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Abstract

The main objective of the present Project is to address how to set axioms to
establish a perpendicularity relation in Abelian Group and then study the
existence of perpendicularity in(Z,,+) and (Q,.) in certain other groups.

This approach provides a justification for the use of the symbol L denoting
relative primeness in number theory and extends the domain of this con-
vention to some degree.Related to that we also consider parallelism from an

axiomatic perspective.
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Introduction

Graham et al.made the following suggestions: When ged(m,n) = 1, the in-
tegers m and n have no prime factors in common and we say that they are
relatively prime . This concept is so important in practice ,we have special
notation for it. Let us agree to write m_Ln and to say m is relatively prime
to n if m and n are positive integers.Like perpendicular lines do not have a
common direction, perpendicular numbers do not have common factors.
Namely ,in studying l-group (i.e,group with lattice structure),Birkhoff defines
that two positive elements a and b of an l-group are disjoint if a A\ b = 0 and
uses the notation a_Lb for disjoint element .He also remarks that disjointness
specializes to relative primeness in the l-group of positive integer.The moti-
vation of this paper is to study how justified ultimately it is to use the symbol
of perpendicularity to denote relative primeness .Does this practice rely only
on analogy between having no common direction and no having common
factor or is a deeper linkage to entitle this convention?This equation leads
us to ask properties essentially establish the notion of perpendicularity in
the algebraic context and what the most suitable context for the axiomati-
zation of perpendicularity actually is we have recently studied the axioms of
perpendiculariy from the elementary geometric point of view. In an inner
product space ,perpendicularity obviously trace back to their product being
zZero.

However ,certain feature of the perpendicularity can be shifted down to sim-
pler algebraic structures .We will see axioms and properties of perpendic-

ularity in abelian group and examine it in section( 2.1). We will focus on
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perpendicularity in (Z,,+) in section( 2.2).

As Davis defined perpendicularity in abelian group differently, we will in-
troduce another definition of perpendicularity in in section(2.3). We will
consider divisibility in @ in section (2.4) and finaly we will see parallelism

in abelian group in section(2.5).



Chapter 1

PRELIMINARIES

1.1 DIVISION ALGORITHM

Theorem 1.1.1. If a and b are integers and a # 0, then there exist unique
integers q and r such that b=aq+r and 0 < r < |a|, the element q is the

quotient and r is the remainder.

Proof. First we prove the existence of ¢ and r.

Casel:let a is a positive integer.

Now consider the set S ={b—am:m € Z,b—am >0} C N J{0}.

S is not empty. Therefore S has a smallest element r and r=b-aq, for some
integer q.

Further more, r is smaller than a, since the relation r > a implies that
0<r—a=b-a(qg+1) <r which contradict minimality of r.

Thus for the positive integer a and the integer b, there exist q and r such
that b=aq+r and 0 < r < a.

Case2:if a < 0, then —a > 0 so that by the above argument there are integers
¢ and r such that b = (—a)q +7 and 0 < r < (—a).

Therefore for any two integers a and b, a#, there are integers q and r such
that b=aq+r and 0 < r < |al.

(Uniqueness)

Suppose ¢ and r' are integer with the same properties as q and r, then



b=aq +7 and 0<7r <la| = aq +7 =aq+r

=af —ag=r—1

=lalg —q) [=[r—7"|.

By the definition of absolute value of an integer we know that |r —7'| = r —7"
or ' — r both of which are smaller than |a|, so that we have |a|.|¢ —¢| =
Ir —7'| < |al.

Now if ¢ # ¢ we see that |¢ — ¢| > 1 and thus |al.|¢’ — ¢| > |a| which is
acontradiction.

Since the integer |a|.|¢" — q| cannot both smaller than |a| and greater than or
equal to |a|, we concluded that ¢ = ¢ which implies that » = . Thus the

quotient and remainder are unique. O

Definition 1.1.1. If a and b are integers, n > 0, then a is congruent with b

modulo n, written as a = b(modn) if and only if a-b divisible by n.

Example.8 = 1(modT).

Definition 1.1.2. Ifd | a,d | band c|a/Nc| b= c|d, then d is greatest

common divisor of a and b denoted by ged(a,b)

Definition 1.1.3. An integer a # 0is factor of An integer b if and only if
there is an integer ¢ such that b = ac.In other words, a is a factor of b if and

only if a divides b,write (a | b)

Definition 1.1.4. Two integers a and b not both zero , are relatively prime

if and only if ged (a,b)=1.

Theorem 1.1.2. If a , b and c are positive integers such that ged(a,b)=1

and a s factor of be, then a is factor of c.

Proof. From ged(a , b)=1 we know there are integers x and y such that
1 =ax +by.
Now WTS a is a factor of c.



Since a | bc we know that bc = ak, for some k € Z.

c=cl
= c(az + by)
= (ac)x + (bc)y
= a(cz) + a(ky)
= a(cz + ky)

.. a is a factor of c. O

Lemma 1.1.1. If p is a prime factor of a positive integer m which is ex-

pressible as m = p1ps - - - pn, where the p; 's are primes, then p equals one of

Di-

Proof. Since p | m and m = pips - - pp

WTS:- p equals one of p; ’s.

By induction on n, the number of prime factors of p;. if n = 1, then m = p;
is a prime and, p | m = p = p.

Suppose the result holds for k prime factors.

So suppose that p|(pips - - - prpry1) and p equals one of the p; 's.

Now compare p and pg.1, if p = prpy1 we are donelf p # pryq; then by

theorem1.2 ged(p, pry1) = 1 .Since p|(p1pa...pk)pr+1 and ged(p, pre1) = 1 we
have p|(p1p2 - - - pr), then by induction hypothesis p=p; ]

Theorem 1.1.3. Given two integers a and b, at least one different from zero,

then there exists unique natural number satisfying the definition of gcd.

