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Abstract

This paper gives a review for optimal control problems with state variable
inequality constraints. To solve the problem with pure state inequality con-
straint, we use different approaches such that: direct adjoint approach, the
indirect adjoining approach with complementary slackness (first order con-
straints), the indirect adjoining approach for higher order constraints and the
indirect adjoining approach with continuous adjoint functions. Furthermore,
the application of optimal control problems conditions is demonstrated by
solving illustrative examples.

Keywords: Optimal control problems, pure state inequality constraint and
mixed state inequality constraint
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Nomenclature

A(t) co-state vector(adjoint vector)
F[t] objective function(cost function)
h[t] mixed constraint

k[t] pure state constraint

L[t] Lagrangian

u, u(t) control vector

u*, u*(t) optimal control vector
U(z(t),t) optimal region

(z*,u*) feasible or admissible pair
x,x(t) state vector

T state equation

x*, x*(t) optimal state vector

H[t] Hamiltonian

0 initial time

T final\ terminal time
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Chapter 1

BASIC CONCEPTS AND
DEFINITIONS

1.1 Introduction

Optimal control deals with the problem of finding a control law for a given
system such that a certain optimality criterion is achieved. A control problem
includes a cost functional that is a function of state and control variables.
An optimal control is a set of differential equations describing the paths of
the control variables that minimize(or maximize ) the cost functional. The
optimal control can be derived using Pontryagin’s maximum principle or by
solving the Hamilton jacobin equation. Optimal control is an important
part of optimization with many applications in different areas, especially in
engineering and economics. The usual format of an optimal control problem
is described by a number of parameters: z = (z1,z5...x,), which evolves
according to a state equation, ©(t) = g(t, z(t), u(t)), where u = (uq, uz ... uy,)
represents the control exercised on the system. This control vector should
typically satisfy various types of constraints depending on the nature of the
problem. We will consider only the restriction u(t) € Uyq C R™ for all . The
state equation is also complemented with initial or final conditions: z(0) =
xg, and z(T") = xp, where T is the time horizon we are considering. We must
also have an objective functional measuring how good a given control u is.
The form of such an objective function is: maxF'(x,u) = fOT ft,x(t), u(t))dt
where f: [0, 7] x " x R™ — R, measures the rate how good a given control
w is. A pair (z,u) is said to be feasible or admissible, if the following are
satisfied[9]:

1. Constraints on the control: u(t) € U,y Vt € [0,T].
2. State law &(t) = g(t, z(t),u(t)) Vt € [0, T].
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3. End point conditions z(0) = zg, x(T) = x7.

The optimal control problem is:

maxF(x,u):/O ft,x(t), u(t))dt

subject to : u(t) € Uy

(1) = g(t, 2(t), u(t))
z(0) = xo,2(T) = xp

1.2 The Hamiltonian and Multipliers

Consider: .
maxF(z,u) = / ft, x(t), u(t))dt
0
Among all pairs (z,u) such that:
#(t) = g(t, x(t), u(t))

together with appropriate conditions at end points; but the state equation
may be considered as a pointwise constraint that can be treated by introduc-
ing a multiplier or costate A(¢). Consider the costate function:

A:[0,T] — R"

and equation above are give the Lagrangian problem of the following:
T
L(z,u, &) =/ [f(tx(t),u(t)) + A@) (g(t, x(t), u(t)) — &(t))]dt
0

If we put:

Gt w,u, A, &) = f(tx(t), ut) + A (g(t, 2(1), u(t)) — (1))

Then from this equation Euler Lagrangian equations system can be derived
as follows:

LGt ) = St a(0),u(0) + MO g(ts2(0),u(2)) — (1)

fo(t (), u(t)) + A()ga(t, x(t), u(t)) = 0 (1.1)



Gt 0 ) = (70 (), u(t) + A0 (o1 2(0), u() — (1)

Ju(t, 2 (8), u(t)) + A() gu(t, z(t), u(t)) = 0 (1.2)

OG0, ) = (1) u(t)) + A ol (1), u(t)) — (1)
g(t,x(t), u(t)) — &(t) =0 (1.3)

%G(t, T, u, A, &) = %(f(t, z(t), u(t)) + A(t)(g(¢, z(t), u(t)) — (1))
“A(t) =0 (1.4)

Now from four above equation we can get the following three equations:

A = ot 2(0) w(t) + M2)gult, 2(0), (1)

Fo(t, (), ut)) + M) ga(t, (1), u(t)) + A(t) =0 (1.5)
ful(t, z(t), u(t)) + A()gu(t, z(t), u(t)) =0 (1.6)
g(t,x(t), u(t)) — &(t) =0 (L.7)

The purpose of this equations are to determined the conditions for the control
to maximize(or minimize) the objective functions.

Definition 1.1. The control Hamiltonian function H of the optimal control
problem [OC] is defined as:

H :[0,00)xR"xR"XR™ — R with H(t,x,u,\) = f(t,x,u)+Ag(t,x,u)

Thus the above equations (i.e equation of 1.7, ?? and ??) can be written
as:

1. Adjoint condition

A(t) = —%H(t,x(t),u(t),A(t)).

2. Optimality condition

(%H(t, (), u(t), A(t)) = 0.

3. State equation
B(t) = g(t,x(t),u(t)).



4. Transversalis condition If we set z(T") to be free then we have the
following conditions corresponding to the bounder (initial value) case.

A(T) =0 the transversalis conditions

Hence this four conditions are the necessary conditions for an optimal
control problems|9].

Example 1.1 (9).

End point conditions

Solution. 7o solve the problem first reduce the second order equations to first
order system with components x1 = x, ro = & so that ¥1 = xy, Xy = u and
end point conditions: x1(0) =1, x1(1) =0 and z2(0) = 1. The Hamiltonian
18:

H(t,x(t), u(t), A1) = u(t)* + A (t)z2(t) + Aa(t)u(t)

1. The optimality conditions

%H(t,w(zﬁ),u(t)) =0
2u4+ Ay =0
u= —%)\2
2. The adjoint conditions
—iH(t, 2(t),ut)) =M\ =0
0xy

9 .
—a—xQH(tﬁ(t),u(t)) = A
)\.2 = —)\‘1

Therefore the optimality equations together with end points are:
1
=—=\
Uu 5 2
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¥1 =129, Zo=u, x1(0) =1, 21(1) =0, 22(0) =1 and \y(1) = 0.

Now from above conditions: Xl(t) =\ =¢ and M\ (t) = ¢;. Since Do = — N
then ‘
)\2 = —C

)\Q(t) = —Clt + Co.

Therefore,
1
u(t) = —5(01?5 + ¢o)
but
La(t) = u(?)
]Ig(t) = _E(Clt + CQ)
1 1
.Z‘2<t) = chtz — §Cgt + C3.
again
T1(t) = zo(t)
1 1
l‘l(t) = Z_lCItQ — §Cgt + c3
(t) = Lot Lo popt v
T = 1201 402 C3 Cyq,

where ¢1, co, c3 and ¢y are constant that will be determined. Now let solve
all constant using given conditions x1(0) =1, z1(1) = 0.

1 1
.ﬁEl(O) = Ecl(())g — ZCQ(O>2 + Cg(()) +cy = 1, Cqy = 1
(1) = (1) = 2 (1) + es(1) +1 =0
T = 1261 462 C3 =
1 1
TR +c3+ 1 =0, where z5(0) =1 (1.8)
1, 1
22(0) = 101(0) - 502(0) tes=1, =1
therefore,
L L +2=0 (1.9)
1261 402 = .

b}



)\2<1) = —C| + C

—C1+C = 0. (110)

From equation of 1.9 and 1.10 we can solve ciand co stmultaneously.

1 1
e — ey = —92
1297 1%

—C1 + C = 0

hence ¢c1 = 12 and co = 12. Then the optimal solutions are:
u(t) =6(t—1)
o (t) =1t -3+t +1
To(t) = 3t* — 6t + 1.

The optimality conditions are necessary for all optimal solutions but they
might not be sufficient in the sense that there might be other types of solu-
tions that are not optimal.

