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Abstract

We study the squeezing and statistical properties of the superposed output light from two
identical three-level lasers. Applying the Q function for the superposed output light, we
calculate the mean photon number, the variance of photon number, and the quadrature
variance. It is found that the degree of squeezing increases with the linear gain coefficient.
Moreover, the degree of squeezing of the superposed light is found to be twice that of the

light from one three-level laser.
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Chapter 1

Introduction

Over the years, there has been a considerable interest in the analysis of the squeezing
and statistical properties of the light generated by three-level lasers [1-16]. A three-level
laser is a quantum optical system in which three-level atoms in a cascade configuration,
initially prepared in a coherent supperposition of the top and bottom levels, are injected
into a cavity coupled to a vacuum reservoir via a single-port mirror. When a three-level
atom in a cascade configuration makes a transition from the top to the bottom level via
the intermidate level, two photons are are generated. If the two photons have the same

frequency, the three-level atom is called degenerate otherwise it is called non degenerate.

Several authors have found that the light produced by a degenerate three-level laser
is in a squeezed state under certain conditions [1, 5, 6, 7, 8, 10]. In particular, the
maximum intracavity squeezing is found at threshold and at steady state to be 50%.
Recently, Beyene [17] has studied the squeezing properties of superposed light from two
identical three-level lasers. He found that for A=3 and x=0.8, the squeezing is 95.8%

below the coherent-state level.

Although previous studies deal mainly with the degree of squeezing and statistical
properties of the cavity light, it is the output light that is accessible to the experimental
observation. It is found that the squeezing of the cavity light produced by a degenerate

three-level laser is greater than that of the corresponding output light [6].



In this thesis we study the squeezing and statistical properties of the output light
generated from a degenerate three-level laser and two identical three-level lasers. To this
end, we first derive c-number Langevin equations associated with the normal ordering
using the master equation. Employing the solutions of the resulting c-number Langevin
equations along with the properties of the noise forces, we obtain the antinormally ordered
characterisic function defined in Hiesenberg picture, which is used to calculate the Q-
function for the cavity mode light produced by the degenerate three-level laser. Applying
the input-output relation, we find the Q-function for the output light from the three-level
laser. We then determine the Q-function for superposed output light beams produced by

two identical three-level lasers.

Applying the Q-function for the output light produced by a three-level laser, we calcu-
late mean photon number, the variance of photon number, and the quadrature variance.
Finally, the Q-function of the superposed output light beams is used to calculate the mean

photon number, the variance of photon number and the quadrature variance.



Chapter 2

The Q function of laser light

In this chapter we seek to determine the Q-function for the output light generated from
a degenerate three-level laser and two identical three-level lasers. To this end, we first
derive c-number Langevin equations using the master equaion. Applying the solutions of
the resulting c-number Langavin equations along with the properties of the noise force,
we then calculate the antinormally-ordered characteristic function with the aid of which
the Q function of the cavity laser light is determined. Finally, applying the input-output
relation, we calculate the Q-function for superposed output light beams produced by two

identical three-level lasers.

2.1 The Q function of the cavity laser light

The three level laser in which three level atoms initially prepared in a coherent su-
perposition of the top and bottom levels are injected at a constant rate in to a cavity
coupled to a vacuum reservoir and removed from the cavity. We denote the top, middle,
and bottom levels of these atoms by |a), |b), and |c) respectively. We assume the cavity
mode to be at resonance with the two transitions |a) — [b) and |b) — |c), with direct

transition between levels |a) and |c) to be electric dipole forbidden. The interaction of a



three-level atom with the cavity mode can be described by the Hamiltonian [1]
A = ig[(|a) (b-+1b){cl)a — a' (jb){al-+]c) (0])]. (2.1.1)

where g is the coupling constant between the atom and the cavity mode and a is the
annihilation operator for the cavity mode. We take the initial state of a three-level atoms

to be

¥4(0)) = ¢a(0)|a) + c(0)]c) (2.1.2)

and hence the initial density operator for a single atom has the form

pa(0) = pila)(al+pl la) (cl+p% e) (al +pi e (c], (2.1.3)
where pi) = |cal?, P = CaCl, P = c.cr, and P = |ce|?.