Proof. Let a, b € Z, where at least a or b is non-zero.

WTS:- Existence and Uniqueness of ged(a,b).

First we show existence.

Define S = {ma +nb: m,n € Z and ma+ nb > 0}, then S C N,and S is
non-empty.

By well-ordering principle for N, S has smallest element say g.



Note: by construction g = m,a + n,b for some m,,ng € Z we will show g is
the greatest divisor of a and b.

Suppose first that g 1 a, then by theorem 1.1.1 for Z there exist unique
integers ¢, € Z, where o < r < g such that a=qg+r, by assumption g { a,
so we have 0 < r =a — gq = a — q(m,a + n,b) = a — gm,a — qnyb

= (1 — gmy)a — qn,b < g, but r is an element of S strictly less than g.

This contradicts the fact that g is the smallest.

Thus it must be that g | a.

Similarly we have g | b.

Now suppose h € N is a divisor of both a and b.Then there exist &k, € Z,such
that a=kh and b = [h,but then g = m,a+n,b = mykh+n,lh = (m.k+n,l)h.
= ged(a,b) =g

uniqueness Suppose g € N is also ged (a, b), then we have ¢'|g and g|g" and
hence g = g'. O]

1.2 ABELIAN GROUP

Definition 1.2.1. If (G,*) is group such that axb = bxa for all a,b € G,then

(G,*) is a belian group (commutative group).

Examplel.(Z,+),(Q,+) etc are abelian groups.
Example2.Let a € R be a fixed real number .
Let G ={a™:n € Z}, then G is an a belian group under multiplication.
CONGRUENCE CLASSES MODULO n
Let a be an integer,then @ denote the set of all integers congruent to a ( mod
n).
a={r:x € Z,x=a(modn)} ={x:x € Z,x =a+ kn, forsomek € Z}.
a is known as the equivalent class mod n represented by a
2, = {0,1,..n =T}

FINITE ABELIAN GROUP



Definition 1.2.2. An abelian group with finite number of element is called

finite abelian group.

Definition 1.2.3. The order of an element a in a group G is the smallest
positive integer n such that na=e.If no such number exists then it is infinite

order.

Lemma 1.2.1. Let a and b two elements of finite orders of a group G Such
that o(a)and o(b)are co-prime and if ab=>ba.Then o(ab)=o0(a)o(b).

Proof. Let o(a)=m and o(b)=n.Let H =< ab > be the subgroup of G gen-
erated by ab.

WTS:-o(ab)=o0(a)o(b)

(ab)™ = a™" ™" =e, we get o(H)=o0(ab) | mn.

Now (ab)™ = a™b™ = b™ € H (since a™=e).

As ged(m,n)=1 and o(b)=n,we have o(b"™)=o0(b)=n.
=b"ecH=o00b")|oH)=n|o(H).

Similarly m | o(H).

Thus we have mn | o(H).Hence o(H)=mn=o(ab)=o(a)o(b). O

Theorem 1.2.1. (LAGRANGES THEOREM) If G is finite group and H is
a subgroup of G,then the order of H divides the order of G.

Proof. since G is finite and H < G ,H is also finite .Let o(G)=n and o(H)=m.
Now G is partitioned in to finite number of distinct right coset namely
H,Hay, Hay, ..., Hay_1. Also order of each coset is the order of H. o(Ha,) =

o(Hay) =,...,= o(Hag_1) = o(H) = m Also o(G) = o(H) +o(Hay) + ... +
o(Hay—1) n=n+n+...4n(k times) =nk
Therefore the order of H divides the order of G. []

Definition 1.2.4. An abelian group (G,+) is called finitely generate if there
exists finitly many elements xq, xs, ..., x5 in G such that every x in G can be
written in the form x = nyxy + N + ... + ngx, with integers nq, na, ..., N.

In this case ,we say that the set{wy,xs,x3,..,xs} is a generating set of G.

FEvery finite abelian group is finitely generated abelian group.
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Example.(Zn,+) is finitely generated abelian group

Definition 1.2.5. An abelian group which is not finite is called infinite

abelian group.

Example.The set of all non-zero rational number with respect to the usual

multiplication(i.e,(Q/{0},.)) is infinite abelian group.

1.3 CYCLIC GROUP

Definition 1.3.1. G is said to be cyclic if there exists an element a in G,such

that every element of G is a power of a.

Definition 1.3.2. Let G be a group .Let a € G then subgroup H of G given
by H = {a" : n € Z} is called the cyclic subgroups of G generated by a and
denoted by (a) ,a is called generator of G.

Example. (nZ,+) is cyclic group with generators n and-n.

Theorem 1.3.1. Any cyclic group is abelian group .

Proof. Let G=(a) be cyclic group and let x , y € G ,then z = a", y = a™
for some m,n € Z.Now zy = a"a™ = a"™™ = a™*t" = yxr .So G is abelian

group. O
Example.Consider Z; x Z3 which has the element such that

(0,0),(0,1),(0,2),(1,0), (1,1), (1,2).

We claim that Z, x Z3 is cyclic,sinceZ, x Zz=< (1,1 >

Theorem 1.3.2. Any infinite cyclic group is isomorphic to the additive group

of integers.



Proof. -Let G=(a) be an infinite cyclic group generated by a and (Z ,+) be
the additive group of integers.

Define f: Z — G by f(z) =a” for all z € Z.

Given z,y € Z,thenx +y € Z and we have f(z +y) = o™V = a".a¥ =
f(z).f(y), then f is homomorphism.