Theorem 1.1. Let f and g be linear and convex in (x,u) for each fized t €
[0,T]. Then every solution of the system of optimality with the appropriate
end point conditions (including transversality) will be an optimal solution of
the control problem [9].

Proof. Assume that the pair (z,w) satisfies all the optimality conditions, and
let (z*,u*) be any other admissible pair. Then let measure the difference of
F(z,u) — F(x*,u*)

/0 [f (&, 2(t), ult)) — f(t 27(2), u"(t))]dt

Due to the linearity and convexity then

(0 (0) () = £ (0,2 (0), 0 () > 270 w) () o (1) ()

/0 Pt 2(t), u(D)— (2 (8), u (£) = / Ot u) a4 (1, ) )

Using necessary conditions
> /T[(—)\ — )\g (t,z,u))(x —z*) + (_)\2 (t,z,u))(u—u")]dt
— 0 a$g 9 Y aug Y 7
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> —/0 ()\%g(t,x,u))(x—x*)dt—/o )\(x—x*)dt—/o )\(,%g(t,x,u)(u—u*)dt.

Now let integrate using integra by part
_ /0 Uty + /0 e ()t
—A@z®) + /OT A& (t)dt + A(t)z ()] — /OT A(8)a*(t))dt
_ /0 "G — ()t
[ OGO X gt 00— A gl )
_ /0 Ol 2 ) gt 7, 0) )i /O ' )\(t)((%g(t, ., u)(:c—a:*)—l—)\(t)%g(t, 2, 0) (u—u))dt

r o 0
o * * > _ _ * _ _ *
/0 g(t,x,u)—g(t, o, u*)dt _/0 axg(t,x,u)(x x )—i—aug(t,x,u)(u u*)dt

then by convexity of g we have:

F(z,u)—F(z*,u*) > —(/0 )\(t)(g(t,x*,u*)—g(t,x,u))dt+/0 A1) (g(t, x,u)—g(t, ", u*)dt)).

There fore F(x,u) > F(z*,u*) for all feasible pair (x,u). Hence the pair
(x*,u*) is the minimizer of optimal control problem.

1.3 Pontryagin’s maximum (or minimum)principle

Pontryagin’s maximum (or minimum) principle is used in optimal control
problem to find the best possible control for taking a system from one state
to another, especially in the presence of constraints for the state or input
controls. The principle states informally that the Hamiltonian must be min-
imized (or maximized) over U, the set of all permissible controls. If u* € U
is the optimal control for the problem, then the principle states that:

H(t,x*(t),u*(t),\*(t)) < H(t,z(t),u(t),\(t)), YueU, tel0,T]

where z* € C(V[0, T is the optimal state trajectory and A* € [0, T] is the op-
timal costate trajectory. Consider the optimal control problem in maximum
form:

maxF(x,u) = /0 ft,z(t), u(t))dt + S(x(T),T)

7



subject to: @(t) = g(t, z(t),u(t)),x(0) = xo,

where S(x(7),T) is known as the salvage functions. Suppose z(t) and u(t)
represent the state trajectory and optimal control respectively. Then there
exists an adjoint A(¢) such that together z(t), u(t) and A(t) satisfies the
following conditions[9]:

1. Adjoint condition

(1) = — - H(t " (1), (1), (1)

2. State equation

T*(t) = g(t,x*(t),u"(t)), with z(0) = xy.

3. The transversality condition

4. The maximum conditions

H(t, 2" (1), u™(£), A"(1)) < H(t, x(t), u(t), A(t))

1.3.1 Bounded control

Consider the optimal control problems|[8]:

maxF(x,u) = /0 ft,x(t), u(t))dt + S(x(T),T)

subject to: @(t) = g(t, xz(t), u(t)), z(0) = xg
a<u(t)<b

Hence the conditions for optimality for bounded controls are given:

1. State equation

(t) = g(t, x(t),u(t)), with z(0) = xg
2. Adjoint condition

At) = —%H(t,x(t),u(t), A1)



3. The transversality condition

4. The optimality Condltlon
ut=a 1f —H(t, (1), u(t), A1) <
a<u*<b 1f‘9H(t:c(t) u(t), A(t)

O
t)) =
wi=b 2 H(E (), u(t), A(t)) o

)
>
Definition 1.2. The point t.s at which the control switches between the min-

imum and the maximum s called the switching time. If the Hamiltonian
problem is[8]:

H (b, 2(t),ut) A1) = f(t.2) + ufa(t,2) + A(0) a1, 2) + uga(r, )
H(t,2(0), u(t). X0) = fi(t.2) + A (£ ) + u(t) (ot ) + MD)ga(t,2)
O (1, 2(0), u(t). A1) = folt2) + At)galt. ) = v

)
which contains no information about u then the function 1(t) = 2 H(t, z(t), u(t), A(t))
can be zero at some finite number of #'s.

uw*=a if P(t) <0

)
a<u*<b if Y(t)=
uw*=>b if ¥(t) >0

Hence ¥(t) = fo(t, ) + A(t)g2(t, ) is called the switching functions.

Definition 1.3. A control u(-) € Uyq is called Bang Bang if for each t €
[0,T] and each index i = 1,2,...,m we have |u;(t)] = 1 where u(t) =

(w1 (t), us(t), ... u,(t))/8].



Chapter 2

Analysis of constrained
Optimal control problems

2.1 Introduction

Optimal control problems with state variable inequality constraints are an
important in different areas, specially in mechanics, aerospace, management
science and economics. These problems are not easy to solve and even the
theory is not unambiguous, since there exist various forms of the necessary
and sufficient optimality condition. More specifically, we deal with problems
with both pure and mixed state variable constraints. Pure constraints are
inequality constraints expressed only in terms of the state variables and pos-
sibly time. Mixed constraints are constraints on control variables that may
depend on the state variables and time [10].

2.2 Problems with Mixed Inequality Constraints

Optimal control problems with state inequality constraint arise frequently in
practical applications. Consider the problem to find a piecewise continuous
control u* € C[0,T] with associated response z* € CM[0, T] and a terminal
time 7" € [0, T such that the following constraints are satisfied and the cost
function takes on its maximum value:

10



T
maXF:/ flt, x,u)dt
0

subject to: z(t) = g(t, z(t), u(t)), =(0) =0, =(T) = zy
h(t,z(t),u(t)) <0

Assume that the components of h(t, z(t), u(t)) depend explicitly on the con-
trol u and the following constraint qualification condition holds

( Zh diag(h) ) (2.1)

is full rank. In other words, the gradients with respect to u of all the ac-
tive constraint A(t, z(t),u(t)) < 0 must be linearly independent. A possible
way of attempting to solve optimal control problems with mixed inequality
constraints are to form a Lagrangian function L by adjoining h(t, z(t), u(t))
to the Hamiltonian function H with a Lagrange multiplier vector function u
[3].

L(t,z,u, A\, ) = H(t, x,u, \) + ph(t, z,u)

where H(t,z,u,\) = f(t,x(t),u(t)) + Ag(t, x(t), u(t))

2.2.1 Necessary conditions for optimality

Consider the optimal control problems|7] and [13]:

T
maxF:/ flt,x, u)dt
0

subject to: @(t) = g(t,x(t),u(t)), x(0) =z, z(T) = zr
h(t,z(t),u(t)) <0

with fixed initial time and free terminal time and where f, g and h are con-
tinuously differentiable with respect to (¢,x,u) on [0, T] x R™ x R™. Suppose
that «* € C[0,7T] is a maximizer for the problem and let z* denote the op-
timal response. If the constraint qualification conditions are holds for every
tel0,7]:

1. The function
H(t,z*(t), u, A*(t))

attains its maximum on U(z*(t),t) at u = u*(¢), for every t € [0; T,
H(t, 2 (t),u*(t), \(t)) > H(t,z*(t),u(t), A(t))

Vu € U(x*(t),t) where
U(z(t),t) :={u(t) € R" : h(t,z(t),u(t)) <0}

11



2. The quadruple (t,z*, u*, \*, u*) satisfies the equations
x*(t) = Ly(t, z,u, \, 1)

At) = —Lg(t,z,u, A, 1)
0= Ly,(t,x,u, A\, p)

at each instant t of continuity of u*.

