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ABSTRACT 
 

So far, many things were said about differential equations without time delay, the so 

called ordinary differential equations or partial differential equations, and their solutions. 

The fixed point theorems have been used to show the existence and uniqueness of 

solution of initial value problem of these equations. Since time delay occurs naturally in 

just about every interaction of the real world, here in this project we see some differential 

equations with time delay, the so called functional differential equations or delay 

differential equations in general and use Schauder’s fixed point theorem to show that a 

solution of a retarded functional differential equation is a fixed point of an integral 

operator obtained by variation of parameter method in particular.   
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NOTATIONS 
 

I used the following notations in this project that should be clear for the reader.  

• 〈� , �〉 �  ∑ ������	
   is the standard inner product in �� . 

• �� � �� �  
〈� , �〉�
 ��   is a norm. 

•  �� � 
0 , ∞� is the set of positive real numbers. 

• ������ � �0 , ∞� is the set of nonnegative real numbers. 

• �������� � ��� � ��  , ∞�  , �� , ��  �  ������    
• ��� �   ����������� � is the space of all continuous functions on �������� .  
•  Co(A) = !"# $ %: ' $ #  is convex0  is convex hull of A (a smallest convex set 

containing A) in the space %.  
•  �
�1 , 23, �� � is the Banach space of continuous functions mapping the interval 

�1 , 23 into �� with the topology of uniform convergence. i.e. for 4 �
 �
�1 , 23, �� � , then the norm of 4 is defined by �� 4 �� � � 4 �567689:;     ,where � 4 � 
is a norm in �� . 

•  �
%� �  �<
%� is the space of all continuous functions on % . 

•  �=
%� is the space of all functions whose derivative of order > ? are continuous. 

Or the space of k times continuously differentiable functions. 
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INTRODUCTION 
 

The structure of the paper is organized sequentially in such a way that it will be clear for 

the reader. The preliminary part contains some known definitions such as Metric Spaces, 

Normed Linear Spaces, Banach Spaces and Lipschitz Continuity which motivates the 

reader achieve the goal of this paper. 

Chapter 1 is about fixed point theorems especially Banach-Cacciopoli and Schauder’s 

theorems are stated and proved. Chapter 2 is devoted to some concepts about Functional 

Differential Equations. It tries to generalize equations with rate of changes of the present 

state (ordinary differential equations or partial differential equations) to equations with 

rate of changes of the past state (delay differential equations or functional differential 

equations). A substantial portion of the paper, Chapter 3, is devoted to show the solution 

of some Retarded Functional Differential Equations is the fixed point of an integral 

operator obtained by variation of constants formula. 
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PRELIMINARIES 

 

  Banach Spaces 

Fixed point theorems can be considered in metric spaces where distance is used. Here we 

will use it in Banach spaces where norm is used since it is applied to many areas of 

current interest in analysis.  

Definition 0.1: Let % be a non empty set and @: % A % B �� ����� a function. Then d is called 

metric on % if the following properties hold. 

i. @
� , �� � 0 if and only if  � � � for  some � , � � % ; 
ii. @
�, �� � @
� , �� for all �, � � % ; 
iii.  @
� , �� > @
� , K� L @
K , �� for all �, �, K � % . 

The value of metric d at 
� , �� is distance between x and y; and the ordered pair 
% , @� is 

called metric space. 

Definition 0.2: A norm on a linear space  % is a functional whose value at  � is denoted 

by  �� � �� with the following properties: 

1. �� �
 L �� �� > �� �
 �� L�� �� �� , for all �
 , ��  � % ; 

2. �� M� �� � � M ��� � �� , for all � � % and  scalar M ; 
3. �� � �� N 0 and �� � �� � 0 if � � 0 , for all � � %. 

 
% , �� . �� �  is called normed linear space. Then every normed space 
% , �� . �� �  is a 

metric space 
% , @� with induced metric @
� , �� � �� � � � ��. 
Definition 0.3: A sequence "��0 is said to be a Cauchy Sequence if for each O P 0 there 

exists a positive integer N such that � �� � �Q � R  O  for all  S N T N U. 
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 Definition 0.4: A normed linear space % is complete if every Cauchy sequence in % 

converges in %. 

Definition 0.5: A complete normed linear space is called Banach space.  

Definition 0.6: Let  V $ �� be open. A function  W: V B  �  is said to be: 

i. Uniformly Lipschitz continuous if and only if there exists  X � �  such that 

  �� W
�� � W
�� ��> X �� � � � �� , for all � , � � V. Here X is called Lipschitz 

constant. 

ii.  Lipschitz continuous if and only if for all � � V  there exists a neighborhood Y 

of � such that the restriction of W to  V Z Y , W �
[Z\� is uniformly Lipschitz 

continuous.  

Definition 0.7: Let ] and ̂  be Banach spaces. A transformation T: V $ ] B ^ such that  

 �� _� � _� �� >  X �� � � � �� for some X � �� is said to be: 

a) a  contraction map on V if 0 R X R 1 

b) non expansive  map on V if X � 1 

Definition 0.8: A point  � � V is said to be a fixed point of a transformation _: V B V if   
_� � � 

Definition 0.9: Let a is a subset of a Banach space % and _: a B % be a map. Given  

O P 0 , a point � � a with �� � � _� ��R O is called an b-fixed point.  