For z,y € Z,x # y= a* # a¥(since G is infinite) and hence f(x) # f(y),
therefore f is one to one.

Also for eacha” € G, take x € Z and f(x) = a”

= f is onto.

Therefore G = 7 [

1.4 DIRECT SUM

Definition 1.4.1. Let S and T are subgroups of an abelian group G,then G
is the direct sum of S and T denoted by G = SE@T, if G=S+T (i.e for each
ac€G,seS andt e T with a=s+t) and S(\T = {0}.

Definition 1.4.2. The abelian group (A,+) is the direct product(sum) of the
n non-trivial subgroups Hy, Ho, - -+ , H, if and only if for each x € A there is
exactly one element x; € H;, 1=1,2,...,n such that xt = x1 + 9 + ... + x,, ,in

this case we write A = Hy x Hy x H3 x --- x H,

Example .write the group A = Z/(10) as a direct sum of subgroups.

The non-trivial subgroups.

o(A) =0o(H).o(k) =2 x5=10
Since 0 =0+0

1=5+6

2=0+2

3=5+8

4=0+4
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Hence A = Z/(10) = {0, 1, ...,9} .
(A) =10, A=Hx K, HN K = {0}

Proposition 1.4.1. For abelian group G and subgroup S and T of G, then
the following statments are equivalent.

i)G=SEPT

ii)Every g € G has a unique expression of the form g=s+t, where s € S and
teT

ii1) There are homomorphisms p : G+ S and q: G — T called projections
and i : S — G, j: T — G called injection such that pi = I, qj = I,
pj =0, qi =0 and ip + jq = Ig, where i is identity map.

Proof. (i)=(ii) by hypothesis G = S 4+ T so that for each g € G has an
expression of the form g=s+t with s € Sand t € T

To see that this expression is unique ,suppose also that g= s’+t’ where s’ €
St € Ts+t=s'+t" gives s — ' =t' —t € ST = {0}.

Hence s =s and t =t .

(ii)=-(iii)For g € G then there are unique s € S and ¢t € T with g=s+t.
Define p : G — Sandg : G — T by p(g)=s and q(g)=t are wel defined
because of the uniqueness hypothesis .It is routine to check p and q are
homomorphism and that are the equation in the statement hold, S+T=G
and then G = SEPT.

(iii)= (7).If g € G, the equation 1 = ip+jq gives g = ip(g)+7q(g) € S+T.
Ifge S g=1igand pg=pig=g;if g€ T,then g = jg and pg = pjg = 0.
Thereforeif g€ S(\T,then S(\T,G = S+T and hence G =S@PT. O
Corollary 1.4.1. Let S and T be subgroup of abelian group G,if G =SEPT,
then ST =S x T,



conversely, given Abelian Groups S and T ,define subgroups S" = S and T" =
Tof SxTbyS ={(s,0):s€Stand T ={(0,t):t € T}, then S x T =
STPT.

Proof. Define :SE@ T +— S x T as follows .If g € SE@ T the proposition says
that there is unique expression of the form g=s+t and so f : g — (s,t) is
well-defined function.It is routine to check that f is an isomorphism.

Conversely if g=(s,t) € Sx T, then g = (s,0)+(0,t) € S+T, ST = {(0,0)}
Hence, SxT =SEPT. O



Chapter 2

PERPENDICULARITY IN
ABELIAN GROUP

2.1 AXIOMS AND PROPERTIES OF PER-
PENDICULARITY

Definition 2.1.1. Let(G,+) be an abelian group so that the binary relation
Lis a perpendicularity in G satisfying the following axioms.

(A1) Ya € G 3b € G such that alb

(Ay) Ya € G\{0} such that a L a

(As) Va,b € G such that , if alb, then bla

(Ay) Ya,b,c € G such that albAalc, ‘then al(b+ c)

( As) Ya,b € G such that if alb,‘ then al —b.

Example. Let G = (Zs, +) be an abelian group.
Define the perpendicularity L in Zg such that Va,b € Zs such that @ L
bif and only if ab= 0(mod6).
Let us verify the axioms as follows.
Since Zs = {0,1,2,3,4,5}
Ay Na € Zg 0 € Zg such that aL0 (since 0 x a = 0(mod6)).
Therefore A; holds.

10



Ay Na € Zg\{0} such that a } a.

Note that: 1 x 1 # o(mod6), 2 X 2 # o(mod6), 3 x 3 Z o(mod6), 4x 4%
o(mod6) and 5 x 5 # o(mod6)

Therefore A, holds.

A3 Na, b€ Zg such that if @lb, then bla.

Since aLb if and only if ab = 0(mod6)

this implies ba = 0(mod6)

which impleis b_La

Therefore As holds.

Ay. Let @, b, ¢ € Zg such that if alb/\ale

since @b = ab = 0(mod6).

this implies 6 | ab

which is ab = 6t, for some t € Z

similarly, a_l¢

this implies ac = 0(mod6)

which is 6 | ac

so that ac = 6k, for some k € Z.

Now, ab+ac=6t+6k for some t, k, € Z this implies a(b+c) = 6w, w = t+k €
Z.

which implies 6 | a(b+ c).

implies that a(b+ ¢) = 0(mod6)

so that @l (b+¢)

Therefore A, holds.

As. Let @, b€ Zg such that @ L b

this implies ab = 0(mod6).

which implies — ab = 0(mod6) which is a(—b) = 0(mod6)

= al—b.

Therefore As holds.

Remark1: This concept can be defined also in weaker structures by changing
these axioms appropriately.

For example, if G is an abelian monoid, then we simply omit (As).

11



Remark2: For any abelian group G, the binary relation L is trivial perpen-
dicularity :
rlyer=0\/y=0 (2.1)

is always exists, we are mainly interested in non trivial perpendicularity.