Suppose par(t,t;) is the density operator for single atom plus the cavity mode at time
t, with the atom injected at time ¢; such that (t—71) < t; < t. The density operator for

all atoms in the cavity plus the cavity mode at time t can then be written as

par(t) =ra S par(t, )AL, (2.1.4)

where r, is the rate at which atoms are injected in to the cavity. Now converting the

summation in to integration in the limit At; — 0, we have

t
par(t) = ra / par(t,t)dt’ (2.1.5)
t—7

and on differentiating with respect to t, there follows

d . . . PO
%ﬂAR(t) ZT’a(pAR(t,t) —pAR(t,t—T))—f—Ta apAR(t,t)dt. (216)
t—1

We observe that pag(t,t) is the density operator for the cavity mode plus an atom injected

at time t. This operator can thus be expressed as

pan(t,t) = palt)p(t), (2.1.7)



with p(t) being the density operator for the cavity mode alone. We also note that
par(t,t — 7) represents the density operator for an atom plus the cavity mode at time t,
with the atom being removed from the cavity at this time. This operator can also be put

in the form
par(t,t — 1) = pa(t — 7)p(t). (2.1.8)
Now in view of (2.1.7) and (2.1.8), one can write (2.1.6) as

Coan(t) = ralpalt) - plt ~ 7))

/ S pan(t. 1)t (2.1.9)
t—T1

In the absence of damping of the cavity mode by a vacuum reservoir, the density operator

par(t,t') evolves in time according to

(9 ~ / e A~ /
aPAR(tat) = —i[H, par(t, )], (2.1.10)

so that using this relation along with (2.1.5), one can put Eq. (2.1.9) in the form

© pan(t) = ra(palt) = 3t — 7)p(1) — iLH, panl0)]. (2.1.11)

Furthermore, tracing over the atomic variables and taking in to account the damping

of the cavity mode by a vacuum reservoir, we have

dp 1
d’t) = —iTralH, par(t)] + 5 r(2apa’ — pila - alap), (2.1.12)
where we have used the fact that
Trpa(t) =Trpa(t — 1) = 1. (2.1.13)

Employing (2.1.1) the master equation for the cavity mode can be put in the form

dp N b b oAt b a . o o
i 9(papa’™ — @' pay + Pred’ — @' pye + aPra — Pral + ey — Pebtt)

+—r(2apa’ — pata — atap), (2.1.14)



in which the matrix element p,g is defined by

Pap = (a|par|B), (2.1.15)

with a, f=a,b,c.

On the other hand, we see from (2.1.11) that

dpea . . .
ot~ (alpa(0)18) — (alpatt — I5NA
—i({a|Hpar|B) — (alparH|B)) = Vpap, (2.1.16)
where the last term is included to account for the decay of the atoms due spontaneous
photon emission. Here 7, considered to be the same for all the three levels, is the atomic

decay constant. The atoms are removed from the cavity after they have decayed to a level

other than the middle or bottom level. We then see that

(alpar(t —7)[8) =0, (2.1.17)

and hence Eq. (2.1.16) reduces to

= 74(a|p4(0)[8)(t) — i((a|H parl B) — (| parH|B)) = Ypap- (2.1.18)

Applying this equation and taking into account (2.1.1) and (2.1.3), one readily obtains

dﬁab o

dt - g(ﬁach + CAlﬁbb + ﬁaad) - ’yﬁaba (2119)

dppe . At .

5; = g(apcc — Pupd@ — anac) — 7 Pbe, (2120)
Qoo O5 1 (5 at 4 i) — ]

g = TPaq P+ 9(Pabd’ + aPra) = VPaa, (2.1.21)
D% _ o neit! + ey — 6 Py — Poadt) — 75 2.1.22
o 9(ppea’ + ape, — A" pap — Pra®) — Yo, (2.1.22)

dAac A~ A A A A~ A

% = 7P\ b+ 9(apre — Pab®) — VPacs (2.1.23)

dPee . it . .

