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Abstract

We obtain stochastic differential equations for the nondegenerate parametric
oscillator with the cavity modes driven by coherent light and coupled to a
two-mode squeezed vacuum reservoir. With the aid of these equations, we
calculate the quadrature variance and the squeezing spectrum. It is found
that the two-mode squeezed vacuum increases the degree of squeezing. It
is also found that for w = 0 the noise in the plus quadrature is completely
suppressed. However, the two-mode driving light has no effect on the
squeezing properties of the cavity modes.

On the other hand, using the solutions of the stochastic differential
equations, we calculate the mean and the variance of the photon number.
It turns out that the two-mode driving light and the two-mode squeezed
vacuum increase the mean and the variance of the photon number. Furthermore,
employing the same solutions, we also obtain the antinormally ordered
characteristic function defined in the Heisenberg picture. With the help
of the resulting characteristic function, we determine the QQ function which
is then used to calculate the photon number distribution. Moreover, we
calculate the mean, the variance, the photon number distribution for the

number of photon pairs, in the absence of the two-mode driving light.
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1. INTRODUCTION

Light has played a special role in our attempts to understand nature both
classically and quantum mechanically. Squeezing is one of the interesting
nonclassical features of light that has been attracting attention and studied
by many authors [1-11]. In squeezed light the noise in one quadrature is
below the vacuum or coherent level at the expense of enhanced fluctuations
in the other quadrature, with the product of the uncertainties in the
two quadratures satisfying the uncertainty relation. Squeezed light has
potential applications in low-noise communications and precision measurements
[13,14]. Squeezed light can be generated by quantum optical processes
such as parametric oscillation [1-10], second harmonic generation [1,9,10],
and four-wave mixing [9,10].

A parametric oscillator has been considered as an important source
of squeezed light. It is one of the most interesting and well characterized
optical device in quantum optics. In this device a pump photon interacts
with a nonlinear crystal inside a cavity and is down-converted into two
highly correlated photons. If these photons have the same frequency the
device is called a degenerate parametric oscillator, otherwise it is called a
nondegenerate parametric oscillator.

The quantum fluctuations and photon statistics of the signal mode

produced by a degenerate parametric oscillator coupled to a squeezed



vacuum reservoir have been analyzed employing the pertinent Fokker-
Planck equation [4] or the quantum Langevin equations [3]. Recently a
degenerate parametric oscillator with the cavity mode driven by coherent
light and coupled to a squeezed vacuum reservoir has been studied applying
stochastic differential equations [6].

The quantum dynamics of a nondegenerate parametric oscillator
coupled to two uncorrelated squeezed vacuum reservoirs has been analyzed
employing the Q function obtained by solving the Fokker-Planck equation
using the propagator method [7,15]. The variance of the quadrature
operators and the photon number distribution for the signal-idler modes
produced by a nondegenerate parametric oscillator coupled to a two-mode
squeezed vacuum reservoir have also been studied applying the pertinent
Langevin equations [3].

On the other hand, obtaining stochastic differential equations, associated
with the normally ordering, for the cavity mode variables appears to
involve a relatively less mathematical task. In view of this, the main
objective of this thesis is to study, employing stochastic differential equations,
the squeezing and statistical properties of the light produced by a nondegenerate
parametric oscillator with the cavity modes driven by coherent light and
coupled to a two-mode squeezed vacuum reservoir via a single port-mirror.

We first obtain stochastic differential equations for the cavity mode
variables by applying the pertinent Master equation. With the aid of the
resulting equations, we calculate the quadrature variance for the two-mode
cavity radiation and the squeezing spectrum for the two-mode output
radiation. In addition, we determine the mean photon number, the variance
of the photon number, and the photon number distribution. We also

calculate the mean, the variance, and the probability distribution for the



number of photon pairs, in the absence of the driving coherent light modes.



2. STOCHASTIC DIFFERENTIAL EQUATIONS

We seek to study the statistical and squeezing properties of the two-mode
light produced by a nondegenerate parametric oscillator, with the cavity
modes driven by coherent light modes and coupled to a two-mode squeezed

vacuum reservoir via a single-port mirror.

Driving mode a mode a

Pump mode Nonlinear Squeezed vacuum
. crystal B

Driving mode b mode b

Fig. 2.1: A nondegenerate parametric oscillator.

In a nondegenerate parametric oscillator a pump photon of frequency
w is down converted into a highly correlated signal and idler photons of
frequencies w, and wy, such that w = w,+wy. The process of the parametric

interaction can be described by the Hamiltonian

H' =ig(abet — a'bfe), (2.0.1)

~

where a(b) is the annihilation operator for the signal (idler) mode, ¢ is the

annihilation operator for the pump mode, and g is the coupling constant.



With the pump mode treated classically, the Hamiltonian can be written
as

H' = iX(ab — a'bh), (2.0.2)

where A\, considered to be real and constant, is proportional to the amplitude
of the pump mode. We consider the case in which the cavity modes are
driven by two coherent light modes of frequencies w, and w,. With the
driving modes treated classically, the interaction of the cavity modes with

the driving modes can be described by the Hamiltonian

H" =ie(at —a + bt —b), (2.0.3)
where €, considered to be real and constant, is proportional to the amplitude
of mode a and mode b. Therefore the Hamiltonian describing the parametric
interaction and the interaction of the cavity modes with the driving modes

has the form
H =ie(al —a+ b —b) + ix(ab — aTbh). (2.0.4)

Using (2.4) and taking into account the interaction of the cavity modes
with a two-mode squeezed vacuum reservoir, we find the equation of

evolution of the density operator for the two-mode cavity radiation to

be

dp e A A . A A A A e
d_i =ce(a'p+b'p—ap—bp—pal — pb' + pa+ pb) + N abp — a'b'p — pab + patd')

N+1 N
LN+ 2* ) (2apa’ — atap — pata) + %(%ﬂﬁd —aa'p — paa')
NA1) oor e oo KN o n
LN+ - ) (2bgbt — bl — pilB) + “-(2b16b — Bb — phi)

+ kM (atpbt + b pat + apb + bpa — a'bl p — abp — patdt — pab),
(2.0.5)



where k is the cavity damping constant, N and M are the reservoir parameters
given by
N = sinh*r (2.0.6)

and

M = sinhr coshr, (2.0.7)

with r being the squeeze parameter. We use this master equation to
determine the equations of evolution for the expectation values of normally
ordered cavity modes operators. The time evolution of the expectation

value of an operator A in the Schrodinger picture can be expressed as [1]

d . dp -
%<A> - Tr(%A). (2.0.8)

Now taking into account (2.5) along with (2.8), one can write

%@(m = eTr(atpa + b pa — apa — bpa — pata — pbla + paa + pba)
+ \Tr(abpa — a'bt pa — paba + pa'bla)
+ LN; D Tr(2apa‘a — a'apa — pa‘aa) + %Tr@d*ﬁdd —aa'pa — paata)
+ MTr(ZBﬁBTd — bfbpa — pbiba) + %Tr(zémz}a — bbTpa — pbbta)
+ kMTr(a pbta + b pata + apba + bpaa — a'btpa — abpa — pa'bta — paba).
(2.0.9)

Applying the cyclic property of the trace operation together with the
commutation relations
[a,a'] =1, (2.0.10)
[a,b] = [af,b1] = [a,bT] = 0, (2.0.11)
and

[a2,a'] = 2a, (2.0.12)



we readily find

d K

Salt)) = 2 (al0) — Mb(0) + 2. (2.0.13)

It can also be shown in a similar manner that

%@(m - —ga}(t)) M) +e (2.0.14)
%(a( )b(t)) = —r(a(t)b(t)) — Ma'(t)a(t)) — b (t)b(t))
te(a(t)) + e(b(t)) — (A + kM), (2.0.15)
%(ﬁ(m — —k(a2(t)) — 2Ma(t)bi (1)) + 2e(a(t)), (2.0.16)
%W(t)a(t» = —r{al(t)a(t)) +=((a'(1)) + (a(1)))
— M{a(t)b(t)) + (@' (1)b (1)) + k. (2.0.17)

The c-number equations corresponding to Egs. (2.13), (2.14), (2.15),
(2.16), and (2.17) are

d K x
o) = S {al) — MF (1) +< (2018)
d K x
©(80)) = ~5(8(0) ~ Mo (1) + (2019)
Cal)p(n) = ~s(a()d(n)) — Ma® (a(t)) — AT ()50)
vela(t)) + (B) — (A + kM), (2.0.20)
%(oﬁ(t)) = —r{a?(t)) — 2Ma(t)3* (1)) + 2e(a(t)), (2.0.21)



On the basis of Egs. (2.18) and (2.19), one can write

%a(t) = —Salt) = N (D) + £ + fult) (2.0.23)

d K .