Remark 0.1 A convergent sequence is bounded. A Cauchy sequence is convergent and 

hence it is bounded. So it has a bounded subsequence.  
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CHAPTER 1 

FIXED POINT THEOREM 

 

1.1. Banach-Cacciopoli Theorem 
Cauchy-Piano and Picard-Lindeleöf theorems used fixed point theorem to solve the 

problem of existence of solutions of system of certain first order initial value problems of 

ordinary differential equations. Uniqueness of the solution is guaranteed by Lipschitz 

continuity.  

Consider a system of first order initial value problem with ordinary differential equation 

                                                  
�′
�� � W
�, �
����
0� �  ��                                                                    (1.1) 

, where  W: c A �� B ��  is continuous and  c � �0, 23  
and an integral equation 

                                             �
�� � �� L d W�e, �
e��@e�<                                             (1.2) 

Then  � � �

c� solves equation (1.1) if and only if  � � ��
c� solves equation (1.2) 

where for V � �

c�  a norm is � V �
� maxf   � V
�� �  ��ghij ,   � V′
�� ���ghij  k and   for 

V � �
c�   a norm is  � V �<�    � l
�� ���ghij  . (  [3] ,  p. 6 ).  

The equivalence of the above statement is shown as follows.  To show the forward 

implication we have 

 

        �
�� �     �� L m W�e, �
e��@e�
<  

       �′
�� �    0 L W��, �
��� 



5 

 

                                                              �   W
�, �
���    

  and 

                 �
0� �  �� L m W�e, �
e��@e<
<noooopooooq

	<
 

� �� 

Conversely suppose y solves (1.1), then we have 

 

   r � se �

c��t � W��, �
��� and �
0� �  ��
u 

     @�@� � W��, �
���                              

   m @vw
w�

�  m W�e, �
e��@e�
<                     

  v �w�
w �  m W�e, �
e��@e�

<                 

  � � �� � m W�e, �
e��@e�
<                     

      � �  ��  L m W�e, �
e��@e�
<  

Define an integral operator _: �
c� B �
c�  by  


_��
�� � �� L m W�e, �
e��@e�
<  

� �
��              
Then the above equivalence is expressed briefly by “ � solves equation (1.1) if and only 

if 
_��
�� � �
��.” 
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In other words, classical solutions to equation (1.1) are fixed points of the integral 

operator. 

Next we will see the following fixed point theorems. 

Theorem 1.1: (Banach-Cacciopoli) 

Let  _: Y B Y  is a contraction, where  Y is a closed subset of a Banach space  % , then  _  

has a unique fixed point in Y.  

Proof: since _: Y B Y  is a contraction, then  

  

�� _� � _� ��  >   x �� � � � ��   ,0 R x R 1 

Let "��0�	<∞  be a sequence in  Y  such that  ���
 � _��  

        � ���
 � �� � �  � _�� � _��y
 �   
                                  > x � �� � ��y
 �   ,        _ is a contraction 

                              �  x � _��y
 � _��y� � ,      _�� � ���
  

                              >  x
x � ��y
 � ��y� �� ,         _ is a contraction 

                              �  x� � ��y
 � ��y� � 
        � ���
 � �� � >   x� � ��y
 � ��y� �                                                                        (*) 
Continuing in this fashion we find  

                � ���
 � �� � >  x� � ���
y� � ��y� � , 1 > s > S  

That is, �  ���
 � �� � >  x� � �
 � �� �                                                                       (**)  
In particular for  T P S P 0  , we have �� , ���
, … . , �Qy
 , �Q  

  � �Q � �� � � � 
�Q � �Qy
� L 
�Qy
 � ���  � 
                       > � �Q � �Qy
 � L� �Qy
 � �� �  
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                       � � �Q � �Qy
 � L� 
�Qy
 � �Qy�� L 
�Qy� � ��� �     
                       >� �Q � �Qy
 � L� �Qy
 � �Qy� � L� �Qy� � �� �   
                                             

... 
   > � �Q � �Qy
 � L� �Qy
 � �Qy� � L { L� ���� � ���
 � L� ���
 � �� �  
   >  xQy
 � �
 � �� � LxQy� � �
 � �� � L { L x��
 � �
 � �� � 
           L  x� � �
 � �� �    by (**) 