3. The vector function p* is continuous at each instant of continuity of u*
and satisfies:

u(Oh(t,(t), u(t)) =0 pu(t) >0

2.2.2 Extension to General State Terminal Constraints

The maximum principle given in above conditions can be extended to the
case where general terminal constraints are specified on the state variables

" a(z(T),T) >0

b(z(T),T) =0

and a terminal term is added to the cost functional as
T
maxF:/ flt, z,u)dt + S(x(T),T)
0
where a, b and S are continuously differentiable with respect to (¢,x) for

all (t,x) € [0,7] x R™. Suppose that the terminal constraints satisfy the
constraint qualification conditions[13]

Lo diag(a)
2p 0

is full rank. Then in addition to the necessary condition of optimality there
exists Lagrangian multiplier vectors a@ € R and 8 € R such that:

NT) = So(@(T), T) + aay(x(T),T) + Bby(x(T), T)

where

a>0, aadlz(T),T)=0

12



Example 2.1. Consider the problem [12]

1
mamF:/ udt
0

subject to:i = u,x(0) =1

u>0,r—u>0

Note The constraints u > 0 , x — u > 0 are a mixed type and they can
be rewritten as 0 < u < x .

Solution. The Hamiltonian s
H=u+X = H=(14+MNu
so that the optimal control has the form
u* = bang|0,z; 1+ AJ.

To get adjoint equation and the multipliers associated with constraint u >
0,z —u > 0 we form the Lagrangian

L=H+ pu+ po(r —u) = pox + (L + A+ pin — p2)u.
From this we get the adjoint equation
A= —Ly(t,z,u, ) = —pz, A1) =0

and also note that the optimal control must satisfy

0
L =14+A4 1 —p2=0
ou

where py and py must satisfy the complimentary slackness conditions
p1 > 0, pyu =0

125) Z O,MQ(ZL‘ — u) = 0.
The mized state constraint x(t) — u(t) > 0 being active for each 0 < t
then we have u*(t) = x*(t). Since x(0) = 1 the control u* = x gives x(t)
as the solutions x(t) = €' it follows that u* = x > 0 thus pu; = 0.
Since

<1
:et

0
L=1+A+pm—p2=0
ou

13



then
1+ A= =0 since pu; =0

/ngl—f-)\

and

A= —puy and \(1) then
A=-1-2)
A+ A=-1

2.3 Problems with pure state inequality con-
straints

Consider the function:
k(t,x) where k:[0,T] x R"

then the pure state constraints k(¢,z) > 0 are generally, more difficult to deal
with since k(t,z) does not explicitly depend on w, and = can be controlled
only indirectly. It is therefore, convenient to differentiate k(¢, z) with respect
to time ¢ as many times as required until it contains a control variable. Let
us for the moment define k*(¢,z),7 = 1,2. .., p recursively as follows:

14



KOt z,u) = k(t, )

d
E'(t,z,u) = Ek =k, (t,2)g(t,x,u) + ki(t, x)

d
K2 (t,z,u) = %kl = kX(t,2)g(t, z,u) + k}(t, ) (2.2)

R () = kP = R gt ) + ),

where subscripts denote partial derivatives. Depending on the context we
also use a subscript such as i to denote the i*® component of a vector.
If

Ei(t,o,u) =0 for 0<i<p-—1, KkP(t,x,u)#0 (2.3)

then the state constraint k(¢,z) > 0 is of order p. In more general case of
k(t,z), the corresponding order p; for each component k;(t,x) of k(t,x) is
obtained from equation of 2.2 and 2.3. If the state constraints will be order
of p = 1 then it is easier to treat than the higher order cases [10]. With
respect to the i constraint k;(¢,z) > 0, a subinterval (7;,7) C [0,7] with
71 < Ty is called an interior interval of a trajectory if k;(z(t),t) > 0 for all
t € (11,72). An interval [r1, 73] with 7y < 75 is called a boundary interval if
ki(z(t),t) = 0 for t € [, 7). An instant 7 is called an entry time if there
is an interior interval ending at ¢ = 7 and a boundary interval starting at
71; correspondingly, 7 is called an exist time if a boundary interval ends at
79 and an interior interval starts at 7. If the trajectory x just touches the
boundary at time 7, i.e., k(7,z(7.)) = 0, and if the trajectory x is in the
interior just before and after 7, then 7 is called a contact time. Taken
together, entry, exit, and contact times are called junction times. Assume
that the following full rank conditions on any boundary interval [r, 73]

0 1.m
ou kl

gak’
is full rank for all ¢t € (7, 7). Where kf[t] =0 for, i =1,2,...,5 <5
and kf(t,x) >0 for i=s+1...,sfort € (m,m) and p; is the order of
constraint k;(t,x) > 0 i.e the gradients of k:fls (t,x) with respect to u of the
active constraints k;(t,z) =0, i =1,2,...,s must be linearly independent
along an optimal trajectory [3].
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2.4 Direct adjoint approach
In this approach, the Hamiltonian H and Lagrangian L are defined as follows:
H(t,z,u,\) = f(t,z,u) + \g(t, x,u)

L(t,x,u, A\, p,v) = H(t,z,u, \) + ph(t, z,u) + vk(t, x),

where the vector A € R"[t] is the adjoint function and p € R°[t] and v € RI[t]
are multipliers. This method derives its name from the fact that the mixed
constraints h(t, z,u) > 0 as well as the pure state constraints k(¢,z) > 0 are
directly adjoined to the Hamiltonian in order to form the Lagrangian.

Theorem 2.1. Let {z*(:),u*(:)} be an optimal pair for optimal control prob-
lem over a fized interval [0,T], such that u*(-) is right continuous with left
hand limits and the constraint qualification condition of equation 2.1 holds
for every triple (t,z*,u*), t € [0,T] with u € U(t,z*(t)). Assume that x*(t)
has only finitely many junction times where \(+) are discontinuous at junction
time. Then there exist a constant \o(t) > 0, a piecewise absolutely continuous
costate trajectory A(-) mapping [0,T] in to R", piecewise continuous multi-
plier function p(-) and v(-) mapping [0,T] in to R and R? respectively, a
vector n(1;) € R for each point 7; of discontinuity of A(-) and o € R 3 € R
and v € RY such that (Ao, A(t), p, v, o, B,1(11), ..., n(1;) # 0 for every t and
the following conditions hold almost everywhere [10]:

u*(t) = arg maxueU(t’z(t))H(t, x* u, Ao, A(4))
Lylt] = Hu[t] + phult] = 0
A= —L:[t]
p(t) >0, ph*(t,r,u) =0
v>0, vk*(t,z) =0
At the terminal time T, the following transversality conditions hold:
ANT™) = XS;[T] + aa,[T] + Bb,[T) + vk [T

a>0, v>0 aalT] =~k*[T] =0

For any time 7 in a boundary interval and for any contact time 7, the costate
trajectory A may have a discontinuity given by the the following jump con-
ditions:

A7) = A7)+ n(n)ki[7]
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H* (™) = H*(r") = n(7)k;[7]
n(r) =0 n(r)k*[r] =0

Where 77 and 7~ denote the left hand and the right hand side limits respec-
tively.

Proof. 1. Now to formulate the maximum principle for the problem de-
fined by the state equation, objective function, mized inequality con-
straint and pure state variable inequality constraints, we form the La-
grangian as follows:

L(t,z,u, N\, p,v) = H(t, z,u, N) + Ag(t, z,u) + ph(t, z,u) + vk(t, z),
where the Hamiltonian is:
H(t,x,u,\) = f(t,x,u) + \g(t, z,u)

Now we can show that the maximum principle from Hamiltonian equa-
tion; the only difference is that the expression of

F(z*,u*) — F(z,u) >0

/0 [f(t, 2" (t),u™(t)) — f(t,x(t),u(t))]dt >0

This equations are proved in Theorem (1.1) then it follows that a neces-

sary conditions for u* = u to be mazximizing control is that F(x*,u*) >

0 for all admissible. This implies that H (t,x*(t), u*(t), \*(t)) >)H (t, z*(t), u(t), \*(t))
for all admissible uw and all t € [0,T). This state that u* is mazximize

the Hamiltonian.