La(6) = ~ ()~ 20’ (0) + < + fold) (20.24)
where f,(t) and fz(t) are noise forces. We next seek to determine the
properties of the noise forces f,(t) and fs(t). We note that Eq. (2.18)

and the expectation value of Eq. (2.23) as well as Eq. (2.19) and the

expectation value of Eq. (2.24) will have the same form if

{fa(t)) = (fs(t)) = 0. (2.0.25)
Using Eqs. (2.23) and (2.24) together with the relation
%@(t)ﬁ(t)) = (a(t)B(1)) + (a(t)5(2)), (2.0.26)
we find
%(a(t)ﬁ(t» = —r(a(t)B(t)) = Ma"(H)a(t)) = MA"(1)B(#)) + e(a(t)) +(B(1)
+ (@) f5(1)) + (B(t) falt)). (2.0.27)

Comparison of Eqgs. (2.20) and (2.27) indicates that
(a(t) f5(t)) + (B(t) fa(t)) = —(A + £M). (2.0.28)
The formal solutions of Egs. (2.23) and (2.24) can be written as

alt) = a(0)e—=0/2 4 /t eI (1) e — ABF(E)]d,  (2.0.29)
0

B(t) = B(0)e~WD/2 4 / t e () + 2 — Ao (£)]dt'. (2.0.30)
0

Assuming the noise force f3(t) at time t cannot affect the system variables

at the earlier times, we see that

((0)f5(1)) = (@(0))(f5(1)) = 0, (2.0.31)



(B()" fa(t)) = (BE)){fa(t)) = 0. (2.0.32)
Thus on account of Eqs. (2.25), (2.29), (2.31), and (2.32), we obtain
{a(t) f5(t)) = /0 e MO fo(t) falt))at. (2.0.33)

It can also be verified in a similar fashion that

o0 = [ LR B . (2,030

Therefore, in view of Egs. (2.28), (2.33), and (2.34) and the assumption
that

(fa®)fs(t)) = (fa(t)falt)), (2.0.35)

we arrive at

O R e
0 0

(2.0.36)
Now on the basis of the relation [1]
t
/ e R (f(t)g(t)dt = D, (2.0.37)
0
we assert that
(f(t)g(t')) =2Ds(t — 1), (2.0.38)

where a is a constant and D is a constant or some function of the time t.

We then see that

(fo)fa(t)) = (fa®)fot)) = —=(A+ £M)S(t —t). (2.0.39)

Furthermore, using Eq. (2.23) along with the relation

“a(t)a(t) = 2Aa(t)a(t). (2.0.40)
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we obtain
d
Slat)a(t)) = —r(a?(t)) = 2Ma(t) 5" (1)) + 2¢{a(t)) + 2(a(t) fa(t))-
(2.0.41)
Comparison of Egs. (2.21) and (2.41) shows that
(a(t) fo(t)) = 0. (2.0.42)
Applying Eq. (2.29) together with (2.42), we find
/ t e~ 20 F (1) fu(E))dE = 0, (2.0.43)
0
from which follows
(fa(t) fa(t)) = 0. (2.0.44)
It can also be established in a similar manner that
(fs() fs(t) = (fa) fs(t)) = 0. (2.0.45)

Moreover, employing Eq. (2.23) and its complex conjugate along

with the relation

%(a*(t)a(t» = (@ (t)a(t)) + (ar(t)a(t)), (2.0.46)
we find
%(a*(t)a(t» = —r{a"(t)a(t)) + e((a” (1)) + (a(t))) — A({a(t)B(1)) + (a"(t)5"(1)))
+ (a(t) fa () + (2" (1) falt))- (2.0.47)

Comparison of Eqgs. (2.22) and (2.47) indicates that

() f5(1) + (@*(t) fa(t)) = KN. (2.0.48)

With the aid of Eq. (2.29) and its complex conjugate, we obtain

(a(t)fi(t) = /0 t e DR () ful))dt (2.0.49)
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(" (t) fa(t)) = /O e MO (fo () () dt. (2.0.50)
Now in view of Egs. (2.48), (2.49), (2.50) and the assumption that
(fa®)fa(t) = (fa®) f2()), (2.0.51)
we get
[ orionnat = [ e =",
0 0 2
(2.0.52)
Hence on account of (2.37) and (2.38), we note that
(fa@®)fa(t) = (fa(O) fa(t)) = KN6(t —1'). (2.0.53)
It can also be established in a similar procedure that
(fa(t)f5(t) = (f3(1) f5(t)) = kNGO(t —1'). (2.0.54)

Egs. (2.39), (2.44), (2.45), (2.53), and (2.54) describe the correlation
properties of the noise forces f,(t) and fs(t) associated with the normal
ordering.

In order to obtain the solutions of Egs. (2.23) and (2.24), we

introduce a new variable defined by
zy = aft) £ B*(t). (2.0.55)

Applying Eq. (2.23), along with the complex conjugate of Eq. (2.24), we

obtain

d 1 .
Ezi = —5)\izi +efte+ fa + fﬁ) (2056)

where

Ai = k£ 2\, (2.0.57)
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According to Eq. (2.56) together with (2.57), the equation of evolution
for z_(¢) has no solution for k < 2X\. We then identify x = 2\ as the
threshold condition. Thus for 2\ < x the solution of Eq. (2.56) can be
written as
t
23 (t) = 22 (0)eA=D/2 +/ e M 2ep e g £L(F) + f5(t)]dt". (2.0.58)
0

It then follows that

alt) = EL(H)a(0) + E_(£)3*(0) + Fy(t) + F_(t), (2.0.59)
B(t) = EL(£)8(0) + E_(t)a*(0) + F:(t) — F* (1), (2.0.60)
in which
E. = %(e—w/2 + e7A-1/2) (2.0.61)
and
Fi(t) = %/Ot e M2 Lo+ fo () £ f3()]dt. (2.0.62)



3. QUADRATURE FLUCTUATIONS

We next proceed to determine the quadrature variance and squeezing
spectrum for the cavity radiation produced by a nondegenerate parametric
oscillator, with the cavity modes driven by coherent light modes and

coupled to a two-mode squeezed vacuum reservoir.

3.1 Quadrature variance

We seek to describe the superposition of two light modes represented by

a and b by the operator

é:%(aw). (3.1.1)
Using the commutation relation
[a,a'] = [b,01] =1, (3.1.2)
it can easily be shown that
¢, ¢ = 1. (3.1.3)

The squeezing properties of a two-mode light are described by the quadrature
operators

ép=c¢+é (3.1.4)

and

e =i(eh —e). (3.1.5)
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With the aid of Egs. (3.3), (3.4), and (3.5), one can readily verify that
[y, 6] = 2. (3.1.6)

A two-mode light is said to be in a squeezed state if either Ac, < 1 and
Ac_ > 1or Acy > 1 and Ac_ < 1 such that Ac;Ac_ > 1. The variance

of the quadrature operators are defined by
Aci(t) = (EL(t)) — (ex(t)*. (3.1.7)
Applying Egs. (3.4) and (3.5), one can write (3.7) in the normal order as
ACL(t) = 14 (6P (1) + &2 (t) £ 261 (1)e(t)) F (E1(t) £ ()% (3.1.8)

This can be expressed in terms of c-number variables associated with the

normal ordering as

AL (t) =1+ () + 72 (1) £ 2" (1) F (V' (1) £4(1)%,  (3.1.9)

where (1) is the c-number corresponding to the operator ¢(t). Introducing

a new variable defined by

Ye(t) =77 () =(). (3.1.10)

Eq. (3.9) can be rewritten as

A(t) =1+ ((7i(1) — (1)) (3.1.11)

or
A (t) =14 (ya(t), 7+ (D). (3.1.12)
The c-number equation corresponding to Eq. (3.1) is expressible

as

~(t) = (a(t) + B(t)). (3.1.13)

Sl -
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We then note that

dy(t) 1 (da(t) = dB({)
— = — — 1.14
i~ ACa Ta) (3:.1.14)
On account of Egs. (2.23) and (2.24), we obtain
d~(t) K 1
= — * 2 — . .
B = =50 = 20+ VI () + ). (119
With the help of Eq. (3.10), one easily gets
dye(t) _ dy'(t) | dy(t)
e R (3.1.16)

Employing Eq. (3.15) and its complex conjugate along with (3.16), we
find

) 2Aansl0) + VBl 0) o [(F200) £ a0 + (50 £ 1),
(3.1.17)

where
Ay = K420\ (3.1.18)

The equation of evolution for y_(¢) has no solution for x < 2\. Then
k = 2\ is identified as the threshold condition. We thus realize that
our analysis will be confined to a nondegenerate parametric oscillator
operating below threshold. The solution of Eq.(3.17) for 2\ < x can be

written as

74 (t) = 72(0)e*=02 /O e M2 [\f?(eié?)Jri((fé(t')ifa(t’))Jr(fE(t’)ifﬂ(t')))]dt’

V2
(3.1.19)
Now in view of Eq. (2.25), we obtain
_ 2v/2 -
(re(t) = (r(0))e =42 + 5y Erell—e /2], (3.1.20)
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Furthermore, applying the relation