Proposition 2.1.1. .Let (G,+) be an abelian group and L aperpendicularity
in G, then

a. Ya € G such that a L 0

b.Vae G\{0} such that a f-a

c.Va,by, by, - b € Gy, r i € Z such that if alby, by--- by,

then a L (y1b1 + -+ 4+ aLlvgby)

d. Ya,b € G ,u,v € Z such that if a L b, then pua L vb

Proof. a) Va € G 3 b € G such that alb by (A;)

=al —bby (A5)

=al(b—0) by (Ay)

= a L 0 therefore Va € G :a L 0. O

b): Va € G\{0} :a L —a

Proof. suppose not ,i.e al —a

= al — (—a) by (4s)

= ala which is contradict to (Az)

Therefore a / —a.

c.alby = al(by+b)=al(2b), - ,al(yb,

alby = al(by+by) = al(2by), -, al(y2bs)

s wees @L (k)

coal(yiby + b + - 4 i)

dVa,b,c e G,u,v € Z :alb= palvb

suppose aLb = al(b+b) = al(2b), -, al(vh)

and let alvb = (a + a)Llvb= 2alvb,---  palvb for p,v ez
Therefore paLvb. ]
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Proposition 2.1.2. A binary relation L in G is a perpendicularity if and
only if it satisfies ( A1) ,( Az ), (As)Va,b,c€ G:albNalc= (b—c)la.

Proof. (=)Since L is perpendicularity in G, thenAy, As follows from defnition.
To show Ag let alb/\alc.

=albANal —cby A

=al(b—c) by Ay

(b—c)Lla

(<)suppose Ay, Ay, Agare holds.

Claim : — L is perpendicularity in G.

Let a € G by (A1)3b such that alb. putting c:=b in (Ag) = 0La.
Further apply (Ag) witha:=0,b:=a and ¢ := 0 gives (a—0)L0 that is a_L0.
Now we can verity that the remaining axioms.

Assume a.lb, apply (Ag) with ¢ =0, then bLla and (As) is satisfied.
Assume alb and apply(Ag) b := O0and ¢ := b it gives bLla by (As)al — b,
then As is satisfied.

Now again apply (Ag) with ¢:= —c = (b— (—c))La that is (b+c¢c) La
Hence by (As) aL(b+ c) and hence (Ay) is satisfied.

Therefore 1 is a perpendicularity in G. O]

Proposition 2.1.3. If every element of G have finite order and if L satisfies
(A1) — (Ay), then it satisfies (As) .

If G has at least one element of G infinite order then there exists a relation
L which satisfies (A1) — (A4) but not (As).

Proof. Assume that a,b, € G satisfies alb and let the order of b be
n, then we have al(n—1)b by (A4) = al(nb—b)

Since n is order of b then nb =0

= al(o—b) = al — b and hence (As) holds.

For the second part , leta € G have an infinite orde.Then the subgroup
{0, +a, +2a, ...} is isomorphic to Z.

Consider relation L defined by

13



xJ_y<:>(EI,LL,VEZ:x:/m/\y:ya/\yu<0)\/x20\/y:0 (2.2)

Definition 2.1.2. Let G be an abelian group, A, B < G,z € G, LbeperpendicularityonG :
1.By x L A, wemeanz_ Ly forally € A.
2.By B1LA,wemeanx Ly forallr € Aandforally € B.

If A is a non - empty subset of G, we define the perpendicular comple-

ment (L — complement) of A as follows.

Definition 2.1.3. Let G be a group, A, B C G,x € G and L be perpendicularity in G
1.Byx L A, we mean x Ly for all yin A.
2By B 1 A, wemeanx Ly for all © € B andy € A.

Al:{yGG:yJ_A}:UB,whereGQBJ_A (2.3)

Then Alis the mazimal set.
In particular, G+ = {0}and{0}* = G. O

Proposition 2.1.4. If A C G, then Atis asubgroup of G.If G is cyclic, then Atis cyclic.

Proof 2.1.1. Let A be the subgroup of G.

Claim At is subgroup of G.

At ={yeG:ylA} = yla,Vz e A

Since 0Lxfor all x € A, we have 0 € A+, soAL # )

Let x,y € A+,

Then z L aand yl a fora € A= x—ylaby (Ag)

= v —y € At Thus Atsubgroup of G.

Second part of the proof follows from the fact that any subgroup of acyclic
group s cyclic.

Hence At is cyclic.

14



Theorem 2.1.1. The following condition are equivalent

a). G has a non- trivial perpendicularity L
b). G has non- trivial cyclic subgroups H and K satisfying H (K = {0}

Proof. (1a) = (b).SinceLlis non — trivial thereexistsz,y € G.

Claim : Ghas non trivial cyclic subgroups HandK satisfying H (| K = {0}
SinceLis non trivial 3x,y € G such that xLly.

LetH =< z > and K =< y >,thenH =< x > and K =< y >
are non trivial cyclic subgroups.

Moreover,letz € H( K = {0} = z = nx and z = myforsomem,n € Z.
Sincerly = nrxlmy =21z 2=0

HAOK ={0}.

(b) = (a) since G has non-trivial cyclic subgroups H and K satisfying
H () K = {0}, therefore G has non-trivial perpendicularity L defined by

J:J_y@(xeH/\yEK)\/(mEK/\yEH)\/sz\/y:O (2.4)
[l

Example 2.1.1. Let G = Zg. By lagrange’stheorem, the smallest n such that Z,, has anon—
trivial Perpendicularity is 6 = 2.3 because n must have at least two dif ferent prime factors.
ConsiderH =< 3 >= {0,3} and K =< 2 >= {0, 2,4}.

