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Abstract

The existence and iterative approximation of fixed points of single-
valued and multi-valued mappings in modular function spaces have
been studied by many well known Mathematicians. Due to its appli-
cability in real world problems such as Market Economy and Game
theory and other applied mathematics such as Differential equations
and Optimization theory, the study of fixed point theory has contin-

ued in modular function spaces.

In this thesis, we constructed a Mann-type iterative scheme and
proved the p-convergence of the scheme to common fixed point of
finite family of p-nonexpansive multi-valued mappings. We also
proved the p-convergence of Ishikawa-type iterative scheme to com-
mon fixed point of two p-nonexpansive multivalued mappings un-
der certain mild conditions on the mappings and the set on which
the mappings are defined. Moreover, we introduced a new class of
multi-valued mappings in modular function spaces called p-quasi-
nonexpansive mapping and proved the p-convergence of Mann-type
iterative scheme to common fixed point of finite family of this class

of mappings in modular function spaces.
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Chapter 1

Introduction

1.1 Background of the study

In this chapter, we give a brief introduction of fixed point theory,
some fundamental concepts and notations relevant to the develop-
ment of fixed point theory. A brief survey of the development of fixed
point theory on metric spaces, Banach spaces and modular function
spaces has been presented. The concept of function modular, basic
definitions, notations, some examples which support our definitions
and some lemmas and propositions which will be used in the sequel

are also stated. We now proceed as follows:

Historically, the concept of fixed point was initiated by H. Poincare
in 1886. The concept of metric spaces was introduced by M. Frech
in 1906 which furnished the common idealization of mathematical,
physical and other scientific constructs in which the notion of dis-
tance appears. The study of fixed point theory has continued for
the last hundred years in metric and Banach spaces. Since 1990, the
study of fixed point theory in modular spaces, spaces that generalize
some classes of Banach spaces attracted the attention of well known

mathematicians (see, for example, [1, 15, 16, 18, 24, 31, 33]).
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Let (X, A, ) be a measure space. We define I = {f : X —

[—00, 00] measurable : [ |f[Pdp < oo}

A problem that many well knowm mathematicians dealt with for
almost the last sixty years is how to generalize the classical L? spaces.
The first attempt began by Brinbaum and Orlicz [9]. Their approach
was considering spaces of functions with some growth properties that
is different from the power type growth control provided by the LP-
norm. This generalization found many applications in differential

and integral equations with kernels of non-power types.

Another attempt of generalization of LT spaces was due to Orlicz
[51]. For an Orilcz function ¢ : [0,00] — [0, 00] which is non-
decreasing and convex with ¢(0) = 0 and ¢(t) — oo as t — oo, the
space L7 is defined by LY = {f : R = R : [ ¢(a|f(z)])dx < oo} for
some a > 0. The Luxemburg norm (see [44])of a measurable function

f is defined by
|/

£, = intfe > 05 [ (L)< 1),

In fact, the assumption of convexity for Orlicz functions ¢ can be

omitted, two examples of such function are:

() =e" — 1 and @(t) = In(1 +1).

We see that the Orlicz space L¥ is a real generalization of LP at least
for 1 < p < co. Indeed, if p(t) = ¥, then LY = LP with equality of
norms.

Afterwards, many well known mathematicians were involved in gen-

2



Chapter 1 Introduction

eralizing L? spaces due to its applicability. Nakano [50] is the pioneer
researcher who introduced modular spaces based on replacing the
particular integral form by an abstarct functional called a modular.

Another generalization of LT spaces is due to Musielak and Orlicz

46).

The first fixed point theorem was, in 1912, due to famous Dutch
Mathematician L.E.J. Brouwer [12]. An important generalization
of Brouwer’s theorem was discovered by J. Schauder [54] in 1930. A
point is often called fixed point when it remains invariant, irrespective
of the type of transformation it undergoes. For a mapping 7' that
has a set X as both domain and range, a fixed point is a point x € X
for which T'(x) = x. And for a mapping that has X as domain and
2% (where 2% is the set of all nonempty subsets of X) as range set,

a fixed point is a point # € X such that z € T'(z).

The fixed point theory has played a crucial role in the problem of
nonlinear analysis which is the mixture of analysis, algebra and topol-
ogy. A fixed point theorem is the one which guarantees the existence
of a fixed point of a mapping 7" under suitable assumptions both on
the domain and mapping 7. Apart from establishing the existence
of fixed point, it often becomes necessary to prove the uniqueness of

the fixed point.

Besides, from computational point of view, an algorithm for calcu-
lating the value of fixed point to a given degree of accuracy is also

desirable. Often this algorithm involves the iterates of the given
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mapping. Basically, the question about the existence, uniqueness
and approximation of fixed point provide three significant aspects
of the general fixed point principle. In 1922, Polish Mathematician,
S. Banach [10] introduced his revolutionary principle called “Banach
Contraction Mapping Principle,” perhaps, his principle may be one
of few most significant theorems that answers all the three questions,

existence, uniqueness and constructive algorithm.

Iterative processes have been widely used as a successful tool in ap-
proximating fixed points of nonlinear mappings. The problem of
finding fixed points of nonlinear mappings is strongly related to the
zero of some nonlinear mappings. In many cases, solutions of such
mapping equations happen to be fixed points of certain nonlinear
mappings . Indeed, for a mapping 7" whose set of fixed points is
nonempty, the mapping equation x = Tz is clearly equivalent to
0 = (I —T)x, I is an identity mapping. Since the problem of ap-
proximating solution of mapping equations can be reformulated as
that of finding fixed points of certain mapping, one may turn to the
theory of fixed points to search for tools that can serve as solution

techniques for finding the zeros of such mapping.

Besides the existence of fixed point of mappings, many known math-
ematicians have shown their interests towards approximation tech-
niques of fixed points of both single and multivaled mappings in
metric and Banach spaces. As many analysts agree, the existence of

fixed points of a certain class of mappings should be accompanied
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with the approximation technique with minimum error. For this
reason, nowadays, the approximation technique of fixed points of
nonlinear mappings has got the attention of well known researchers
in the area of nonlinear analysis (see for example [21],[22], [45] and
the references therein for single valued mappings and [52], [53], [55],
[56],[57] for multivalued mappings). It is well known that iterative
approximation for fixed points of nonlinear mappings has been suc-
cessfully used to develop efficient and powerful numerical methods
for solving various nonlinear equations and variational problems, of-
ten of great importance for applications in various areas of pure and
applied science. Our purpose, in this thesis, is to construct an it-
erative approximation and prove its convergence to fixed points of
nonlinear multi-valued nonexapnsive mappings in modular function

spaces.

Next we present how the remaining sections and chapters of this

thesis organized:

In section 1.2, we present the definition of function modular, mod-
ular function space; give some examples of modular function space;
give some basic properties of modular function spaces. Chapter 2 is
devoted to literature review on the iterative approximation of fixed

point and the methodology we studied.

In Chapter 3, we study some existing results from literature and tools

that we apply to obtain our main results in the consequent chapter.

Chapter 4 is totally devoted to main results of this thesis. In sec-
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tion 4.1, we prove p-convergence of the Ishikawa-type scheme to a
common fixed point of finite family of p-nonexpansive multivalued
mappings in modular function spaces. Section 4.2 deals with the p-
convergence of an Ishikawa iterative scheme to a common fixed point
of two multivalued p-nonexpansive mappings. In the last section of
this chapter, section 4.3, we introduce a new class of multivalued
mappings called p-quasi-nonexpansive mappings and establish con-
vergence theorems for Mann-type scheme to common fixed point of

finite family of this class of mappings in modular function spaces.

The last chapter of the thesis, Chapter 5, is devoted to the discussion
of our main results and how and what these results extended existing

results in literature and indicate the problems of our future work.

1.2 Preliminaries

Before giving the definition of modular function space, we recall some
important features of multivalued mappings in metric spaces, which
will be adapted to the modular function space settings. We give the

definition of Hausdorff metric introduced by Nadler [49].

Let (M,d) be a metric space. We denote the set of all nonempty
closed and bounded subsets of M by CB(M), family of nonempty
compact subsets of M by C(M). Let x € M and B C M, we define

the distance from to B by

d(xz,B) = inf{d(x,b) : b € B}.
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Definition 1.2.1. Let (M,d) be a metric space. We define H :

CB(M) x CB(M) — [0,00) by

H(A, B) = max{supd(a, B), supd(b, A)},
acA beB

for all A, B € CB(M).

Remark 1.2.2.

1. The function H is a metric on CB(M) and called a Hausdorff

metric.

2. If (M,d) is a complete metric spaces, then (H,CB(M)) is also

a complete metric space.
Definition 1.2.3. Let (M,d) be a metric space. A multivalued
mapping T : M — C'B(M) is called Lipschitzian if there exists an

L > 0 such that for all z,y € M,
H(Txz,Ty) < Ld(z, y).

If L <1, we say that T is nonexpansive and if L € [0, 1), we say that
T is contraction mapping.
Definition 1.2.4. An element = in M is called a fixed point of a
multivalued mapping 7" on M, if x € T'x and we denote the set of all
fixed points of T by F(T).
Lemma 1.2.5. [49] Let A, B € CB(M) and a € A. Then for every

e > 0, there exists b € B such that

d(a,b) < H(A, B) + e
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Theorem 1.2.6. [49] Let M be a complete metric space and T :
M — CB(M) a contraction mapping. Then, T" has a fixed point in
M.

1.2.1 Basic definitions and examples of modular function

spaces

Now, we present the notion of convex function modular. We also give
the definition of modular function spaces and give some examples
which suport our definition. For more details on the definitions given

the reader may consult [23, 28, 29, 35].

Let €2 be a nonempty set and X be a nontrivial o-algebra of subsets
of 2. Let P be a nontrivial d-ring of subsets of €2 such that ENA € P
for any £ € P and A € ¥. Assume that there exists an increasing
sequence of sets K, € P such that Q = U,_ K,,. By £ we denote
the linear space of all simple functions with supports from P. By
M, we denote the space of all extended measurable functions, that
is, all functions f : 2 — [—00, 00| such that there exists a sequence
{g.} C &, |ga]l < |f| and g,(w) — f(w) for all w € Q. By 14 we
denote the characteristic function of the set A.