R = 202, (3.1.21)
together with Eq. (3.17), we find
R 0) = Al (1) + 2V £ ) (12 (1)
VR () F(1) £ V2s (6) ()
VR () F5(6) £ Ve (1) (1)), (3.1.22)

so that multiplying Eq. (3.19) by fX, we get
(e (D F20) = (12 (0) f2(1))e 4072 V3 (e % ) / e =2 gy
L te—Ai(t—t’)/Q £ (Y I g )
+— / (F2E)F20) = (falt) 2(0)) )t
L te— L(E—t)/2 (] g5 (41 5 N g ,
+ = / MO () £2(0)) 2 (fal) f2(0) ) dE
(3.1.23)

Taking into account Eqs. (2.25), (2.39), (2.44), (2.53) and the fact that
a noise force at time t can not affect the system variables at the earlier

times, we readily obtain

t
(e (1)) = =X [ ere0rg  pyay
V2 Jo
1 t ,
— —=\+ KM / e =251 — ¢yt 3.1.24

Now on the basis of the relation
t
D / 1=t — )it = D /2, (3.1.25)
0

we arrive at
kN

275 (3.1.26)

(e (B f2(0)) = —Q—jﬁu + kM)
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It can also be verified in a similar way that

kN 1
(V=) fa(t)) = 575 T ﬁ(AﬂL/ﬂM), (3.1.27)
N ! KN
(v (t) f5(t)) = —ﬁ(A + kM) + 5 (3.1.28)
and
sy =N = Loy em 3.1.29
(’Yi()fﬁ(»—ﬁ?ﬁ( + kM), (3.1.29)

On account of Egs. (3.26), (3.27), (3.28), and (3.29), one can write Eq.
(3.22) as

— (A1) = AL (A (1) +2V2(e £ ) (74 (1))

—2(A+ kM) £ 2kN. (3.1.30)

Upon substituting Eq. (3.20) into (3.30), we find

%Wi(t» = =X (VE(1) + 2\/5(5 + €)<’yi(0)>e_()\it)/2

- )\i(e 4+ )31 — e M2y _ (A + kM) £2xN.  (3.1.31)
+

The solution of Eq. (3.31) can be written as

B(1) = (R0))e ™ 4+ 2v/2(e + €){(0)) / e 2 gy

t t
+ i(5 + 5)2/ e A=) gy i(g + 5)2/ o~ AE(=t'/2) gyt
)\i 0 )\i 0

t
+ (=2(A + kM) £ 26N) / e gy (3.1.32)
0
Carrying out the integration, we obtain

FR0) = RO+ 2 (e oy o (e - e

+ %(s + )% (1 — 207242 4 oA
N (—2)\ — 26M n 2f<;N) (1- 6—)xit>. (3.1.33)
At At
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On the other hand, using Eq. (3.20), one can write

<7j:(t)>2 _ <’Yi(0)>26_)\it + %5(6 + €)<7i(0)>(6_)‘it/2 . e—)xit)
+ %(g )% (1 — 202 4 o), (3.1.34)
AL

Hence substitution of Egs. (3.33) and (3.41) into (3.11) results in

A (1) = (A (0))e ™+ + Ai(zzv F1—2M)(1—e ™Y, (3.1.35)

A () = (A (0))e >t + Ai(zzv FOM 4+ D)(1—e MY, (3.1.36)

so that in view of Eqgs. (2.6) and (2.7), we see that

AC (1) = (A% (0))e M + %e_%(l — e M), (3.1.37)
AC (1) = (A (0))e ™ + %87“(1 — e, (3.1.38)

where
A (0) = 1+ ((12(0)) — (72(0))?). (3.1.39)

Assuming that the cavity radiation is initially in a two-mode vacuum

state, we find [3]

A (t) =e ™M + )\ie’%(l — e M), (3.1.40)
Jr
A (t) = et )\ieQT(l — b, (3.1.41)
At steady state we have
(AR ),y = —e 2, (3.1.42)
At
(Act)s = Aie”, (3.1.43)

where ss stands for steady state. We easily notice that the squeezing

occurs in the plus quadrature. It is also clear that the best squeezing in
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the nondegenerate parametric oscillator is achieved at threshold (k = 2X)
giving [3]
1
(A )us = 5™, (3.1.44)

(Ac?) s — 00. (3.1.45)

This shows that the variance of the plus quadrature is simply the product
of the variance when the nondegenerate parametric oscillator is coupled
to ordinary vacuum and the variance pertaining to the squeezed vacuum.
We then observe that one effect of the squeezed vacuum is to enhance the
degree of squeezing of the signal-idler modes. We also realize that the
driving modes have no effect on the quadrature variance of the two-mode

cavity radiation.



INHO

r=0.45

r=0.9

Kt

Fig. 3.1: Plots of Ac%(t) versus xt for A/ = 0.4 and for different values of r.

It is clear from Eq. (3.40) as well as the plots in Fig 3.1 that the variance
of the quadrature operator ¢, (t) decreases with time as well as the squeeze

parameter.

3.2 Squeezing spectrum
The squeezing spectrum of a two-mode light is expressible as [1,11]
w .
S (w) = 2Re/ (6T (t), e (t + 7)) ss™ 7 dT. (3.2.1)
0
Taking into account Eq. (3.4) along with the commutation relation

[6(t),é'(t+7)] = 6(7), (3.2.2)
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we readily find

(8 (D7t + 7)) = 8(7) + () (¢ + 7)) + (@ (e (¢ + 7))

+ (e () e (t 7)) + (@) et + 1)), (3.2.3)

This can be expressed in terms of c-number variables associated with the

normal ordering as
(@) et + 1))y = 6(1) + (Y)Yt + 7)) (3.2.4)

in which v, (¢) is defined by Eq. (3.10). It can also be shown in a similar

manner that

(7)™ (t+ 7)) = 6(1) — (Y)Yt + 7). (3.2.5)
Hence combining Eqs. (3.49) and (3.50), we have

(Bt + 7)) = (1) £ (Y (Ot + 7)), (3.2.6)
so that with the aid of this result Eq. (3.46) can be written as

S7(w) = 2Re [ / " 5(r)edr £ / I (7)) e — (V2 () e (7)) 0]

(3.2.7)
Now on the basis of the relation
Am&@f@Mx:%ﬂm, (3.2.8)
we arrive at
S (w) =14 2Re /O Oow;“t(t), V(A T))sse™TdT. (3.2.9)

We recall that the c-number variables corresponding to the output

and input modes are related by

Q% (t) = Vra(t) — o™ (t), (3.2.10)
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ﬁom(t) _ \/Eﬁ(t) _ 52”(t) (3.2.11)

Applying Egs. (3.10), (3.13), (3.56), and (3.57), we get

V() = Veye(t) — (). (3.2.12)

The c-number variables corresponding to the input modes are defined as

a"(t) = % far(t), (3.2.13)
B(t) = %fﬁR(zﬁ), (3.2.14)

with fur and fsr being the noise forces associated with the squeezed
vacuum reservoir. Moreover, using Egs. (3.10), (3.13), (3.58), and (3.59),

we obtain

VI (t) = \/% [(far * far) + (fir £ for)] - (3.2.15)

Now in view of Eq. (3.57), the squeezing spectrum of the out put radiation

can be put in the form

St =1+ 2/<:Re/ (Ve () ya(t + 7)) ss€™7dT F 2/~€Re/ (Ve (Y + 7)) sse™dT
0 0
P [ LA+ e i 2 2Re [ RO 7
0 0
+ 25R6/ <7:*: (t»ss <7i (t + 7—)>sseiw‘rd7_ + 2\/ER6/ <7:|:(t)>ss (’yf(t + T))Sseiw‘rdT
0 0

+2VkRe /0 T () r (¢ + )T F 2R /0 )+ 7))t
(3.2.16)

Furthermore, the solution of Eq. (3.17) can be written as

Ye(t+7) =7+ (15)67’\”/2 + / oA (r=T)/2 [\/5(5 +e)
0

1, .. , /
+ 7§(fa(t+r )+ falt+ 7))
()£ St )| e (3:217)
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On account of the fact that a noise force at time ¢ + 7/ can not affect the

system variables at the earlier time t, we find

(YO (t+7)) = (2 (1) ssV2(ete) /0 Tm(t)>sseﬂi(f*f’>/2dr’. (3.2.18)

We note that Egs. (3.20) and (3.33) have at steady state the form

(y(t))ss = %(5 +¢) (3.2.19)
and
(P (1))es = %(ez Y 2’24 =20y (3.2.20)

so that on substituting these into Eq. (3.63), we get

8 —2\ — 2kM + kN
(Y=()ye(t + 7)) = )\—2(52 + ) HeT/? ( S )6—AH/2
+ +
T
We also note that
24/2 2v/9
st 7 = 2 e 1 22y o). 2
* +

In addition, with the aid of Eq. (3.62), one can write
G (02t +7))ss = he ™2 + I / e Mgy
0