   � 
xQy
 L xQy� L { L x��
 L x�� � �
 � �� � 
   � x��x
Qy��y
 L x
Qy��y� L { L x L 1� � �
 � �� �  
   � x� |
y}~��


y} � � �
 � �� �   ,   since 0 R x R 1 

    >  }�

y} � �
 � �� �   ,   since 0 R x R 1  we have  1 � xQy� > 1  

 Therefore � �Q � �� � >  }�

y} � �
 � �� � . Which implies "��0�	<

∞    is a Cauchy 

sequence. And hence it has a convergent subsequence, say  f���
k

=	<

∞

. Since the Banach 

space  % is complete there exists ��  � % with 

 

 lim
?B∞

 �S? �  �� 

The existence of the fixed point will be shown as 

                                                  �� _���
� _���

�� � 0         

                                    lim=B∞ �� _��� � _��� �� � 0    

               0 �   lim=B∞ �� _��� � _��� �� �  lim=B∞ �� ����� � _��� ��    

                  �   �� lim=B∞ ������ � _���
� �� , by continuity of norm in Banach space.    
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                  �   �� lim=B∞ ����� � lim=B∞ _��� ��   , de�inition of limit.     
                  �  ��  �� � lim=B∞ _��� ��   , lim=B∞ ��� � ��   
                  �  �� �� � _�� ��    , lim=B∞ _��� � _��  by the continuity of _ .  
Therefore 0 � �� �� � _�� �� and since we are in Banach space   �� � _�� = 0. This implies 

_�� � ��   
Hence  _ has a fixed point  �� . 
Since  Y is a closed subset of Banach space, then �� � Y. Hence _ has a fixed point in  Y .  

To show the uniqueness of this fixed point, assume to the contrary that there exists 

  ��  � Y\"��0  such that _�� � �� 

Now  �� �� � �� �� �  �� _�� � _�� ��  , T has fixed points   ��  and  ��  

                          >  x �� �� � �� ��   ,   T is a contraction and 0 < λ < 1 

        �� �� � �� ��  >  x �� �� � �� �� 
        �� �� � �� �� �  x �� �� � �� ��  > 0 

     
1 � x�npq� < �� �� � �� ��  >  0, but since 0 < λ < 1 , then 1-λ > 0. This indicates  

�� �� � �� �� > 0 

But since norm cannot be negative, we have 

�� �� � �� �� � 0 

 Then by definition of norm this implies that  �� � �� � 0 . From which we can conclude  

�� �  �� 

  Therefore T has a unique fixed point.                                                                             ■ 
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To apply this theorem to the above initial value problem (1.1), we consider Lipschitz 

condition on f in c � �0, 23  
Let  
_�
�
�� � �� L d W�e, �

e��@e 8<  and   
_���
�� � �� L d W�e, ��
e��@e8<   

 �
_�
�
�� � 
_���
��� = �d W�e, �

e��@e 8< � d W�e, ��
e��@e8< � 
                                       > d � W�e, �

e��@e � W�e, ��
e�� �8<  @e  

                                        >  d X � �

e� � ��
e� �8< @e  , W  is a contraction 

                                         =  2X � �

e� � ��
e� �  
  �
_�
�
�� � 
_���
���  > 2X � �

e� � ��
e� � , this is a contraction if 2X R 1  
Now L is fixed, we take b small enough so that 2X R 1. Then T becomes a contraction 

map. This gives a unique fixed point which is a solution of (1.1) on [0, b]. 

 

1.2.  Schauder’s Fixed point Theorem 
 

Schauder’s fixed point theorem shows us that a continuous map on a compact convex 

subset of a Banach space has a fixed point. The main idea is to approximate compact 

maps with finite dimension ranges. Before proving this theorem let us see the following 

theorem.   

Theorem 1.2: Let  a be a closed subset of a normed linear space  % and  �: a B % is a 

compact continuous map. Then F has a fixed point if and only if it has an  O-fixed point. 

Note that F is compact means  F
D� is contained in some compact subset of  % . ([3]). 

Proof: 

To show the backward implication, assume that F has an O-fixed point for each O P 0. 

Now for each   S �  "1,2, … 0 let @�  is a   

�-fixed point for F.  
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  i.e.     

�� @� � �
@�� ��R  1S 

which implies that @�  B  �
@�� as S B ∞ in S. 

Since F is compact, F(D) is contained in a compact subset K of X , and  therefore there 

exists a subsequence S of integers and an  � � # such that 

 �
@�� B � � # 
 as S B ∞ � in S. 
   

Since D is closed we have  � � a . 

The continuity of F implies that  �
@�� B �
��   as  S B ∞  in S. 

    

    �� �
@�� � �
�� �� B 0 
    �� � � �
�� �� �  0       
    �
�� �  � 

   Therefore F has a fixed point.  

Conversely assume that F has a fixed point. Then there exists 

 

 � � a    such that  �
�� � �  
Let    O P 0  be given, then  �� �
�� � � �� � 0 R O  

�� �
�� � � �� R  O 

   Then  �  has an  O-fixed point                                                                                         ■ 

Theorem 1.3: (Schauder’s fixed point theorem) 

Let C be a closed, convex subset of a normed linear space %. Then every compact 

continuous map  �: � B � has at least one fixed point. 
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Proof: By Theorem1.2 with C = D, it suffices to show that F has an O-fixed point for 

every O P 0. 

 Fix O P 0 , then there exist a finite dimensional, continuous map  �� � � B � with �� ��
�� � �
�� �� R   O  for  � � � and  ��
�� $ Co(A) $ � for some finite set A $ C  , 

where Co(A) is the smallest convex set containing A.  