Then H and Kare the only non tirivial subgroups of Zs.

Example 2.1.2. letG=R has infinitely many pairs of nontrivial subgroups
with intersection {0},it has infinitely many nontrivial perpendicularities.
For example ,let H= Q and K={2v/2 : x € Q} and define L by (4).To see

that this perpendicularity is not maximal let Hy = {23 : = € Q} and
K = {zvV5:2 € Q} and define 1" by

rlye @ecHN\yeK)\/(ye K \z < H)

15



Veed NyeK)\/@eKi\yeH)\/z=0\/y=0  (25)

Example 2.1.3. let G=(Q.,.),where @, denote the set of positive rational
numbers.

FEvery ¢ € Q4 can be expressed as

c=[] P (2.6)

where
vp(c) € Z and p € p.

Assign now

alb <« Vp € pvy(a) =0\/v,(b) =0 (2.7)

where p 1is the set of primes.

In other words

a="2 and b= E,where m,n,u,v € Zy, ged(m,u) = ged(n,v) =1 (2.8)
u v
then
alb & ged(mu,nv) =1 (2.9)
for
m,n € Z,,m\l and n\1 mLln < ged(m,n) =1 (2.10)

2.2 PERPENDICULARITY IN Z,

Studying perpendicularties requires that we know the structure of G. Next

we take a more through look at perpendicularity in Z,.

Theorem 2.2.1. [If
n = pyt.pg.plr (2.11)

where py, ....,pr € p which are distinct primes and oy, ...,a,. > 0, then

16



Z,=HPHLEH. . PH (2.12)

where
n
(673
i

i=1,2,3,...,r and the decomposition of Z,, = H1 @ Ha @ - - - @ H, is unique
( up to the order of sub groups).

H;, =<e¢; >, €; = (213)

Proof. Define H; to be the set of all elements of Z,, order of a power of p;.
To show H; is subgroup of Z, we take z,y € H; of order p® and p® respec-
tively where p = p; .

Taking ¢ to denote larger of a and b we see that p°(x + y) = p°z + p°y = 0.
So that the order of x+y is a divisor of p° .

Hence x +y € H; and if x € H; then(p® — 1)z = px —x = —x

Thus —z € H;

Therefore H; is subgroup of Z,,.This implies Hy, Hs, - - - , H, are subgroups of
Z,,and then HIPH. P ---PH, < Z,.

(«<).Select w € Z, with order m=p’ .pJ2...p¢, where a; > 6;.Since m divides

n then p? is factor of p2 .

Denote g; be positive integer ¢; = -, where i=1,2,... 1.
p;’
_ m _ 02 0y
@1 = oy = P2 ---Dy -
Py
_ m _ 01 03 0
Q2 = —g; = Py P3P,
Pq
_m _ 01 02  Or1
Ir = Lor = P1 P2 Pl

ng(qh qz, .-, QT):l
Then the set of r integers {q1, ¢, ..., ¢, } is relatively prime sets

and we know from gcd, the integer ¢; exists such that 1 = ¢;t,+...+¢,t,.Since
w=1l.w

=(qt1 + ... + ¢t,)w = (@1t1)w + ... + (¢-t,)w, decomposition of w as a sum
of certain elements w; = ¢;t;w € Z,,.

We know that qipfi = m so that p?iwi = ti(mw) = 0 € H;;Which im-
plies w; € H;.

17



= Z, <H@PHP - P H,.
Zy=H QH2E @ Hr. O

Lemma 2.2.1. Foralli, j=1, ..., 1, i#j, e#0, ee;=0.

Proof. 1t is enough to consider that i=1,j=2. Regarding e; and e5 as integers,

. 2
we have i)e?= -5
1

RS Lk LA TR s 202 2a
= T = T =P e # 0(modn).

Hence 16? #0
i)

n n
erey = o1 (2.14)
P Do
n n_ o o__ n? 02 Qpr X1 (o4
?W = o1 a5 — Py ...pT7.p1 ...prr

since e; = —ar and e = —45 then ejey = .
1 2

Py P2 p
and pt...p2" . psP.pST by
re-arrange the order, then we haveps®...pd.n = 0(modn), Where from the

producte;e; = 0 follows. O

Lemma 2.2.2. Let 1 be perpendicularity in Z,, then Va,b,¢,d € Z, such
that

alb= caldb (2.15)
Proof. Let ¢ = 41 ,d = 61 where v and § are integers with 0 < r,§ < n.
Since ca = (y1)a = v(Ta) = ~a similarly db = (61)b = 6(1b) = ~b by
proposition1(d) vya_ldb = ca_Ldb
. ca Ldb.

L]

Now we are ready to introduce perpendicularity which turns out to be
maximal in Z,,.

Let

r=x1+..+x.,y=y+..+vy. €72, (2.16)

where x;,y; € H;, i=1, ..., r. The relation_l , defined in Z,, by
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rzloy=Vie{l,..,r} :xi:O\/yi:O (2.17)

is aperpendicularity.

Definition 2.2.1. The perpendicularity 1 is maximal if there is no another

perpendicularity contains it.

Theorem 2.2.2. The perpendicularity 1o is maximal and every other per-

pendicularity in Z, is contained in it.

Proof. Let L be another perpendicularity in Z,. Our claim is that x 1y =
xLloy by (12) we can express

r=_§e + -+ ey =mer + .+ e, (2.18)

where the integers &, n; € {0,...,p® — 1} and the residue class e¢; = %
i=12,..r
Suppose against the claim of theorem that there exist x,y € Z, such that
xly but x Joy. Then &, ni# 0 for some i. Reordering the indices so that
i=1 and apply lemma 2 We have

rey Lye; = &2 lne (2.19)
by prop 1 d ¢
m 2 1 2
e7 L e 2.20
ng(gla nl)fl ! ng(£17 771)7]1 ! ( )

that is lem(&r,m)ed Llem(&r,m)ed consequently lem(&,m)e? = 0 by
(Az).

