39)
we readily get
A
(AaS")3, = ~Z tan™! <—> (2.3.40)
T K

We have calculated the quadrature variance for x = 0.8 and different frequency intervals.
the quadrature variance of the output signal mode turns out to be (Aa%*)3,, = —0.1180,
(Aa%")3,s = —0.2000, (Aa)3, s = —0.2820. These results show that the quadrature
variance decreases as the frequency interval increases, with the minimum quadrature
variance being —0.4. We immediately note that the squeezing of the output signal mode

increases as the frequency interval increases.

2.4 Photon statistics

It would be helpful to classify the photon statistics of light modes based on the relation
between the variance and the mean of the photon number. Hence the photon statistics
of a light mode for which (An)? = 7 is referred to as poissonian and the photon statistics
of a light mode for which (An)? > 7 is called super-poissonian. Otherwise the photon

statistics is said to be sub-poissonian.
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2.4.1 The mean and variance of the photon number

The mean number of photons of the signal mode is expressible as

(n) = /dQQQ(a*,a)na(&*,a), (2.4.1)

where

ne(a*,a) =aa —1, (2.4.2)

is the c-number function corresponding to the operator function n(af, @) in the anti-normal
order.

On account of Egs. (2.2.28) and (2.4.2), expression (2.4.1) can be rewritten as

[ d?
i=w—1?): | “Zeapl—uata+v(a? + a')/2ata — 1, (2.4.3)
™

this can be put in the form

oy —exp[—ua*a+ na+ma* +v(a® + @) /2] mm=0 — 1, (2.4.4)
ndm T

n = (u* —v?)

N

so that on carrying out the integration using (2.2.27) and applying the condition n =

m = o, we get

_ U

Now on account of Egs. (2.2.29) and (2.2.30), we easily find

n=a-—1. (2.4.6)

And in view of (2.2.23), the mean photon number takes the form

€ €
n=—o—(1—eM)+ —(1-e*). 2.4.7
n 2)\+( )+ g (1—e) (2.4.7)
Thus at steady state, we see that
2¢?

(2.4.8)

3
I

K2 — 4g?’



21

We next proceed to obtain the variance of the photon number of the signal mode. The

photon-number variance, defined by
(An)* = ((a'a)?) — n®. (2.4.9)
Using Eq. (2.1.8), one can check that
((a'a)*) = (a*a™) — 3(a'a) — 2, (2.4.10)
so that expression (2.4.9), can be written as
(An)? = (a%a™) — n® — 3n — 2. (2.4.11)
Thus employing the Q function
(a*a™) = /dQOzQ(a, ta*a?, (2.4.12)

This can be put in the form

N|—=

A9 A2 2 9 d* o X ¥ V9 4o
(a*a") = (u”—v?) —exp|—uaa+na+za’+ —(a*+a™)],—.—0. (2.4.13)

dn?dz? ™ 2

On carrying out the integration using (2.2.27), we get

d* uzn + 222 + Ln?
i201 DT 3% T30 } , (2.4.14)
n=z=0

<a a > = dn2d22€$p[ (UZ _ U2)

so that carrying out the differentiation and applying the condition z = n = 0, one easily

finds
2u? + v?
~212\
On account of (2.2.29) and (2.2.30), we get
(a%a™) = 2a® + b*. (2.4.16)

Now with the aid of Egs. (2.4.6) and (2.4.16), Eq. (2.4.11) can be put in the form

(An)? = a* +b* — a. (2.4.17)
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Finally, applying Eqs. (2.2.23) and (2.2.24), the variance of the photon number is ex-

pressible as

g 2 g2 ?
(An)2 = W |:1 — 6_/\+t:| + W |:1 — 6_)\{|
+ —

19 9
+—1(1-— e)“t) — (1 — e)‘+t>. 2.4.18
2\ ( At ( )

The photon number variance takes at steady state the form

2
2_ [ _EF =2 | =
(An)* = </<;2—452> +n° +n. (2.4.19)

This implies that the photon statistics of the light produced by one-mode subharmonic

generator is super-Poissonian.

