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ABSTRACT

So far, many things were said about differential equations without time delay, the so
called ordinary differential equations or partial differential equations, and their solutions.
The fixed point theorems have been used to show the existence and uniqueness of
solution of initial value problem of these equations. Since time delay occurs naturally in
just about every interaction of the real world, here in this project we see some differential
equations with time delay, the so called functional differential equations or delay
differential equations in general and use Schauder’s fixed point theorem to show that a
solution of a retarded functional differential equation is a fixed point of an integral

operator obtained by variation of parameter method in particular.



NOTATIONS

| used the following notations in this project that should be clear for the reader.

(x,y) = Y x;y; isthe standard inner producti¥ .

lx1l= ((x,x)"2 is anorm.

R* = (0, =) is the set of positive real numbers.

R+ = [0, 00) is the set of nonnegative real numbers.

R, =[to—7,,%) , t,, 7, € RF

C., = C°(Ry, ) is the space of all continuous functionsRy .

Co(A) =N{K € X: A € K isconvex} is convex hull of A (a smallest convex set
containing A) in the spaceé.

C([a,b],R™) is the Banach space of continuous functions mapping the interval
[a,b]into R™with the topology of uniform convergence. i.e. f@gr €
C([a,b],R™) , then the norm o is defined byll ¢ || =__p.,| ¢ | ,where| ¢ |

is a norm inR™ .

C(X) = C°(X) is the space of all continuous functions)on

C*(X) is the space of all functions whose derivative of ordérare continuous.

Or the space of k times continuously differentiable functions.



INTRODUCTION

The structure of the paper is organized sequentially in such a way that it will be clear for
the reader. The preliminary part contains some known definitions such as Metric Spaces,
Normed Linear Spaces, Banach Spaces and Lipschitz Continuity which motivates the

reader achieve the goal of this paper.

Chapter 1 is about fixed point theorems especially Banach-Cacciopoli and Schauder’s
theorems are stated and proved. Chapter 2 is devoted to some concepts about Functional
Differential Equations. It tries to generalize equations with rate of changes of the present
state (ordinary differential equations or partial differential equations) to equations with
rate of changes of the past state (delay differential equations or functional differential
equations). A substantial portion of the paper, Chapter 3, is devoted to show the solution
of some Retarded Functional Differential Equations is the fixed point of an integral

operator obtained by variation of constants formula.



PRELIMINARIES

Banach Spaces

Fixed point theorems can be considered in metric spaces where distance is used. Here we
will use it in Banach spaces where norm is used since it is applied to many areas of

current interest in analysis.

Definition 0.1: Let X be a non empty set addX x X - R* a function. Thenl is called

metric on X if the following properties hold.

i. d(x,y)=0ifandonlyif x =y for somex,y € X;
i. d(x,y)=d(y,x)forallx,y € X;
i.  d(x,y)<d(x,z)+d(z,y)forallx,y,z €X.

The value of metrid at (x, y) is distance betweenandy; and the ordered paiX ,d) is

calledmetric space.

Definition 0.2: A norm on a linear spac# is a functional whose value atis denoted

by Il x || with the following properties:

Lo Hxg+x I<Hxg I+l xy 01, forallx; ,x, €X;
2. laxll=1lalll x|, forall x € X and scalar « ;

3. llxll=0and || x||=0ifx =0, forall x € X.

(X,I1.11) is callednormed linear space. Then every normed spad€& ,Il.ll) is a

metric spacé€X ,d) with induced metricl(x,y) =1l x —y .

Definition 0.3: A sequencéx,} is said to be &auchy Sequence if for eache > 0 there

exists a positive integ@& such that | x — x,, | < € forall n >m > N.