Example 1.2.7. Let (€2, %, ) be a o-finite measure space. If we
consider P to be the class of sets of finite measure in Y, then it
satisfies the above conditions on P.

Definition 1.2.8. Let p : M, — [0,00] be a nontrivial, convex

and even function. We say that p is a regular convex function pseudo-
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modular if it satisfies the following:

b) p is monotone; that is, |f(w)| < |g(w)| for all w € Q implies
p(f) < plg) where f,g € Mu;

¢) p is orthogonally subadditive; that is, p(f.1aup) < p(f.14) +
p(f.1p) for any A, B € ¥ such that AN B # (), where f € M;

d) p has Fatou property; that is, |f,(w)| T |f(w)| for all w € Q
implies that p(f,) 1 p(f) where f € M, and

e) p is order continuous in &; that is, g, € € and |g,| J 0 implies
that p(g,) | 0.

We say that a set A € ¥ is p-null if p(g.14) = 0 for every g € £. We
say that a property p holds p-almost everywhere if the exceptional
set {w € Q : p(w) does not hold} is p-null. As usual we identify any
pair of measurable functions f and g differing only on p-null set by

f = g p-a.e. With this in mind we define
M={feMy:|f(w)]<oop—a.e},

where f € M is actually an equivalence class of functions equal p-a.e
rather than an individual function.

Definition 1.2.9. Let p be a regular convex function pseudo-modular.

a) We say that p is a regular convex function semi-modular if

p(af) =0 for every a > 0 implies that f = 0 p-a.e.

b) We say that p is a regular convex function modular if p(f) =0

implies that f = 0 p-a.e.
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The class of all nonzero regular convex function modulars defined on
() is denoted by R.
Example 1.2.10. Let Q = [0, 1]. Let M be the set of all Lebesgue

measurable functions on 2. Define p : M, — [0, 00] by

o= | i

Then clearly, p is convex function modular.

Remark 1.2.11. Let us denote p(f, E) = p(f.1g) for f € M, E €
Y. Also by convention for a > 0 we will write p(a, F) instead of
p(alg). We will use these notations when convenient. It is easy
to prove that p(f, E) is a convex function modular in the sense of
Definition 1.2.8.

Remark 1.2.12. Note that if p is a regular convex function modular,
then to verify that a set E is p-null it suffices to prove that there
exists a > 0 such that p(a, E) = 0.

Definition 1.2.13. Let p be a convex function modular.

1. A modular function space is the vector space L,(2, ) or briefly

L,, defined by

L,={feM:pAf) = 0as A — 0}

2. The following formula defines a norm in L, frequently called the

Luxemburg norm:

f

|1, = inta>0:p(£) <1

We now turn to some examples of modular function spaces. The

10



Chapter 1 Introduction

following examples and more can be found in [23] and the references
therein.

Example 1.2.14. If we define p by

- / F(OPdm()

for f € LP-space for p > 1, it generates modular function spaces. In
this case dm denotes the Lebesgue measure on R.

Example 1.2.15. Let I’ (1 < p < o0) denote the Banach space of

real sequences such that " = {f = (fi, fo,....) : Z|fn\p < 00}.

Consider p(f) = Z | fnl?, then it defines convex function modular
and the space [P deﬁnes modular function space.
Example 1.2.16. Let L¥ be an Orlicz space which is the space of

Lebesgue measurable real valued functions f that satisfy

/R o(|f (@))dA(z) < oo,

where ¢ : [0,00] — [0, 00| is non-decreasing and convex function
with ¢(0) = 0 and ¢(t) — oo as t — oo is an Orilez function, with

the Luzemburg norm defined by

If]l, = inf{c > 0 ;/ ('fl)dA <1},

where A is a Lebesgue measure on R. If we define a function modular
by
o) = [ Sl @A),

then the space L¥ defines a modular function space.

11
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In studying fixed point theory in modular function spaces, we re-
peatedly use the notion of p-convergence. In the following definition
we describe this concept and other important terms in the modular
function spaces.

Definition 1.2.17. [28, 29, 35] Let p € R.

a) We say that {f,} is p-convergent to f and write f,, — f(p)
if p(f — ) = 0.

b) A sequence {f,} in L, is called a p-Cauchy sequence if p(f, —

fm) = 0 as n,m — oo.

c) A set B C L, is called p-closed if for any sequence {f,} C B,

the convergence f, — f in (p) implies that f belongs to B.

d) A set B C L, is called p-bounded if its p-diameter is finite,

where the p-diameter of B is defined as
dp(B) =sup{p(f —g): f € B,g € B}.
e) A set B C L, is called p-compact if for any {f,} in B, there

exists a subsequence {f,, } and an f € B such that p(f,, —f) —
0.

f) A set B C L, is called p- a.e closed if for any sequence {f,} in

B,which p-a.e converges to some f, we have f € B.

g) A set B C L, is called p-a.e compact if for any sequence {f,}
in B, there exists a subsequence { f,,, } which p-a.e converges to

some f € B.

h) Let f € L, and B C L,. The p-distance between f and B is

12
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defined as d,(f, B) = inf{p(f — g) : g € B}.

i) A set B C L, is called strongly p-bounded if there exits § > 1
such that Mg(B) = sup{p(B(f —¢g)) : f,9 € B} < .

Definition 1.2.18. [28, 29, 35] We say that a function modular
p € R has the A, - property if p(2f,) — 0 whenever p(f,) — 0.
Definition 1.2.19. [28, 29, 35| We say that a function modular p €
R has the A, - type condition if there exists a constant 0 < k < 0o
such that for every f € L,, we have p(2f) < kp(f).
Remark 1.2.20. [28, 29, 35] If p satisfies the Ay - type condition,
then it satisfies Ay - property, but the converse is not true.
Definition 1.2.21. [1] We say that a function modular p € R is
uniformly continuous if for every ¢ > 0 and L > 0, there exists
0 > 0 such that for every g, h € Lp with p(h) < § and p(g) < L, we
have |p(g) — p(h+g)| < €.
Definition 1.2.22. [1] We say that L, has property (R) if and only
if every non-increasing sequence {C,} of nonempty, p-bounded, p-
closed, convex subsets of L, has nonempty intersection.

Definition 1.2.23. [25, 37] Let p € R and r > 0, € > 0. Define,

Di(r,e) ={(f,9): f,g€ Ly, p(f) <, plg) <7, p(f —g) > er}.

Let

01(r,e) = inf{l — %p(%) : (f,9) € Di(r,e)}, if Di(r,e) #£0

and d1(r,€) = 1, if Dy(r,e) = (). Then, we say that

1. p satisfies (UC1) if for every r > 0, ¢ > 0, we have 6;(r,€) > 0.

13
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2. p satisfies (UUC1) if for every s > 0, € > 0, there exists

M (s, €) > 0 depending only on s and € such that
d1(r,€) > m(s,€) > 0,

for any r > s.

Definition 1.2.24. [25, 37] Let p € R and r > 0, € > 0. Define,

Dy(r,e) ={(f,9): f,g € Ly, p(f) <, plg) <, p(%) > ery.

Let da(r,€) = inf{l—%p(%) :(f,9) € Da(r,€)}, if Do(r,€) # () and
da(r,€) =1, if Dy(r,e) = 0. Then, we that

1. psatisfies (UC2) if for every r > 0, € > 0, we have that d5(r, €) >
0.
2. psatisfies (UUC2),if for every s > 0, € > 0, there exists 1o(s, €) >
0 depending only on s and e such that
52(7", E) > 772(87 6) > 07
for any r > s.

3. We say that a function modular p is strictly convex (SC), if for
every f,g € L, such that p(f) = p(g) and p(af + (1 —a)g) =
ap(f)+ (1 —a)p(g) for some o € (0, 1), we have f = g.

Proposition 1.2.25. [25, 37] From Definition 1.2.23 and Definition
1.2.24 the following properties hold:

(a) (UUCI) implies (UCi) for i = 1,2;

(b) 51(T7 6) < 52(T7 6);

14
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(¢) (UCT) implies (UC2);
(d) (UC2) implies ( SC);
(e) (UUC1) imlies (UUC?2).

The following definition of Opial’s properties are used in modular

function spaces:

Definition 1.2.26. Let p € R. We say that

1. L, satisfies the p-a.e. Opial’s property if for every {f,} C L,

p-a.e converges to 0, such that there exists § < 1 for which

sup p(Bfn) = M < oo,

we have

liminf p(f,) < liminf p(f,, + f)
n—oo

n—oo

for every f € E, not equal to 0.

2. L, satisfies the p-a.e- strongly Opial’s property if for every { f,,} C
L, which is p-a.e convergent to 0, such that there exists 8 < 1

for which

sup p(Bfn) = M < oo,

the following equality holds for every g € £,

liminf p(f, +g) = lim inf p(f,) + p(g).

1.2.2 Some basic properties of modular function spaces

In this section, we give some important properties that function mod-
ular p possesses . It is very important to note that the p-limit is ac-

15
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tually unique, in the sense, if we assume that it has two limits, then
they are equal p-a.e . However, that p-convergence does not neces-
sarily imply p-Cauchy condition unlike the metric counterpart. This
is because the function modular p fails to satisfy triangle inequality
in general. Also, f, — f in (p) does not imply in general \f,, — \f,
for A > 1. The following proposition states the uniqueness of p-limit.

Proposition 1.2.27. Assume that we have a sequence f,, € L, such

that p(f, — f) — 0 and p(f, — g) — 0. Then, f = g p-a.e.

Proof. Since p is convex, we have

f — g o f T fn + fn )
o8y = =tz
1 1
< ip(f - fn) + §p<fn - g) — O;
which gives, p(%) = 0. This implies that f = g p-a.e. O

Lemma 1.2.28. [14] Let p be a function modular satisfying the Ao-
condition and let {f,} be a sequence in L, such that f, — f € L,

p-a.e, and there exists k£ > 1 such that

sup p(k(fn — f)) < o0.

n>1

Then,

liminf p(f, — g) = liminf p(f, — f) + p(f — 9), ¥ g € L,

n—oo n—oo

Moreover, one has

p(f) < liminf p(f,).

n—oo

Proposition 1.2.29. [23] Let p € R. Then, the following hold.