In other words regarding e; as an integer and

TL2

lem(&y,m)e = lem(&y, 771)-}% (2.21)
1

= lem(&y, my).p322 ... p2o (2.22)
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and pi* divides lem(&1,m1). However, since it divides neither & nor 7y, this
is a contradiction. Hence x_Lqy.
Let x =x1 + 2o+ ... + 2, y=y1 + Yo + ... + Yy, with vectors (xy,xa, ..., x,)

and (Y1, Y2, ..., Yr) respectively, so it is natural to define their ” inner product”
<X,y >= Ty + ToYs + ... + T, Y, (2.23)
]

Proposition 2.2.1. Give
T, Y € Ly, < T,y >=2Y (2.24)

Proof. We have

Ty = (Z $z)(z yi) = Z iy + Z ziy;(J # 1) (2.25)
i=1 i=1 i=1 ij=1
=@ +otas+ .. +x) (Y +y2 +ys+ )
= (11 +FT1Y2 + o F 21y) + (Ton + Toye + o Toyy) o Ty 1Y)
= (11 + Tay2 + o+ Toyy) + [(T1y2 + o+ T1Y) + (P29 + Tays + o+ T2Y) o+ (T
= Z Y + Z iy

i=1 ij=1
where ¢ # j
Now let show < z,y >= xy since xy=) ;;_, z;y; + ) _; ;_, ¥;y; where i # j
We have z; = &e; and y; = nje; and e;e; = 0. Then

T T

D kit = Y iz bieime] =0 (2.26)

,J (2]
Thus Y, zy; = 191 + Toya + ... + 2,4, and then < z,y >= xy; +
ety < xiy >=1aY [

Theorem 2.2.3. Let | be a perpendicularity in Z,. Then

Ve,y€ Zy,:xly=axy=0 (2.27)

20



Proof 2.2.1. If x Ly, then x 1oy by theorem3.so xy=0 because of x Loy iff
Vie {{1,...r}; z; = 0or y; = 0 and proposition 5 < x,y >= xy

Theorem 2.2.4. Let(G,+) be an abelian group and n = p{*.ps?...por then
the following condition are equivalent

gy =..=aoa,=1

bVr,ye Z, xy=0=xLlyy

eNeeZ,:x2=0=2=0

Proof. (a)=- (b). Assume that zLyynow express x and y as x= e + ... +
&er and y = mey + ... + n.e,. we can rearrange the indices so that, for some
s € {1,...r} such that &,n; #0 , i=l,...;

G=0\/m=0i=s+1..r (2.28)

From (prop5) we have

ry = &imel + .. + &l (2.29)

If el + ...+ Emse? = 0 then the integeréinie? + ... + £mse2 = 0 (mod

n) that is
2 2

517712—% +...+ 557782—3 = 0(modn) = p1p2...pr) (2.30)
However this is impossible because none of pq, pa, ..., ps divides the left
hand side (namely,pi divides every other summands except the " one).
There fore xy # 0 and our claim follows by contradition
(b)= (c). If 22 = 0, then z Loz by (b) and x=0 by (Ay)
(c)=-(a). Suppose (a) does not hold,then, say al > 1.

_n o : 9 n2 _ piolpe? pier
Let x==2 since the integer z° = % = 5 =
p1 P1 4
201 —2 _
P 2 p2" = 0(modn) (2.31)

The residue class 2 = 0, But 2 # 0. And hence (c¢) does not hold. Again

the claim follows now by contradiction. O
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Corollary 2.2.1. If and only if the conditions of theoremd are satisfied then

Ve,y € Z, : xLoy = nl(zy) (2.32)
where(zy is the product of integers x and y)

Proof. Suppose the conditions of theoremmb are satisfied.

WTS Vz,y € Z, such x Loy, then n|(xy).

IfVa,y € Z, impliesx Loy by(Theorem3b) that is xy = 0 by de finition of L,
which is xy = 0(modn) so that n|(xy — 0) = nl|(zy)

conl(zy) O

Example 2.2.1. Let G = Z3y, since 30 =2x3x5 by theorem?2 (i.e Z, =
HPHP.PH,)

we have

30 30 30
J3p =< — > < = > <= > 2.33
w2 : (289

= 21,15 iff 30 | (2 x 15)
Therefore 30 | (zy)

Example 2.2.2. Let G = Zsgo ,since 360=23 x 32x 5

weha1)62360:<3%0>@<3:%0>@<%>

— {15, 50, T35, 200, 270, 375} ) {10, 50, 120, T60, 200, 250, 320} D {72, 44, 276, 255}
(2.34)

5172 because 5 = 1.45 + 8.40 + 0.72and72 = 0.45 + 0.40 + 1.72

Now (33) is the only necessary for L but not sufficient.

Let see 10 Yo 36 due to the fact thatl0 = 2.45 4+ 7.40 + 0.72 and 36 =

4.45 + 0.40 + 3.72. However360| (10 x 36)
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2.3 ANOTHER DEFINITION OF PERPEN-
DICULARITY

Davis defined perpendicularity as binary relation L in G if it is satisfying
the following conditions.

(D) Ya,b € G such that, if aLb, then bLla.