Definition 0.4: A normed linear spac& is complete if every Cauchy sequence in

converges irX.
Definition 0.5: A complete normed linear space is caBsshach space.
Definition 0.6: Let U < R™ be open. A functiorf: U - R is said to be:

i.  Uniformly Lipschitz continuous if and only if there exisiss R such that
f(x)—fO)IUSLIlx—yll, forallx,y € U.Here Lis called Lipschitz
constant.
ii. Lipschitz continuous if and only if for al € U there exists a neighborhodd
of x such that the restriction ¢f to UNnV , f lyny) is uniformly Lipschitz

continuous.
Definition 0.7: Let S andB be Banach spaces. A transformation =¥ — B such that
I Tx—Ty|ll< LIl x—y |l forsomeL € R* is said to be:

a) a contractionmaponVif0 <L <1

b) non expansive maponVifL =1
Definition 0.8: A point x € U is said to be &ixed point of a transformatiof: U — U if

Tx =x
Definition 0.9: Let D is a subset of a Banach spatendT: D — X be a map. Given

€>0,apointx € D with || x — Tx |I< ¢ is called are-fixed point.

Remark 0.1 A convergent sequence is bounded. A Cauchy sequence is convergent and

hence it is bounded. So it has a bounded subsequence.



CHAPTER 1

FIXED POINT THEOREM

1.1. Banach-Cacciopoli Theorem
Cauchy-Piano and Picard-Lindeletdf theorems used fixed point theorem to solve the

problem of existence of solutions of system of certain first order initial value problems of
ordinary differential equations. Uniqueness of the solution is guaranteed by Lipschitz

continuity.

Consider a system of first order initial value problem with ordinary differential equation

y' () = f(t,y®)
y(0) =y, (1)

, Where f: 1 x R" - R" is continuous and = [0, b]

and an integral equation

y@® =y, + [, f(5,9(5))ds (1.2)

Then y € C1(I) solves equation (1.1) if and only if € C°(I) solves equation (1.2)

sup

where forU € C*(I) a norm is| U l;= max{’ & 1U@) |, S8 1U'(t) 1} and  for

Uec) anormis|Uly= & lu@®1.([3], p.6).

The equivalence of the above statement is shown as follomes show the forward

implication we have

YO = yo+ [ fs3())ds
0
y® = 0+ f(ty®)



= f(ty@®)

and

0
y(0) = y, +f f(s,y(s))ds
0

=0

=Yo

Conversely suppose y solves (1.1), then we have

{ y is C1(I)

y' = f(t,y(®) and y(0) = y,
dy

i f(ey@®)

| dn = | s, y()ds

Yo 0

1= [ Fsy)ds
0
Y=Y =j0f(s,y(s))ds

t
Y= Yo +f f(s,y(s))ds
0
Define anintegral operator T: C(I) = C(I) by
N© =30+ [ F5.7))ds
0

= y(t)

Then the above equivalence is expressed brieflypgdlves equation (1.1) if and only
if (Ty)(®) = y(©)."



In other words, classical solutions to equation (1.1) are fixed points of the integral

operator.
Next we will see the following fixed point theorems.
Theorem 1.1:(Banach-Cacciopoli)

Let T:V — V is a contraction, wher& is a closed subset of a Banach sp&cethen T

has a unique fixed point iA.

Proof sinceT:V — V is a contraction, then

NHTx—=Tyll < Allx—yll 0<A<1

Let {x,}5,—, be a sequence ii such thatx,,, = Tx,

| X1 =% | = 1 Txp = Txpq |
SAlxp—xp-1 1, T is a contraction
= M Txp1 —Txpo |, Txp=Xn4q
< AA | X1 —Xp—2 1), T is a contraction

s | Xp—1 — Xp—2 |

| Xpg1 — X | S A2 1 Xpq — X | *)
Continuing in this fashion we find
| X1 — X | < A Xppqoi —Xp_i 1,1 <i<n
Thatis,| X1 — %, | < A | x; — %, | **)
In particular form >n > 0 , we havec,, X, 11, - ) Xm—1, Xm
| X = X | =1 (G — Xp—1) + (=1 — Xp) |

S| X = X1 |+ X1 — X5 |



=1 Xm = Xmq |+l (xm—l - xm—z) + (Xm—z2 — Xp) |

<l Xm — Xm-1 | +I Xm—-1 — Xm-2 | +I Xm—2 — Xn |

Slxm —Xmeq | Hlxme1s —Xmea |+ Hl X0 — X001 | Hl X1 — x5 |
S A x —x, | HA2 xy —xp | 4o+ A —x, |