= rap2p — 9(al o + Pevd) = Vpee- (2.1.24)

dt



We confine ourselves to linear analysis and this can be achieved by dropping the
g-terms in (2.1.21), (2.1.22), (2.1.23), and (2.1.24) and applying the large-time approxi-
mation. Thus upon dropping g-terms and applying the large-time approximation scheme,
we get from Egs. (2.1.21), (2.1.22), (2.1.23), and (2.1.24) and that

(0)

Iéaa = Falac :57 (2125>
v

poy = 0, (2.1.26)

0

P = L2l 5 (2.1.27)
v

foo = L8P 5 (2.1.28)
v

Now combination of (2.1.19), (2.1.25), (2.1.26), and (2.1.27) as well as (2.1.20), (2.1.26),
(2.1.27), and (2.1.28) leads to

db
@Pab _ GTa 22 (o pat — p© 5a) — vpa, (2.1.29)
At ¥

d/\ C a A AT A A
5; gr 79 (55 — pOat ) — 7 pye. (2.1.30)

Using once more the large-time approximation scheme, we easily find

N gra N An
o =3 (P pat — pQ)pa), (2.1.31)

)4t

e, () )
Pre = 7([)23)@ —palp). (2.1.32)

Finally, on account of (2.1.31), (2.1.32), the master equation for the cavity mode given

by (2.1.14) takes the form

dp 1
d_f - 2Apaa (2a pCL - pCLCL - aan)
+- (ApCC + r)(2apa’ — pa'ta — a'ap)
+§Apac (/A)&Tz + dT215 - Qd Iéd )
1
+=ApO(pa® + a2p — 2apa), (2.1.33)

2



where
21 g*

A -2

(2.1.34)

is the linear gain coefficient. It is worth mentioning that the quantum properties of the
light generated by the three-level laser are determined by the master equation (2.1.33).
It is easy to observe that with p&%) =1 and pg%) = pﬁ? = 0, this equation reduces to the

master equation for a two-level laser operating below threshold.

Using the relation

(A) = Tr(—=A)

along with Eq. (2.1.33), one readily obtains

%@ = ;Apg%)Tr(QdTpaa — paa'a — aa'pa)
LAY ) Tr(2apata — palad - alapa)
+%Apg?Tr(ﬁaT2a +a'pa — 2a'pa'a)

% ApTr(pa® + a°pa — 2apaa).

[a,a" =1,
we get
Cal) = A () — (A + m){a(n),
_ —%Ma(m (2.1.35)
In the same way, one can show that
a(t)a(t)) = —n(@(0) + A2, (2.1.36)
L (a (Da(t) = —ulal (Oa) + A2, (2.1.37)



in which

p=ApY — ph) + k. (2.1.38)

We see that the c-number equations corresponding to Egs. (2.1.35), (2.1.36), and (2.1.37)

lalt) = —gnlat), (21.39)
@ fata(t)) = —p(o(D) + A2, (21.40)
< (o (Dalt)) = —ula” (Ba(t) + ArY. (21.41)

On the basis of Eq. (2.1.39) one can write

d

“alt) = —gpalt) + 1(0) (21.42)

where f(t) is a noise force whose correlation properties remain to be determined. We note

that Eq. (2.1.39) and the expectation value of Eq. (2.1.42) will have the same form if

(1)) = 0. (2.1.43)

The comlex conjugate of Eq. (2.1.42) can be written as

%a*(t) = (1) + (1) (2.1.44)
But we have the relation
d _da(t) da(t)
£<a(t)a(t)> = y7 a(t)) + (a(t)7>. (2.1.45)
Inserting Eq. (2.1.42) in (2.1.45), one can easily get
%(a(t)a(t» = —u(a®(t)) + (f(H)a(t)) + {a(t) f(1). (2.1.46)

Now comparison of Eqgs. (2.1.40) and (2.1.46) shows that

(f(O)a(t)) + {a(t) f(1)) = ApLY). (2.1.47)
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A formal solution of Eq.(2.1.42) can be written as
t /
alt) = a(0)e /% 4 / e M2 f () dt . (2.1.48)
0

Multiplying Eq. (2.1.48) by f(t) from the left side and taking the expectation value, we

get
t
(f(Da(t)) = (f(t)a(0))e "/ + / e IR (f () f(£)) (2.1.49)
0
Since a noise force at a certain time should not affect a light mode variable at an earlier

time, we have
(f(t)e(0)) = (f(£))((0)) = 0. (2.1.50)