(Dy) Ya € G such that 0_La

(D3) Ya € G such that, if ala, then a =0

(D4) Ya,b,c € G such that if bla/cla, then (b+ c¢)Lla (D5)Va,b €
G such if alb < {a}*+ N {b}*+ = {0}. He assumes that G is an abelian
group but the definition applies more generally to an abelian monoid too. It
is easy to see that(D;) — (Dy) are equivalent to (A;) — (A4). Axiom (Dj)

arises from introducing the concept of ” disjointness ” on a vector lattice.

Proposition 2.3.1. Assume thatl satisfies (D) — (Ds) equivalently (Ay) —
(As).

Ya,b € Gsuch that alb,then{a}™* r-]{b}LL = {0} (2.35)

Proof. We show that 15 that if ) # A C G, then

A At = {0} (2.36)

If x € ANAL, then xly Yy € A.In particular,xlxz and hence © =
0 by (Ds)

AN AL ={0}.

Assume next that aLb and let z € {a}*+N{b}++

Note that, {a}* ={y € G :yL{a}}

{a}* ={a € GlaL{a}'}

Then now, since zL{b}* and a € {b}*, we have xLa = x€ {a}*. Thus
x€ {a}+ N{a}+

But A A+ = {0}. Then applied this to A = {a}* = {a}* N{a}*+ = {0}
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and x=0
How are these two perpendicularities related? there is partial answer.Let
denote by A and D the axioms (A;) — (As) and (D) — (Ds) respectively. [

Proposition 2.3.2. If all elements of G have finite orders ,then D = A .If
G has at least one element of infinite order, then 3 a relation L satisfying D
but not A.

PART 1

Proof. Let every elements of G has finite order.

WIS D= A

i).Let a,b € G satisfying alb, then A; is satisfied.

ii).Va € G such that ala, then a =0 unless a L a...(As)is satisfied)

iii)Va, b € G suchthat alb, then bla by Dy, then (Aj3) is satisfied.

iv). Va,b,c € G such that bLa \ cLa, then (b+ ¢)Lla by (D1)

implies that a L (b+ c) Ay is satisfied.

v)Let order of b be n then ,ifaLb, then bLaimplies that b(n —1)La

which 1s equivalent to bn — b_La

= —bla

= al —bby (DI)

Then As is satisfied .

Therefore D = A

PART 2.

If G has at least one element of infinite order then > a relation L satisfying
D5 but A.Because A5 does not satisfied i.e let a € G has infinite order ,then
the subgroup {0, +a;, +as, ...} is isomorphic to Z .The relation L defined by
rzly & (3a,8 € Z such that t = aa Ay = BaNaf <OV z=0\y=0
(A; — Ay) satisfied butAs is not satisfied by (pr2) O

Proposition 2.3.3. Assume that G has elements a1, as, a3, ay # 0 such that
< a; > () < a; >= {0} whenever i # j.There exists a relation L satisfying
A but not D.

24



Proof. The relation L defined by (5) with H= < a1 >, K =< ay >, H; =<
azg > and K=< a4 >satisfies A. Since {al}** {az}*t =< a; >N <
az >= {0} and a; [ a3, then it does not satisfy (Dj) O

2.4 DIVSIBILITY IN Q.

The binary relation” |” is said to be divisibility in G satisfying the following
conditions

i). Va € Q4 such a|a

ii) Ya,b,c € Q4 such that cla \c| b= c| (ab)

ili) Ya,b,ce Q1 : ¢|bA\b|a = cla

Divisibility is a reflexive and transitive relation satisfying (ii).

If b | a then we say that b is divisor of a and that a is divisible by b.
Ifd|a,d|bandc|al\Nc|b= c]|d, then d is greatest common divisor of
a and‘ b denoted by ged | (a, b).

All these notions are meaningful also in any abelian monoid.

Let us recall that every

c € Q4 can be expressed as ¢ = H P (2.37)

vy(c) € Z for each p € p and only finite number of them are non-zero.
I fv,(c) # 0 then p is prime factor of c.
Consider the set S of all sequence (ny,ng, ns, ..., ny, ...),where the index runs
through p,each n, € Z,and only a finite number of them are non-zero.

The mapping

f(c) = (v2c), v3(c), ..., vp(c), ...) (2.38)

is an isomorphism from (Q4,.) onto (S,4+) where addition is defined
termwise Example. f(45) 4+ f(£)=/f(3? x5)+ f(2* x 572) ,for {(45), then we

have the following v2(45) = 0,v3(45) = 2,v5(45) = 1,v7(45) = 0,...,= 0 and
similarly for f(5z), v2(3) = 3,v3(3) = 0,v5(3) = =2, v7(3) =0 ,... =0 now
we have
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8
f(45) + f(%) =(0,2,1,0,0,...) + (3,0,—2,0,0,...) = (3,2,—1,0,0,...)
(2.39)
Given a,b € Q4 , we define their inner product being Euclidean inner

product of vectors

f(a), f(b) :< a,b>=< f(a), f(b) >= Y vy(a)y,(b).p € p (2.40)

Since finite number of summands are non-zero ,this sum is finite .

For example.

8
<45, 52 >=03+20+1(=2) + 0+ 0+ .4 = 2 (2.41)

Next we define | ¢ | by setting v,(| ¢ |) =| vp(c) | for all p € p or

equivalently | ¢ |= £ (05(] ¢ |), vs(] ¢ [}, 0 -

For example if ¢ = 33 =23 x 372 x 5! x 77! then | ¢ |= 28 x 32 x 5! x 7' =

2520.Letting 1, be the same relation as the one defined by (7), now it can
be characterized by

alib &< lal,|bl >=0 (2.42)
and also the relation 19in@),, defined by
alsb &< a,b>=0 (2.43)

is a perpendicularity.
We will introduce one more non-trivial perpendicularity using divisibility.