+ A% Xy —x, | by (*%)
=AML A2 4 A ) | X — x|

= AM(AM T L A2 4 A+ 1) X — X |

1-Am-n .
=/1”( - )le_xol , sincdl <A<1
< %le—xo | , sincl<A<1 wehavel -A""<1
Thereford x,,, — x,, | < 1’% | x; — X, | . Which implies {x,}5n-, is a Cauchy

sequence. And hence it has a convergent subsequeno{aqngaf&:o. Since the Banach

spaceX is complete there exisks € X with

lim x, =X

k—0

The existence of the fixed point will be shown as

Il Txp, —Txp, 11=10
limy_,oo Il Txp, —Txp, 11=0
0= limg o Il Txp, — Txyn, Il = limg_, Il Xy, , — Ty, |l

= || limy_ (xnk+1 — Txnk) [l , by continuity of norm in Banach space.



= |l limg_o X, ,, — limyo, Txy, ||, definition of limit.

Il X —limy_o, Txp, Il limy_ X, =X
=|lx—TxlIl , limy_, Txy, =Tx by the continuity of T .
Therefored = || X — Tx || and $nce we are in Banach space X — Tx = 0.This implies
Tx =x
HenceT has a fixed pointx .

Since V is a closed subset of Banach space, therV. HenceT has a fixed point iri/ .
To show the uniqueness of this fixed point, assume to the contrary that there exists
y € V\{xX} suchthatTy =¥y

Now [l x =¥ Il=1ITx—Ty |l , T has fixed pointsx andy
< Allx—=yIl , Tisacontraction and O 1
Hx—yIl < Allx—yll
Hx—yll—Allx=yIll <0
(1;_,/1) lx—%1l < 0, but since 0 <. < 1, then Ix > 0. This indicates
>0
Hx—yIl<0

But since norm cannot be negative, we have

Then by definition of norm this implies that ¥ —y = 0 . From which we can conclude

X=9y

Therefore T has a unique fixed point. [



To apply this theorem to the above initial value problem (1.1), we consider Lipschitz
condition onfinI = [0, b]

Let (Ty)(®) =y, + [ f(5,7:())ds and (Ty)(®) = y, + [ f(s,y2(s))ds
1Ty © = Ty)OV=1f) £(5,91())ds = [} f(5,9,())ds]
< [0 1 f(s,1(8))ds = f(5,7,()) | ds
< ["L1y:(5) = y,(s) 1ds ,f is a contraction
BL | y1(s) — y2(s) |

[(Ty)(t) — (Ty,)(@®)| < bL|y,(s) —y,(s) |, thisis a contraction HL < 1

Now L is fixed, we take b small enough so that< 1. Then T becomes a contraction

map. This gives a unique fixed point which is a solution of (1.1) on [0, b].

1.2. Schauder’s Fixed point Theorem

Schauder’s fixed point theorem shows us that a continuous map on a compact convex
subset of a Banach space has a fixed point. The main idea is to approximate compact
maps with finite dimension ranges. Before proving this theorem let us see the following

theorem.

Theorem 1.2:Let D be a closed subset of a normed linear spa@nd F:D —» X is a

compact continuous map. Then F has a fixed point if and only if it hasfixed point.
Note that F is compact meaii§D) is contained in some compact subse&af([3]).

Proof

To show the backward implication, assume that F hasfeed point for eaclz > 0.

Now for eachn = {1,2,...} letd,, isa %—fixed point for F.

9



1
Il dn — F(dy) 1I< -

which implies thatl,, —» F(d,)asn — o« inS.

Since F is compact, F(D) is contained in a compact subset K of X , and therefore there

exists a subsequence S of integers ang @&k such that

F(d,) > x€K(asn—>)inS§.

Since D is closed we have€e D .

The continuity of F implies thaF(d,) » F(x) asn -« inS.

Il F(dp) —F(x) 11> 0
lx—F()Il=10
F(x) = x

Therefore F has a fixed point.