2.4.2 The photon number distribution

We next proceed to determine, using the Q function, the photon number distribution
for the signal mode.The photon number distribution for the signal mode in one-mode
subharmonic generator can be put in the form

2
T o

n! da*"Oa™

P(n,t) = [Q(a,t)ea*a} : (2.4.20)

a=a*=0

Thus employing (2.2.28), the photon number distribution can be written as

o * UV, 9 )
W%P[(l —u)a'a+ 5(04 + ™)) ar=a=o0, (2.4.21)

N|—=

P(n,t) = %(u2 —?)

upon expanding the exponential function in power series, we have

emp((l - u)a*a) = Z (1= u)k!(oz*a) , (2.4.22)

k=0

VL v L a*Qf
exp<§oz* ) = Z %ﬁ!)’ (2.4.23)
and

e:vp(gozz) - M (2.4.24)
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On account of the power series expansion, expression (2.4.21) can be rewritten as

P B 1 % 1 _ u é—l—m
()= — (u* = )2 x Z 2€+mglmlkl
Imk
6271 a*k+2€ak+2m (2 4 25)
da*mdan o) o
moreover, using the identity
o . n! I
and applying the condition & = a* = 0, one easily finds
P N — 1 2 1 _ u E+m
(n,t) = nl (u® —v%)? x 2 2z+mglm|kl
(204 k)!(2m + k)!
: 0904k nO2mak.m- 2.4.27
20+ Kk —n)!(2m+k —n)! 2ehnTamtk, ( )

Hence in view of the property of the Kronecker delta, we see that m = ¢ and k =n — 2¢

and on taking into account that a factorial is defined for nonnegative integers, we have

[n] )n—ZZU%

=0

where [n] = § for even n and [n] = (”;1)

for odd n. From this result, we note that there
is a finite probability to find odd number of signal photons. Although the signal photons
are generated in pairs, it is possible for an odd number of signal photons to leave the
cavity via the port-mirror. This must be then the reason for the possibility to observe an

odd number of signal photons inside the cavity.



Chapter 3

Superposed One-Mode Subharmonic
Generators

In chapter 2 we discussed, the statistical and squeezing properties of the light produced
by one-mode subharmonic generator. Here we seek to study the statistical and squeezing
properties of the light produced by a pair of one-mode subharmonic generators. To this
end, first we determine the () function for this light mode. With the aid of the resulting
() function, we calculate the mean and the variance of the photon number, the photon

number distribution, and the quadrature variance.

Figure 3.1: Superposed one-mode subharmonic generators

24
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3.1 The ) function

We now proceed to determine the @) function for the light produced by superposed sub-

harmonic generators. The @) function for this light mode is expressible as

* 1 * *
Q(Oé 7057t) = ;/d25d27Q(5 705_7775)Q(7 7O‘_B?t)

xexp| —a*a — BB —y v+ a* B+ af + o'y + oyt

—B*y — Bv*]. (3.1.1)
Using Eq. (2.2.28), one can write

1

Q" —,1) = —n(u® — o) epl—ufa +uB'y +o(0? +42 4 52— 207)/2). (312
Using Eq. (2.2.28), we can also write

Q' a— Bit) = %(ﬁ — ) beapl—ura + uy B + v(a® + B2 + 472 — 2a8)/2.  (3.1.3)

Introducing (3.1.2) and (3.1.3) into Eq. (3.1.1), we get

Q(a”, a,t) = l((uQ—v )(u? — v?) ) exp{ 2aa—20a}

™

2
X/Mexp{ BB+ ( +va)B + (o —ua)B* + = (52+ﬁ*2

d2
X %exp[—vf%—(a*%—vajtuﬁ* — )y + (a0 —ua — B+ ufB)y*
v *2
+§(’y +~9)1, (3.1.4)

thus on performing the integration over -, employing the relation given by (2.2.27) we

find
. 1 2 . 2\2\ 5 20t + (WP — vd + 2 4 yar? 423
Qla*, o t) = %((ul_;)) e:vp[ afa+ (uv 21} v)a® + va ]/ -
~(2u—u? —v)F B+ [(w +° —ut — v)a + (u—?)a’]3
:gp({ (2u—u® — ) [(mél_vww v)a+ (u v)a]}
2[(u — u?)a + (uv — v)a*|f* + (Vv — v® + 20 — 2uw) (5% + B*2)
+ 20— 0?) ) (3.1.5)
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Carrying out the integration over (3, once more employing the relation given by (2.2.27),
the ) function for the light mode produced by a pair of subharmonic generators finally

takes the form

1
Q(a*, a,t) = =+/S(t)exp| — T(t)a*a+ M(t)(a® + a*?)], (3.1.6)
T
where
w2 — 02
SO = e (3.1.7)
—u®+2u+tv
T(t) Y (3.1.8)
and
v
M(t) = (3.1.9)

4 — 4y 4+ u? —v?’

Now let us integrate this function over the variable o, we have
/d2ocQ a’,a,t) \/_/dzaexp[ (t)a*a+ M) (o +a*?)|.  (3.1.10)
Carrying out the integration using the relation given by (2.2.27), we readily find
/dzaQ(a*,a,t) =1, (3.1.11)
which shows that the () function is normalized.