For that purpose ,we first notice that the relation ¢ defined by
bda < Vp € p:v,(b) < wvy(a) (2.44)
is a divisibility,

ged(a,b) = [[ @ ® pep (2.45)
§
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Assume now that m,n,u,v € Z, so that ged(m,u) = ged(n,v)=1.

An alternative expression for

. n.m
adb < Vp € p:u,(b) < vp(a)w;(SE & n\m/\u\v (2.46)

and that for

ged(a, b) = Hpmi”(”p(“)’””(b)),p € p, ged( (2.47)
5

For example if 2 = 27! x 32 x52x 7 and b= 2 =272 x 3! x 572 x 11!

jthen geds(a,b) =272 x 3! x 572 x 771 = 2. Alternatively

ged(45,33) 3

= 2.48
lem(14,100) 700 (2.48)
Since ged; (|2, |%]) = ged(mu, nv) by(9) we have
alib < ged(lal, |b]) =1 (2.49)
5

EUGENI AND RIZZI define divisibility in Q) by setting the relation
v so that
n m
—— & T 2.50
5™ s mpm A\ ol (2.50)

hen ged y(a,b) always exists and unique and

(2.51)

Example

45 33 d(45, 33 3

il _):—gc( ,33) _ 3 (2.52)
141007~ ged(14,100) 2

We define now the corresponding perpendicularity by writing

gedry(

algrb < gedy(a,b) =1 < ged(m,n) = ged(u,v) =1 (2.53)

Summing up ,we have at least three non-trivial perpendicularity in@),. Let

us see how they relate to another .i). 1 versus Ly (i.e. z1l1y = xloy )
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but the converse does not hold .

Example 6152 but it is not true for 61,3, < 6,% >= 0,but < [6[,|2| >#£0
Lyversuslpr = (i.el; = Llpg)rliy = xlgry

Example. < 7, % >= o,the converse does not hold.

Example 21 pr2 but it does not imply that 21,3
3 2 312

2.5 PARALLELISM

Definition 2.5.1. Let G has a perpendicularity 1. and let a,b € G .
We say that a and b are parallel and write a || b if {a}* = {b}*+ .

The relation clearly equivalence.
Because
i.Since {a}*={a}* thena| a .
iia || b= {a}t = {b}*+
= {0} = {a}*
=b | a.
Therefore a || b=b | a
iii.Let a || band b || c = {a}* = {b}* and {b}*+ = {c}*
= {a}t={c}*
=allc
Therefore a || band b || c = al| c.

Let G = Z30.
Since {2}+ = {16}+
then2 || 16

since {0} = G by propositionl(a) but {a}* # G by (A2).
All non-zero elements are parallel if and only if L is trivial. If G = Z,, and
1 = 1y,then recalling (19).

rllyeVvie{l,2,3,.r}:&=0&1n=0 (2.54)
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s {z =yt = H, PH,PH..PH;, Where & =1, = 0 & i €
{i1,12,13, .0y 0s} -

For example, consider Zsy. Since 2 = 0.1+2.10+2.6 and 16 = 0.15+1.10+1.6
we have {2}+={16}+ ={0,15} = 2 || 16.

Now,let G = Q4 and let L, 15 and L g be as before denote the correspond-
ing parallelism ||; and ||z and ||gg respectively .Then a ||; b if and only if a
and b have the same prime factors. Further™ |[gg 2 if and only if m and n
have the same prime factors ,similarly if u and v have the same prime factors.

Let study how these parallelisms related to one another ||; versus ||z.
WTS ”2:>||1

Proof. Assume first that is a |2 b .If a Jr; b then 3p, € p such that, say
vp,(a) = 0 and v, (b) # 0 ,but now p,Llsa and p, fo b and so that
{a}*2 # {b}*2 that is contradicting our assumption (i.e a ||z b = {a}'? =
{b}

Therefore |2=||1

The converse is not true.Let see by using example.Let a=6 and b=12 then a
1 0.

If = 2 then zLsa but x is not in b and hence{a}*> # {b}+>

In other wordsa ff; b(I.e < %,6 >=0but < 2,12 >%#0 O

ii). |2 versus ||gr (i.e. ||2=|Er)-

Proof. Given py,pa, ps,...,p: € p, denote by N(p1,pa, ps, ..., p:) the set such
positive integers that are not divisible by any p; ,i=1,2,3,..t. Let a = ™ €

Q+,gcd(m,u) = 1. Now factorize

m = pit.pst..pptu = qfl.q§2...q,fk (2.55)

where py, P2, P3-ees Py Q1,5 -, @ € p are distinct and aq, ..., ag, 51, ..., Bn >
0.(If m=1 or u=1 then the corresponding ”empty product”isl).
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Now

&1, &2 En
P ps.pit x
{a}LQ { %71 ?722 .

et - a1§1+---+ah§h+n161+'-'+6knk = Ol’,y S N(pla -5 Pny 41,
qi 92" -9 Y

(2.56)
("empty sum” is zero).Assume that b =2 € ), and gcd(n,v) = 1 satisfies
a ||z b,that is {a}*2 = {b}*2 . Then by (57), where

n=pph . v =gt gt (2.57)

Where p1, ..., pp, a1, ..., cp, >0
Hence a ||gr b and the claim follows

But the converse is not hold . O

Example. |z 5 but 3 ffs 3.
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SUMMARY

This project shows the use of the symbol of perpendicularity in number the-
ory.Indeed ,we have seen how this notion settle comfortably in this setting
and gains new meanings at a more general level in the context of Abelian
group.

And also we have seen the definition of perpendicularity using the five ax-
ioms,Divisibility in positive rational number with respect to perpendicular-
ity.Finally we defined parallelism and we have seen the relation between

perpendicularity and parallelism using examples.
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