16
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LI (| fll, < 1, then p(f) < [IfIl,
2. | fll, <1if and only if p(f) <1
Proposition 1.2.30. [23] Let p € R f,, f € L,. Then | f, —

fll, = 0 implies p(f, — f) — 0.
Proposition 1.2.31. [23] Let p € R and f € L,. Then |f||, > 1

implies p(f) = [|f]],
Proposition 1.2.32. [23] Letp € R, f,, f € L, Then |f, —
fll, — 0if and only if p(A(f, — f)) — 0 for all A > 0.

Due to the following proposition, it is very important to note that for
any sequence in modular function space L,, the p- limit, if it exists,
belongs to L.

Proposition 1.2.33. [35] Assume a sequence f, € L, p-converges
to an f € M, that is, p(f, — f) — 0. Then, f € L,.

Proposition 1.2.34. [35] If {f,,} converges uniformly to f on a set
E € P, then for every a > 0, 7}13)10 pla(fn—f),FE)=0.
Proposition 1.2.35. Let p€ R and f, f, € M. If f, — f p-a.e,

then

p(f) < liminf p(f,).

n—oo

Theorem 1.2.36. [35] Let p € R. Assume that {f,} satisfies p-
Cauchy condition. Then, there exists a sub-sequence {f,, } of {f.}

and function f € M such that f,, — f p-a.e.

Proof. Denoting E,, ,,(€) = {w € Q : |fu(w) — f(w)| > €}, then we
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get

/0(67 En’m(é)) S p(fn - fma En,m(e)) S p(fn - fm) — 0

Hence, for any k € N, there exists ng(k) € N such that if n > ny(k)

and m > ny(k), then
p(27F E,n(277) < 27%.

Taking n; = ng(1), nx = maz{ng_1,n0(k)}, we get the sequence

gk = fn,- Define

Ep ={w € Q: |gp(w) — grsa(w)] > 27%},

and observe that

p(27F By < 27F,
Let
Gi=J En
m=j
and observe that for every 7 > i > k and w € Q \ Gy, the following

inequality holds:

|9i(w) — gj(w)| < Z |G (W) = g1 (w)] < 2177

Define a measurable function,

h = Z 2_jXGj\Gj+1

j=1
and calculate
p(h,Gr) = p(h, | (G \ Grin)) <> p(27" E,) <2,
n==k n==k

18
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Hence,

p(h,G) =0,

where
G=()G;
j=1

Observe that if w does not belong to G, then there exists k such that
for any 7 > 1 > k,

lgi(w) — g;(w)] < 27",

Therefore, there exists a real number f(w) such that

foi(w) = gi(w) = f(w).

Clearly, the function f is measurable. It remains to show that G is
p-null.

Note that G = |,—, D,,, where D,, = GN{w € Q : h(w) > n'}.
Therefore,

Hence, D,, is p-null for every n € N, which implies that G is p-
null. []

The completeness of L, is very important in the sequel. Therefore,
we state the following theorem that guarantees the completeness of
L, with respect to p-convergence and sketch the proof.

Theorem 1.2.37. [35] Let p € R. Then, L, is complete with respect

to p-convergence.
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Proof. Let a sequence {f,} C L, be p-Cauchy. By Theorem 1.2.36

there exists a subsequence {f,, } of {f,} such that
fo, > fEMp—ae.

Fix € > 0 and note that there exists ny € N such that

p(fm - fn) < €,

provided m,n > ng. Using Proposition 1.2.35 we get

p(f = fuy S Tminf plfo, = fu) < € for n > ny,
—00

It remains to show that f € L,. Let A, — 0. Fix € > 0 and take

k € N such that
p(f — fr) <e

For n sufficiently large, we obtain

pA(f = fi) < p(f = fi) <e,
which implies that

p(An(f — fr)) = 0 as n — oo.

Thus, fi — f belongs to L,. Since f;, € L, and L, is a linear space,

then f belongs to L, as desired. ]

1.2.3 Some single valued mappings in modular spaces

This section presents, the definition of p-Lipschitz single valued map-
pings and some existence theorems of fixed points of p-Lipschitz sin-
gle valued mappings in modular function space settings. Let us begin
with the definition of p-Lipschitz single valued mappings.
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Definition 1.2.38. [34] Let p € R and C' C L, be nonempty, and
p-closed set. A mapping 7' : C — (' is called a p-Lipschitzian or

shortly Lipschitzian if there exists a number L > 0 such that

p(T(f) —T(g)) < Lp(f — 9),

forall f,g € C. If L < 1, T is called p-contraction or shortly contrac-
tion mapping. Moreover, if L < 1, then T is called p-nonexpansive
mapping.

A point f € C is called fixed point of T"if T'(f) = f. The set of all
fixed points of T is denoted by F(T).

Definition 1.2.39. [34] Let p € R and C C L, be nonempty, and p-
closed set. A mapping T : C' — C'is called a pointwise p-contraction
or shortly pointwise contraction if there exists o : C' — [0,1) such

that

p(T(f) =T(9)) < a(f)p(f — 9),
for all f,g € C.
Definition 1.2.40. [34] Let p € R and C' C L, be a nonempty p-
closed set. A mapping T : C' — (' is called an asymptotic pointwise
mapping if there exists a sequence of mappings «,, : C' — [0, 00) such

that
p(T"(f) —T"(9)) < an(f)p(f — 9),

for all f,g € C. The following are the mappings that follow immedi-

ately.

(a) If a,,(f) = 1 for every f € C and n € N, then T is called

p-nonexpansive or shortly nonexpansive.
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(b) If {a,} converges poinywise to a : C' — [0, 1), then T is called
asymptotic pointwise p-contraction or shortly asymptotic ponit-

wise contraction.

(c) If limsup, a,(f) < 1 for any f € C, then T is called asymp-
totic pointwise p-nonexpansive or shortly asymptotic pointwise

nonexpansive.

(d) If «u, is a constant function for every n, and limsup,, a;, < 1 for
any f € C, then T is called asymptotically p-nonexpansive.
Theorem 1.2.41. [35](Banach Contraction Mapping Princi-
ple) Let p € R and C C L, be nonempty, p-closed and p-bounded
set. Let T': C' — C be a p-contraction. Then, T" has a unique fixed

point f € C. Moreover, for any f € C,

p(T"(f) = ) =0,

as n — 0o, where T" is the n'* iterate of 7.

Proof. Since T is p-contraction, there exists o € [0, 1) such that

p(T(f)=T(g9)) < ap(f—g), forall f,g€C.

Now, let us fix fy € C. Since C'is p-bounded, we observe that

p(T"(fo) = T"(fo)) < ap(T"1(fo) = T" ' (fo))
< a"p(T*(fo) = fo)
< a"6,(C) =0, as n — oo.

Hence, {T"(fy)} is p-Cauchy. Now, the p-completeness of L,, Theo-
rem 1.2.37, implies that there exists f € L, such that lim,, . p(T"(fo)—
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f) = 0. Because C is p-closed, we get that f € C. Since,

f=7()

) < o =T ) + T (o) — T(F))

< p(f =T"(fo) + ap(T" ' (fo) = f) = 0,

p(

as n — oo, we get T(f) = f, which means that f is a fixed point
of T. To prove the uniqueness part, if we consider T'(f;) = f1 and

T(f2) = fa2, then we have

p(fr = f2) = p(T(f1) = T(f2)) < ap(fr = f2). (1.1)

Since a < 1 and right-hand side of inequality (1.1) is finite, equality
can hold only if f; = fs. H

1.2.4 Some multivalued mappings in modular spaces

This section deals with the definition of Hausdorff distance in the
modular function space framework. We also give the definition of
multivalued p-Lipschitzian mappings and state some existence theo-
rems for fixed point of p-noexpansive mappings, the class of mappings

we focus on, in modular function spaces.

Let p € R and C be a nonempty subset of the modular space L,. We
denote a collection of all nonempty p-closed and p- bounded subsets
of C by C,(C') and a collection of all nonempty p-compact subsets of
C by K,(C).

Definition 1.2.42. [24] A set C' C L, is called p-proximinal if for

each f € L,, there exists an element g € C such that

p(f —9)=d,(f,C) =inf{p(f —h):h e C}.
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We denote the family of nonempty p-bounded p-proximinal subsets
of C' by P,(C).

Definition 1.2.43. [24] We define a Hausdorff distance on C,(C)
by,

HP(A7 B) - max{sup dp(fu B)7 SU_p dl)(g7 A)}7
feA geB

A, B e C,(0).
Definition 1.2.44. [24] A multivalued mapping 7' : C — C,(C) is

called p-Lipschitzian if there exists a number k£ > 0 such that

Hy(T(f),T(g)) < kp(f —g) forall f,geC.

If £ <1 then, T is called p-nonexpansive and if £ < 1, T is called
p-contractive.

Definition 1.2.45. [24] A multivalued mapping 7' : C — C,(C) is
said to satisfy Condition (I) if there exists a nondecreasing function
@ :[0,00) — [0,00) with ¢(0) =0, ¢(r) > 0 for all » € (0, 00) such
that

dp(f, Tf) = @(dy(f, F5(T))),

for all f € C.

Definition 1.2.46. A family of mappings T; : C — C,(C), i =
1,2,...,m, is said to satisfy Condition (II) if there exists a nonde-
creasing function ¢ : [0,00) — [0,00) with ¢(0) = 0, ¢(r) > 0 for

r € (0,00) such that

dp(ﬁTi(f)) > @(dp(fa ?ile(Ti)))

for some i = 1,2, ...,m.
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Literature Review

2.1 Review on iterative approximation of fixed

point

The most revolutionary fixed point result is due to Banach [10]
(Banach Contraction Mapping Principle) which provides existence,
uniqueness and approximation technique for contraction self map-
ping on complete metric space. Proving existence theorem for fixed
point of nonexpansive mappings in Banach spaces was not easy as it
was done for the contraction mappings. However, in 1965, the Kirk’s
breakthrough theorem appeared for nonexpansive self mappings de-
fined on the weakly compact subsets of Banach spaces with normal
structure.