Therefore,

u*(t) = arg max,ep ¢ o) H (2", 0, Aoy A())

2. From equation of Fuler Lagrangian equation derivative in chapter one

we can get:
Lylt) = Ht] + phuft] = 0

A= —L*[t].

Since the vector function u(t) and v(t) is piecewise continuous at each
time t of continuity of w, then it 1s satisfies the following condition:

p(t) >0, ph*(t,z,u) =0

v>0, vk*(t,x) =0
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3. Suppose that the point T; at which the control switches between the maz-
imum and minimum time. Therefore, at this time the jump conditions
form for the adjoint variable and the Hamiltonian function. Then we
would have that X(+) and H(-) are discontinuous at this time. Therefore,
at any entry|contact time T;, the adjoint function and Hamiltonian
function may have discontinuities of the form:

A7) = A(T) + n(n)k;[7]
H*(r7) = H*(77) = n(7)k;[7]

where the Lagrange multiplier vector n(T) satisfies the condition n(7)kk[T] =
0, n(r)>0.

Proposition 2.1. The adjoint function X is continuous at a junction time
7, i.e n(1) = 0 if either (1) or (2) below holds:

1. The control u* is continuous at 7 and

2h*[r]  diag(h*[7]) 0
(2.4)
%kl* 7] 0 diag(k*[T])

is full rank where k'(t,x,u) is defined in equation 2.3.

2. The entry or exit is non tangential i.e k™ (77) < 0 or k™ (77) > 0 then
A(t) is continuous at time t =1 [10].

Definition 2.1. The Hamiltonian is said to be reqular if along a given,
x(t), \(t),n(t) and H(x(t),u, A(t),n(t)) has a unique mazimum in u for all
t€0,7].

Proposition 2.2. If the Hamiltonian is reqular, which in this context means
that the maximization of H with respect to u is unique, then u* is continuous
every where including the points on the boundary[9)].

Proof. Suppose Hamiltonian is regqular then we want to show that u(t~) =
u(t). Let (z,u) be an admissible pair for optimal control problem; therefore,
Hamiltonian look as follows:

H(t, x(t), u(t)) = f(t,2(t), u(t) + At)g(t, z(t), u(t))
then on the subinterval [0,t~] the control functions are:

H,(t,z(t),u(t)) = 0= fu(t,z(t),u(t))+A(t)gu(t, x(t),u(t)) = 0 wheret € [0,t]
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and also on the subinterval [t*,T] the control functions are:
Hy,(t,x(t),u(t)) = 0= fu(t,x(t),ut))+A)gu(t, z(t),u(t)) = 0 where t € [t7,T).

Hence the control functions are continuous if the lim, - u(t) = limy_y+ u(t)
but,

Hu<t_7 m(t_),u(t_)) - fu(t_,flj(t_), u<t_)) + )‘(t_)gu(t_a x(t_)a u(t_))

= H,(t",2(t"),u() = fut"),z(t"), u(t™)) + At )gu(t", 2(t"), u(t*)) = 0
Therefore,

Ju (@), u(t™)) + A )gult™, x(t7), u(t™)) = 0

= fultT), 2(t7), ult™)) + At )gu(t™, 2(t7), u(t")) =0

make both side limit

i (£ (87, 2 (), w(t™)) + A )gu(t™, 2(t7),u(t™))) = 0

t—t—

= lim (f,(t1), 2(t"), u(t")) + At gu (T, 2(t1), u(t™))) =0

t—tt

Therefore, u(t) is continuous everywhere including the points on the bound-
ary.

2.5 The indirect adjoining approach with com-
plementary slackness: (first order con-
straints)

The idea behind this approach is the following. If the trajectory hits the
boundary at time 7 i.e k(z(m),71) = 0 then for it to remain on the
boundary up to time 7, requires.

E'(t, z*(t),u*(t)) =0 for t € (11, 7)

where k'(t,z,u) may or may not depend explicitly on the control variables.
This asserts that the phase velocity of a point moving along the trajectory
is tangential to the boundary at time ¢t. At the exit point 75 we must have
k¥ (757) > 0. Thus, one could formally impose the constraint k*(¢,z,u) > 0
whenever k(t,z) = 0 in order to prevent the trajectory from violating the
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constraint k(t,z) > 0. Then the Hamiltonian and Lagrangian can be defined
as follows:
Hl(tv T, U, )‘Oa )‘1) = >‘0f<t7 xz, U) + )‘lg(tv Z, U)

LYt mu, Mo, Ay ) = HY(t 2,0, Mo, AY) + ph(t, o, u) + v RN (E, 2, 0)

Because the derivative k'(¢, z, u) of k(t, z) rather than k(¢, z) itself is adjoined
to H in forming the Lagrangian, this approach is known as the indirect
adjoining approach.
The control region:

Ult,z) = {u € R | h(t,z,u) > 0,k (t,z,u) >0 if k(t,x) =0}

The necessary conditions of optimality that are used as a procedure while
applying the indirect adjoining approach are now stated as follows.

Theorem 2.2. Let {x*(:),u*(:)} be an optimal pair for optimal control prob-
lem such that z*(-) has only finitely many junction times and the strong
constraint qualification condition, of equation 2.4 holds. Then there exists
a constant \g > 0 a piecewise absolutely continuous costate trajectory \'(-)
mapping [0,T] in to R", piecewise continuous multiplier function u(-) and
V() mapping [0,T) in to R° and R respectively, a vector n*(r;) € NI for
each point 7; of discontinuity of \'(-), a € R! and B € R, not all zero, such
that the following conditions hold almost everywhere[10]:

u*(t) = arg maxueU(t’m(t))Hl(t,x*,u, Ao, A ()

= — L[]
L[t} =0

p(t) =0, ph(t,z,u) =0

v} is non increasing on boundary intervals of k;(t,z), i=1,2,...,q, with

vi(t) >0, V1 <0, VRS (L zu) =0

and p p
_H*l — _L*l — *1
CHE] = 2L = LY

whenever these derivatives exist. At the terminal time T the transversality
conditions
M(T™) = XN SE[T) + aa,[T] + Bb,[T] + vki[T)

a>0, v>0 then aa[T] =~k*[T) =0
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holds. At each entry or contact time, the costate trajectory \' may have a
discontinuity of the form:

A (™
o (r7) = HY() = (k7]
A1) 20, g (R[] =0

) = A(T) + 0 (TR

Proof. Suppose that the constraint k(t,x) > 0 is called a constraint of first
order since first derivative of k(t,x) the first time at a term in control u
appears in the expression by putting g(t,z,u) for . Then in the case of first
order constraints, we need to define k'(t,z,u) as follows:

d 0
1 _a _9
k' (t,z,u) = dtk:(t,:z:) 5

Then using first order conditions we can form Lagrangian function as follows:

d
kg(t —k(t
o(t.au) + 2 k(t,2)

LYt m,u, Mo, A oy vt = HY(t, 2,0, Mo, AY) + ph(t, o, u) + VRN (E, 2, 0)
where the Hamiltonian is
Hl (t’ x? u? )\07 )\1) = A()Jc(t’ x? u) + Alg(t’ x? u)'

Then from above Lagrangian equation we can derivative the maximum prin-
ciple states that the necessary conditions for u* with the state trajectory x*
to be an optimal control for the problems. Then there exist adjoint variable A
and Lagrangian multipliers u, v, o, 5 and the jump parameter n which sat-
isfies the conditions, then to find adjoint equation and optimality condition
using partial derivative interims of x and u and the proof of the Hamiltonian
mazximizing condition is similar to Theorem (2.1) as follows:

(82 (8), u*(£), XL (1) > H' (6,2 (8),u, X (1))
at each t € [0,T] for all u satisfying the following conditions
g(z*(t),u,t) > 0,

and

E'(z*(t),u,t) > 0 whenever k(xz*(t),t) = 0.
Therefore,

u*(t) = arg mamueU(tyx(t))Hl(t, ¥, u, Ao, A (4))

S =Ll
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Lt =0
p(t) =0, ph(t,z,u) =0