Conversely assume that F has a fixed point. Then there exists

x €D suchthat F(x) = x
Let €>0 begiven,thenl F(x) —xIl=0<¢
HF(x)—x1lI< ¢
Then F has ane-fixed point [
Theorem 1.3:(Schauder’s fixed point theorem)
Let C be a closed, convex subset of a normed linear pa€ben every compact

continuous mapF: C — C has at least one fixed point.

10



Proof By Theorem1.2 with C = D, it suffices to show that F hag-fimed point for

everye > 0.

Fixe > 0 , then there exist a finite dimensional, continuous nigp C — C with
Il F,(x) —F(x) Il< € for x € C and E.(C) € Co(A) c C for some finite set A= C

where Co(A) is the smallest convex set containing A.

Since Co(A) is closed and bounded d&h@Co(A)) < Co(A), we may deduce that there
existx, € Co(A) withx, = F,(x,)

But || F,(x) — F(x) lI< e for x € C, then
Il xe _Et:(xs) =11 Fs(xe) _F(xs) Il

From || F.(x) — F(x) ll< ¢ we can see thal F.(x.) — F(x.) lI< &, which implies
Il x, — F(x.) lI< ¢

Hence F has arz-fixed point. Therefore by Theoreml1.2 we can conclude that F has a

fixed point which completes the proof. [

11



CHAPTER 2

FUNCTIONAL DIFFERENTIAL EQUATIONS

Definition 2.1: A functional equation (FE) is an equation involving an unknown function
for different argument values.

Example 2.1:a) x(2t) +2x(3t) =1
b) x(t) = t?2x(t + 1) — [x(t — 2)]?
C) x(x(t)) =x(t)+1 , etc.

The difference between the argument values of the unknown function and t in a
functional equation is calleargument deviations (delay). If all argument deviations are
constant (example (b) above), then the functional equation is call&f@r@nce equation
(discrete delay).

Definition 2.2: A functional differential equation is an equation that involves a functional
equation together with derivatives. So combing the nations of differential and functional
equation we obtain the notion of functional differential equation (FDE). The order of a
FDE is the order of the highest derivative of the unknown function entering in the
equation. So a FE may be regarded as a FDE of order zero.

Example 2.2: a) x(t) = F(x(t)) , unknown function as an argument value
b) x(t) = f(t,x(t)) , ordinary differential equation (ODE)
c) x(t) = f:F(t, s, x(s))ds , integro-differential equation
d) x(t) = —a®x(®) - b(®)g (x(t —r(®)) ,t € R*

In general, we can consider situations under investigation in two ways:

12



1) When a situation (model) does not depend on its past history, it consists of the so
called ordinary differential equation (ODE) or partial differential equation (PDE).
These equations admit thiinciple of Causality which says that “The future
state of the system is independent of the past and solely determined by the
present.”

2) Models incorporating past history include functional differential equation (FDE)
or delay differential equation (DDE).

Although so much is known about differential equations without time delays (ordinary
and partial differential equations) and are easier, in real, many of the processes both
natural and manmade involve time delays (depend on the past history) (see [5]).
Ordinary differential equations and partial differential equations have long played
important roles in the history of theoretical population dynamics; they will no doubt
continue to serve as indispensable tools in future investigations. Indeed, the use of delay
differential equations in the modeling of population dynamics is currently very active. A
more realistic model must include some of the past history of the system.

When the past dependence is through the state variable and not the derivative of the state
variable we call itetarded functional differential equation (RFDE). Therefore RFDE is
a dynamical system where the rate of chah@e of the “state” x(-) at time t depends
not only on the present valuét), but also on past values of-) where there is no

derivative of the state variabte as an argument value.

Example2.3a.x(t) = F(t,x(t),x(t —r)), the rate of chang(t) does not depend on
the derivative of the state variabde Here r > 0is called thedelay and x(t — r) is

called thedelayed argument.
b.x(t) = —ax(t — D1+ x(t)]

If the delayed argument occurs in the highest order derivative of the state we call it
neutral functional differential equation (NFDE).