Theorem 2.1.1. [41] Let X be a Banach space and suppose that
C is a nonempty weakly compact convex subset of X which has
the normal structure property. Then any nonexpansive mapping

T : C — C has a fixed point.

We note that, Kirk’s theorem, unlike Banach contraction theorem,

does not give any iterative technique of fixed point approximation.

When a fixed point exists, it is very important to study the tech-
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nique of its approximation. Very often, the solution to a problem
shall be translated into a fixed point. In some cases its existence
can be ensured by inspection and in such cases it is better to think
about the approximation technique than existence. Because of this,
mathematicians started to think of approximation techniques. In-
deed, unlike the Banach contraction principle, Picard iteration does
not converge to a fixed point of nonexpansive self mappings on a
closed and convex subsets of Banach spaces. Thus, mathematicians
developed another iteration schemes to comeover this problem. Here
we focuse on frequently used iteration schemes called Mann [45] and

Ishikawa [21] iteration schemes.

Let X be a Banach space. Let C' be a nonempty closed convex subset
of X and T": C' — C be a mapping. The first iteration scheme due
to Mann [45] is defined by

Tpi1 = Ty + (1 — )T (), n >0, (2.1)

where the initial guess xy € C' is taken arbitrarily and the sequence

{a,} is in the interval [0, 1] such that lim «, =0, E o, = oo. The
n—0o0
n=1

second iteration scheme due to Ishikawa [21] is defined by
Tpi1 = Ty + (1 — )T (Bpzn + (1 — 5,)T(x)), n >0, (2.2)

where the initial guess xy € C' is taken arbitrarily and the sequences

{a,,} and {f,,} are in the interval [0, 1] such that 0 < o, < 3, < 1,
oo

T}I_EEO Bn =0, Z;O‘nﬁn — 0.

Using Mann-type and Ishikawa-type iteration schemes, approxima-
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tion of fixed points of both single and multivalued mappings were
carried out by well known mathematicians in Banach spaces ( see

eg. [52, 53, 55-57] and the references therein).

As it was described previously, modular function spaces are gen-
eralizations of some classes of Banach spaces. Therefore, analysts
are interested in working on the fixed point theory in these spaces.
The work which paved the way to this direction is conducted by
Khamsi et al. [31] in 1990. Following their results, many works
had evolved. For instance in 2006, Dhompongsa et al. [18], proved
the existence theorem for fixed points of multivalued nonexpansive
mappings in modular function spaces. Similarily, in 2009, Latif and
Kutib [33] proved existence theorem for fixed points of multi-valued
p- nonexpansive-type mappings in the setting of modular function

space.

The existence for fixed points of asymptotic nonexpansive, single val-
ued mappings and multi-valued p-nonexpansive mappings in modular
function spaces are proved for the following theorem in the literature.
Theorem 2.1.2. [23] Let p € R. Let C' C L, be nonempty, p-closed,
and p-bounded. Let T': C' — C be a pointwise p-contraction or
asymptotic pointwise p-contraction. Then, T" has at most one fixed
point fy € C.

Theorem 2.1.3. [23] Assume p € R is (UUC1). Let C be a p-closed
p-bounded convex nonempty subset of L,. Then, any T': C' — C

pointwise asymptotically nonexpansive mapping has a fixed point.
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Moreover, the set of all fixed points F(T') is p-closed and convex.

The existence for fixed points of multi-valued p-contractive and p-
nonexpansive mappings were obtained due to Kutib and Latif [33].
They proved the following theorems in the setting of modular func-
tion spaces.

Theorem 2.1.4. [33] Let C be a nonempty p-closed subset of the
modular function space L,. Then any 7": C' — C,(C) p- contractive
mapping has a fixed point, that is, there exists f € C such that
feT(f).

Proposition 2.1.5. [33] Let C be a p -closed, convex and p- bounded
nonempty subset of the modular space L,. Let T': €' — C,(C)
be a p-nonexpansive mapping. Then, there exists an approximate
fixed point sequence {f,} in C, that is, for any n > 1, there exists

F, € T(f,) such that

lim p(fn_Fn> = 0.

n—oo

In particular, one has lim d,(f,, T(f,)) = 0, where

n—oo

dp(fn, T(fn)) = inf{p(fu —g) : g € T(fn)}-

Theorem 2.1.6. [33] Let C be a nonempty p-closed convex subset
of the modular function space L,. Assume that C is p-a.e compact.
Then each p-nonexpansive mapping 7' : C' — K,(C) has a fixed

point.

The first fixed point iteration process studied in the setting of modu-
lar function spaces appeared in 2012 for the class of asymptotic point-

28



Chapter 2 Literature Review

wise nonexapnsive mappings was due to Dehaish and Kozlowski [14].
It appeared as the pioneering work on the convergence of Mann-type
and Ishikawa-type schemes in modular function spaces. Dehaish and
Kozlowski introduced the generalized Mann-type and Ishikawa-type

iteration schemes as follows:

Let C C L, be nonempty p-closed convex set. Let T € T.(C) and
{nr} be an increasing sequence of natural numbers. Let {t;} and
{sr} be sequences bounded away from 0 and 1. The generalized
Mann-type ( respectively, Ishikawa-type) iteration schemes gener-
ated by the mapping T, {t;}, {si} and sequence {n;}, denoted by

gM (T, {ty}, {ni}) (respectively, gI (T, {tr},{sr}, {nk})) is defined by
Tpy1 = eI (xr) + (1 — tg) oy, (2.3)

and
Tpe1 = ™ (s T (x) + (1 — sp)ag) + (1 — tg)zk, (2.4)

where x; € C'is chosen arbitrarily and 7,(C) is a class of all asymp-
totic pointwise p-nonexpansive mappings on C such that a,, is bounded
for every n > 1 and Y, b,(x) < oo, where a,(z) = maz{a,(z),1}

, bu(x) = ap(x) — 1 such that T': C' — C'is given by

p(T"(x) = T"(y)) < an(@)p(z — ),

for all z,y € C' and n € N.
Using Mann-type given by (2.3) and Ishikawa-type by (2.4), Dehaish

and Kozlowski proved the following convergence theorem:
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Theorem 2.1.7. [14] Let p € R satisfy conditions (UUC1) and
Ay. Let C C L, be a p-compact, p-bounded and convex set, and
let T € T,(C). Let {t} < (0,1) and {s;} < (0,1) be bounded
away from 0 and 1. Assume that the generalized Mann-type scheme
(respectively Ishikawa-type scheme) given by (2.3) and Ishikawa-type
by (2.4) respectively are well defined, that is, lim sup;_, . a,, (x;) = 1.
Then there exists a fixed point z € F(T') such that the sequence {xy}
generated by the schemes converges strongly to a fixed point of T,
that is, ]}ggo plxp—z) = 0.

In 2014, Alsulam and Kozlowski [6] proved convergence theorems to
fixed points of p-nonexpansive, singlevalued, mappings using both
Mann and Ishikawa iteration schemes. Moreover, it was proved that
the set of fixed points is nonempty. In fact, they proved the following
theorems.

Theorem 2.1.8. [6] Let p € R. Assume that
(1) p satisfies (UUC1);
(2) p has strong Opial property;
(3) p has Ay -property and uniformly continuous.

Let C C L, be nonempty, p-a.e compact, convex, strongly p- bounded
and p-closed set. Let T': C — (' be p-nonexpansive mapping and
a € (0,1). Let {xx} be a sequence of elements of C' generated by
Mann process

Tp1 = o1 (z) + (1 — )y,
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where z; € C is chosen arbitrarily. Then, there exists x € F,(T)
such that x, — x p-a.e.

Theorem 2.1.9. [6] Let p € R. Assume that
(1) p satisfies (UUC1);
(2) p has strong Opial property;
(3) p has Ay- property and uniformly continuous.

Let C C L, be nonempty, p-a.e compact, convex, strongly p- bounded
and p-closed set. Let T': C' — (' be p-nonexpansive mapping and
€ (0,1), B € (0,1). Let {zr} be a sequence of elements of C'

generated by Ishikawa scheme

Tpp1 = oT((Bry) + (1 = B)ag) + (1 — a)y,

where z; € C' is chosen arbitrarily. Then, there exists x € F,(T)

such that =, — x p-a.e.

On the other hand, in 2014 Abdou et.al [1], proved p-convergence
of sequence generated by Ishikawa-type iteration scheme to com-
mon fixed point of two p-nonexpansive, single valued, mappings in
the setting of modular function space. While proving convergence
theorems, Abdou et.al dropped condition (UUC1) and used strict
convexity, which is weaker than UUC'1 condition. Moreover, they
dropped As-property and used only uniform continuity of modular
function p. Abdou et.al defined the following Ishikawa-type iteration

scheme for two nonexpansive mappings .

Let C C L, be nonempty p-closed p-bounded and convex set. Let
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S,T : C"— C be p-nonexpansive mappings. Define Ishikawa itera-

tion scheme by,

f1ed,
(2.5)

fn+1 = O‘ﬂls(ﬂnT(fn) + (1 - ﬂn)fn) + (1 - O‘n)fm

where the sequences {a,} and {3,} are in (0, 1).

If we put S = T, in the above iterative scheme (2.5), then it auto-
matically reduces to the original Ishikawa iterative scheme (2.2) for
a mapping 1.