Since Co(A) is closed and bounded and ��
Co(A)) $ Co(A), we may deduce that there 

exist ��  � Co(A) with �� � ��
���  

But  ��  ��
�� �  �
�� ��R O  for  � � � , then 

�� �� � ��
��� ��� �� ��
��� � �
��� �� 
From ��  ��
�� �  �
�� ��R O  we can see that  �� ��
��� � �
��� ��R  O , which implies  

                                             �� �� � �
��� ��R  O  

Hence F has an  O-fixed point. Therefore by Theorem1.2 we can conclude that F has a 

fixed point which completes the proof.                                                                             ■ 
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CHAPTER 2 

FUNCTIONAL DIFFERENTIAL EQUATIONS  
 

Definition 2.1: A functional equation (FE) is an equation involving an unknown function 

for different argument values.  

Example 2.1: a)   �
2�� L 2�
3�� � 1 

                       b)    �
�� � ���
� L 1� � ��
� � 2�3� 

                       c)    ���
��� � �
�� L 1  ,   etc. 

The difference between the argument values of the unknown function and t in a 

functional equation is called argument deviations (delay). If all argument deviations are 

constant (example (b) above), then the functional equation is called a difference equation 

(discrete delay).  

Definition 2.2: A functional differential equation is an equation that involves a functional 

equation together with derivatives. So combing the nations of differential and functional 

equation we obtain the notion of functional differential equation (FDE). The order of a 

FDE is the order of the highest derivative of the unknown function entering in the 

equation. So a FE may be regarded as a FDE of order zero.  

Example 2.2:   a)   �� 
�� � ���
���   ,  unknown function as an argument value 

                          b)    �� 
�� � W
�, �
���  , ordinary differential equation (ODE) 

                           c)     �� 
�� � d ���, e, �
e��@e85  , integro-differential equation 

                           d)      �� 
�� � �1
���
�� � 2
��� |��� � �
���� , � � ��   

In general, we can consider situations under investigation in two ways: 
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1) When a situation (model) does not depend on its past history, it consists of the so 

called ordinary differential equation (ODE) or partial differential equation (PDE). 

These equations admit the Principle of Causality which says that “The future 

state of the system is independent of the past and solely determined by the 

present.” 

2) Models incorporating past history include functional differential equation (FDE) 

or delay differential equation (DDE). 

 

Although so much is known about differential equations without time delays (ordinary 

and partial differential equations) and are easier, in real, many of the processes both 

natural and manmade involve time delays (depend on the past history) (see  [5]). 

Ordinary differential equations and partial differential equations have long played 

important roles in the history of theoretical population dynamics; they will no doubt 

continue to serve as indispensable tools in future investigations. Indeed, the use of delay 

differential equations in the modeling of population dynamics is currently very active.  A 

more realistic model must include some of the past history of the system.  

 

When the past dependence is through the state variable and not the derivative of the state 

variable we call it retarded functional differential equation (RFDE). Therefore RFDE is 

a dynamical system where the rate of change �� 
�� of the “state”  �
·�  at time t depends 

not only on the present value �
��, but also on past values of  �
·� where there is no 

derivative of the state variable �  as an argument value. 

Example2.3:a. �� 
�� � �
�, �
��, �
� � ���, the rate of change �� 
�� does not depend on 

the derivative of the state variable �. Here  � P 0 is called the delay and �
� � �� is 

called the delayed argument. 

                  b.   �� 
�� �  �M�
� � 1��1 L �
��3  
If the delayed argument occurs in the highest order derivative of the state we call it 

neutral functional differential equation (NFDE).  

Example 2.4:  �� 
�� � ��
��  1 � |¡
�y¢�= L £¡�
�y¢�= �¤    
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CHAPTER 3 

SOLUTION OF SOME RETARDED FUNCTIONAL DIFFERENTIAL 
EQUATIONS 

 

Fixed point theorem is used to prove existence of solutions of various kinds of 

differential equations. Here we will use it to show that the fixed point of the integral 

operator obtained by variation of parameters (integrating factor method) is the solution of 

an initial value problem of retarded functional differential equation. 

As mentioned earlier in chapter 2, a time delay occurs naturally in just about every 

interaction of the real world. Initial data for delay differential equations are generally 

continuous functions on a finite interval. This is distinct from the initial value problem 

for ordinary differential equations where initial data are points of Euclidean space.  

For ordinary differential equations, we can view solutions of initial value problems as 

maps in the Euclidean space. In order to establish a similar view for solutions of delay 

differential equations, we need some definitions.  

We adopt the following notations:  

 �
�1 , 23, ���   is as defined in the notation part. But when  �1 , 23 � ��� , 03 , where � is 

a positive constant, we generally denote  � � �
��� ,0 3, ���.  

For ¥ � � , ' N 0  , � � �
�¥ � � , ¥ L '3, ���  , and � � �¥ , ¥ L '3 we define ��  � �  

as: 

��
¦� � �
� L ¦�  , ¦ � ��� , 03 
Assume Ω is a subset of � A �  , W: ¨ B  �� is a given function, then we call  

                                                      �� 
�� �  W
� , ���                                                          (*) 

 the general first order RDDE (or RFDE) on Ω. 
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A function � is called a solution of (*) on � ¥ � � , ¥ L '� if   � � �
� ¥ � � , ¥ L'�, ��� , 
� , ��� �  ¨ and �� satisfies (*) for  � � �¥ , ¥ L '�. 