Since the derivative of v less than zero then v is non increasing on the bounder
interval of ki(t,z). At any entry| contact T the control is switches between
mazimum and minimum. Therefore, at this time the adjoint function and
Hamiltonian function have discontinuities, then it is the form of:

N(r7) = M) + () lr)
Y (r7) = HY () = ' ()R 7]
M) 20, (k) =0

2.6 The indirect adjoining approach for higher
order constraints

In this section, we shall consider constraints of higher order, i.e p > 2. This
means if p = 1 and k*(¢, z, u) does not depend on the control variable u, then
we differentiate k(¢, ) with respect to time ¢ as many time as required until
it contains a control variable u. Then such type of conditions are said to
be indirect adjoint approach for higher order constraints. The Hamiltonian
and Lagrangian of the indirect adjoining approach for the state constraint of
order p are now:

Hp(tv T, U, )‘07 )\p) = )‘Of(tv x,u) + )‘pg(ta ZL‘,U)

LP(t,x,u, Ao, AP, o, vP) = HP(t, x,u, Ao, \P) + ph(t, z,u) + vPEP (¢, z,u)

with k” defined in equation of 2.2. Then the control region U?(t, z) is defined
as follows:

UP(t,x) ={ue R" | h(t,z,u) >0, K’(t,z,u) >0 if k(t,z)=0}.

Theorem 2.3. Let(x*(-),u*(:)) be an optimal pair for optimal control prob-
lem with x*(-) having only finitely many junctions times, and where constraint
k(t,z) is of order p, let the constraint qualification condition, of equation 2.1,
holds. Then there exist a constant \g > 0, a piecewise absolutely continuous
costate trajectory N°(-) mapping [0,T] in to R, piecewise continuous mul-
tiplier function p(-) and v(-) mapping [0,T] in to R® and R9, respectively,
vectors n'(7;) ...nP(1;) € R4 for each point 7; of discontinuity of \P(-),a € R!
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and B € R not all zero, such that the following conditions hold almost ev-
erywhere[10].

u*(t) = arg maq;ueU(W(t))Hp(t, ¥ u, Ao, AP(+))
W= Ll
L] =0

wu(t) >0, ph*(t,z,u) =0
The multiplier function vP is p — 1 times differentiable and (vP)P~' is of
bounded variation

(=) ()" (t) >0, r=0,1,...,p VPE”(t,z,u) =0

d d

—H™[t] = —=L"[t] = Lip|t
At the terminal time T, the transversality conditions with \'(-) replaced by

AP(-). At entry times, the costate trajectory AP may have a discontinuity of
the form:

NP (7~ +Zn )17 (2.5)

HP[r~ +Zn (k)i [7] (2.6)

n(r) 20, (k[ =0, r=12...,p (2.7)

Proof. The condition of the maximum principle states that the necessary
conditions for u* with the state trajectory x* to be an optimal control for
the problem is the same approach as first order state constraints (indirect
adjoining approach). Suppose that the constraint k(t,x) > 0 is constraint of
p order since k(t,x) is derivative p times until it contains a control variable
w. In the case of p order constraints, we need to define kP(t, x,u) as defined in
the equations of (2.2). Then using p order conditions we can form Lagrangian
function as follows:

LP(t, x,u, Aoy, AP, pu, VP) = HP(t, z,u, Ao, AP) + ph(t, z,u) + vPEP(t, z,u)
where Hamiltonian is
Hp(tv T, U, >‘07 )\p) = >‘0f(t7 Zz, U) + )‘pg(ta z, U)

Note p is indicate order.
Assume that the function g and k are continuously differentiable with respect
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to all their argument up to order p — 1 and p respectively, then the necessary
condition of optimality as follows:

u*(t) = arg maxueU(tyx(t))Hp(t, ¥ u, Ao, AP(4))
X = —L"[t]
Ly[t] =0
wu(t) >0, ph*(t,z,u)=0.

If the switching function of order p the jump condition at entry times, the
costate trajectory NP and Hamiltonian function may have a discontinuity of
the form:

N (7™ +Zn )(k"1)307]

HP[r~ +Z17 YK 7]

n'(t) >0, n"(n)ki[r]=0, r=1,2,...,p

2.7 The indirect adjoining approach with con-
tinuous adjoint functions

In this section, the adjoint function X is continuous. The Hamiltonian H and
the control region U respectively:

ﬁ(t, T, U, Moy A, 11, ) = Ao f (¢, , u) + Xg(t, x,u) + ph(t, z,u) + ok (t, z,u)
Ut,z) = {u € R | h(t,z,u) >0, k'(t,z,u) >0 if k(t,z) =0}
J{ue R | At 2,u) >0, K'(t,z,u) <O if k(t,z) =0}

Theorem 2.4. Let(x*(-),u*(:)) be an optimal pair for optimal control prob-
lem such that the strong constraint qualification condition, of equation 2.4,
holds. Then there exist a constant A\g > 0, a continuous and a piecewise
continuously differentiable adjoint function A(-) : [0,T] — R and multiplier
function p(-) : [0,7] — R° and v : [0,T] — R, such that the following
conditions are satisfied whenever u is continuous.

u* (1) = arg maz,ep g o) H (8 2%, 0, Xo, A(2), u(t), (1))
N =[]
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H,[t] =0
d

S Hlt] = il

The multipliers p(-) and D(-) are continuous on intervals of continuity of
u*(+). Furthermore, () is non increasing on [0,T], continuous when ever
k*[-] is discontinuous (i.e when entry to or exit from the corresponding state
constraint is non tangential), and constant on intervals up on which kf[-] > 0.
At the terminal time T, the following transversality conditions holds[10):

MT) = XS, [T + aa,[T] + B, [T
a>0, aaT] =0

Proof. Suppose u* is continuous then the Hamiltonian is reqular along a
given x(t), A(t), n(t) and H(t,z(t),u, A(t),n(t)) has a unique mazimum in u
for allt € [0,T)] including the points on the boundary by Proposition (2.2).
Therefore, the necessary conditions are holds since maximum principle is
unique and using partial derivative we can obtained optimality conditions
and the adjoint equation as follows:

u’ (t) = arg maxueU(t,m(t))ﬁ(ta .I'*, u, )\07 S‘(t>7 N(t)a D(t))

A\ = —H,[t]
1,0t =0
d -~ .

Since adjoint function is continuous then at the terminal time T, the following
transversality conditions holds as follows:

MT) = NSE[T] + aa,[T) + Bb,[T]

a>0, aadll] =0

2.8 Existence result

We can review several different sets of optimality conditions for optimal con-
trol problems. Since optimality conditions do not mean much in the absence
of an optimal solution then we briefly provide some existence results for the
problems. Our purpose here is not to make a review of existence result. We
choose to mention two characteristic:
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e The first result uses strong assumptions such as boundedness of all
admissible state and control paths.

e The second result uses growth conditions on the state and control vari-
ables[10].

The growth conditions[3] If f and ¢ satisfy the following conditions for
every bounded subset X of R”, then there exist a constant ¢ and a summable
function d such that, for almost every ¢, for every (x,u) € domf (¢, z,u) with x €
X, we have:

g2 (t, 2, w)|] < {lg(t, 2, w)[ + f(E, 2, u)} + d(2)

and for all &,

€11+ [lgu(t, 2z, w)ll) < e{lgult, 2, w)| + f(E 2, u)} +d(t)
We define the (state dependent) control region:
U(t,z) ={u e R" | h(t,x,u) >0} C R"

and the set

N(t,z) ={(f(t.z,u) +7,9(t,2,u))/y < 0,u € U(t,z) C X"}

Lemma 2.1. Let U(y) be an upper semicontinuous set-valued mapping ™ —
R™ with compact values. Then, on any compact (and hence on any bounded)
set of y; the values U(y) are uniformly bounded, i.e., for any compact set
K € R™ there exist a constant 0 such that the set U(y) is contained in the
ball B(0,0) for anyy € K [2].