In view of this result Eq. (2.1.49) reduces to

{(F()a(t)) :/0 e MORF() f (1))t (2.1.51)

Similarily multiplying Eq. (2.1.48) by f(t) from the right side and taking the expectation
value together with the assertion that a noise force at a certain time should not affect a

light mode variable at an earlier time, one can get

@) = [ IRy (2.52)
Thus taking into account (2.1.47), along with, (2.1.51), and (2.1.52), we get
[ erorgwpwnar + [ HOrg@ s =, 15
0 0
and assuming that
(FOfE) = (fE)f(D), (2.1.54)
we have
) / 20 F() F(E)dE = Apl®. (2.1.55)
0

On the bais of this result, we assert that

(fOf(t)) = Apla(t —1'). (2.1.56)



Furthermore, employing the relation

d, . o (1) e da(t)
719" alt) = (F7=a®) + (@O =7),

along with (2.1.42) and (2.1.44), one can easily establish that

%(a*(t)a(m = —p{a”(B)a(t)) + (f*(H)alt)) + () f(1)).

Inspection of Eqgs. (2.1.41) and (2.1.58) indicates that

(F*(B)alt)) + (" (B) (1)) = Aply).

With the aid of Eq. (2.1.48), we get

t

(f*(Ba(t)) = (F*(Ha(0))e " + / e DR f (1))t

0

11

(2.1.57)

(2.1.58)

(2.1.59)

(2.1.60)

Since a noise force at a certain time should not affect a light mode variable at an earlier

time, we note that
(f*()a(t)) = / t e 2P ) F(E))dt
0
Taking the complex conjugate this equation, we obtain
(@ OF0) = [ HORG @ opar.
0
Hence on account of (2.1.59) along with (2.1.61) and (2.1.62), we have

/ HEOR ) (et + / DR ) FO)E = AR,
0 0

and on taking

we see that
t
2 [ OB 1)t = Ap)
0

Now on the basis of this result, we assert that

(F @) f(t) = ApQa(t — ).

(2.1.61)

(2.1.62)

(2.1.63)

(2.1.64)

(2.1.65)

(2.1.66)
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Eqgs. (2.1.43), (2.1.56), and (2.1.66) describes the correlation properties of the noise force

f(t) associated with the normal ordering.

We now proceed to obtain the Q-function of the cavity laser light. The @ function for

a single-mode light is defined by

1 * *
Qo a,t) = — | d?z¢,(z, t)eF W)=z (®) 2.1.67
2
T

with antinormally ordered characteristic function defined in the Heisenberg picture by
ba(2*, 2, 1) = Tr(p(0)e = 41 (1), (2.1.68)

With the aid of the identity

edeB = eBeAclABl, (2.1.69)

one can check that

e_z*&(t)eza’r(t) _ G_Z*ZBZdT(t)e_Z*&(t). (2170)

In view of this result, expression (2.1.68) can be expressed in terms of c-number variables

associated with normal ordering as
bo(2, 2, 1) = e7* # (el D=="al)y (2.1.71)

Taking into account of the expectation value of Eq. (2.1.48) along with the assumption

that the cavity mode to be initially in a vacuum state, we can write

(elza"=="a)y — exp[%((za* — z*oz)zﬂ, (2.1.72)

Therefore, one can then express (2.1.71) in the form
Qba(/z*, 2, Zf) _ efz*ze%(z2a*2+z*2a2722*za*a). (2173)

In view of Eq. (2.1.48), one can easily get

t

(@30) = (@O + [ a(0) ()

M f( o (0)

t

e*u(%*t’*t"w(f(t’)f(t”)>dt’dt”. (2.1.74)

+

+

J
J
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Since a noise force at a certain time should not affect a light mode variable at an earlier

time, we have
t ! 17
(?(t)) = (a?(0))e +/ e M2 P (¢ F ()t dit. (2.1.75)
0
Assuming the cavity mode to be initially in a vacuum state, we have
(a?(0)) = 0. (2.1.76)