For given ¥ �  �   , 4 � � , we say �
¥ , 4� is a solution of (*) with initial value 4 at ¥  
(or simply a solution through 
¥ , 4� ), if there is an A > 0 such that �
¥ , 4� is a solution 

of (*) on � ¥ � � , ¥ L '� and �©
¥ , 4� �  4. If the solution is unique, then, for each � N
0, we may define 

_
��: 4 ª  ��
¥ , 4� 

Then T maps C into C.  We call _
��  the solution map of 

«�� 
�� � W
�, ��� �©  �  4      u   , � N  ¥ 

As we have seen in chapter 1 for first order ordinary differential equation initial value 

problem, a similar procedure shows us that finding a solution of (*) through 
¥ , 4� , ¥ �
 �  , 4 � � is equivalent to solving the integral equation 

�
�� �  �© L m W
e , �h�@e�
©   , � N  ¥   

Proof:   �� 
�� �  0 L W
� , ��� �  W
� , ��� and  �
¥�  �  �© L d W
e , �h�@e©©  nooopoooq
	<

 

                                                                                    �  �© �  4   
To show the other way we have �© �  4  and �� 
�� �  W
� , ��� , then  

 @�@� �  W
� , ���    
@� �  W
� , ���@�  

m @?¡
¡¬

 �  m W
e , �h�@e�
©   

                                                       �
�� �  �© L d W
e , �h�@e�©   
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To achieve the main goal of this project with the retarded functional differential equation 

�� 
�� � �1
���
�� � 2
��� |��� � �
����  
let us use the following definitions and notations in order to apply Schauder’s fixed point 

theorem on continuous maps in compact convex subset of a normed linear space.  

Let �� be a fixed non negative constant i.e. �� � �0 ,∞� � ������  and let h: [-��,∞�  B �1 ,∞� 

be any strictly increasing continuous function with h(-��� = 1 and h(t) B  ∞  as  � B ∞ . 

For any �� �  ������  let  ��� �  ����� ���  , where �� �� ­  ��� � �� ,∞�. For  Φ � ����� ��� 

define 

�� Φ ��¯­  el° r � ±
�� �²
� � ��� � � N  �� � �� ³  R ∞ 

We note since �� � ������     ,   0 � ��  >  �� � �� R ��, then  

 ���  >  �� � �� R ��  
Claim:  �� . ��¯  is a norm on ��� and (���  , �� . ��¯ �  is a normed linear space. 

Proof: s   let 4
 , 4�  � ���  

  �� 4
 L 4�  ��¯  �  el° r� 
4
 L 4��
�� �²
� � ��� � � N  �� � ��³  
                               > el° r � 4

�� �²
� � ��� L  � 4�
�� �²
� � ���³  , � N  �� � ��  

                                

                      > el° r � 4

�� �²
� � ���³noooopooooq´  µ
L el° r � 4�
�� �²
� � ���³noooopooooq´  µ

R   ∞ 

                                               �    �� 4
 ��¯ L  �� 4� ��¯                      
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Therefore   �� 4
 L 4�  ��¯ > �� 4
 ��¯ L  �� 4� ��¯ . 
 ss   Let 4� ��� and λ be scalar 

                           �� x4 ��¯ �   el° ¶ �}·
���¯
�y���¸ 

� el° r� x � � 4
�� �²
� � ���³      
� � x � el° r � 4
�� �²
� � ���³ � � x ��� 4 ��¯ 

Therefore   �� x4 ��¯� � x ��� 4 ��¯ .               
 sss   Let  ¹ �  ���  , then 

�� 4 ��¯�  el° r � 4
�� �²
� � ���³  
But � 4
�� � N 0 and  ²
� � ��� N 1 since h(��  is strictly increasing and � N  �� � ��  N ���  

Therefore   �� 4 ��¯ N 0  and if  4
�� � 0 , then  º �·
���¯
�y���» � 0 � �� 4 ��¯. Hence �� . ��¯ is a 

norm on ���. 

Therefore (���  , �� . ��¯ �  is a normed linear space.                                                            ■ 

Now consider the retarded functional differential equation 

                         �� 
�� � �1
���
�� � 2
��� |��� � �
����   ,   � � ������                    (3.1) 

  where   ¼1 , 2 �  ����������                 � �   ��
��                � �  ���������, �������  u 
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Let M be any fixed positive number. We assume that there are constants ½ P 0 , ¾ P0 and ��  N 0 so that  

•  |�
��|  >  ½|�|  for � � � with � � � >  M ,then , � �
�� �  >  ½M                 (3.2) 

•  el° ¶ Àd 
5
h�yÁÂ�8
h�� � Ãh  ÄÅ  � � � ������ ¸  >  ¾                                                    (3.3) 

              where  Æ �  max 
0, � � �
���  
• 
� � �
���  N  ���                                                                                            (3.4) 

•  ¥ �  ¥
���: � el° ¶d � ½¾ �� 2
e� �� �1
e� �@e � � N  �����  ¸ R  ∞                   (3.5) 

              define a number   v � v
���  2�  v ��  M                                                      (3.6) 