Example 2.4: x(t) = rx(t) [1 - (x(tk_r) + pX(,i_T))]

13



CHAPTER 3

SOLUTION OF SOME RETARDED FUNCTIONAL DIFFERENTIAL
EQUATIONS

Fixed point theorem is used to prove existence of solutions of various kinds of
differential equations. Here we will use it to show that the fixed point of the integral
operator obtained by variation of parameters (integrating factor method) is the solution of

an initial value problem of retarded functional differential equation.

As mentioned earlier in chapter 2, a time delay occurs naturally in just about every
interaction of the real world. Initial data for delay differential equations are generally
continuous functions on a finite interval. This is distinct from the initial value problem

for ordinary differential equations where initial data are points of Euclidean space.

For ordinary differential equations, we can view solutions of initial value problems as
maps in the Euclidean space. In order to establish a similar view for solutions of delay

differential equations, we need some definitions.
We adopt the following notations:

C([a,b],R™) is as defined in the notation part. But when b] = [—r,0] , wherer is

a positive constant, we generally denéte= C([—r,0 ], R™).

ForceR,A >0, x€C(lc—r,c+A],R") ,andt € [0,0 + A] we definex, € C

as:
x(0)=x(t+86), 6 €[-r,0]

Assume Q) is a subset ofRx C ,f:2 — R" is a given function, then we call

x(t) = f(t,x) (*)

the general first order RDDE (or RFDE) Qn

14



A function x is called a solution of (*) oHo—r,c+A) if xeC(o—1r,0+
A),R™), (t,x;) € 2 andx, satisfies (*) fort € [o,0 + A).

For givenc € R ,¢ € C, we sayx(o,¢) is a solution of (*) with initial valuep ato
(or simply a solution througfu , ¢) ), if there is an A > 0 such thafo , ¢) is a solution
of(on[o—r,oc+ A)and x,(c,¢) = ¢. If the solution is unique, then, for eacte

0, we may define

T(@): ¢ — x¢(a,¢)

Then T maps C into C. We cdl(t) the solution map of

,t= o

{x(t) = f(t, x¢)
Xo = ¢

As we have seen in chapter 1 for first order ordinary differential equation initial value
problem, a similar procedure shows us that finding a solution of (*) thraugh), o €

R, ¢ € C is equivalent to solving the integral equation
t
x(t) = x,,+.[ f(s,x5)ds ,t= o
o

Proof x(¢t) = 0+ f(¢t,x) = f(¢,x) and x(o)

Xe + [ f(s,x;)ds

=0
= X, = d)
To show the other way we havg = ¢ andx(t) = f(t,x.) , then

dx
E = f(t’xt)

dx = f(t,x,)dt

fxdk = jtf(s,xs)ds

x(t) = x5 + f;f(s,xs)ds

15



To achieve the main goal of this project with the retarded functional differential equation

#(6) = —a(®)x(t) — b(©)g (x(t - (1))

let us use the following definitions and notations in order to apply Schauder’s fixed point

theorem on continuous maps in compact convex subset of a normed linear space.

Letr, be a fixed non negative constant ;g€ [0,) = R* and let h: [£,,00) — [1,)

be any strictly increasing continuous function withiJ)(= 1 and h(t)» « ast - «.

For anyt, € R* let C,, = C°(R,,) , whereR,, = [t, —T1,,%). For ® € C°(R,,)

define

| @(t) |
| O |lp= sup mitz to,—1, ( <®©
o

We note since, € R* , 0—1, < t, —1, <t,, then
-1, S t,—1,<t,
Claim: ||.1l, isanormorC, and (¢, ,Il.ll,) is a normed linear space.

Proof [i] let¢,, ¢, €C,,

1+ ¢ Il = Sup{l (d;:(:j)i)gt) | t2 8 _ro}

<

| p1(0) | | ¢2(0) |
Sup{h(t—to)+ h(t—to)} 02ty — 1,

| (D) | | () |
< sup {—h(t — to)} + sup {—h(t — to)} < oo

< oo < oo

= g1 llp+ 11 P2 lln

16



Therefore || ¢1 + @2 <1l ¢1 lln+ 1l 2 1l

Let¢e C,, and) be scalar

12 11y = sup {1224}

n(t—tg)
= SUP{| Al hl((f(_t)t I)}

=|A|sup{%}=lllll¢llh

Therefore [| Ap [l,=1 A1l ¢ I .
Let ¢ € C,, , then

|¢>(t)l}

¢ llp= sup{h(t_t :
o

But| ¢(t) | = 0 and h(t —t,) = 1 since hf) is strictly increasing and> t, —r, >

J— ro

Therefore || ¢ I, = 0 and if $(¢) = 0 , then {h'j;(f' } =0=1l¢l,. Hencell .1l is a
e