+ /T 136—)\:|:(7'—7")/2d7_l + /T ]4e—>\j:(T—T/)/2dT/,
0

0

(3.2.23)
where
I = (4 ()y=(1)), (3.2.24)
I = V2(s £ ) (7' (1)), (3.2.25)
L= e+ 0 0) £ e+ PP @] (220
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and

hz;%Rﬁ@+#w@ﬁ%Hh@+%h?@ﬂ- (3.2.27)

Now applying Eqgs. (3.19), (3.60), and (2.25), along with the fact that
the noise force at time t can not affect the system variables at the earlier

times, we readily find

1 ! At (t—t")/2 * *( g/ * / *( 4/ /
h= g [ OB SO) i) fal0)) E O F20) + S Fol2)
+ {(farO)f5) £ far® f5(t) £ (far) [5(E)) + (far(t) f5(t)]dt’

+ ﬁ o MEORIFR@)fa() £ (Fir() falt) £ (for) 1)) + (For(t) fu()

+ (RO f5() £ (FarO) fs(t) £ (fort) f3(t)) + (for(t) f5(t))]dt"
(3.2.28)

We note that the noise force f,(t) or fsz(t) is the sum of the system and

reservoir noise forces

fa(t) = far(t) + fas(t), (3.2.29)

fs(t) = for(t) + fas(t), (3.2.30)

with f,s(t) and fss(t) being the system noise forces. Applying (3.74) and
(3.75), Eq. (2.39) can be rewritten as

(far()for(t)) + (far(t) fas(t)) + (fas(t) fsr(t))
+ (fas(t) fos(t') = =(A + wM)d(t —1'), (3.2.31)

from which follows

(far(t) for(t')) = —kMo(t — '), (3.2.32)

(fas(t)fas(t')) = =A6(t — '), (3.2.33)
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(far(t)fas(t) = (fas(t) far(t")) = 0, (3.2.34)

so that application of these results leads to

Far) f5(t)) = —kMS(t — 1), (3.2.35)

Similarly with the aid of Eqs. (2.39), (2.44), (2.45), (2.52), (2.53) along
with (3.74) and (3.75), we obtain

(for(t)fa(t)) = —sMO(t — 1), (3.2.36)

(far() fa()) = (for®) fa() = (for(t) f5()) = 0, (3.2.37)
and
(far®)fa)) = (f5r(t) f5() = kNS(t = 1). (3.2.38)

Substituting these results together with their complex conjugate into (3.73)
yields

t t
I, = Vi(—M=+N) / e ME25(t—tYdt +/k(—M=£N) / e 25—t at
0 0

(3.2.39)
Hence on carrying out the integration, we get
I, = Vk(—M £ N). (3.2.40)
Moreover in view of Egs. (3.60) and (2.25), we see that
(VL (®)ss = (VT (t+17))ss = 0. (3.2.41)

With the aid of this result, one can readily verified that

I, =0. (3.2.42)
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In addition , on account of (3.60), one can write

1 * AW * /
L=57 [({fatt + ) far(®) £ (falt + 7') far(D))

H(fat+ 1) far)) £ (falt + 1) f3r(1)) £ ((falt + 7') far(L))
E(falt + ') far(®)) + (fa(t +7) [5r(1) £ (falt +7) for(t))] -

(3.2.43)

Employing Eqs. (3.80), (3.81), (3.82), and (3.83), we obtain
I3 = k(=M £+ N)o('). (3.2.44)

Proceeding in a similar manner, one can also establish that
Iy = k(=M £+ N)o("). (3.2.45)

Hence combination of (3.85), (3.87), (3.89), (3.90), and (3.68) leads to
(E Oyt +7))us = V(=M £ N)e 72 + \/(—M £ N) /0 LT 25(7 dr
+VE(—=M £ N) / ' e =25 (1Y dr (3.2.46)
0
It then follows that
(VP YL(t + T))ss = 2VR(—=M £ N)e *+7/2, (3.2.47)

Moreover, with the help of Eq. (3.60), we find

, 1
Vi (t+7) = T [(far(t+7) & far(t + 7)) + (£5a(t+7) £ fon(t + 7))
(3.2.48)
Using Egs. (3.80), (3.81), (3.82), and (3.83) along with (3.60) and (3.93),
we get

(VIO +T))ss = 2(—M £ N)S(7). (3.2.49)
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On the other hand in view of the fact that the noise force at time ¢ + 7

can not affect the system variables at the earlier time t, we see that

(v ()Y (t +7))ss = 0.

(3.2.50)

Therefore, on account of (3.66), (3.67), (3.86), (3.92), (3.94), and (3.95)

the squeezing spectrum of the out put radiation takes the form

4 . |
SP(@) =1 7 (=A KM £ 5N)Re /0 O g

T 4k(—M £ N)Re / e~ W27 £ 4(—M £ N)Re / S(r)e dr.
0 0

On carrying out the integration, we obtain

2K
w? 4+ (A£/2)? [
QRAi
EEewel

S (w) =14 —A— M £ N]
— M £ N| +2[M £ N].

It then follows that

ST w) =1— #Q/WP(N — M) +1] +2[N — M]
and
SO (W) =1+ #)\A_/W[QWJFM) +1] + 2[N + M],

so that in view of Egs. (2.6) and (2.7), we have

2K Je2r
(K/2 4+ A)? + w?

St (w) = [1 -

and
2K\ o

(k/2 — \)? —i—w?}e

S (w) = [1+

(3.2.51)

(3.2.52)

(3.2.53)

(3.2.54)

(3.2.55)

(3.2.56)
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At threshold, we see that
ST w) =

and

52 (w) =

2

W —2r

2 2

WAL o (3.2.58)
w

We observe that the squeezed vacuum reservoir has the effect of increasing

the degree of squeezing, while the driving light modes have no effect on

the squeezing spectra. We also realize that for w = 0, the noise in the

plus quadrature is completely suppressed, with the noise in the minus

quadrature going to infinity. Finally, for » = 0 Egs. (3.102) and (3.103)

reduce to

Si“t (w) =
and

Sﬂ“t(w) =

2

w
m (3.2;59)
2 2
e (3.2.60)

w2
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(w)

SOUI

+

Fig. 3.2: Plots of S7""(w) versus £ for % = 0.3 and for different values of r.

We notice that the squeezing spectrum is an inverted Lorentizian. It is

also clear that the maximum squeezing occurs for any values of r at w = 0.
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()

out
S+

Fig. 3.3: Plots of S{"*(w) versus £ for % = 0.5 at threshold and for different values of r.



4. PHOTON STATISTICS

4.1 The mean and variance of the photon number

For the system under consideration the number of photons in the cavity

can be represented by the number operator
n = Ng + Ny, (4.1.1)

where 7, = ata and 7y, = bib are the photon number operators for mode
a and mode b. The mean photon number for the cavity mode can also
be expressed in terms of c-number variables associated with the normal
ordering as

(i) = (o (b)) + (3 (DBD)). (4.12)
Now applying Eqgs. (2.59) and (2.60) along with the assumption that the

cavity radiation is initially in a two-mode vacuum state, we obtain

(@ (W)a(t)) = (FLOFL(@) + (FI@OF- (1)) + (FL @) F- (1)) + (FZ (1) F (¢))-

(4.1.3)
Employing Eq. (2.62), we have
(FOR(0) = 1 [ B OB f0) + 50)
— (fa@) f5(t") — (fs(t) fa(t"))]dt'dt", (4.1.4)
so that on account of Eqs.(2.39), (2.53), and (2.54), we find
(P F (1) = YT ;+ M /0 A 2 1y gyt

(4.1.5)
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Upon carrying out the integration, we obtain

(P F (1) = 21* M ey, (4.1.6)

Furthermore, it can also be established in a similar manner that

(Fﬂ@ﬁ;@»::%}ﬂ-—%:“”?+eA”)+HN¥;i:HNQ1—eA“)
" (4.1.7)
Moreover, using Eq. (2.62), we can write
(FL () F-(1)) = i/o e (HIANAALIR 2 ((fu(1))) — (F3(8)) + () f2 (")
— (S5 + (@) (")) — (f5(E) fo(t"))]dt"dt".
(4.1.8)
With the aid of Egs. (2.25), (2.39), (2.53), and (2.54), we get
(FL(t)F_(t)) = 0. (4.1.9)
We also note that
(F*(t)Fy(t)) = 0. (4.1.10)

Hence substitution of (4.6), (4.7), (4.9), and (4.10) into (4.3) results in

4e? N —X—krM
(@ (Ba(t) = S5 (1 = 20742 4 a7 LT (1 - e
+ -
N M
LN FATEM (4.1.11)

2)_

In addition, it can be verified following a similar procedure that

? N—X\—&M
(B*()B(t)) = %(1 L €7A+t) n K - K (- e*’\+t)
+ +
M
N KN+ A+ K (1— e, (41.12)

2)_
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Therefore, on combining Eqgs. (4.11) and (4.12), we obtain

822 N—XA—rM
(R) = %(1 _ e M2 gty L B - (1= e
¥ +
N+ A+ sM
G N TATRN _aty, (4.1.13)

A

At steady state, we have

8e? /fN—)\—/fM+fiN+)\+/<aM

s = — + 4.1.14

In the absence of the driving coherent light modes (¢ = 0), Eq.
(4.14) reduces to

KN =A=&M &N +XN+sM
+ .
AL A

<ﬁ>ss =

(4.1.15)

Furthermore, in the absence of the driving coherent light modes (¢ = 0)
and when the cavity is coupled to ordinary vacuum (N = 0 and M = 0),

Eq. (4.14) becomes
(A)es = 4\
s T )\+A7 .