Corresponding to Equation (3.1) consider the scalar linear equation 

  Ç� � � ½¾ �� 2
�� �� �1
�� �Ç  ,    � � ������                                                                     (3.7) 

Let  Ç: �� ��  B ��  be a continuous function such that  

 

Ç
�� �  v   WÈ�   �� � ��  >  t >  ��  
This shows Ç
�� �  M  for �� � ��  > t >  ��  .  
And let Ç
�� be the unique solution of the initial value problem (IVP) 

r  Ç′ � � ½¾ �� 2
�� �� �1
�� �Ç Ç
��� � Ç� �  v                                         u , � N  ��  
Then Ç
��  can be expressed in two ways as:  

Çt
�� L 1
��Ç
��  �  ½¾ � 2
�� � Ç
�� 

 

Àd 5
i�ÃiÄÉ Çt
��  L  1
��Ç
��Àd 5
i�ÃiÄÉ �  Àd 5
i�ÃiÄÉ ½¾ � 2
�� � Ç
�� 

@@� |Ç
��Àd 5
i�ÃiÄÉ � �  ½¾Àd 5
i�ÃiÄÉ � 2
�� � Ç
��  
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m @@e |Ç
e�Àd 5
i�ÃiÄÉ ��
��

@e �  ½¾ m Àd 5
i�ÃiÄÉ � 2
e� � Ç
e� @e �
��

 

 Ç
��Àd 5
i�ÃiÄÉ  � Ç
�<� L  ½¾ m Àd 5
i�ÃiÄÉ � 2
e� � Ç
e� @e �
��

  
Ç
��  � Ç
�<� npq	Ê Ày d 5
i�ÃiÄÉ L  ½¾Ày d 5
i�ÃiÄÉ m Àd 5
i�ÃiÄÉ � 2
e� � Ç
e� @e �

��
  

Ç
��  � vÀy d 5
i�ÃiÄÉ L  ½¾Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ � 2
e� � Ç
e� @e ���                      (3.8)    
   and 

@Ç@� �  � ½¾ �� 2
�� �� �1
�� �Ç  
@ÇÇ �  � ½¾ �� 2
�� �� �1
�� �@�  

@@Ç 
ln
Ç�� �  � ½¾ �� 2
�� �� �1
�� �@�               
m @@° 
ln
°��Ë

Ë�
@° �  m � ½¾ �� 2
e� �� �1
e� �@e�

��
                      

uln 
°�| ÇÇ� �  m � ½¾ �� 2
e� �� �1
e� �@e�
��

       
ln
Ç� � ln
Ç��  �  m � ½¾ �� 2
e� �� �1
e� �@e�

��
                

ln Ç Ç�� �  m � ½¾ �� 2
e� �� �1
e� �@e�
��

  
ÇÇ� �  Àd � ÁÂ��8
h���y5
h� �ÃhÄÄ�       
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Ç �    Ç�  Ì	Ê Àd � ÁÂ��8
h���y5
h� �ÃhÄÄ�   

Ç �  vÀd 
ÁÂ�8
h��y5
h��ÃhÄÄ�   ,   � N  ��                                                                            (3.9) 

But Àd 
5
h�yÁÂ�8
h���ÃhÄÄ�  >  ¾ , from (3.3) then,  

1¾  >  Ày d 
5
h�yÁÂ�8
h���ÃhÄÄ�  

�  Àd � ÁÂ��8
h���y5
h� �ÃhÄÄ�   
v¾  >   vÀd � ÁÂ��8
h���y5
h� �ÃhÄÄ�    

From (3.9) we have  v >  ¾Ç
��                                                                                (3.10) 

Now Ç
�� �  vÍ�<  Àd 
ÁÂ�8
h��y5
h��ÃhÄÄ�nooooopoooooq�<   ,    � N  �� .   
This shows us that Ç
�� P 0. Also we can have the following relation 

                                              Ç �  vÀd 
ÁÂ�8
h��y5
h��ÃhÄÄ�          
>  vÀhij d � ÁÂ��8
h���y5
h� �ÃhÄÄ�  

� v À©                                                    
Therefore we can conclude 0 R Ç
�� >   v À© .                                                         (3.11) 

Definition 3.1: (compact) 

A subset A of a normed linear space B is said to be compact if and only if every sequence   "��0   in A has a convergent subsequence with limit in A. 
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Definition 3.2: let "WQ0  be a sequence of real-valued functions in a subset D of ��.  

Let  � � a. The sequence is equi-continuous at � if for all O P 0  there exists  Î P 0  , 
independent of m such that 

                             � WQ
�� � WQ
�� � R  O for y � a with  � � � � � R  Î     
Example 3.1:  i) A prime example of a family of equi-continuous function is the 

                              space of Lipschitz functions on a compact set.  

                      ii) W
�� � �� , S �  Ï  is equi-continuous only on closed interval of  

                             the form [0 , q] , where 0 <q < 1 

If the sequence  "WQ0 is equi-continuous at each point of a compact set S, then it is called 

uniformly equi-continuous  (i.e. Î  in the above definition can be chosen independently 

of � � ] ).  