norm onCy, .
Therefore (¢, ,Il.11, ) is a normed linear space. n

Now consider the retarded functional differential equation

() = —a(Ox(t) - b(®)g (x(t —r(®)) | , teRF (3.1)

a,b € C°(RY)
where g € C°(R)
r € CO(W,W)

17



Let « be any fixed positive number. We assume that there are congtants,y >

0andr, = 0 so that

lgx)| < Blx| forx e Rwith| x| < a ,then | g(x) | < Ba
° Sup{ef-:(a(s)_ﬁylb(s)l)ds :t € W} S y

wherer = max (0,t — r(t))

(t—r@) =z -1

o= o(ty):=sup {ftto(ﬁy | b(s) | —a(s) )ds : t = ¢, } < ©

define a numben =n(t,) by n:= «a

Corresponding to Equation (3.1) consider the scalar linear equation
qg=(Br|b@®|-a®))g, teRF

Let g: R,, - R* be a continuous function such that

qt)=n for t,—1, <t <t,
This showsy(t) = a fort, —7, <t < ¢, .

And letq(t) be the unique solution of the initial value problem (IVP)

gt >t

{ q =(py|b® | —-al®))q
q(to) =qo=1

Theng(t) can be expressed in two ways as:

q'(t) +a(t)q() = By 1 b(t) | q(t)

el atdugr (1) 1 q(£)q(t)ek 2N = ol atdugy | h(p) | g(r)

d t t
7 (a@els @) = gyel e | p(2) | q(2)

18
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td t bt
| (el ey ds = gy | eliawan bes) 1 qes) ds
to

to

t t t
g(e)ek AW = ety + gy f el atau | p(s) | q(s) ds

to

t
q(0) = qlty) e~ e 4 pyo- fatan f el 408 | h(s) | g(s) ds
= to

q(t) =ne~ 5oy pye=Jratodu [T pfata | p(s) | g(s) ds (3.8)
and
d
= (Br1b® | -a®)q
dq
i (By | b(®) | —a(®) )dt

d
g (n(@) = (By | b(®) | —a(®) )dt
qa t
jq gy = j (B 156 | =a(s))as
q ¢
@y = [ (Br1606) | ~ats))ds
to
In(q) — In(qy) = j (By | b(s) | —a(s) )ds

In q/qo = j (By | b(s) | —a(s) )ds

A4 _ J(BrIbs)]-a(s))s
o
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= aq, o i, (BYID()]-a(s))ds
——
=n

t
q= nefto(ﬁ)’|b(5)|—a(5))d5 ot > to (39)

t
But e @©APEDAs < ) from (3.3) then,

[EN

1 < oL @®-ByibsDas

<

oo (BYIb(®)]-a(s))ds

g < 77ef,fo(ﬁylb(s)|—a(s))azs

From (3.9) we have) < yq(t) (3.10)

t
Nowq(t) = 1 eltoPVb@Imalas o ¢

>0 >0

This shows us that(¢) > 0. Also we can have the following relation

_ neft"o(ﬁylb(sn—a(s))ds

< 77esupftto(ﬁ’ylb(S)I—a(S))als

=7 e’
Therefore we can conclu@le< q(t) < ne°. (3.11)

Definition 3.1: (compact)

A subset A of a normed linear space B is said to be compact if and only if every sequence

{x,} in A has a convergent subsequence with limit in A.
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Definition 3.2: let {f,,} be a sequence of real-valued functions in a subsetR}.of
Let x € D. The sequence ixqui-continuous at x if for all € > 0 there exists § > 0 ,

independent of m such that
| fn@) — fn(x) |< eforye Dwith |y—x|< §
Example 3.1: i) A prime example of a family of equi-continuous function is the
space of Lipschitz functions on a compact set.

iiY(x) = x™,n € N is equi-continuous only on closed interval of

the form [0, q] , where0<g<1

If the sequence(f,,} is equi-continuous at each point of a compact set S, then it is called
uniformly equi-continuous (i.e.d in the above definition can be chosen independently

ofx €S).
Theorem 3.1: (Arzela-Ascoli)

Every bounded and equi-continuous sequefifg} of real-valued functions on a

compact subset S &" has a subsequence which converges uniformly on S.