3.2 Mean photon number

We next seek to calculate the mean photon number of the light mode produced by a
pair of subharmonic generators. To this end, the mean photon number is expressible in

terms of the @) function as

n= /dzaQ(a*,a)oz*oz — 1. (3.2.1)
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On account of Eq. (3.1.6), expression (3.2.1) can be written as

= _\/ /d%zexp t)afa + M(t)(a? + a*?)]a*a — 1. (3.2.2)

This is equivalently rewritten in the form

d d [d
n= S(t)Ed_n Taexp[—T(t)a*a + za +na + M) (® + a™®)]opmo — 1, (3.2.3)

so that performing the integration employing the relation given by (2.2.27), we obtain

n_\/_dzn{

Hence, carrying out the differentiation and applying the condition z = 1 = 0, one easily

1 T(t)zn + M(t)(n* + 22)

mwRYETE )} exp[ T(0F — 40M2(0) — 1. (3.2.4)

z=n=0

finds

Qu — 2 2
Focu—wAv (3.2.5)

u2 — 2

Now on account of Egs. (2.2.29) and (2.2.30), we easily find
n=2a— 2. (3.2.6)
And in view of (2.2.23), the mean photon number takes the form
A= (1— MY+ %(1 — ), (3.2.7)
Thus at steady state, we see that
4e?

Which is twice the mean photon number of the light produced by a one-mode subharmonic

generator.
3.3 Variance of the photon number

We next proceed to obtain the variance of the photon number for the light mode produced
by a pair of one-mode subharmonic generators. The variance of the photon-number is

given by

(An)? = (A% — n”. (3.3.1)
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Using Eq .(2.1.8), one can check that

((a'a)?) = (a*a™) — 3(a'a) — 2, (3.3.2)
so that expression (3.3.1) can be written as

(An)? = (a*a™) — n® — 3n — 2. (3.3.3)

Thus employing the  function, we have

(a*a'?) = /d2aQ(a, t)a*?a?. (3.3.4)
This can be put in the form
2212 d4 d2a * * 2 *2
(a*a™) = \/S(t)m ——ezp —T(t)a" o+ ac + ba* + M(t)(a” + ™) ,(3.3.5)
a=b=0

on carrying out the integration using (2.2.27) , we get

(@20 =

S(t) 3 d* abT(t)+M(t)(b2—|—a2)
(TZ(t)—4]\/[2(t)) da2db26x [ (T2(t) — 4M2(t)) L_b_o’ (3.3.6)

so that carrying out the differentiation and applying the condition a = b = 0, one easily

finds
(@a1?) = 2<2(1;2_ _“ij);’?), (3.3.7)
on account of (2.2.29) and (2.2.30) , we get
(a%a™?) = 8a® + 4b* — 8a + 2. (3.3.8)
Now with the aid of Egs. (3.2.6) and (3.3.8), Eq. (3.3.3) can be put in the form
(An)? = 4a® + 4b* — 6a + 2. (3.3.9)

Finally, applying Eqgs. (2.2.29) and (2.2.30), the variance of the photon number is ex-

pressible as

22 292 2
(An)? = % {1 — e_)‘”} + % [1 — e_’\t}
+Ai(1 et ; (1 — e+, (3.3.10)
- +
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At steady state, we see that

2eR 2
2 _ 2 | -
(An)* = </<;2—4€2> +n° +n. (3.3.11)

We observe that variance of the photon number of the light mode produced by a pair of
one-mode subharmonic generators is greater than that of the light produced by a one-
mode subharmonic generator. We can also say that the photon statistics of this light is

super-poissonian.

3.4 Photon number distribution

We next proceed to determine the photon number distribution for the light mode
produced by a pair of one-mode subharmonic generators. The photon number distribution
can be written as

T o

n! da*ndan

P(n,t) = [Q(a*, a, t)ea*a} : (3.4.1)

a=a*=0
thus employing (3.1.6) along with (3.4.1) the photon number distribution can be put in

the form

1 8271
Pl =iV S0 gamgan

n!

erp [(1 —T(t)a*a+ M(t)(a® + 04*2)} , (3.4.2)

a*=a=0

on account of the power series expansions

el-Taa 5 “——W(a*ay, (3.4.3)

PM0at _ 5 (M) 25 (3.4.4)

and

eP(t)a*2 — (M(t)) Oé*2m. (345)

o

m=

Expression (3.4.2) can be put in the form

P(n) = % /S(t) Z (1 —T(t)) M(t)*™ a&*&n;an [a*2m+i&2j+i]a:a*:0’ (3.4.6)

iliim!

iym
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so that carrying out the differentiation using the identity given by (2.4.26) and applying

the condition @ = a* = 0, one easily finds

Ty - ‘ a+m m+i)!(25 +1)!
P(n) = % S(t) Z d T(zl‘f;)'ﬂi\j[(t) (2m<—12— i ——i_n;:gj i z)'— n)!52m+i7n52j+i’”' (34.7)

ym

Hence in view of the property of the Kronecker delta, we see that
m=j, (3.4.8)

and

i=n—2j. (3.4.9)

and on taking into account that a factorial is defined for non-negative integers, we have

[n]

P(n) = /S0y 0! (1= T(e) 2 M) (3.4.10)

j12(n — 29)!