Theorem 3.1: (Arzela-Ascoli)   

Every bounded and equi-continuous sequence "WQ0  of real-valued functions on a 

compact subset S of �� has a subsequence which converges uniformly on S. 

Proof: let  "WQ0  be a sequence of real-valued functions defined on a compact subset S 

of  ��.  

Since "WQ0  is bounded there exists a constant M > 0 such that �WQ
��� >  M for 

every  T �  Ï  and every � � ] . Moreover, assume that the sequence "WQ0 is equi-

continuous at every point of S (i.e. uniformly equi-continuous).  

We want to show that there exists a subsequence say "�Q0 of "WQ0 which converges 

uniformly on S.  

Since the sequence "WQ
�
�0  is bounded, then it has a convergent subsequence. That is , 

we can choose a sequence  T
Ð  such that ¶WQ�Ñ
�
�¸  converges as  Ò B ∞ . Similarly we 

can choose a subsequence T�Ð of the sequence T
Ð such that  ¶WQÓÑ
���¸  converges.  
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Since T�Ð  is a subsequence of T
Ð  , ¶WQÓÑ
�
�¸  converges as well.  

Next, we choose a subsequence TÔÐ  of the sequence T�Ð  such that ¶WQÕÑ¸ converges 

also at �Ô . We proceed in this manner.  

Finally, consider the “diagonal” sequence  ¶WQÑÑ¸ . Except for the first i – 1 terms, TÐÐ is 

a subsequence of T�Ð . 

Hence  ¶WQÑÑ
���¸  converges for every  s � Ï .  

To simplify notation, we shall set �Ð �  WQÑÑ in the following. To conclude the proof, we 

show that the sequence "�Q0  is uniformly Cauchy. 

Let O P 0   be given. The sequence "�Q0 being a subsequence of "WQ0  , is uniformly 

equi-continuous on S. Hence there is a Î P 0  such that  � �Q
�� � �Q
�� � R   O 3�   
whenever � � � � � R  Î  

Since S is compact, there is a K � Ï such that for every  � � ] there exists s �"1,2, … , #0 with  � �� � � � R  Î . 
Now choose N large enough so that � �Q
��� � �=
��� �  R   O 3�   for m, k > N and 

every  s � "1,2, … , #0. For m, k > N and arbitrary � � ] , we now have 

 � �Q
�� � �=
�� � � � �Q
�� � �Q
��� L �Q
��� � �=
��� L �=
��� � �=
�� �  
                                � � �Q
�� � �Q
��� � L� �Q
��� � �=
��� � L� �=
��� � �=
�� � 
                               R   O 3�   L    O 3�    +  O 3�     
                                �  O   
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Therefore � �Q
�� � �=
�� �R O . By Cauchy criterion for uniform convergence "�Q0 is 

a uniformly Cauchy sequence.  

Hence the sequence "�Q0 converges uniformly on S.                                                     ■ 

Let Ö � �� ��  B  ��   be continuous such that  

                           el°"Ö
¦�: � ��  >  ¦ > 0 0   >  v                                                 (3.12) 

Let S be the set of continuous functions    4�  �  �� ��  B �� such that  

4�
�� �  Ö
� � ���  ,   �� � ��  >  t >  ��  
  

� 4�
�� � > Ç
��  ,    � N  ��  
  and 

   � 4�
�
� � 4�
��� � > X � �
 � �� � , �
, �� �  �� with  �
 > Æ
 > �� , �� > Æ� where Ç
�� is as defined by (3.9) with and where X: �� A ��  B  �� is defined by 

 X � X
Æ
 , Æ�� � max"
� 1
�� �  L ½¾ � 2
�� ��M0   ,    Æ
 > � >  Æ�  
Claim:  

a)   S is non empty 

b)   4�  is bounded 

c)  "4�0  is equi-continuous  

d)   ] is convex 

Proof:  a       let ×
��  is a function defined by  

        ×
��    =  «Ö
� � ���   ,   �� � ��  >  t >  �� 
Ø
<�

Ê Ç
��   ,     � P   ��                  u  

Since � ×
�� � �  Ø
<�
ÊÙ

6

 Ç
��  >  Ç
��    , � P   ��   from   (3.12) 
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      ×
��     �  Ö
� � ���   ,   �� � ��  >  t >  �� 

                                        �  ×
�� �  >  Ç
��    , � P   ��  
  This implies the function × is an element of S.  Therefore   S Ú  Û  and hence S is non 

empty.  

    b             � 4�
�� �  � � Ö
� � ��� � >  v    ,    �� � ��  >  t >  ��  and 

                                         >  Ç
��    ,   � P   ��  

                                          >  v À©    
 Therefore    � 4�
�� � > T1�"v  , v À©  0  ,   � �  �� ��   and then this implies  4�  is 

bounded.  

  Ü  We want to show for every O P 0  there exists  Î �  Î
O� P 0  such that for all  4�  � � � �� � R  Î  whenever  � 4�
�� � 4�
��� � R  O    
Let O P 0 be given and ��
 � ���  R  Î . Since �4�
�
� � 4�
��� �   > X � �
 � �� �  , if we 

choose Î �  O X�   , then 

|4�
�
� � 4�
���|    > XÎ �   X�O X� � �  O   
|4�
�
� � 4�
���|  >  O 

Therefore  "4�0   is equi-continuous.  