Proof let {f,,} be a sequence of real-valued functions defined on a compact subset S
of R™.

Since {f,,} is bounded there exists a constant M > 0 such [fhatc)| < M for
everym € N and everyx € S . Moreover, assume that the sequefifg} is equi-

continuous at every point of S (i.e. uniformly equi-continuous).

We want to show that there exists a subsequencdgay of {f,,} which converges

uniformly on S.
Since the sequendg, (x;)} is bounded, then it has a convergent subsequence. That is ,
we can choose a sequeneg; such tha{fmlj(xl)} converges ag — o . Similarly we

can choose a subsequemeg of the sequencer,; such that{fmzj(xz)} converges.
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Sincem,; is a subsequence of; ; , {fmzj(xd} converges as well.

Next, we choose a subsequemeg; of the sequencer,; such tha{fm3j} converges

also at x . We proceed in this manner.

Finally, consider the “diagonal” sequen{ﬁnﬁ} . Except for the first i — 1 termsy;; is

a subsequence of;; .
Hence {fmjj(xi)} converges for every € N .

To simplify notation, we shall sgt; = fmjj in the following. To conclude the proof, we

show that the sequeng€e,,} is uniformly Cauchy.

Let e > 0 be given. The sequengg,,} being a subsequence ©f,} , is uniformly

equi-continuous on S. Hence there ig & 0 such that | g,,(y) — gm(x) | < 5/3

whenevel y —x | < §

Since S is compact, there is a &N such that for everyx € S there existsi €
{1,2,...,K}with | x; —x < §.

Now choose N large enough so than,(x;) — gi(x) | < ¢/3 for m, k > N and

everyi € {1,2,...,K}. Form, k> N and arbitrary € S , we now have
| gm(x) — gk () 1 =1 gm (%) — gm (i) + g (xi) — gr(x) + g (x;) — gie () |
=1 gm(x) = gm(x) | +1 gm (x) — g () | +1 gie(x;) — g (%) |

< /3 + &3 +&/3
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Thereford g,,(x) — gx(x) I< €. By Cauchy criterion for uniform convergenge,,} is

a uniformly Cauchy sequence.
Hence the sequengg,,} converges uniformly on S. n
Lety : R,, - R* be continuous such that

sup{p(0): —1, < 6<0} <1 (3.12)
Let S be the set of continuous functions, : R, — R* such that

d)n(t): lp(t_to) s o~ St

(D) I<q), t=>t,
and

| () —pp(t) ISL It —t, | , ty,t, € RY with t; <1, <t,,t, <1, Where
q(t) is as defined by (3.9) with and whdreR* x R* — R* is defined by

L=L(ty,7p) =max{(l a@®) | + By I b(t) Da} , T, <t< 1,

Claim:

a) S is non empty

b) ¢,, is bounded

C) {¢,} is equi-continuous
d) S is convex

Proof[a] leté(t) is a function defined by

Yt—t,) , t,—1, <t <t

O @q(t)

, t> t,

Sincel é(t) | = @ qt) < q@t) ,t> t, from (3.12)
=T
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W) =9Yt—-t) , t,—1, <t<t,
€@ < q®) ,t> ¢,

This implies the functiod is an element of S. Therefor® # @ and hence S is non

empty.

[b] | () | =1t —t) IS , to,—7, <t < t, and
<q@®) ,t>t

<ne

Therefore | ¢,(t) | <max{n ,ne’}, t € R, and then this implies ¢, is

bounded.