This represent the mean number of the signal-idler photons produced

(4.1.16)

by the parametric oscillator. Moreover, when the driving coherent light
modes and the parametric interaction are absent (¢ = 0 and A = 0), Eq.
(4.14) takes the form

() gs = 2N, (4.1.17)

This is the mean photon number due to the two-mode squeezed vacuum
reservoir. Finally, in the absence of the parametric interaction (A = 0)
and when the cavity is coupled to ordinary vacuum, we get

X 8e?
()ss = —5- (4.1.18)

This represents the mean photon number due to the driving coherent

light modes. Hence the above results show that the driving coherent light
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modes and the two-mode squeezed vacuum reservoir increase the mean
photon number.

The variance of the photon number can be expressed as
An? = (n?) — (n)2. (4.1.19)
Applying Eq. (4.1) the variance can be put in the form
An? = An? + Anj + 2({Raip) — (Ra) (). (4.1.20)

On the other hand, the photon number variance for mode a can be written

in the normal order as
An? = (a'?a®) + (a'a) — (a'a)>. (4.1.21)

This can also be expressed in terms of c-number variables associated with

the normal ordering as
An? = (@) + (a*a) — (a*a)?. (4.1.22)

Following a similar procedure the photon number variance for mode b can

also be written as
An} = (B6%) + (8*8) — (3°8)*. (4.1.23)
In addition, one can also write
(fafi) = (" " f3). (4.1.24)
Hence substitution of (4.22), (4.23), and (4.24) into (4.20) yields

An® = (a*2a®) + (3"0%) + (a"a) + (3" 6) — (a"a) + (6°0))* + 2{a"af"3)
(4.1.25)
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In view of Eq. (4.2), we see that
An? = (R) — (A)? + (a*?a?) + (B23%) + 2(a*a B 3). (4.1.26)
Furthermore, Eqs. (2.59) and (2.60) can be rewritten as
a(t) = EL(t)a(0) + E_(£)5*(0) + VP + n4(2), (4.1.27)

B(t) = EL(t)B(0) + E_(t)a*(0) + VP + ny(t), (4.1.28)

where E.(t) is defined by Eq. (2.61),

4e?

P= A—2(1 — 20 M2 e, (4.1.29)
+

nalt) = 7| / e MR (f ()4 () dE+ / e AR (f, ()= f5(1))dt,
(4.1.30)

and

[ : ¢ :
mlt) = L[ RO [ OB (g fo(e) )
(4.1.31)
Employing Eq. (4.27) and its complex conjugate along with the assumption

that the cavity radiation is initially in a two- mode vacuum state, we get

(0%0%) = P* +2VP ((na) + () + P((n2) + (02)+
AP (o) + 2V P((nai®) + (o)) + (3ni?). (4.1.32)
We recall that Gaussian variables with vanishing means satisfy the relation
1]
(ABCD) = (AB)(CD) + (AC)(BD) + (AD)(BC). (4.1.33)
Next we need to show that 7,(t) is Gaussian variable. One can rewrite
Eq. (4.30) as
Na = Ny + 10—, (4.1.34)
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in which

ne % /0 : MR (f () 1 f3(8)) de (4.1.35)
and

. % /0 t A2 (L (8 — F3())dE. (4.1.36)

Employing Eqs. (4.35) and (4.36), the time evolution for the expectation

values of n, and 7n_ can be expressed as

) = =224 (4137
and
Sy =2t (4139

Inspection of (4.37) and (4.38) indicates that 7, and 7_ are Gaussian
variables. Thus in view of Eq. (4.34), we see that 7, is also Gaussian

variable. In addition, using (4.30), one easily gets
(na(t)) = 0. (4.1.39)

Hence on the basis of the relation (4.33), we find
(a) = (na) = (ana?) = (ma) =0, (4.1.40)

(mami?)y = 2)(n22) + 2(nan)?, (4.1.41)

so that application of these results in (4.32) leads to

(a?a?) = PP+ P((n2) 4+ () +4P(nan) +(ma) (ni2) +2(nans)?. (4.1.42)
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Now with the help of Eq. (4.30), we can write
<na> — i[/ —Ap(2t—t'—t" <(fa( )+ f;(t/)) (fa(t”) + fg(t”))dt/dt”>
/ —(2t—t'—t" ( ) fﬁ( )) (fa(t,/> . f;(t”))dt/dt”>

—(Ag A=At At ]/2<(fa<t,) +fg(t/)) (fa(t”) . f;(t”))dt,dt”>

+/O e[ A HA )=t/ =Ap ]/2<(fa<t/) —f;(t/)) (fa(t”) —f;(t”))dtldt”ﬂ.

(4.1.43)
Using Eqs.(2.44) and (2.45), we get
(n2) =0. (4.1.44)
We also note that
(n) = 0. (4.1.45)
Furthermore, applying Eq. (4.30) and its complex conjugate, we find
(o) = 7 [m) + (1) + () + ()], (41.46)

in which

_— /0 e—)\+(2t—t’—t")/2( falt) + f;(t'))( FE") + fa(t"))dt'dt”, (4.1.47)

T2

/ e BER (1 () - f3(0) (o) — St e, (41.48)

&

_ /t 6[_()\++>\,)t—)\+t’—/\7t”}/2<fa(t/) +f;(t/)) (f;(t”) —l—f;(t”))dt/dt”,
' (4.1.49)

and

= /t elm s FAt=At =24 27]/2 (fa(tl) _ fg(t,)) (fa*(t”) + fg(t”))dt,dt”.
O (4.1.50)
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With the aid of Egs. (2.39), (2.53), and (2.54), we obtain

t
(1)) = 26N — 2(\ + kM) / e MRS Y ardt” ) (4.1.51)
0

t
(19) = 26N + 2(\ + kM) / e AR5 —¢ydtdt, (4.1.52)
0

and

(13) = (14) = 0. (4.1.53)
Upon carrying out the integration , Egs. (4.51) and (4.52) turn over into

26N — 2\ — 2k M

(r) = " (1—e M, (4.1.54)
(ry) = 2T iﬁ+ 26M ey, (4.1.55)

Hence substitution of (4.54) and (4.55) into Eq. (4.46) results in

o1
{atle) = 5(Q + R), (4.1.56)
in which
N —X—rM
Q=" ~ (1= e (4.1.57)
and
N M
== +AA+K (1—e ™). (4.1.58)

Therefore, on account of (4.44), (4.45), and (4.56), Eq. (4.42) takes the
form

(aa®) = P> +2P(Q + R) + %(Q + R)%. (4.1.59)

One can also establish in a similar manner that

(3*23%) = P2 +2P(Q + R) + %(Q + R)?. (4.1.60)
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On the other hand, employing (4.27) and (4.28) along with the
assumption that the cavity radiation is initially in a two-mode vacuum

state, we can write

(B By = P?+2(VP)* (o) + (ns) + () + (mj)

+ P((nsma) + (Mamp) + mams) + (Mans) + (mams) + (Mami))

+VP{nangms) + (nsms) + anins) + Maning)) + naninsis)-

(4.1.61)

We recall that 7,(t) and 7p(t) are Gaussian variables with vanishing

means. Thus on the basis of the relation (4.33), we get
(nanpnz) = (Mansnp) = (Manan) = (Matlans)) = 0, (4.1.62)

(Mananenz) = (Mata)Mens) + (Mane)Nans) + (Mamp)Mans)s  (4.1.63)

so that applying these results together with the fact that n,(t) and ns(¢)

have zero means, Eq. (4.61) reduces to

(a*af*B) = P* + P((ngnjs) + (nanjs) + (i) + (nang) + (ins) + (nani))

+ (Mamin) (Ma15) + (Mans) (Mams) + (Manp) (Mamns)- (4.1.64)

Now with the help of (4.30) and (4.31), one can write

<77a77;’> _ [/0 €—>\+(2t—t’—t”)/2<(fa(t/) + fﬁ*(t/)) (fa(t”) + fg(t”)))dt/dt”

t

7/\_(2t7t/7t”)/2<(fa(t/> _ f;(t/» (fa(t”) . fg(t//))>dt/dt//

®

6—[()\++/\7)—)\+t’—)\,t”}/2<(fa(t/) + f;(t/)) (fa(t”) _ f;(t”))>dt,dt//

t

|
S— S— o ®I=

(4.1.65)

6—[()\++>\7)—)\,t’—/\+t”}/2<(fa(t/) . f;(t,)) (fa(t”) + f;(t”)”dt,dt”.
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On account of Eqs. (2.44) and (2.45), we obtain