Abdou et.al proved the following theorem that guarantees the conver-
gence of sequence generated by Ishikawa-type scheme (2.5) to com-
mon fixed point of two p-nonexpansive mappings in the setting of
modular function spaces:

Theorem 2.1.10. [1] Let p € R be strictly convex and uniformly
continuous. Let C' C L, be a nonempty, p-bounded, p-compact
and convex set. Let S, T : C' — C be two p-nonexpansive mappings.
Assume F' = F,(T)NF,(S) # (. Let {f,} C C be as defined in (2.5),
where a,,, 3, € [a,b] with 0 < a < b < 1. Then, {f,} p-converges to

a common fixed point of S and T

In the study of fixed point theory, it is importantnt to note that
the problem of the extension of known fixed point results obtained
for singlevalued mappings to the case of multivalued mappings is
of area of interest, becuase of its great importance in the areas of
applied science. Having the above convergence theorems proved for
fixed points of single valued mappings, perhaps, the first attempt
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on the convergence theorems of iterative algorithm for fixed points
of multivalued mappings in the setting of modular function spaces
was introduced in 2014 by Khan and Abbas [24]. Khan and Abbas
studied the following Mann-type iterative scheme to approximate
fixed point of multi-valued p-nonexpansive mappings in the setting
of modular function spaces. Let C' C L, be nonempty p-closed p-

bounded and convex set. Let T': C' — P,(C) be a multivalued

mapping.

f1edC,
(2.6)

for1 = (1 — an) fu + antin,
where u, € P)(f,) and {a,} C (0,1) is bounded away from both
0 and 1. Using the Mann-type iteration scheme in (2.6), Khan and
Abbas proved the following convergence theorems:
Theorem 2.1.11. [24] Let p satisfy (UUC1) and let C' be a nonempty
p-closed, p-bounded and convex subset of L,. Let T': C' = P,(C) be

a multivalued mapping such that PpT is a p-nonexpansive mapping.

Suppose F,(T') # 0. Let {f,} C C be defined by (2.6). Then,

lim p(f, — c) exists for all c € F,(T)

n—00

and

lim d,(fn, P} (fa)) =0.

n—oo

Theorem 2.1.12. [24] Let p satisfy (UUC1) and let C' be a nonempty
p-compact, p-bounded and convex subset of L,. Let T': C'— P,(C)

be a multivalued mapping such that P,;f is p-nonexpansive mapping.
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Suppose that F,(T') # 0. Let {f,} be defined as in (2.6). Then {f,}
p-converges to a fixed point of T

Theorem 2.1.13. [24] Let p satisfy (UUC1) and let C' be a nonempty
p-closed, p-bounded and convex subset of L,. Let T': C' = P,(C) be
a multivalued mapping with F,(T") # 0 and satisfying Condition (I)
such that PpT is p-nonexpansive mapping. Let {f,} be as defined in

(2.6). Then, {f,} p-converges to a fixed point of T.

Cosequently, many authors have studied approximation of fixed points
of nonlinear multivalued mappings in modular function spaces, for
instance, [2, 6, 15, 16] and many others in the references therein.
Following the results extensively seen in the literature, we are moti-
vated and inspired by the research going in this area. Furthermore,
the study of fixed point theory in the setting of modular function
spaces is not well developed compared to its applicability in areas of
applied science and applied mathematics such as differential equa-
tions and Optimization theory. This in turn, motivated us to set our
area of research in this direction. Now, we are in a position to state

our main research problems.

2.2 Statement of the Problems

Based on the review made above, we identify the following prob-
lems on the convergence theorems of iterative approximation of fixed

points in modular function spaces.
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We note that, Khan and Abbas [24] proved the p-convergence the-
orems for fixed points of multivalued mappings in modular function
spaces. The first problem that originated from this result is as fol-

lows:

1. Can we introduce an iterative scheme which approximates a com-
mon fized point of a finite family of p-nonexpansive multi-valued

mappings?

Next, we focus on the results of Abdou et al. [1]. They have initiated
the approximation of common fixed point of two single-valued p-
nonexpansive mappings in modular function spaces using Ishikawa-
type iterative scheme. Based on their results, we pose our second

problem as follows:

2. Can we state and prove a convergence theorem for common fized
point of two multi-valued p-nonexpansive mappings in modular func-

tion spaces using Ishikawa iteration process?

The next problem is based on the extension of the class of mappings
that contains the class of p-nonexpansive multivalued mappings in
the setting of modular function space. We define a new class of multi-
valued mappings called p-quasi-nonexpansive and pose the following

problem:

3. Can we establish an iterative scheme and study the convergence
of the scheme to common fixed point of finite family of multivalued

p-quasi-nonexpansive mappings using Mann-type iterative scheme?
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2.3 Aim and Objectives

The aim of this thesis is to extend some existing results in the liter-

ature. To achieve this aim, the specific objectives are to

e establish convergence theorem which approximates fixed point
of multivalued p-nonexpansive mappings in modular function

spaces.

e introduce an iterative scheme and study its convergence to a
common fixed point of a finite family of p- nonexpansive multi-

valued mappings in modular function spaces.

e extend the convergence theorems of Abdou et al. [1] which
are proved for the p-nonexpansive single valued mappings to
the case of p- nonexpansive multi-valued mappings in modular

function spaces.

e study Mann-type iteration scheme and prove strong convere-
gence of the scheme to a common fixed point of the class of
p-quasi-nonexpansive mappings which is more general than the

class of p-nonexpansive mappings.

2.4 Scope of the Study

This study is confined to approximation of fixed points of p-nonexpansive
multi-valued mappings in Modular function spaces. Moreover, our

iteration schemes are restricted to Mann-type and Ishikawa-type it-
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erative schemes.

2.5 Methodology

In this section, we study the methodology we use to obtain our main

results.

2.5.1 Mann-type iterative scheme in Modular function spaces

We first introduce a Mann-type iterative scheme which could be used
to approximate a common fixed of finite family of multivalued p-
nonexpansive mappings. We define it as follows:

Let C C L, be nonempty convex set and T; : C' — P,(C), i =
1,2,...,m, be a finite family of multi-valued mappings. Fix f; € C

and define a sequence {f,} C C as follows:

fn—H — OKO,nfn + a1 ndin + a2 ngan + ...+ Om.nGm.n, (27)

where gi, € Pl(f,) and {a;,} C (0,1) is bounded away from 0
and 1 such that zm:ozm = 1. We call the scheme (2.7) Mann-type
iteration scheme 13(:)1(“) multi-valued mappings 7;, 1 = 1,2, 2...m.

Note that, if m = 1 in the above iterative algorithm (2.7), then it

automatically reduces to the Mann-type iterative scheme defined by

(2.6).
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2.5.2 Ishikawa-type iterative scheme in modular function

spaces

Secondly, we study an Ishikawa-type iterative scheme which could
be used to approximate a common fixed point of two multi-valued
p-nonexpansive mappings in modular function space. We define the
scheme for two multi-valued mappings as follows:

Let C C L, be nonempty and convex and S,T : C — P,(C) be

multi-valued mappings. Define the sequence {f,}-2; by

(

flECa

\fnJrl = apUy + (1 - an)fn

where u, € PY(fu), va € P](gn), and {a,}, {8,} are sequences in
(0, 1) such that both are bounded away from 0 and 1. This algorithm
coincides with the Ishikawa-type scheme (2.5) used by Abdou et al.[1]

if our mappings are to be single valued.

2.5.3 Mann-type iterativescheme and p-quasi-nonexpansive

multivalued mappings

To obtain our third research question, the following Mann-type iter-
ative scheme is also studied for a finite family of mappings in mod-
ular function spaces. Let C' C L, be nonempty convex set and

T, : C = C,(C), i =1,2,...,m, be a finite family of multi-valued
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mappings. Fix f; € C' and define a sequence {f,} C C as follows:
fn—|—1 — aO,nfn + a1 pUln + Q2 nU2 n + ...+ Cm nUm,n, (29)

where u;,, € T;(f,) and {;,} C (0,1) is bounded away from 0 and

1 such that " a;, = 1.
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Theory of Methods

3.1 Some Auxiliary Mathematical Tools

We state the following results which shall be needed in the sequel.
For the clarity sake, we shall also include the proofs of the known
ones, though the proofs are given in the cited articles.
Lemma 3.1.1. [24] Let T : C — P,(C) be a multivalued mapping
and

P)(f)={g € Tf:p(f —9)=d,(f.T(f)}.
Then, the following are equivalent:

(i) fe F,(T), thatis f € T'f;

(i) P/ (f) = {f}, that is, f = g for each g € P/ (f);
(iii) f € FP(PPT), that is, f € Pg(f) Further, F,(T) = F(Pg) where

F(P)) denotes the set of fixed points of P

Proof. Suppose (i) holds. Since f € F,(T) implies that f € T'f, so
d,(f,Tf) = 0. By definition of Pg(f) for any g € PpT(f), we have
p(f—g) =d,(f,Tf)=0. Thus, f = g. That is, P/ (f) = {f}. Hence
(ii) holds. Condition (ii) implies (iii) is obvious. Now, to prove (iii)

implies (i). Since f € F,(P)), by definition of P, we have

do(f, Tf) = p(f —9g) =0.
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Thus, f € T'f by the p-closedness of T'f. Hence, (i) holds. O

Lemma 3.1.2. [14] Let p satisfies (UUC1)and {f,} and {g,} be
sequence in L,. Let {¢,} C (0,1) be bounded away from both 0 and 1.
If there exists R > 0 such that limsup p(f,) < R, limsup p(g,) < R

n—oo n—oo

and lim p(t,f, + (1 —t,)g,) = R, then
n—oo

lim p(f, — gn) = 0.

n—oo

Lemma 3.1.3. [28] The following statements are equivalent:

(i) p satisfies the As-condition.

(ii) p(fn — f) — 0if and only if p(A(f, — f)) — 0, for all A > 0 if
and only if || f, — f], = 0.

Proof. (i) = (ii). By Proposition 1.2.30, ||f, — f||, — 0 implies
that p(f, — f) — 0. But, if p(f, — f) — 0 then by A, property, we
have p(2(f, — f)) — 0. Now, Proposition 1.2.31 p(A(f, — f)) — 0
implies || f, — f|l, = 0. In particular, p(2(f, — f)) — 0 implies
| fn — fll, = 0 as desired.

(i) = (i). Suppose p(f, — f) — 0 if and only if || f, — f], = 0.
Then [|A(f, — f)||[, = 0 for every A > 0. By Proposition 1.2.30,
p(A(fn — f)) = 0 for all A > 0. In particular, p(2(f, — f)) — 0.

Then, it follows that p has Ay property. ]

3.2 Tools from Our Results

The following lemmas are obtained in our work. We use them to
prove our convergence theorems in the sequel.
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Lemma 3.2.1. Let p € R. Let A,B € P,(L,). For every f € A,

there exists g € B such that p(f —g) < H,(A, B).