In view of this result, Eq. (2.1.75) reduces to

t
(0?(t)) = /0 e M2 P (Y F (7)) dt dit. (2.1.77)
With the aid of Eq. (2.1.56), we find
Apse
(02(t)) = Z [1— e, (2.1.78)
similarily one can get
2 _ Apt(l%) -t
(a™(t)) = . [1—e™]. (2.1.79)
From Eq. (2.1.48), one can write
t
o (t) = o (0)e M2 4 / e M2 fx (Y qt . (2.1.80)
0

Now on account of (2.1.48) and (2.1.80), we have

t

(" (t)a(t)) = (a"(0)a(0)e™ + / e MO (a(0) £ (1)) dtf

0
t
+/ e—,u,(2t—t")/2 (f*(t")a(0)>dt”
0

+ / t e TN 2 e () £ (1))t dt”. (2.1.81)
0

Assuming the cavity mode to be initially in a vacuum state and taking in to account of
the assertion that a noise force at a certain time should not affect a light mode variable

at an earlier time, we get

(a*(t)a(t)) = /0 t e M2 P F ()Yt e (2.1.82)
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Hence in view of (2.1.66) and Eq. (2.1.81) takes the form

B Apsd

" [1—e . (2.1.83)

(@*(t)a(t))

It proves to be more convenient to introduce a new parameter defined by

e = 1_777 (2.1.84)
so that in view of the fact that
P+ P =1, (2.1.85)
and
01 = PPl (2.1.86)
one easily finds
o= HTn (2.1.87)
and
05| = %(1 —n*)2. (2.1.88)

Therefore, on the basis of these relations, Eqgs. (2.1.78), (2.1.79), and (2.1.83) can be

rewritten as

212
(@(0) = (@(0) = g - e (21.89)
and
(o (Da(t)) = %[1 — (2.1.90)
On substituting (2.1.89) and (2.1.90) in to Eq. (2.1.73), there follows
Ga(2*, 2,t) = exp[—az*z + b(2* + 2*%) /2], (2.1.91)
in which
_ Al —n) _oht
=14 3 gl ] (2.1.92)
and
_ A(l — 772)1/2 - e_ut]' (2.1.93)

2(An + k)
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Now introducing (2.1.91) into Eq. (2.1.67), we obtain
1
Qa™, a,t) = — / d*zexp[—az*z + 2" a — za* + b(2% + 2*%) /2] (2.1.94)
T
Thus on performing the integration employing the relation

d2
/ —Zexp( —azz* + bz + ezt + A + Bz*z)
v

1 1/2 abc + Ac? + Bb?
= |55 2.1.
{a2—4AB] ‘ { @ —4AB }’a>0 (2.1.95)
one readily obtains
<u2 _ U2)1/2
Qa*, a,t) = exp[—ua*a +v(a® + a*?) /2], (2.1.96)
T
where
a
and
b
One can check that
/dZaQ(a*,a,t) = 1. (2.1.99)

2.2 The Q function of the superposed laser output
light

We next proceed to obtain Q-function of the superposed output light beams produced by
a pair of three-level lasers. To this end, we first need to determine the Q-function of the
output light from a three-level laser. According to the well known input-output relation,
we have

Gout(t) = VKa(t) = din(t). (2.2.1)
For a cavity mode coupled to a vacuum reservoir and with the cavity mode represented

by c-number variables associated with the normal ordering, one can write

Qou(t) = vRa(t). (2.2.2)
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In view of (2.1.97) and (2.2.2) the Q-function of the output light from a three level laser

is expressed as

. w2 — p2)1/2 u v )
Q(Oéout, Qout, t) = ( Tr—) exp[_EOéoutOéOUt + E(aiut + aoit)/Z]. (223)
One can easily check that
d2 ou
/ c tQ(a:uta Aoyt s t) =1 (224)
K

This implies that the Q-function given by (2.2.3) is normalized.

Now the Q-function for the superposition of the two light beams can be given as [1]

Qanait) = [ 50105 =)@ a - 5) x

exp(—aa” — B0 =y + o’ B+ af + oy + oyt = 'y = By7). (2.2.5)

Hence applying (2.2.2), one can put Eq. (2.2.5) in the form
1 /d2ﬂout d270ut

Q(a:utv Doyt t) = ; K K

Q(ﬁ;kuta Koyt — ’Yout)@(ﬁ)/:uta Aoyt — 6out) X

* * * * * *
exp(_aoutaout _ ﬂoutﬁout _ YoutVout + aoutﬂout + Oéoutﬁout + Q' ot Vout
K K K K K K
Oéoutf)/* t ﬁ* ﬂout ﬁout’}/* t
+ out ou _ ou )7 (226)
K K K

is the Q-function for the superposition of the two output light beams.