(namp) = 0. (4.1.66)

We also note that
(nams) = 0. (4.1.67)

Furthermore, using (4.30) and (4.31), we can write

WMm—[/ eI () 4 f3(E) (falt") + fa(t")))dt dt”

1

i

= [ R ) — OVl — S
/ (A 4+A2) =2t =A_t"] /2<(fa( )+ f;(t/)) (fa(t”)* . fg(t”)))dt/dt”

+/ —[(Ap4+2-)— A,t’—Ath”]/Q((fa(t/) . f;(t/)) (fa(t”)* + fg(t”)))dt/dt”.
0

(4.1.68)
Applying Egs. (2.39), (2.53), (2.54), we get
N —\N—&cM N+ A M
(anis) = = P ety (BT ATRM o2ty (4.1.69)
2t 2
In view of (4.15) and (4.16), Eq. (4.71) can be rewritten as
1

(at1s) = 5(Q = R), (4.1.70)

where Q and R are defined by (4.57) and (4.58). We also see that

WM9=%@—R) (4.1.71)

Hence combination of (4.56), (4.66), (4.67), (4.70), and (4.71) with (4.64)
results in

www>PMmM+(¢+m) (4.1.72)

Moreover, with the aid of Eqgs. (4.13), (4.29), (4.57), and (4.58), we find

(7)? = 4P% + Q* + R* + 4PQ + 4PR + 2QR. (4.1.73)
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Finally, on account of Eqgs. (4.59), (4.60), (4.72), and (4.73), Eq. (4.26)

can be put in the form
An® = (n) + Q* + R* + 4QR. (4.1.74)

With the help of Eqs. (4.29), (4.57), and (4.58) the variance takes at
steady state the form

KN —XN—kM.2 kN +X+kM.o 162 kN — X\ — M
) +( )+ ( ).
N N 2 X
(4.1.75)

An?s = <ﬁ>ss+(

We note that An?, > (), and hence the cavity radiation has super-
Poissonian statistics.

In the absence of the coherent light modes (¢ = 0), Eq. (4.75)
reduces to

KN — A — M KN + X+ M KN — A — kM

KN + A+ rM

= (PR (VAR N A e (D

(4.1.76)
Furthermore, in the absence of the driving coherent light modes (¢ = 0)
and when the cavity modes are coupled to ordinary vacuum (N = 0 and
M =0), Eq. (4.75) becomes

PSCISCRP
An?, = AR
M T TN TR

(4.1.77)

This represents the variance of the photon number of the signal-idler
modes produced by the parametric oscillator. Moreover, when the driving
coherent light modes and the parametric interaction are absent (¢ = 0 and

A = 0), the variance of the photon number takes the form
AnZ, =2M* +2N(N +1), (4.1.78)

on the basis of the relation

M= /NN +1), (4.1.79)

)
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we see that

An?, = 4AN(N +1). (4.1.80)

SS

This represents the variance due to the two-mode squeezed vacuum. In
addition, in the absence of the parametric interaction (A = 0) and when
the cavity mode is coupled to ordinary vacuum (N = 0 and M = 0), Eq.

(4.75) reduces to
An? — 8e?

ss

— (4.1.81)

This represents the variance of the cavity radiation due to the two-mode

driving coherent light.

4.2 The variance of the photon number difference

The photon number difference inside the cavity can be represented by an
operator

g = o — M. (4.2.1)

Applying (4.82) the mean of the photon number difference can be expressed

as
() = (70} — (). (12.2)
One can also rewrite (4.83) in terms of the c-number variables as

(fa) = (") = (570). (4.2.3)

Hence on account of Eqgs. (4.11) and (4.12), the mean of the photon

number difference turns out to be
(ng) = 0. (4.2.4)
The variance of the photon number difference can be expressed as

An?l = <(ﬁa - ﬁb)2> o <ﬁa - ﬁb>2' (4'2‘5>
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This can be rewritten as [12]
Ang = Ang + Ang + 2( (i) () — (fain)). (4.2.6)

Now with the aid of (4.22), (4.23), (4.24), Eq. (4.87) can be put in the
form

Ang = (i) + (a™a®) + (8767) — 2({a"af" ). (4.2.7)

Therefore, substitution of (4.59), (4.60), and (4.72) into Eq. (4.88) yields
Anj = (R) + 4PR + 2QR. (4.2.8)

On account of (4.29), (4.57), and (4.58), the variance of the photon number

difference takes at steady state the form

EN —XN—kM. kN +X+rM, 16e?> kN + X+ kM

(AN?[)SS - <ﬁ>ss+2( )\+ )( A )+ )\i ( A

(4.2.9)

Now in the absence of the driving coherent light modes (¢ = 0),

Eq. (4.90) reduces to

KN + X+ M

KN —A— &M &N +)\+rcM KN — A — M
+ +2( )(
AL A_ Ap A_
(4.2.10)

(An?l>ss =

In the absence of the driving coherent light modes (¢ = 0) and when the
cavity mode is coupled to ordinary vacuum (N = 0 and M = 0), Eq.

(4.90) becomes
o
A

This is the variance of the photon number difference due to the parametric

(Anﬁ)ss

(4.2.11)

oscillator. Furthermore, when the driving coherent light modes and the
parametric interaction are absent (¢ = 0 and A = 0), Eq. (4.90) takes the
form

(And)ss = —2M? + 2N (N +1). (4.2.12)

).
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In view of the relation (4.79), we see that
(An3)ss = 0. (4.2.13)

We see that the variance of the photon number difference due to the
two-mode squeezed vacuum is zero [12]. Moreover, in the absence of the
parametric interaction (A = 0) and when the cavity mode is coupled to

ordinary vacuum (N =0 and M = 0), Eq. (4.90) reduces to

s

(Ang)ss = —- (4.2.14)

This represents the variance of the photon number difference due to the

two-mode driving coherent light.

4.3 The photon number distribution

4.3.1 The Q function

We now proceed to obtain the Q function for the system under consideration.

The Q function for a two-mode light is expressible as
Qa.0) = = [ @adxolex teap(a + x5 — 20" = ). (13.1)
with the characteristic function ¢(z, x,t) defined in Heisenberg picture by
o(z,x,t) = Tr{p(AO)e_Z*&(t)e_X*B(t)ezm(t)eng(t)}. (4.3.2)
Employing the identity

etel = eBeAe[A’B}, (4.3.3)

the characteristic function can be expressed in terms of c-number variables

associated with the normal ordering in the form

O(z, x,t) = exp[(z*z + X*X)[{exp(za* — z*a + xB" — X*B)).  (4.3.4)
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Now using Eqs. (4.27) and (4.28), we have

é(2,x,t) = exp| — (2°z + X" X)] (exp [2E1a*(0) + 2E_B(0) + 2V/P + 21}
— 2B, a(0) — 2*E_{*(0) — 2*VP — z*n,
+XELB(0) + XE_a(0) + xVP + X1}
— X E+8(0) = X"E_a*(0) = X"VP — X)) (4.3.5)

It then follows that

¢(z,x,t) = exp[ — (z"z + x*x)] (exp [(xE- — 2" E})a(0)
+ (zEy — X"E_)a*(0) + (zE_ — x"E4)B(0) + (xE+ — X" E_)B(0)])

x exp [(z — 2" 4+ x — X" )VP](exp [0}, — 2" 10 + X105 — X"113) ).
(4.3.6)

Considering the cavity radiation to be initially in a two-mode vacuum
state, we find

(exp [(VE- — 2" E2)a(0) + (:B; — x"E_)a*(0)

(2B = XEDB0) + (xEs — 2 E)F(0)]) = 1. (4.3.7)
In view of (4.102), Eq. (4.101) takes the form

3(z,x,t) = exp[ — ("2 +X"X) + (2 — 2" + x — X )VP]

X (exp |21 — 2"Na + XN — X"Ng])- (4.3.8)

We recall that 7,(t) and nz(t) are Gaussian variables with zero means.