Proof. Let f € A. Then, by proximinality of B there exists b € B

such that p(f—b) = d,(f, B). By the definition of Hausdorff distance,

we have

Hp(Av B) - maX{Sup dﬂ(h7 B)7 Sup dp(ka A)}
heA keB

supd,(h, B)
heA

d,(f, B)

p(f —h).

AVARRNAY,

[]

Lemma 3.2.2. Let p € R satisfy (UUC1) and As-property. Let
C C L, be p-closed, p-bounded and convex set. Suppose T; : C' —
P,(C),71=1,2,...,m, is a finite family of multi-valued mappings such

that PpTi is p-nonexpansive mapping for ¢ = 1,2, ...,m. Assume that

F = ﬂ F,(T;) # 0. Let {f,} be as defined in (2.7). Then,
i=1

1. lim p(f, — p) exists for all p € F’;

n—oo

2. lim d,(f,, Ti(fn)) =0, for all i = 1,2, ..., m.

n—oo

Proof. Let p € F be arbitrary. Then, by Lemma 3.1.1 PpTi (p) = {p},

Vie{l,2,..,m}. From equation (2.7), we have

p(fn—i—l - p) - ,O(CVOmfn + a1nd1in + a2 ngan + ...+ OmnGmmn — p)
- p(a07n(fn - p) + O‘l,n(Ql,n - p) + Q‘Z,n(gln - p) + ...

+an,m (gmm - p) )
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< @up(fo —p) + a10p(g1.0 — D) + @200(g2.n — D) + ...

+mnP(Gmn — D).
(3.1)

Since g;, € PpT(fn) and PpTi is p-nonexpansive for all i = 1,2, ..., m,

we have

IA

H,(P,"(fa): Py (p))

< p(fn—p) (3.2)

p(gin — D)

forall:=1,2,...,m.
Now, from (3.1), (3.2) and the assumption Zam = 1, we obtain

i=0
that

p(fos1 —p) < p(fo —p), forallp € F. (3.3)

Therefore, lim p(f, — p) exists for all p € F
n—0o0
Let

lim p(f, —p) = r (3.4)

n—oo

for some r > 0. So from (3.2) and (3.4), we have

limsup p(gmn —p) < 7. (3.5)

n—oo
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Consider
o 1 m—1
07” — — . . —_—
o E— =)+ T ;le (g~ )
a 1 m—1
0,n

< __on _ - . A
S 1 ammp(fn p)+ 1~ comn ;1: &wp(gl,n )

m—1

§ Qi n

= 7 ammp(fn p)
= p(fn - p)

Therefore, from (3.4) we obtain

m—1
> in(gin — 1)
=1

. Qo,n
s (207, - ) <»
im sup p( 7 mm(f p)+——— - r. (3.6)
Thus (3.4), (3.5), (3.6) and Lemma 3.1.2, give that
m—1
Z i nGin
lim p(&fn g, n) — 0. (3.7)
n—r00 1 - Om.n 1 - Amn 7

Now,

m
p(fn+1 - gm,n) = p<a0,nfn + Z AjnGin — gm,n)

=1
m—1

- p<050,nfn + Z & nGin — (1 - am,n)gm,n)
=1

m—1
E &G nGin
=1

o i
= p((1 = Q) [—2 fr +
p(( “ ’)[l—am,nf i I —ampn

- gm,n]> :

From (3.7) by the As- property of p and Lemma 3.1.3, we get that

lim p(fn41 — Gmn) = 0.
n—oo
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In the same way, we can show that
lim p(fu1 — fu) =0
n—o0
and
lim /O(fn-i-l - gi,n) =0,
n—o0

foralle=1,2,...,m — 1.

Now by the convexity of p, we get

5 _ p(fn_fn+1+fn+1_gi,n>

2 2

p(fn - fn+1) p(fn—i—l - gi,n)
2 + 2 '

IA

Hence,

n—00 2

) = 0.

Since p satisfies Ao- property by Lemma 3.1.3 we obtain

lim p(f, — gin) = 0,

n—o0
foralle=1,2,...,m.

Since g;,, € P}*(fy), we have

dﬂ(fna Tz(fn)) = p(fn - gi,n)

foralli =1,2,...,m.
Therefore,

lim d,(fn, Ti(fn)) =0

n—oo

follows immediately from (3.8) for all i = 1,2, ..., m.

45



Chapter 3 Theory of Methods

Lemma 3.2.3. Let p € R and C' C L, be nonempty p-bounded and
convex set. Suppose S,T : C' = P,(C) be multi-valued mappings
such that Pg and PPS are p-nonexpansive mappings with F' = F,(T)N
F,(S) # (. Let {f,} be defined as in (2.8). Then, 7}1_)1’1;10 p(fn—p) exists

for all p € F.

Proof. Let p € F be arbitrary. Then by Lemma 3.1.1, we have

T(\ — S(p) —
P, (p) = {p} and P;(p) = {p}. Furthermore, from (2.8), we get

p(for1—p) = p((1 = an)fu+ anv, —p)

p((1 = an)(fn —p) + an(v, —p)

< (1 - an)p(fn - p) + O‘np(vn - p)
< (1=an)p(fo = p) + anH,(P"(g,), P" (p))
S (1 - an)p(fn - p) + anp(gn - p)' (39)

Agaim from (2.8), we obtain that

p(gn —p) = p((1 = Bu)fu+ Buttn — p)

< (1 — Bn)p(fn - p) + Bnp(un - p)
S (1 - Bn)p(fn - p) + Ban(PS(fn)a PS(p))
S (1 - Bn)p(fn - p) + Bnp(fn - p)

p(fn — D). (3.10)

Now, from (3.9) and (3.10), we get that

p(far1 —p) < p(fa — D).

Therefore, the sequence {p(f, — p)} is decreasing. Hence,

lim p(f, — p) exists for all p € F. O

n—oo
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Main Results

4.1  Convergence of Mann-type scheme for fi-
nite family of mappings in modular function

spaces

In this section, we state and prove convergence theorems for Mann-
type iteration scheme defined by (2.7) to a common fixed point of
finite family of multivalued p-nonexpansive mappings in modular
function spaces.

Theorem 4.1.1. Let p € R satisfy (UUC1) and As-property. Let
C' C L, be p-closed, p-bounded and convex set. Suppose T; : C' —
P,(C), ¢ = 1,2,...,m, be a finite family of multi-valued mappings
such that P,;fi is p-nonexpansive mapping for each ¢ = 1,2, ..., m. Let

= ﬁFp(ﬂ') # 0 and {f,} be as defined in (2.7). Then, {f,}
i=1

p-converges to a point in F' if and only if liminf d,(f,, F) = 0.

n—oo

Proof. The necessity is straight forward. Now, we prove the other

way round. Suppose that liminfd,(f,, F) = 0. From the proof of

n—oo

Lemma 3.2.2, equation (3.3), we have

p(fos1 —p) < p(fn—p), forallp € F.

47



Chapter 4 Main Results

This implies that
dp(fri1, F) < dp(fn, F).
So that lim d,(f,, F) exists. But by hypothesis, liminf d,(f,, F') =
n—o0 n—o0

0. Therefore, it must be the case that

lim d,(f,, F) = 0.

n—o0

Next, we show that {f,} is a p-Cauchy sequence in C. Let € > 0 be

arbitrary. Then there exists an integer ny € N such that
€
d,(fn, F) < 57 VYV n > nyg.

In particular, inf{p(f,, —p) : p € F'} < 5. Thus, there must exist a

po € F' such that

P(fno —P0) < € (4.1)

Now, for m,n > ngy, we have

oIy < = p0) + g0~ )
p(fno _pO) p(fno — Po
= 2 T 2 )
< €.

Since p satisfies As condition, by Lemma 3.1.3, we get that {f,}
is a p-Cauchy sequence in C. Since L, is complete with respect to
p-convergence and C' is p-closed , there exists an f € C such that
p(fo—f)—0.

Next, we show that f is a common fixed point of {7;}7,. Let ¢; €

PpT(f) be arbitrary. Then by Lemma 3.2.1 there exits g,; € PpT(fn)
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such that p(gn: — gi) < H,(Pl(f,), P)(f)) for all i = 1,2,...,m.

Then by convexity of p and Lemma 3.2.2, we have
f_gi . f_fn fn_gn,i 9ni — Gi
1

1 1
gp(f — fu) + gp(fn - gn,i) + gp(gn,i — Gi)

p(f = fa) + dp(fr, PY(fa)) + Hy(PF(fa), PY(S))

p(f — fo) +d,(fn, Ti(fn)) + p(f — fr) = 0asn — oo.

VANEVAN

IA

Thus, f = g;. Since g; € Pgi(f) by Lemma 3.1.1, we have f €
T;(f) for all i= 1,2,....m . Therefore, f € F, ie., {f,} p- converges

to a common fixed point of the family {7;}",. O

Theorem 4.1.2. Let p € R satisfy (UUCI) and Ag-property. Let
C C L, be p-closed, p-bounded and convex set. Suppose T; : C' —
P,(C), i = 1,2,...,m, be a finite family of multi-valued mappings
satisfying Condition (II) such that PpTi is p-nonexpansive mapping
for each i = 1,2, ...,m. Assume that F' := ﬁFp(TZ-) # (. Let {f.}

1=1
be as defined in (2.7). Then {f,} p-converges to a point in F.

Proof. By Lemma 3.2.2, lim p(f, — p) exists for all p € F. If
n—oo

lim p(f,—p) = 0, there is nothing to prove. Suppose lim p(f,—p) =

n—oo n—oo

R > 0. Again from the proof of Lemma 3.2.2, we have that

p(fus1 —p) < p(fn —p) for all p in F.

This implies ,
dp(fri1, F) < dp(fn, F).
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Hence, lim d,(f,, F') exists. By Condition (II) and Lemma 3.2.2,

n—o0

0= lim d,(fu T(£) > lim o(dy(f. F))

n—oo
for some i = 1,2,...,m. Thus, lim p(d,(f,, F)) = 0. Since ¢ is
n—oo
nondecreasing and ¢(0) = 0, lim d,(f,, F) = 0. By Theorem 4.1.1
n—oo

the desired result follows. []

4.2 Convergence of Ishikawa-type scheme for two
multi-valued mappings in modular function

spaces

In this section, we state and prove the convergence theorems for
Ishikawa-type iteration scheme defined by (2.8) to a common fixed
point of two multivalued mappings in modular function spaces. We
thus have the following theorems.