Let Q(B*,3) and Q(v*,7) be Q-functions of the first and second light beams respec-
tively. Therefore, on account of (2.2.3), the Q-function of one light beam can be written
as

(u2 _ 1}2)1/2

u u
Q(ﬁ:uta Qout — /}/out) - exp[_gﬁsutaout + Eﬁzut/yout

v
2 (a2, — 207 + 42+ B2)/2), (2.2.7)

o

and the Q-function for another light beam can be expressed as

(u2 _ U2)1/2

u u
Q(’Y;kut; Qout — ﬁout) - 6xp[_27;kutaout + E’Y;kutﬂout

U *
(000 — 208+ 52+ 750) /2], (2.2.8)
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where u and v are given by Egs. (2.1.98) and (2.1.99).

Thus, on account of (2.2.7), and (2.2.8) the Q-function for superposed identical laser

light beams can be put in the form

. (u? — v?) Qout 0y V2
Qv 1) = U (o 1
d? ou out O a) Vloy
« / ﬁ temp[—ﬁ tﬁout + ( out t)ﬁ
T KR KR K
oyt _ Uyt * 1 2 *2
= = =)+ (6 + 5]
d? ou out Vs ; ou ; ;
X/ 7 texp[_’)/ tVout + UL oyt _ Vloyt + Cout o 5out),_)/
m KR K K K KR
+(_U0(out . Uﬁout + Qout _ ﬁout),y* + 1(72 + 7*2)] (2 9 9)
K K K K 2K ' o

Let the second integral be

*

d? . uf: v al
12 _ / % e SL’p[— Yout Yout + out out + out Out)’}/

K K K K
U oyt uﬁout Aoyt 6out * v 2 *2
— — - — 2.2.10
(= T o (), ( )
carrying out the integration applying (2.1.96), we get
I, = r emp[_uaouta:ut + Qout Qs — V0lout gy + 1205, /2
(1 —0v2)1/2 k(1 —v2)
_U()‘gut/2 + U%(Xgut + vaﬁt/Q]
K(1 —v?)
w? — 2u . VUt + U, — Q)+ WPV — Vot
X expl————<Lout oy, ou
p[li(]_—l}2>6 t/B t_'_ li(].—UQ) B t
— U oyt — 2UQoyut — oyt — UV Aoyt + V* Qo — VO
k(1 —v?) out
2 2 2
u-v + v out _'_ /Gout )] (2211)

/f(l—UQ)( 2 2
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Therefore, upon substituting (2.2.15) into (2.2.13), there follows

1 (u2 _ 712) 1/2
=

— Uy v VU —
) T ai-)

Q(a:uta Qout, t) =

3

v
Ay + maf}it

ﬂout 2u — u? — v?
/{(1 ) /BOUtﬁout
’UU — 'UU + U - U)aout + (U —v )aoutﬁ
(1 _ U2) out
(U - u2)aout + ('UU — U)azutﬁ
:‘i(l — /02) out
vu® — 2vu+ 20 —v* G2, ot
. 2.2.12
k(1 —v?) ( 2 + 2 ) ( )

Finally, after carrying out the integration applying Eq. (2.1.96), we get

. c D, E
Q(aout’ Qout s t) = _e$p[__aouta0u'f + ( Qg + aout)/2]7 (2213>
s K k
where
w2 — 12
= 2.2.14
¢ \/4—4u—|—u2—v2’ ( )
2u — u? 4 v?
= 2.2.15
4 —du + u? —v?’ ( )
and
2v
= . 2.2.16
4 —4u + u? — v? ( )
One can also easily check that
d2 ou
/ = tQ(aZutaaouht) = 1. (2217)
K

This indicates that the Q function given by (2.2.17) is normalized.



Chapter 3

The output light from a three-level

laser

In this chapter we seek to study the statistical properties of the output light generated
from a three-level laser, which can be described by the mean photon number and variance
of photon number. To this end, applying the Q-function for the output light from a
three-level laser, we determine the mean photon number and the variance of the photon
number. Using the same ) function, we also calculate the quadrature variances for the

output mode.