Thus employing the relation [1,3,16]

(exple+ m5]) = exp 5 (0 + 1)), (43.9)

the characteristic function can be put in the form

¢z, x,t) = exp[ — ("2 + X"X) + (2 — 2" + x — X" )VP]
1

* * * * 2
x exp o ([2n; = 27 + X705 = X"1s] ) (4.3.10)
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or

Oz, x:1) = exp [ — (22 + X"X) + (2 = 2" + x = X")VP]

2 *2 2 *2
gy 2 oy XDy X2

— 22" (Mami) + 2XMams) — 27X (Mams) — 2X  (Mans)

X exp [

+ 22X (Nang) — XX (1a15)] - (4.3.11)

On account of Eqs. (4.44), (4.45), (4.56), (4.66), (4.67), (4.70), and (4.71),

we obtain

R -R
d(z,x, 1) Zexp[—(lJrQ_QF )(Z*Z+X*X)+Q 5

+ VP — 2+ x =), (4.3.12)

(xz +Xx"2")

where P, Q, and R are defined by (4.29), (4.57), (4.58). Finally, we can

also put the characteristic function in the form

P(z, X, 1) = exp [—a(z" 2+ X" X)+b(xz+x"2")+e(z—2"+x—x")], (4.3.13)

in which
Q+R KN — X — kM o BN X+ kM et
=1 =1 l—e l—e =
a=1+— + W (I—e™H+ . (1—e ),
(4.3.14)
Q—R &KN—-A—kM et KN — X — kM g
- - 1— e~™t) — 1— e
b 2 2)\+ ( € ) ( 2)\7 )( € )7
(4.3.15)
2
c=VP= )\—8(1 ) (4.3.16)
+

Now upon introducing (4.108) into (4.96) and carrying out the integration,

the Q function for our system turns out to be

Qa, p,t) = %[UQ — v?]exp(—2cw) exp [ — u(aa + F°B) + v(af + a* 5*)

+w(a® +a+ 4+ B)], (4.3.17)
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in which
a
b
w = c(u—v). (4.3.20)

4.3.2 The photon number distribution

The joint probability to find n photons of mode a and m photons of mode

b can be written in terms of the Q function as [1,3]
7'(2 aQn a?m

P p—
(o, ) = o Sandar aF o5

(4.3.21)
so that on account of Eq.(4.112) we have

2 1+]Uk+lwp+q+r+s

P(n,m,t) = W —v] = V] -2cu Z

n'm'

17110 Irlgl
s z.j.k.l.p.q.r.s.

8271 a2m . .
i+k+Pa*l+l+qﬁj+k+rﬁ*ﬂ+l+8}

X 8a*naan 86*maﬁm [a

a*=a=F*=0=0"
(4.3.22)

*

Carrying out the differentiation and applying the condition o* = a =
5% = 3 =0, we obtain

P(n,m,t) = [u B P Z

n'm‘

z+jvk+l p+q+r+s+

1511 lrlg!
s 7 kN plglr!s!

y (i +k+p)! (i+1+q)! (j+k+r)! (j+1+9)!
(i+k+p—n)(i+l+qg—n)(G+k+r—m)(j+14+s—m)!

X 5i+k+p,n6i+l+q,n6j+k+fr,m6j+l+r,m- (4323)
For m = n the photon number distribution takes the form
1 o U H—]Uk—f—l An—2i—25—2k—21
o —QCw '2
P, n,t) = [u — v %; N

1 1 1 1
iR i DB (n—j D (4.3.24)
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Now in the absence of the coherent driving light modes (¢ = 0), we have
w=c=0. (4.3.25)

We also note that £k =1 = n — 1 = n — j, therefore, the photon number
distribution reduces to [3]

JE[n =

P(n,n,t) = [u* — v?]e " Z n!2( (4.3.26)

It is also interesting to consider the photon number distribution in the
absence the driving light modes (¢ = 0) and the parametric interaction
(A = 0) at steady state. Thus on taking into account Eqs. (4.109), (4.110),
(4.113), and (4.114), we find for this case

a® — b* = cosh?r, (4.3.27)
1—u=0, (4.3.28)
v = tanhr. (4.3.29)

In view of these results, the photon number distribution (Eq. (4.121))

reduces to [3]
tanh®" (r)

cosh?(r)

This represents at steady state the photon number distribution of the

P(n,n) = (4.3.30)

cavity modes due to a two-mode squeezed vacuum. Furthermore, in the
absence of the parametric interaction (A = 0) and when the cavity is

coupled to ordinary vacuum (N =0 and M = 0), we get
1—u=0, (4.3.31)

v =0, (4.3.32)

w = c. (4.3.33)
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One can also readily verify that
i=j=k=1=0, (4.3.34)

Hence with the aid of these results, the photon number distribution (Eq.
(4.119)) takes the form

an
P(n,n,t) = 6—202%. (4.3.36)

In view of Eq. (4.29) and (4.81), we see that the mean number of photons

for the coherent light modes can be expressed as
n = 2%, (4.3.37)

so that application of (4.132) in Eq. (4.131) leads to

1 s 2n
P(nn,t) = —se " (g) . (4.3.38)

This represents the photon number distribution for the two-mode coherent

light.
4.4 The mean and variance of the number of photon pairs

Employing Eq. (3.1), one can write

1 PP R
(é'e) = —(ata) + = (b'b) + =(a'b) + = (ab"). (4.4.1)
2 2 2 2
Suppose we have a two-mode light for which
(a'b) = (ab") = 0. (4.4.2)
For this case, Eq. (4.134) takes the form
ot n | ESUPUR RPN
(éfe) = é(aTa) + §<bTb>. (4.4.3)
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This can be interpreted as mean number of photon pairs.

In order to determine (¢1¢) represents the mean number of photon
pairs for the system under consideration or not, we need to check whether
Eq. (4.135) holds or not. Thus using the c-number variables associated

with the normal ordering, one can write

(a'd) = (" ()B(1))- (4.4.4)

Applying Egs. (2.59) and (2.60) along with the assumption that the cavity

radiation is initially in a two-mode vacuum state, we obtain
(@' (0)b(t)) = (FTEL) + (F*Fr) — (FLF*) — (F*F*), (4.4.5)

where F. is defined by Eq. (2.62). Employing the complex conjugate of
(2.62), we have

(FLFD) =7 [ €0 B 22 (200 + a0} + (20 + o))
+ (fa) o) + (o) fs(t") + (o) f5("))
+ (fa(t) fa(t"))] dt'de". (4.4.6)

On account of Egs. (2.25), (2.44), and (2.45), we find

t
(FIF7) =& / e M ED2 g gt (4.4.7)
0

Upon performing the integration, we get

4 2
(FEF*) = AiQ [1— 2e™1/2 4 1] (4.4.8)
+

Furthermore, using the complex conjugate of (2.62), one can write

() = [ OB O L) + o)) = U

— (fa(t) fo(t")] dt'dt". (4.4.9)
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With the aid of (2.44) and (2.45), we obtain
(F*F*) = 0. (4.4.10)
Moreover, it can also be established in a similar fashion that
(FIF*) = (F*F7) = 0. (4.4.11)

Finally, substitution of (4.141), (4.143), (4.144) into (4.138) results in

o 422
(@thy = A% [1— 2e 12 4 e™+1]. (4.4.12)
+
We also note that
oy 4e? Apt/2 | Ayt
<ab>:)\—2[1—26 T2 e M. (4.4.13)
+

These results indicate that (¢f¢) does not represent the mean number
of photon pairs for the system under consideration. Thus we note that
(é'¢) can represent the mean number of photon pairs for the system under
consideration provided that € = 0.

Next we proceed to calculate the mean number of photon pairs
for the system under consideration in the absence of the coherent driving
light modes. To this end, the mean photon number can also be expressed

in terms of the c-number variables associated with the normal ordering as

7= (). (4.4.14)

Using Eq. (3.10), we have
[+ () + - (1)], (4.4.15)

[ (6) = 1-(0)]. (4.4.16)
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Now with the aid of (4.148), and (4.149), Eq. (4.147) can be put in the
form

m, = 2 [020) — 2 0)]. (1417)
For this case, employing Eq. (3.33) along with the assumption that the

cavity radiation is initially in a two-mode vacuum state, we obtain

_2/§N—2)\—/<M

(Vi) " (1— e+, (4.4.18)
(V2(t) = 2nN = J;QA - KM(l —e M. (4.4.19)

Therefore, the mean number of pho’;on pairs turns out to be
7, — KN — X\ — /<;M(1 B e_’\+t) n KN + X+ /@]\/[(1 B e/\*t). (4.4.20)

2)\ 2M_
At steady state, we see that

I{N—/\—I{M+I€N+)\+I{M
20, 2 _ '

(4.4.21)

(725)5s =

When the cavity is coupled to ordinary vacuum (N = 0 and M = 0), Eq.

(4.154) reduces to
(7)) = 2\
Y)88 T >\+>\_ N

This represents the mean number of photon pairs produced by the parametric

(4.4.22)

oscillator. Moreover, in the absence of the parametric interaction (A = 0),

Eq. (4.154) takes the form
(7,)ss = N. (4.4.23)

This result describes the mean number of photon pairs due to the two-
mode squeezed vacuum.
In the absence of the driving coherent light modes, the variance of

the number of photon pairs is expressible as

An? = ((eT¢)?) — (efe)>. (4.4.24)



Employing the commutation relation (2.10), Eq. (4.157) can be written

in the normal order as
An2 = (e¢%) + (¢fe) — (efe)>. (4.4.25)

The variance can also be expressed in terms of c-number variables associated

with normal ordering as
And = (") + (v'7) — (v')*. (4.4.26)

Now applying Egs. (4.149) and (4.150), the variance can be put in the

form

1

An2 = —[((0) + (1) — 203 (02 @)] +7, — 72 (44.27)

For the case in which the driving coherent light modes are absent, Eq.