Theorem 4.2.1. Let p € R satisfy (UUC1) and C' C L, be p-closed,
p-bounded and convex set. Suppose S,T : C — P,(C) be multi-
valued mappings such that PpT and PpS are p-nonexpansive mappings
with F' = F,(T) N E,(S) # 0. Let {f,} be defined as in (2.8). Then,

{fn} is a common p-approximate fixed point sequence for S and T.

Proof. By Lemma 3.2.3, lim p(f, — p) exists for all p € F. Let
n—o0

lim p(f, —p) =1 (4.2)

n—oo

By (3.10) and (4.2), we have that

limsup p(g, —p) < r. (4.3)

n—oo

50



Chapter 4 Main Results

Since w, € P(fu), plun —p) < Hy(P*(fa), P*(p)) < p(fu — p)-

Therefore,

limsup p(u, —p) < 7. (4.4)
n—oo
Similarly,
lim sup p(v,, — p) < r. (4.5)
n—oo

Since ay, € (0, 1) is bounded away from 0 and 1, there exists a € (0,1)

such that lim «,, = a ( sub-sequentially if necessary).
n—o0

Now,

plfarr=p) = planvn + (1= an) fu = p)

< app(vy, —p)+ (1 —an)p(fn — p). (4.6)

Applying liminf to both sides of (4.6) and using (4.2), we get that

IA

liminf p(f,+1 — p) aliminf p(v, —p) + (1 — o) liminf p(f, — p)

n—oo n—oo n—oo

r < aliminf p(v, —p) + (1 —a)r

n—oo

r < liminf p(v, — p). (4.7)

n—oo

Combining (4.5) and (4.7), we obtain

lim p(v, —p) =r. (4.8)

n—oo

Since v, € PT(g,), we have p(v, — p) < p(gn — p). Thus,

liminf p(g, — p) > . (4.9)

n—oo

From (4.3) and (4.9), we get

lim p(g, —p) =r. (4.10)

n—oo
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Thus, using (4.10) we obtain

lim p((1 = Ba)(fn —p) + Bulun —p)) =1 (4.11)

n—oo

Therefore, Lemma 3.1.2 gives that

lim p(f, —u,) =0. (4.12)

n—oo

Since u, € P3(f,), lim d,(f,,S(f,)) = 0 follows from (4.12); that
n—oo
is, {f,} is p-approximate fixed point sequence for S. From (4.2), we

have also

lim p((1 = on)(fo = p) + anlve —p)) =7 (4.13)

n—oo

From ( 4.2), (4.5), (4.13) and Lemma 3.1.2, we get

lim p(f, —v,) =0. (4.14)

n—oo

From (2.8), we have

p(gn — fa) < plun — fr).

Applying (4.12), we obtain that

lim p(g, — fn) = 0.

n—oo

Since PT is p-nonexpansive, we get that
H,(P*(fa), P*(g0)) < p(gn — fn).
Thus,

lim H,(P"(f.), P*(gn)) = 0. (4.15)

n—oo
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Since v, € P*(gy), dp(fn, P (gn)) < p(fo —vn).
Thus, from (4.14), we have

lim d,(f,, P*(g.)) = 0. (4.16)

n—oo

Then,

dp(fnaPT(fn)) < dp(fnaPT(gn)) +Hp(PT(fn)>PT(gn))-

Applying (4.15) and (4.16), we obtain that

lim d,(f., PT(f,)) =0 (4.17)

But,
dp(fos T(fa)) < dp(frs PT(f2))-

Therefore, the desired result follows from (4.17); that is, {f,} is p-
approximate fixed point sequence for 7. Hence, {f,} is a common

p-approximate fixed point sequence for S and 7. ]

Theorem 4.2.2. Let p € R satisfy (UUC1) and C C L, be nonempty
p-compact, p-bounded and convex set. Suppose S,T : C — P,(C)
are multivalued mappings such that PPT and PpS are p-nonexpansive
mappings with F' = F,(T) N F,(S) # 0. Let {f,} be defined as in

(2.8). Then, {f,} p-converges to a common fixed point of S and 7'

Proof. By the p-compactness of C, there exists a sub-sequence {f,, }
of {fn} and f € C such that p(f, — f) = 0 as k — oc.

We show that f is a common fixed point of S and T; that is, f € S(f)
and f € T(f). We first show that f € T(f). Let g € PpT(f) and
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h € PJ(f) be arbitrary. Then by Lemma 3.2.1, there exists gp €

Py (fu.) and hy € Py (fn,) such that p(gy — g) < Hy(B, (fu,), Py (f))
and p(hy — h) < Hp(PpS(fnk),PpS(f)). Now, by convexity of p, we

have
p(%) _ p(f—ank+fnk3—gk+gk3—g)
< 30 = Fu) + 30U — )+ 50l0k — )
< P = )+ oo FE (o) + ook~ 9)
< P = Fa) + dylFuws P () + H(PT () PE()
< P = )+ dFos Y Fu)) # pUF = Fu) =5 0, as k= 00,

Hence, f = g p-a.e. Since g € PpT(f) was arbitrary, we have Pg(f) =
{f}. Thus, by Lemma 3.1.1, f € T(f). By the similar argument, we

have f € S(f). This completes the proof. O

Theorem 4.2.3. Let p € R satisfy (UUC1) and Ag-property. Let
C' C L, be p-closed, p-bounded and convex set. Suppose S, T :
C — P,(C) be multi-valued mappings such that Pf and PPT are p-
nonexpansive mappings with F = F,(T) N F,(S) # 0 and {f,} be
defined as in (2.8). Suppose S and T satisfy Condition (II). Then,

{ fn} p-converges to a point in F'.

Proof. By Lemma 3.2.3 we know that lim p(f, — p) exists for all

n—oo

p € F. If lim p(f, — p) = 0, then we are done. Assume that

n—oo

lim p(f, —p) =r > 0. By the same lemma, we have
n—oo

p(fos1 —p) < p(fn—p), forallp € F.
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This implies that
dp(f’rH-l?F) S dp(fnaF)

So that lim d,(f,, F) exists. By Theorem 4.2.1 and Condition (II)

n—oo

either
0= I d,(fu, T(£2)) > lim 9(dy(fo, F)
or
0= T d,(fu S(f)) = lim p(d,(fo F)).
In both cases, lim ©(d,(fn, F)) = 0. Since ¢ is increasing and p(0) =
0, it must be the case that lim d,(f,, F) = 0.

n—oo

Let € > 0 be arbitrary. Then there exists an integer ng € N such
that

d,(fn, F) < g, Vn > ny.

In particular, inf{p(fn, —p) : p € F'} < §. Thus, there must exist a

po € F' such that

P(fno — Do) < € (4.18)

Now for m,n > ng, we have

oIy < = p0) + 50l — )
p(fny —P0) . P(fry = P0)
= 2 i 2
< €.

Since p satisfies Ay condition, by Lemma 3.1.3 we get {f,} is a p-
Cauchy sequence in C. Since L, is complete and C'is p-closed, there
exists an f € C such that p(f, — f) — 0.

Now by Theorem 4.2.2 the desired result follows. ]
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Remark 4.2.4. If, in Theorem 4.2.2 and Theorem 4.2.3, we consider
S = I, the identity mapping on C, the Scheme (2.8) reduces to the

following known Mann iterative scheme

fot1 = o, + (1 - O‘n)fna (419)

where v, € P (f,), and {an} is a sequence in (0,1) that is bounded

away from 0 and 1.

4.3 Approximating fixed points of a multivalued

p-quasi-nonexpansive mappings

Now, we introduce a new class of mappings called p-quasi-nonexpansive.
Indeed, the definition of this type of mappings is given in Banach
spaces. We just adapt the definition in Banach spaces to the modu-
lar function spaces framework.

Definition 4.3.1. A mapping 7' : C' — C,(C) is said to be p-quasi-
nonexpansive if F,(T) # 0 and H,(T(f),T(h)) < p(f — h) for all
feCandheF,/(T).

The following lemma shows that the class of p-nonexpansive multi-
valued mappings with F}, # () in the modular function spaces is also
included in the class of p-quasi-nonexpansive multivalued mappings.
Lemma 4.3.2. If a mapping 7' : ¢ — C,(C) is p-nonexpansive

with F,(T") # (), then T is p-quasi-nonexpansive.

Proof. Suppose T' is p-nonexpansive and F,(T) # 0. The by p-
nonexpansiveness of T, we have H,(T'f,Tp) < p(f —p) for all p €
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F,(T) and f € C. This implies that 7" is p-quasi-nonexpansive. [

The following example shows that, the class of p-quasi-nonexpansive
multivalued mappings properly contains the class of p-nonexpansive
multi-valued mappings in modular function spaces.

Example 4.3.3. Consider L, = R and p(z) = |z|, the usual absolute
value function on the set of real numbers. Then clearly, p is convex
function modular on R. Let C' C L, be given by C' = [0,5]. Then
define T': C' = C,(C) by

[0, £],ifr #5
{1},ifx =5

T(x) =

then T'is p-quasi-nonexpansive ; but it is not p-nonexpansive. In fact,
F,(T) = {0} and hence H,(T'z,T0) < % < |z — 0] = p(z —0) for all
x € C. Thus, T is p-quasi-nonexpansive multivalued mapping, but
T is not p-nonexpansive. To see this, take zy = 2675 and yo = 5, then

Tzo = [0,2] and Tyo = {1} and p(zo, yo) = |z0 — yo| = |2 — 5| = 2.

But the Hausdorff distance of T'xy and Ty, is given by,

5
H,(Txy, Tyy) = max{ sup dp(a, {O,—D, sup dp(b,{l}>}
ac{1) 61/ bepo.z)

5
= 1> 6 = ‘x() - y()‘ = p(l’O;yO)a

which proves that T is not p-nonexpansive.
Lemma 4.3.4. Let p € R and C' be a nonempty p-closed, p-bounded
and convex subset of L,. Suppose T; : C' = C,(C), i =1,2,...,m, is

a finite family of p-quasi-nonexpansive multi-valued mappings. As-
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sume that F' := ﬂFp(Ti) # () and T;(p) = {p} for all p € F. Then,

1=1
the common fixed point set F'is p-closed.