Proof. Since U(y) is an upper semicontinuous mapping, for any y there
exists a neighborhood O(y) of y such that the inclusion U(y*) C U(y) +
B1(0,0) holds for any y* € O(y). The union of these neighborhoods O(y)
over all y € K covers the entire compactum K; and, by the definition of a
compact set, a finite subcovering can be chosen from this covering. Namely,
there exist finitely many points yy, ..., ym € K and their neighborhoods O(y;)
such that the set U(y*) is contained in U(y;) + B1(0,0) for any y* € O(y;);
and these neighborhoods cover the entire compactum K. The union V' of the
bounded sets U(y;) + B1(0,0) over alli =1,...,m is also bounded, i.e., it is
entirely contained in the ball B(0,0) for some §. Since for any y € K ; there
exists a number i such that y € O(y;); we have U(y) C U(y;) + B1(0,6) C V;
and hence U(y) C B(0,0).
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Corollary 2.1. Suppose that U(t,x) is an upper semicontinuous mapping
R — R with compact values. Then, for any T > 0 and any bounded set
Q C R™; there is an R = R(T, Q) such that the inclusion U(t,x) C B(0,0)
holds for any t € [0,T] and any x € Q [2].

Proof. One should apply Lemma above to the mapping Ul(y); where y =
(t,x); and to the compact set K = [0;T] x Q.

Theorem 2.5. Consider the optimal control problem where T is free to vary
in the interval [0,T]. Assume that f, g, h,k,S,a and b are continuous in all
their arguments at all points (t,xz,u) € [0,T] x R™ x R". Suppose that there
exist an admissible solution pair and that the following conditions holds:

1. N(t,z) is convex for all (t,z) € R™ x [0,T].
Suppose further that

2. There exists & > 0 such that ||x(t)|| < 0 for all admissible pair (x(t), u(t))
and t.
and

3. There ezists 61 > 0 such that ||u|| < 61 for allu € U(t,x) with ||z(t)|| <
J .

Then there ezists an optimal triple (T, z*, u*) with u*(-) measurable [10].

Proof. Let (fi(t,z,u)+ v, 91(t, x,u))and( fo(t, z,u) + 2, g2(t, x,u))) be two
value of N(t,z). Then for all any 0 < a < 1:

a((fl(t7x’u) +'71791<t7x7u)) + (1 - a)(fQ(t7x7u) +’72792(t’x7u))

afl (ta z, U)+CL")/1, agi (tv xz, U))+(f2(t, T, u)+’727 g(ta z, U))—(Z(fg(t, xz, U)-F")Q, g2<t7 x, U’))

collect like term together
(a((fr(t, 2, u) +7) + (1= a)(fot, 2, u) +72)), ag1 (8, @, u) + (1 = a)ga(t, 2, u))

(CL((fl (ta Z, u)_f2<t7 €, u>>+f2(t7 Z, u)+<a(71_'72)+/72)7 agy (t7 Z, u)+(1_a)92(t7 €, u)))
Therefore, N(x,t) is convex
By Lemma and Corollary 2.1 above there exists § > 0 such that ||x(t)|| < 0
for all admissible pair (x(t),u(t)) and t and also there exists 6y > 0 such
that ||ul] < 01 for all w € U(t,x) with ||x(t)|| < §. Therefore, the trible
(T*, x*,u*) always belongs to the compact set [0,T]x B(0,6) x B(0,61). Thus,
the set of solutions x(t) of optimal control problem is uniformly bounded and
continuous, and the set of controls u(t) is uniformly bounded.
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2.9 Sufficient conditions and Uniqueness

Theorem 2.6. Let (z*(-),u*(:)) be a feasible pair for the optimal control
problem with a fized horizon time T < oo. If there exists a piecewise con-
tinuously differentiable function X : [0,T] — R" such that for every other
feasible pair (x(-),u(-)) the following conditions holds [10]:

1. The magimum Hamiltonian:
H(t, z* (t), u (), \t)—H (t, z(t), u(t), \(t)) > A(t)(z(t)—z*(t)) Vt € [0,T]
2. The jump conditions
(A7) = AT))(z(r) — 27(7)) = 0

V7 € [0,T] where X is discontinuous and the transversality condition.

AMT)(@(T) = 2*(t)) =2 S((T),T) = S(=*(T),T)
then (z*,u*) is optimal [7].

Proof. 1. Letu € U(t,z) and x be an admissible trajectory generated by
u then by definition of Hamiltonian we:

F@ (@), w (8)+A@)g(t, 27 (1), u™ (1)) = (f (E, 2(t), u(®))+A()g(t, 2(1), u(t)))

T = g(t, x(t)7 u(t))
then
2" (b),u" (8)+A )z (£)— f (£, 2(t), ult) = A)a(t)—A(t) (z(t) —2"(£)) > 0
Hence

2 (1), 0 (0) = F (£ (), u()FAE) 7= ()= Az ()= At (@()—2* () > 0
Then we have by definition of derivative:

F@ (), w () — ft,x(t), u(t) — (%)[A(t)(w*(t) — ()] =0

fa(8), u* (X)) = ft,x(t), u(t)) = (%)[A(t)(x*(t) —x(t))]
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so that make integration both side then

| rear.©) = 0. / (IO () — (o)

/Of(tﬁv*( ))dt— / f(t,2(t), u(t))dt = Ato) (2" (0)=2(0)) =A(T) (z*(T) —x(T))

but, by initial and transversalis conditions x*(to) = xg, x(to) = o and A(T) =
0 such that:

A0)(2"(0) = z(0)) = MT)(z"(T) — =(T)) =0
Hence

/OTf(t,:v*( ))dt — / ft,z(t),u(t))dt >0

. The criterion for (x*,u*) to be optimal is the difference:

/OTf(t,x*( ))dt — / F(t,x(t),u(t)dt >0

for all admissible pairs (xz,u). Let use of definition of Hamiltonian and
the fact that & = g(t,x(t),u(t)) is satisfied for all admissible pairs, we
easily obtained from conditions one above:

H(t, 2 (8), 0™ (8), A#)—H (£, 2(t), u(t), A(t)) = A(t)(@(t)—2*(t)) V¢ € [0, T]

it follows that:

> /0 M) (@(t) = 2" (1)) + M) (@(1) — 2= (t)dt

:/0 (%)[A(t)(x*(t)—x(t))]dt

Now we can write this equations as follows:

= [ oo - s+ [ b e )

then we obtain:

AT )(@(r7) =2 (77)) = AMO)(2(0) — 27(0))
HMT)(@(T) = 27(T)) = M) (2(77) = 27(77)).
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Using initial condition and transversalis condition x*(0) = o, 2(0) =
zo and XN(T') = 0 such that:

M) (@(r7) =" (77)) = A ) (@(r7) =27 (77)) 2 0

since x(17) = (") = x(r) and z*(r7) = z*(7F) = z*(7) then we
can write as follows:

A7) (@ (r) = 2*(7)) = A7) (@(7) — 27(7)) 2 0

Hence

A7) = AT (a(r) —27(7)) 2 0
since A(t)(x(t) — x*(t)) > 0 Vt so that (x*,u*) is optimal pair.

Remark This theorem does not use any concavity or convexity assump-
tion [4],[6].

Theorem 2.7. (Arrow type) Let (x*(),u*(:)) be a feasible pair for optimal
control problem with a fized horizon time T < co. Assume that there exist a
piecewise continuously differentiable function A(-) : [0,T] — R", a piecewise
continuous function u(-) : [0,T] — R° and n(-) : [0,7] — R? such that
all necessary conditions holds. Assume further that there exist o € R and
B e R such that the transversality conditions hold and assume that at all
points ; of discontinuity of A\, there exists a n(t;) € R" such that jump
conditions hold. If the maximized Hamiltonian

Ho(t, T, A) = mazycyee)H(t, x,u, \)

is concave in x for all (t,\(t)) and S(x,T) is concave in x and h(t,x,u) is
quasiconcave in (x,u), k(t,z) and a(t,x) are quasiconcave in x and b(t, x) is
linear in x then (z*,u*) is an optimal pair [10].