(3.19) can be rewritten as

t
e = 7 (0)e 2 % / N EORL () 4 o)+ [3(E) + folt)] d
(4.4.28)
= (0)e 2 % / ARy )+ ) — Fat)] dr
(4.4.29)
With the help of (4.118) and (4.119), one easily finds
(e (B (1)) = 0. (4.4.30)

In addition, Eqgs. (4.161) and (4.162) together with (4.120) indicate that
7+ (t) as well as y_(t) is a Gaussian variable with zero mean. Thus on the

basis of the relation (4.37), we obtain

(i () = 3(72(1)*. (4.4.31)
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Furthermore, with the aid of Eqs. (4.151) and (4.152) along with the
assumption that the cavity radiation is initially in a two-mode vacuum

state, we get

() =3[P = e, (1432

() =3[ - (2N +A2_A Mg e (4.4.33)

Moreover, we recall that v, (t) as well as y_(t) is a Gaussian variable with

vanishing mean. Thus on the basis of the relation (4.37), we obtain

(VHOY2E) = (V) (V2 (0) + 2(74-(H)1-(1))*. (4.4.34)

On the other hand, applying Eqs. (4.161) and (4.162), we can write

(1 (O (0) = (s OO+
1 —Ayt/2 tef)\_ t—t"’ * I\ "
b e [ O O£ ) - (e O£l
+ O ~ (O ()]
Ly i th+ t—t" ey ,
# e [ o 0) ) + (- 0) ()
L OB + (O fsE)]d

%/0 6—[()\++>\7)t—A+t’—>\,t”}/2[<fo>i(t/)f;<t//>>_< (t’)fa(t”)>

_|_
N

On account of Egs. (2.39), (2.44), (2.45), (2.53), (2.54), and the assumption

that the cavity radiation is initially in a two-mode vacuum state along with

+ (f5(t) f5(") — (fs(t) f5(t")

+ (fa)fs(t") = (fa@)f5(E7) + (F5(E) falt")) — (Fo(t) fa(t")

+ (fa) falt")) = (Falt) fa(t")) + (F5(E) Fo(t")) = (Fa(t) F5(17)
H{EE)) = (F5E) fat) = (fa@)f50") — (falt) f5(E7)] dt dt".
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the fact that the noise force at times ¢’ and ¢” can not affect the system

variables at the earlier time ¢ = 0, we readily find

(v (O)7-(1)) = 0. (4.4.36)

Thus with the aid of Eqs. (4.151) , (4.152), and (4.169) along with the
assumption that the cavity radiation is initially in a two-mode vacuum

state, expression (4.170), can be put in the form

(2 (1072 (1) = —4QR. (1.437)

Finally, substitution of (4.151), (4.152), (4.154), and (4.170) into (4.160)
yields

An? =7, + %(Q2 + R?). (4.4.38)

On account of (4.57) and (4.58), the variance of the number of photon

pairs at steady state takes the form

(An2)ss = (My)ss + %[(HN _AA; KM)Z + (KN +AA+ “M)ﬂ. (4.4.39)

For the case in which the cavity is coupled to ordinary vacuum
(N =0and M =0), Eq. (4.172) reduces to
2\ 122\
A 2 ss — NG U E
(An)es = 357 T3l + 52

This is the variance of the number of photon pairs due to the parametric

(4.4.40)

oscillator. Furthermore, in the absence of the parametric interaction (A =

0), Eq. (4.172) becomes
(An2)s = M?+ N(N + 1), (4.4.41)
so that on the basis of the relation (4.79), we find
(An2)e = 2N(N +1). (4.4.42)

This represents the variance of the number of photon pairs due to the

two-mode squeezed vacuum.
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4.5 The photon number distribution for photon pairs

4.5.1 The Q function

We now proceed to obtain the ) function for the number of photon
pairs produced by the system under consideration in the absence of the
driving coherent light modes. To this end , we note that the QQ function

is expressible in the form

Q(v,t) = % /d2z¢(z,t) exp (z*y — 277), (4.5.1)

with the characteristic function ¢(z,t) defined in the Heisenberg picture
by
d(z,t) = Tr(p(0)e WM, (4.5.2)

Employing the identity (4.98), the characteristic function can be expressed

in terms of c-number variables associated with the normal ordering as

Bz, 1) = e (exp zy* — 2*). (4.5.3)

Now using Eqs. (4.148) and (4.149), we have

1

Bt) = e o[ =) + G+ () (@454

Furthermore, we recall that 7, (¢) and y_(¢) are Gaussian variables with
zero mean. Thus on the basis of the relation (4.104), Eq. (4.179) can be

expressed as

bet) = exp ([ = 2 () + (e 4 2] (455)
It then follows that
8(zt) = exp[ — (14 S 0) — 52 ()22

F A + RONE +2) 4 5 (2 = =)+ ) (- ()],
(4.5.6)
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Hence on account of Eqgs. (4.1531), (4.152), and (4.169), we obtain

o(z,t) = exp [—Azz" — §(22 + 2], (4.5.7)
in which
Aty AN ZAZAM (g PN FAFRM (45
W A
B —kN 4;\)\ + /<o]\4(1 M) 4 kN —l—;\ + KM<1 _ e (45.9)
" _

Finally, introducing (4.182) into (4.176) and performing the integration,

the Q function for the number of photon pairs turns out to be

QG = 07—V exp[-Uy'y = (244, (4510

where
U= ﬁ, (4.5.11)
V= ﬁ. (4.5.12)

4.5.2 The photon number distribution

The photon number distribution for the number of photon pairs is expressible
in terms of the QQ function as

T o™

[Q(y,t)e™ ] (4.5.13)

y*=y=0"
Now substitution of (4.185) into (4.188) results in

8271

V
- - 1 _ * o 2 *2
Fyngyn P (L= U077 = (7 +97)]

L 2112
=V 5

n!

P(n,t) =

yr=y=0"
(4.5.14)

Upon expanding the exponential functions in power series, we have

_ 1 2 2711 (_1)T+8(1 — U)p(v)r-‘rs 8271 *(p+2r) . p+2s
P(n, t) = E[U -V ]2 Z 27"+3p!7“!8! 87*”87” [’Y Y },y*:,y:()a

prs
(4.5.15)
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so that on carrying out the differentiation and applying the condition
~v* =~ =0, there follows

(11 - Uy
2rt+splrls!

P(n,t) = %[U? _vEYD

prs
" (p+ 2r)!(p + 2s)!
(p+2r—n)l(p+2s—n

)‘ 6p+27‘,n6p+25,n- (4516>

Furthermore, we observe that p + 2r = n and p 4+ 2s = n we get

p=mn—2r (4.5.18)

Hence on account of these results, the photon number distribution can be

put in the form

[n] _
1 . 011 (1 o U)n 2rv2r
P(n,t) = E[U — V2 E n! 2 (= 2T (4.5.19)

T

where [n] = 2 for even n and [n] = %5+ for odd n.



5. CONCLUSION

In this thesis we have seen the simplicity with which the squeezing and the
statistical properties of the light, produced by a nonodegenerate parametric
oscillator with the cavity modes driven by coherent light and coupled to
a two-mode squeezed vacuum reservoir, could be analyzed with the aid of
stochastic differential equations.

Applying these equations, we have calculated the quadrature variance
and the squeezing spectrum. Our results show that the quadrature variance
and the squeezing spectrum for the cavity radiation have the same forms
as that of the degenerate parametric oscillator with the cavity mode driven
by coherent light and coupled to a squeezed vacuum reservoir. We have
seen one effect of the two-mode squeezed vacuum is to increase the degree
of squeezing of the radiation produced by the quantum optical system
under consideration. In particular, at threshold and at steady state, the
variance of the plus quadrature turns out to be the product of the variance
pertaining to the nondegenerate parametric oscillator and the vacuum
reservoir. This result is in complete agreement with the one found by
K. Fesseha [3], obtained applying quantum Langevin equations. Hence
at threshold and at steady state, the squeezing of the cavity radiation
is greater than 50 %. We have also observed that at threshold and at
steady state there is 100 % squeezing in the out put radiation at zero

frequency. However, for w # 0 the squeezing spectrum depends also
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on the squeeze parameter r. In addition, we have found that the two-
mode driving coherent light has no effect on the quadrature variance and
squeezing spectrum.

On the other hand, employing the solution of the stochastic differential
equations, we have determined the mean and the variance of the photon
number. From the results obtained, we realized that the two-mode coherent
light and the two-mode squeezed vacuum reservoir increase the mean and
the variance of the photon number. Furthermore, applying the same
solutions, we have obtained the antinormally ordered characteristic function.
Using this characteristic function, we have determined the Q-function
which is then used to calculate the photon number distribution. The
special cases (4.121) and (4.125) are found to be in complete agreement
with the results obtained by K. Fesseha [3]. Moreover, employing the same
solutions we have calculated the mean and the variance for the photon
number difference.

Finally we have determined the mean, the variance, and the photon
number distribution for the number of photon pairs, in the absence of the
two-mode driving light. It so turns out that our results have the same form
as that of the signal-mode produced by a degenerate parametric oscillator

coupled to a squeezed vacuum reservoir.
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