From (b) and (c) "4�0 �	
∞   is bounded and equi-continuous. Then by the Arzela-Ascoli 

theorem  "4�0 �	
∞   has a convergent subsequence. By Definition 3.1 S is compact.  

   d    Let 4
 and 4� � ] . If λ is such that  0 >  x > 1 and Φ �  λ4
  L  
1 �  λ�4� 

then,   

                                 Φ
t� �   λ4

�� L  
1 �  λ�4�
��   
                                          �  xÖ
� � ��� L 
1 �  x�Ö
� � ���  , for �� � ��  >  t >  ��  
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                                           =  Ö
� � ���   ,  �� � ��  >  t >  ��  

and 

                           � Φ 
t� �  �  � x4

�� L  
1 � x�4�
�� � 
                                          >  x � 4

��npq6Ë
�� �  L
1 � x� � 4�
��npq6Ë
�� �   ,  � P   ��  

                                          >  xÇ
�� L  
1 � x�Ç
��  ,   � P   �� 

                                          = Ç
��    ,  � P   �� 

 Therefore   Φ
t� �   Ö
� � ���   ,  �� � ��  >  t >  �� and  

             � Φ 
t� �    >  Ç
��    , � P   ��  
Then Φ
t�  � S  which implies x4

�� L 
1 � x�4�
��  � ]. 

Hence S is convex. And then S is a compact and convex subset of a normed linear space 

(���  , �� . ��¯ � . 

Now consider the retarded functional differential equation (3.1) 

�� 
�� � �1
���
�� � 2
��� |��� � �
����       ,   � � ������   
 and a mapping P on S defined by   
 


Þ4�
�� � Ö
0�Ày d 5
i�ÃiÄÉ � Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� 2
e�� |4�e � �
e��� @e , � P  ��  Ö
� � ���    ,          �� � ��  >  t >  ��                                                            

P is an integral operator.  
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Claim:    i)  Þ : ] B ] 

              ii)  Þ has a fixed point  

             iii)  a fixed point of Þ is a solution of the RFDE (3.1) 

proof:     s     

 � Þ4
�� � � � Ö
0�Ày d 5
i�ÃiÄÉ � Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� 2
e�� |4�e � �
e��� @e �  
               > � Ö
0�Ìß< Ày d 5
i�ÃiÄÉnoopooqß< �  L � Ày d 5
i�ÃiÄÉnoopooqß< d Àd 5
i�ÃiÄÉnoopooqß<

��� 2
e�� |4�e � �
e��� @e � 
Then by Equation (3.2) we have 

  � Þ4
�� �� Ö
0�Ì	 Ê Ày d 5
i�ÃiÄÉ L Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� � 2
e� � � � |4�e � �
e���noooopooooq6Áà
� @e  

   >  v Ày d 5
i�ÃiÄÉ L Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� � 2
e� � ½M á6ÁÂË
h� @e, by (3.6) & (3.10) 

   �  v Ày d 5
i�ÃiÄÉ L ½¾Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� � 2
e� � Ç
e�@e  
  � Ç
��  , by (3.8) 

 Therefore � Þ4
�� � > Ç
��  ,  � P  ��    and 

                         Þ4
�� �   Ö
� � ���   , �� � ��  >  t >  �� 

      This implies that  Þ4
��  � ] .  
Hence  Þ : ] B ] 

  ss       Þ4 is continuous since Ö
0� and the integrands are continuous.  

Therefore  Þ : ] B ] is continuous, where S is compact and convex nonempty subset of 

the normed linear space (���  , �� . ��¯ � . 



27 

 

Then  Þ  has a fixed point by Schauder’s fixed point theorem. Therefore there exists 4 � ]  such that 
Þ4�
�� � 4
��.    

   sss       


Þ4�
�� � Ö
0�Ày d 5
i�ÃiÄÉ � Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� 2
e�� |4�e � �
e��� @e , � P  ��  Ö
� � ���    ,          �� � ��  >  t >  ��                                                        

 
Þ4�� � �1
��Ö
0�Ày d 5
i�ÃiÄÉ � ��1
��Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� 2
e�� |4�e �
                 �
e��� @e L  Ày d 5
i�ÃiÄÉ Àd 5
i�ÃiÄÉ 2
��� |4�� � �
����3  
      �  �1
��Ö
0�Ày d 5
i�ÃiÄÉ L 1
��Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� 2
e�� |4�e �  �
e��� @e 

               � 2
��� |4�� � �
����  
          � �1
��  Ö
0�Ày d 5
i�ÃiÄÉ � Ày d 5
i�ÃiÄÉ d Àd 5
i�ÃiÄÉ��� 2
e�� |4�e �  �
e��� @e¤ �
                   2
��� |4�� � �
����  
         �  �1
��
Þ4�
�� � 2
��� |4�� � Æ
����   ,   � P   ��   
 This implies 
Þ4� solves the RFDE (3.1).  Therefore 4 is the solution of the FDE. 

Hence the fixed point of Þ is a solution of the RFDE (3.1).  
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