Proof. The Theorem remains valid if the concavity of H(t,z*, u*, A(t)) in
(x*,u*) at each t is replaced by the concavity of the maximized Hamiltonian
HO(t,z*, \(t)) in x at each t. Since the Theorem is valid if H(t,z*, \(t))
is concave in x then we are asked to show that H°(t,x* \(t)) € CY in
x, completing this proof. Suppose that the mazximizing value of the control
variable by using the notation u(t,z, A(t)) = argmazH (t,z*,u*, A(t)). Now
substituting u = u(t,z, \(t)) into the Hamiltonian H(-) yields the value of
the maximized Hamiltonian H(-), that is to say:

HO(t,x*,\) = H(t, 2", u*(t,z, \(t)), \(t)) = f(t, z*,u*(t, 2, \t)))+\(t)g(t, 2%, u*(t, 2, A(t)))
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Now let (x*(-),u*(:)) be an admissible pair where u = u(t,z, A(t)). Because
HO(") is concave in x for all t € [0,T] given A(t) by hypothesis, it follows
that:

H(t, 2" (1), A1) < H(t, 2" (1), A(t)) + Ha(t, 27 (1), A1) [27(2) — 2(1)]

since this inequality holds for all t € [0,T] we can integrate it over [0, T]| and
the inequality is preserved, there by yielding

/0 H(t, 2% (), A(#))dt < /0 H(t, 2 (8), M#)+ Ha (¢, 2 (1), M(8)) [ () —(2)]dt

since H°(t,x*(t), \(t)) = H(t,z*(t), u*(t,z, \(t)), \(t)) then
H(t, 2" (), ur(t, 2, A()), A(t)) < H(t,x(t), alt, z, A£)), \(1))
HH (8 x(t), alt, x, A1), A(2))[27(1) — (1)) (2.8)

HH (8, x(t), alt, z, A1), A1) [u*(t) — u(t)]
Now recall that (z(t), u(t)) satisfy the necessary conditions and H,(t, z(t), a(t, x, \(t)), A(t)) =
0Vt € [0,T]. This implies that the last term on the right hand side of equa-
tion 2.8 is identically zero. Moreover, the inequality of equation 2.8 holds for
allt € [0, T] so we can integrate it over [0,T] and the inequality is preserved.

/Ht:c()u*(tx)\ dt</ H(t,2(8), it 2, A(£)), A())dt

/ Ho(t (1), it 7, (1)), M(0) 2" () — 2(0)]|dt (2.9)
Now use the costate equation
At) = —H(t, z(t), a(t, =, A\(t)), A(t).
The definition of the Hamiltonian function
H(t, 2" (t), u*(t, 2, \#)), A(t)) = f(t, 2, u*(t, 2, M(t))+AE)g(t, z, u* (¢, x, A(¢)))

evaluated along the curves (z,u) and (z*,u*) and the definition of functional

T
= / flt,x,u)dt
0

evaluated along the curves (x,u) and (z*,u*) to write equation of 2.9 in the

form of

F(a(-),u*() < F(m(-),u(~))+/0 AB)g(t, 2", ) =g(t, x,u)] = A(E) [ (8) —(t)]dt.
(2.10)
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Let h(t) = x*(t) — x(t) and integrate the term

/TA(t)h(t)dt

of equation 2.10 integrate by parts to get

/TA(t)h(t)dt = MN(T)A(T) — M(0)h(0) — /T A(t)h(t)dt. (2.11)

Since x*(t) satisfies the state equation and initial condition by virtue of it
being admissible as does x(t) by virtue of it being a solution of the necessary
conditions it therefore follows that:

h(0) =2%(0) =2(0) =290 — 2o =0

Moreover, \(T') = 0 by the necessary transversality condition. Hence using
equation of 2.11 and these two results in equation of 2.10 yields.

T
Flar(),u()) < F(l’('),u(')H/ A)g(t, 2", w)—a*(t)]—[@(t)—g(t, v, u)]dt.

’ (2.12)
Because the curves (z*(t),u*(t)) are admissible they must satisfy the state
equation identically, i.c., z*(t) = g(t,z*(t), u*(t)). Similarly, since the curves
(x(t),u(t)) are a solution of the necessary conditions they must satisfy the
state equation identically too, i.e., ©(t) = g(t, x(t),u(t)). Thus the integrand
of equation 2.12 is identically zero, thereby implying that Flx*(-),u*(:)] <
Flz(-),u(-)]. If H(:) is strictly concave in (x*,u*) for all t € [0,T], then the
inequality in equation of 2.8 becomes strict if either x*(t) # x(t) or u*(t) #
u(t) for somet € [0,T) held. Carrying the strict inequality through the proof
leads to the conclusion that Fz*(-),u*(-)] < Flz(-),u(-)]. This argument thus
shows that any admissible pair (x*(t),u*(t)) which is not identically equal to
(x(t),u(t)) is non optimal. Now the question becomes: Under what conditions
is the Hamiltonian H(-) a concave function of (z*,u*) ¥V t € [0, T]? Therefore
to answer the question let use the following theorem:

Theorem 2.8. A nonnegative linear combination of concave functions is also
a concave function. That is, if f'(-) : x — R0 = 1,2,...,m, are concave
functions on a convex subset x C R", then

f(@zzaifi(x) where o € Ny, i=1,2,....m
=1

is also a concave function on x C R".
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To see what Theorem 2.8 implies for Theorem 2.7, first recall the definition
of the Hamultonian, namely:

H(t,x,u,\) = f(t,x,u) + \g(t, z,u)

Therefore, if f(-) and g(-) are concave functions of (x*(t),u*(t)) for all t €
[0,T], and if AX(t) > 0 for all t € [0,T], then H(-) is a concave function
of (z*(t),u*(t)) for all t € [0,T] by Theorem 2.8 since the Hamiltonian is
a nonnegative linear combination of concave functions. Similarly, if f(-) is
concave in (x*(t),u*(t)) for all t € [0,T], g¢(-) is conver in (x*(t),u*(t))
for all t € [0,T], and X(t) < 0 for all t € [0,T], then H(-) is concave in
(x*(t),u*(t)) for all t € [0,T]. To see this, first define u(t) = —A(t) > 0.

This definition allows us to rewrite the Hamiltonian in the form:
H(t,x,u,\) = f(t,x,u) + \g(t, z,u)

- f(tv Z, u) + M(t)[_lg(t7 €, u)]
Since g(-) is convex in (x*(t),u*(t)) for all t € [0,T], —g(-) is concave in
(x*(t),u*(t)) for all t € [0,T] by definition. Moreover, because pu(t) > 0 for
all t € [0,T] , H(-) is concave in (x*(t),u*(t)) for all t € [0,T] by Theorem
2.8 since it is a nonnegative linear combination of concave functions. Thus,
in either case, H(-) is concave in (z*(t),u*(t)) for all t € [0,T]. Finally,
if g(+) is linear in (z*(t),u*(t)) for all t € [0,T], then A(t) may be of any
sign and H(-) will be concave in (z*(t),u*(t)) for all t € [0,T] if f(-) is
concave in (x*(t),u*(t)) for all t € [0,T]. This should be clear since if g(-)
is linear in (z*(t), u*(t)) for allt € [0,T], then it is both concave and convex
in (2*(t),u*(t)) for all t € [0,T], and therefore, A\(t)g(-) is both concave
and convex in (x*(t),u*(t)) for all t € [0,T] regardless of the sign of A(t).
Hence, if g(-) is linear in (z*(t),u*(t)) for all t € [0,T] and f(-) is concave
in (x*(t),u*(t)) for allt € [0,T], then H(-) is concave in (x*(t),u*(t)) for all
t € [0, 7] since it is a nonnegative linear combination of concave functions. In
this instance we may also conclude that a solution of the necessary conditions

of optimal control problem is a solution to the optimal control problem by
Theorem 2.7 since H° is concave in (z*(t),u*(t)) for all t € [0,T).

Corollary 2.2. If the assumptions of Theorem 2.6 are satisfied and if The-
orem 2.7 holds with strict inequality for x(t) # x*(t), then the optimal state
trajectory x*(t) is uniquely determined[9].

Corollary 2.3. If the assumptions of Theorem 2.7 hold and if H°(-) is strictly

concave in  then the optimal state trajectory z*(-) is unique.