Proof. Let {g,} be a sequence in F such that lim p(g, — f) = 0 for
n—oo
some f € C. We must show that f € F. Since g, € F,(1;) and T; is

p-quasi-nonexpansive for
1=1,2,....m,

Hy(Tign, Tif) < p(gn — [)-
Now, let h; € T;f for : =1,2,...,m. Then,

p(hz - gn) S Hp(Tzfa ngn) S p(gn - f)

Now, by convexity of p, we get

p(hz;f) _ p(hi;gn+gn2_f)
< 5(ohi— ) + plon — 1)

< plgn—f)— 0,as n— occ.

This implies that, h; = f, that is, f € T;f for all « = 1,2,...,m.
Since T;(f) is p-closed, f € F,(T;) for all ¢ = 1,2,...,m. Thus, the
common fixed point set is p-closed. ]
Theorem 4.3.5. Let p € R satisfy (UUC1) and As-property. Let
C C L, be p-closed, p-bounded and convex set. Suppose T; : C' —
C,(C),i=1,2,...,m,is a finite family of p-quasi-nonexpansive multi-
valued mappings. Assume that F' := ﬁ F,(T;) # 0 and T;(p) = {p}

i=1
for all p € F'. Let {f,} be as defined in (2.9).Then,
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1. lim p(f, — p) exists for all p € F

n—oo
2. lim d,(f,, Ti(fn)) =0, for all i = 1,2, ..., m.

n—oo

Proof. Let p € F be arbitrary. From equation (2.9), we have
p(fn—i—l - p) = p(O‘Omfn + a1 pUln + Q2 nU2 p, + ...+ EmnUmn — p)
— /0(0407n(fn - p) + Oél,n(ulm - p) + &2,n(u2,n - p) + ...

‘l_&m,n (um,n - p) )

IA

aonp(frn —p) + arnp(urn, —p) + aonp(uan —p) + ...
+nnp(Umn = P)-

(4.20)
Since u;,, € Ti(fn), Ti(p) = {p} and T; is p-quasi-nonexpansive for

1 =1,2,...,m, we have

IA

< p(fo—p) (4.21)

p(win — p)

forall: =1,2,...,m.
Now, from (4.20), (4.21) and the assumption Z a;, = 1, we obtain

i=0
that

p(fur1 —p) < p(fu —p), forall p e F.

Therefore, 7}1_)1{.10 p(fn — p) exists for all p € F.
Let
lim p(fu—p) = r (4.22)
for some r > 0. So from (4.21) and (4.22), we have
lim sup p(umn —p) < 1. (4.23)

n—oo
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Next, observe that

m—1
Qo.n _ 1 _ )
p<1 ozm,n(f” p)+1_&mn > i (Uip — P)
a 1 m—1
0,n
< : n 1,n 1,n
< ) Y vl )
1 m—1
= p(fn_p)

Therefore, from (4.22) we obtain

lim sup p(

n—oo

< r.

Thus (4.22), (4.23),

1 - O{m;n‘

Qo.n

m—1
1
(fn —p) + 1o Z Qi (Ui — p))
mn

(4.24)

(4.24) and Lemma 3.1.2, give that

m
p(OéO,nfn + § &G Uiy — um,n)
i=1

m—1
p(QO,nfn + Z A nUipn — (1 - an,m)“m,n)
i=1

m—1

1
E Ay nUin — um,n} ) .
1=1

1 - &m’n .

Qon
]_ - Ofmﬂ’b

p((l — Q) [ fo+

From (4.25), the Ay~ property of p and Lemma 3.1.3, we get that

lim p(fo+1 — umn) = 0.

n—oo
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In the same way, we can show that
lim p(fu1 — fu) =0
n—o0

and

lim p(fn—H - ui,n) - 07

n—0o0
foralle=1,2,...,m — 1.

Now, by the convexity of p, we get

fn - uz’,n)

. _ p(fn_fn+1+fn+1_ui,n)

2 2

p(fn - fn+1) p(fn—i—l - ui,n)
2 + 2 .

p(

IA

Hence,

. fn — Uin
AT

) = 0.

Since p satisfies Ao- property by Lemma 3.1.3, we obtain

lim p(f — win) = 0, (4.26)

n—oo
forallte=1,2,...,m.

Since wu;,, € T;(fn), we have

dp(fna Tz(fn)) < P(fn - Un,i)

foralli =1,2,...,m.
Therefore,

lim d,(fn, Ti(fn)) =0

n—oo

follows immediately from (4.26) for all i = 1,2, ..., m.
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Theorem 4.3.6. Let p € R satisfy (UUC1) and As-property. Let
C' C L, be p-closed, p-bounded and convex set. Suppose T; : C' —
C,(C),1=1,2,...,m, is a finite family of p-quasi-nonexpansive multi-
valued mappings. Let F' := ﬂF ) # 0 with T;(p) = {p} for all
p € F and {f,} be as defined | in (2.9). Then, {f,} p-converges to a

point in F' if and only if liminf d,(f,, F') = 0.

n—oo

Proof. The necessity is straight forward. Now, we prove the other
way round. Suppose that liminfd,(f,, F) = 0. From the proof of

n—oo

Theorem 4.3.5, we have

p(foi1 —p) < p(fy —p), forallp € F.

This implies that
dp(fn+1aF> S dp(fmF)

So that lim d,(f,, F) exists. But by hypothesis, liminfd,(f,, F') =

n—oo n—oo

0. Therefore, it must be the case that

lim d,(f,, F') = 0.

n—oo

Consider a subsequence {f,,} of {f.} and a sequence {p;} in F such

that

1 1
= and p(fo,.; — fu,) < o forall k, j > 1.

p(fnk_p ) 3

We show that {p;} is a p-Cauchy sequence in F'.
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Observe that for 5 > 1,

p(pk‘—Fj _pk) _ p(pk?-l—] - fnk+j + fnk+j - fnk + fnk _pk)

3 3
1 1 1
< gp(pkﬂ—j o fnk—i—j) + gp(fnk—i-j - fnk) + gp(fnk _pk)
1 1 1 )
< + + >0 as k, j — oo.

kil T kAL T ktj+l
Since p-satisfies As-condition, we obtain by Lemma 3.1.3 that {p;}
is a p-Cauchy sequence in F. But, we know that L, is complete and
F'is p-closed, by Lemma 4.3.4, {p;} p-converges to a point in F', say
p. Next we show that {f,} p-converges to p. In fact, by convexity of
p, we have

oI =2y

fo. =Dk DK —D
. ( )

2
< p(far —p) + plpr —p) = 0 as k — oco.

By the As-condition of p, we have p(f,, —p) — 0, as k — oco. Since
lim p(f, — p) exists, the sequence {f,} p-converges to p. Which

n—oo

completes the proof.

Theorem 4.3.7. Let p € R satisfy (UUC1) and As-property. Let
C C L, be p-closed, p-bounded and convex set. Suppose T; : C —
C,(C),i=1,2,....m, is a finite family of p-quasi-nonexpansive multi-
valued mappings satisfying Condition (II). Assume that F = ﬁ F,(T;) #
0 and T;(p) = {p} for all p € F. Let {f,} be as defined 2;11(29)

Then {f,} p-converges to a point in F.

Proof. From Theorem 4.3.5, we have lim d,(f,, T;(f,)) = 0 and
n—oo
dy(fos1, F) < d,(fn, F). Hence, lim d,(f,, F) exists. It then follows
n—oo
from the definition of Condition (II) that,
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for some i = 1,2, ...,m.
Thus, lim ¢(d,(f,, F')) = 0. Since ¢ is nondecreasing, ¢(0) = 0, and
n—oo

@(t) > 0 for all £ € (0, 00), we have

lim d,(f,, F') = 0.

n—oo

The rest of the proof follows from the proof of Theorem 4.3.6, as

desired.
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Chapter 5

Discussion, Conclusion and Recom-

mendation

5.1 Discussion

The results obtained in this thesis improve several results that ap-
peared recently in modular function spaces. In particular, our Theo-
rem 4.1.1 ( through Lemma 3.2.2) closed a gap observed in Theorem
2.1.12 of Khan and Abbas [24] which was given without clear rea-
sons on how the final result was obtained. Moreover, the first result
obtained in this thesis is published in the journal of ”Communica-
tions in Optimization Theory, 2016” . On the other hand, Theo-
rem 4.3.5 extends Theorem 2.1.11 of Khan and Abbas [24] from the
class of p-nonexpansive mappings to more general class of p-quasi-
nonexpansive mappings. Furthermore, the results obtained in this
thesis extend the corresponding results of Abdou et al. [1] from single
valued mappings to multivalued mappings. Finally, Theorems 4.3.6
and 4.3.7 improve and extend the corresponding results obtained in

Theorems 4.1.1 and 4.1.2.
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5.2 Conclusion

In conclusion, we gladly state that the main aim and specific objec-
tives of research are achieved. Our method of proof is independent

of interest.

5.3 Recommendation

Our recommendations for the future work and for any researcher

interested in this area are as follows:

e The Mann and Ishikawa iterative schemes we studied are for
the class of mappings defined on the modular function spaces
satisfying (UUC1) and As-conditions. We have the following

researchable problems

1. Can we obtain the same results by dropping the strong con-

dition As-property in the modular function spaces?

2. Can we extend the results to the modular spaces satistying

uniform continuity and strictly convex conditions?

e In all results obtained so far in this direction, nothing has been
said about convergence theorems for mappings defined on the
modular function space that satisfies property(R), the property
that behaves like the reflexive property in Banach spaces, the
question now is, can we extend the results in the literature as

well as our results to the modular function spaces which have
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property (R)?

e Since our convergence theorems are for the class of p-quasi-
nonexpansive mappings, it is possible to pose the following ques-
tion. Can we obtain the same convergence theorems if the
class of mappings is more general than the class of p-quasi-

nonexpansive?
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