(n=1)
2

where [n] = § for even n and [n] =

for odd n. From this result, we note that there
is a finite probability to find odd number of signal photons. Although the signal photons
are generated in pairs, it is possible for an odd number of signal photons to leave the
cavity via the port-mirror. This must be then the reason for the possibility to observe an

odd number of signal photons inside the cavity

3.5 Quadrature variance

In this section we seek to calculate, employing the QQ function, the quadrature variances
of the light mode produced by a pair of one-mode subharmonic generators. The squeezing

properties of a single-mode light are described by two hermitian operators
ay =a' +a (3.5.1)
and

a_ =i(a' —a). (3.5.2)
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These operators satisfy the commutation relation
lay,a_] = 2i. (3.5.3)
We define the quadrature variance by
(Aay)? = (%) — (a:)? (3.5.4)
and
(Aa_)?* = (a®) — {a_)>. (3.5.5)
The expressions for the variance of the plus and minus quadratures, can be written as
(Aay)? =1+ 2(a'a) + (a'?) + (@) — (@")* — (a)* — 2(a")(a) (3.5.6)
and
(Aa_)? =1+ 2(ata) — (a™) — (&%) + (@a"?* + (a)> — 2(a'){a) . (3.5.7)
Now with the aid of Eq. (3.1.6) one can write
(@' = \/S(t) & dQ?aexp[—T(t)oz*a + za* + M(t)(a? + a*?)].—, (3.5.8)

d?

on carrying out the integration using (2.2.27), we get

g2y _ S(t) e M(t)22
o= (o avem) a2 o - v 359

z=0

Carrying out the differentiation and applying the condition z = 0, one easily finds

2v
A2\
(@) = 5= (3.5.10)
It can also be shown in a similar manner that
2v
A2\
(@) = 5 (3.5.11)

and

(a) = (a') = 0. (3.5.12)
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Substituting Eqs. (3.5.10), (3.5.11), (3.5.12) and (3.2.6) into Egs. (3.5.6) and (3.5.7) ,

the quadrature variance turns out to be
(Aax)® =1+ 4a+4b — 4. (3.5.13)

Now on account of Egs. (2.2.29) and (2.2.30), we get

(Aas)? =17 ;1_5(1 _ ety (3.5.14)
+

This shows that the signal mode is in a squeezed state and the squeezing occurs in the
plus quadrature. The squeezing increases with time and reaches its maximum value at

steady state.
4e
K+ 2

(Aay)*=1-— (3.5.15)

Moreover, we see that the variance of the minus quadrature goes to infinity. We note that
at steady state and for kK = 0.8 and € = 0.35 there is a 93% squeezing of the superposed

light mode.



Chapter 4

Conclusion

We have obtained, using the master equation, c-number Langevin equations for a
one-mode subharmonic generator. Applying the solutions of the resulting differential
equations, we have calculated the quadrature variance and the squeezing spectrum. We
have found that at threshold and at steady state there is a 50% squeezing of the intracavity
signal mode. We have also seen that the quadrature variance of the output signal mode
decreases as the frequency interval increases, with the minimum quadrature variance being
-0.4. This implies that the squeezing of the output signal mode increases as the frequency

interval increases.

On the other hand, applying the same solutions, we have obtained the antinormally
ordered characteristic function. By using this characteristic function, we have determined
the Q function of the light produced by a one-mode subharmonic generator, which is then
used to calculate the mean and variance of the photon number and the photon number
distribution.

Finally, we have determined the Q function of the light beams produced by a pair of
one-mode subharmonic generators. Using this Q function we have obtained the mean and
the variance of the photon number. Our result shows that the mean of the photon number

for this case is twice that of the light produced by a one-mode subharmonic generator . In

33
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addition, the variance of the photon number is greater than that of the light produced by
a one mode subharmonic generator. Moreover, employing the same Q function we have
calculated the quadrature variance and the photon number distribution. We have found
that at steady state for values of ¢ less than and close to 0.5k, the degree of squeezing of
the light produced by a pair of one-mode subharmonic generators is close to 100% below

the coherent-state level.
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