We want to show for every> 0 there existsd = §(¢) > 0 such that for allg,,

| x —xX|< & whenever | ¢,(x) —¢,(X) 1< ¢

Let e > 0 be given andt; — t,]1 < 6 . Sincelgp,(t;) — P (t,) | <Lty —t, | ,ifwe
chooses = ¢/, , then

|¢n(t1)_¢n(t2)| <L§ = L(g/L) = &
|pn(t1) — Pp(t)| < €

Therefore{¢,,} is equi-continuous.

From (b) and (c{¢,} »=1; is bounded and equi-continuous. Then by the Arzela-Ascoli

theorem{¢,} -, has a convergent subsequence. By Definition 3.1 S is compact.

[d] Let¢p, andp, €S.IfLissuchthatd < 2 <1 and® = Ap; + (1 — V¢,

then,

D) = Ap:() + (1 = V(1)

= Wt—t,)+ (A - DyY(t—-t, ,fort,—7n, <t <t,
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IP(t_to) o= T St S48,
and
P )| =12¢.(t) + (1 —D(t) |

SA1p )1 +A =D, ,t> ¢,
=q(t) <q(t)

< Aq)+ A1-MDq@) , t> ¢,
Ht) ,t> t,
Therefore ®(t) = y(t-t,) ,t,—7, <t <t,and
lO®) | < q®) ,t> ¢,
Then®(t) € S which impliesig,(t) + (1 —A)p,(t) €S.

Hence S is convex. And then S is a compact and convex subset of a normed linear space
(Ce, 1111 ) -

Now consider the retarded functional differential equation (3.1)

#(t) = —aOx(t) - b()g (x(t - 7(V)) | , teRF

and a mapping P on S defined by

(PH(©) = (o)™ ket — o= atoau ol at () (g(s —r(s))) ds,t > £,

lp(t_to) ) to_rost<to

P is an integral operator.
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Claim: i)P:S - S
i) P has a fixed point
iii) a fixed point oP is a solution of the RFDE (3.1)

proof

| P(E) | =1 3p(0e™ b a0t — =St [ o fattt () g (g (s —r(5))) ds |

<1 p(0) ek AW | gy ke ol et p(g)g (g(s —1(s))) ds |

>0 =0 =0 >0

Then by Equation (3.2) we have

| PY(0) = p(0) ek o0t 4 gLt [F gl atn | p() |1 g (¢(s ~ 7(s))) 1 ds
=7 <pa

< pekaadu 4 o[ a@au ftiefsta(u)du Ib(s)| Ba ds, by (3.6) & (3.10)
<Bvaq(s)

= pe~latd 4 pye-feau [t lawau | p(s) | g(s)ds

=q(t) , by (3.8)
Thereford Pp(t) 1<q(t) ,t>t, and
Po(O) = Pt —t,) , t,—7 St <t
This implies thatP¢(t) € S .
HenceP :S - S
P¢ is continuous sincg(0) and the integrands are continuous.

Therefore P : S — S is continuous, where S is compact and convex nonempty subset of

the normed linear spacé.(, Il .11, ) .
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Then P has a fixed point by Schauder’s fixed point theorem. Therefore there exists

¢ € S such thatPp)(t) = ¢(t).
iii

(P¢)(t) _ lp(o)e_fsta(u)du — e_fsta(u)du f; efsta(u)du b(s)g ((f)(S — T'(S))) ds ,t> to

lp(t_to) ’ to—T, =t =t

(P$) = —a()p(0)e™k 4 — [—q(p)e™k 2an [ oatodu sy g (g(s -

r(s)))ds + e~k “tel (g (gt r(©)))]
= —a(Op(O)e kO a(e”F W [1 ok WM b(s)g (¢(s  r(s)) ds
—b(®)g (p(t —r(®))

= —a(t) [lli(o)e_fsta(“)du — ¢~ Jsatwdu f; els atwau b(s)g (d)(s - r(s))) ds] -

b(®)g (¢(t—r(®)))

= —a®OPP®) - b®)g (p(t—1(®)) , t> &

This implies(P¢) solves the RFDE (3.1). Therefogeis the solution of the FDE.
Hence the fixed point @? is a solution of the RFDE (3.1).
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