Remark Corollary 2.2 and 2.3 do not guarantee the uniqueness of the
the optimal control v* in the case of an infinite horizon T' = oo then the
above Theorem must be modified as follows [9].
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Theorem 2.9. If T = oo then Theorem 2.6 and 2.7 remain valid if the
transversality condition:

NT™) = ST + aas[T] + Bb[T] + vk [T
a>0, v>0 aalT]=~k"[T]=0
NT)(x(T) = 2*(T)) =z S(x(T),T) = S(=*(T), T)
are replaced by the following limiting transversality conditions[9]

lim A(t)(z(t) — 2*(t)) > 0

t—o0
for every other feasible state trajectory x(-)

Proof. Let (x*(t),u*(t)) be any admissible pair. By hypothesis, L(-) € C()
concave function of (x,u) for all t € [0,00). Therefore,

L(t,a",u*, A\, ) = L(t, x,u, A\, )+ Lo (t, z,u, Ay ) [ —x]+ Loy (8, 2, uy Ay ) [u” —u)

forallt € [0, 00). Using the fact that L, (¢, z,u, A, 1) = 0 and then integrating
both sides of the resulting reduced inequality over the interval [0, c0). Using
the definitions of L(-) and F[], yields:

Fla* (), u* ()] = Flo()ou()] + / Mgty 2, 0) — glt, ot )t

/ h(t,z,u) — h(t,x*, u"))dt
/ otz u A\ p) e — x]dt
by admissibility
(t) = g(t,z,u) forall t€0,0)

and
x*(t) = g(t,z*,u*) forall t€0,00)

while .
A= —L,(t,z,u,\, ;) forall t€]0,00)

then substituting these three results
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o0

Fla(-),u ()] = Fle(), u(-)] + / A(i(t) = a*(t)) + Aa(t) — o (t)dt

0

—i—/ w(h(t,z,u) — h(t,x*,u*))dt (2.13)
0
Moreover, implies that:

p(h(t, z,u) =0 foru(t) =0

p(t)h(t, 2%, u) =0 foru(t) =0
then -
/ pw(t)(h(t,z,u) — h(t,x*,u*))dt <0 (2.14)

Now using the inequality of equation 2.13 and 2.14 to be rewritten in the
reduce form of

Fla(-),u* ()] 2 F[ﬂ?(-)ﬂﬁ(-)]Jr/ooo A (1) = (1)) + Ma(t) — 2" (t))dt (2.15)

d .
MO (t) —27(t)]

= A@(t) — () + A()[(t) — a*(¢)]
and substitute this result in to equation of 2.15

Flo' (w0 2 FleO )] + [ SO0 - 2°(0)

0

Fla(-), u-)] + lim A(#)[z(t) — 27 (8)] = A(0)[z(0) — 27(0)]

t—o00

Fla(-), u()] + Jim A0 () — (1)

since by admissibility we have x(0) = xy and z*(0) = z,. Now if for every
admissible control path u(t), lim; . A(¢)[z(t) — 2*(¢)] > 0 where z(t) is the
time path of the state variable corresponding to u(t), then it follows that
Flz*(-),u*(-)] > Flz(:),u(+)] for all admissible functions (z*(-), u*(-)). If L(+)
is a strictly concave function of (z*,u*), for all ¢ € [0, 00) then the inequality
becomes strict if either z*(t) # z(t) or u*(t) # wu(t) for some t € [0,00).
In this instance Flz*(-),u*(-)] > Flz(-),u(-)] follows. This shows that any
admissible pair of functions (z*(-),u*(-)) which are not identically equal to
(x(-),u(-)) are suboptimal [5]. O
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Example 2.2. In this ezample we illustrate the approaches in Theorems 2.1,
2.2 and 2.4 by applying them to some illustrative examples. Consider the

following example:[10]
3
max / —xdt
0

subject to & =u, x(0)=1
u+1>0
1—u>0
x>0
z(3) =1
Solution. The Hamiltonian is
H=—x+)u
which implies the optimal control to be
u* = bang[—1,1; A\] when x >0
and which optimal control on the state constraint bounder is
u* = bang|0,1; \] when x = 0.

The bounder conditions x(0) = x(3) = 1. Thus
-1 for t€[0,1)

u*(t)=<¢ 0 for te|l,2]
1 for te(2,3]

and

1—t forte]|0,1)
z*(t)=4¢ 0 for te]l,2]
t—2 for te (2,3
Now let first, we apply the direct adjoint approach and let form the Lagrangian
L as:
L=H+p(u+1)+ po(l —u) + va.

The necessary condition of Theorem 2.1 are
Ly=A+pu —p2=0

A=—-L,=1—-v
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but
1 >0 mu+1)=0

ILLQZO [Lg(l—u):()
v>0 ve=0, v<0
A(3) = 5 where € R.

The enters of the boundery of x = 0 in a nontangential way at time 7 = 1,
since k'(17) < 0 and also at time 75 = 2 it leaves this bounder nontangential
since k*(27) > 0. Therefore, according to Proposition (2.1), X is continuous
at timet =1 andt = 2 as well as in [0,1) and (2, 3] where the state constraint
is not active. Now consider the boundary interval [1,2], here u = 0 and
implies that p1; = pe = 0 then from

ly=XAX+p+p2=0, A=0
Thus X is also continuous in (1,2). Furthermore, since A =0 from equation
}\:—Lzzl—y v=1.

Thus all multipliers are uniquely determined in [1,2]. In [0,1) we have x > 0
and v = 0 then A =t — 1 because of A = 1 and \(1) = 0. Similarly in (2, 3]
we have = > 0 and v =0 then A\ =t — 2 because of A = 1 and A\(2) = 0. Now
we can detrmined p1; and o from equation

Ly=A+pu —p2=0

and
p1 >0 p(u+1)=0

LLQZO ug(l—u):()

In [0,1) we have A =t—1 and u = —1 then us = 0 and py = 1 —t. Similarly
in (2,3, \=t—2andu =1 then pus =t —2 and py = 0. In the inderect
adjoining approach the Hamiltonian H* and Lagrangian L' are:

H'= —z+4 \u

L'=H'+ py(u+1) + po(1 — u) + vu.

The necessary conditions of Theorem 2.2 are:
L= X+ —pa+v=0

AN=—-L,=1
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1

where wy, o and v+ satisfy the complementary slackness conditions:

=0 p(u+1)=0
p2 >0 po(l—u)=0
>0 vz =0, 1)1§O
NI =M1 +9' 1) pi(1)=1>0.
Since x*(t) enters the boundery zero at t = 1 there are no jumps in interval
(1,2] and the solutions for A\'(t) is
M) =t—2 te(1,2].
Hence \'(t) < 0 and z*(t) = 0 on (1,2] we have u*(t) = 0. Now let us see
what must happen at t = 1. we now from equation
M) =t—-2te(1,2] N1 =-1
Then
H'(1M) = —2* (1) + AN (1T )u*(11) =0
H'(17) = —2*(17) + A (17 )u*(17) = =AM(17).
By equating H(17) to H(1T) we obtain \*(17) = 0 then the value of the
Jump condition
(1) =M17) = M{1T)=1>0.
In time interval [0,1), ps = 0 since u* = —1 and v' = 0 because x > 0 for
t €[0,1). Therefore,

0
—L=A 4+ —pe+v=0 then
ou

M+ =0 since py and v =0 for t€ [0,1)
hence
pi(t) = =A'(t) = 2—t for t €[0,1) with u = —1.

Att =1 we have (1) = 0 so the optimal control u*(1) = 0. Now assume that
we continue to use the control u*(t) = 0 in the interval [1,2] then x(t) = 0
fort € [1,2]. Since \'(t) < 0 for t € [1,2] then u*(1) = 0 on the same
interval then py and pg = 0 for t € [1,2] but we can obtain v'(t) = —\(t)
fort € [1,2]. Therefore, the adjoint function X\ is continuous every where,
v is constant in [0,1) and (2, 3] where the state constraint is not active and
v is continuous at t = 1,2 where k*(t,x,u) = & = u is discontinuous. The
adjoint function X\ is continuous, since the entry to and the exit from the
state constraint 1s nontangential.
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