3.1 The mean photon number

In this section, we want to calculate the mean photon number of the output light, resulted
from a three level laser.

The expectation value of an operator function fl(dT, a) is expressible as

(Ay =~ / Pa @B)(alB)PQ(a", ) An(5, ), (3.1.1)

where A, (8%, «) is the c-number function correponding to operator function A(d*, a) in

the normal order.

19



Applying the input-out put relation (2.2.2), we have

_ m?
Nout = 7 /d2aoutd2ﬁout|<aout|ﬂout>|2Q(a:ut7 ﬁout)ﬁzutaOut;

where

Vgt Qout B BoutBout i Qout Doyt + a:utﬁout)

2
Aoyt |Pou = E€TpP(—
[ (out| Bout) | P( o o o o

From (2.2.3), we see that

(u2 _ v2)1/2 v

* u * *
Q(aout’ ﬁOUt? t) - exp[_gaoutﬂom + k( gut + aozt)/Q]‘

On account of (3.1.3) and (3.1.4), one can write

d*a
_ 2 out * *2
Towt = M N/ - exP(—MOoyt Wy + MUV, [2) Qo

d*p . .
X / ot 62L’p|: - mﬂmﬂfﬂout + (ma:ut - muo‘out)QOUt

0

+maout5;ut + mvﬁgut/ 2] ﬁiut,

where
N = (U2 . V2)1/2’

and

1

m=—.

KR

Let
d2 ou; * * *
Il = / i texp|: - mﬂowfﬁout + (maout - muaout)ﬁ(mt

+Mmou B, + mvﬂgut/ 2] Bout>

0
aﬁ)/out

d2 ou * * *
/ i texp|: - mﬁOUtﬁout + (maout - muaout)ﬁmﬂf

+(ma0ut + ’yout)ﬁ;kut +mu gut/21
=0

20

(3.1.2)

(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

(3.1.7)

(3.1.8)

Carrying out the integration over [3,,; and differentiating with respect to 7,,:, we get

* *
Oout — Uy + Vot

m

E3
out

_ * 2
L = exP(MQout Wy — MU Oloyr + VAL, /2).

(3.1.9)
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Now upon substituting (3.1.9) into (3.1.5), we have

2
d Doyt

*2 *

exp[_mUQOUta:ut + mv(agut/2 + aout/2]a0wfaout

Mot = Nm(1— u)/
dQOéOUt * 2 %2 2
+Nmv | ——exp[—muauad,, + mo(as,,/2 + asi/2]as,,. (3.1.10)
7r

Let the first integral be

*2 *

d* oy .
L, =Nm(l—u) / . Lexpl—muaoual,, + mv(a?,, /2 + a2, /2 Qoucrt,,.

0 0 d2040ut
= N 1— - ou ; out Xou
o V1 =0 [ a1+ Bt
*2

FYout Qs + mv(azut/Q + aout/2>]’70ut:ﬂout=07

0 0 N(l-u UBoutYout + V(V2ut + Vau
( ) e‘rp[ d d ( ! t) ]'Youtzﬁout:07

" OBt Mo (42 = 0?)1 72 m(w? =)
kN (u — u?)
= (3.1.11)
And let the second integral be
2 Qlgut 2 2 2
I; = va/ exp[—mucuas,, + mo(as,,/2 + i /210,
T

0 A tout % 2 *2
= vaa 2 exp[—muaoutozout + Boutaout + TTL,U(Oéout/2 + aout/z]ﬂout:(]ﬂ

out ™
0? 1 vB2,./2
— NV out B
95, (7 — ) Pt — 7] e
kNv?
= T (3.1.12)
Hence on account of (3.1.10) along with (3.1.11) and (3.1.12), we get
_ u
Tlout = I{(UQ 2 1). (3.1.13)
Now in view of (2.1.92) and (2.1.93) the mean photon number takes the form
Toww = K(—1+a)
kA(1 —n) _
=1 —e M. 3.1.14
2(An+ k) [ ] ( )
At steady state this tuns to be
Al —
L Gk} (3.1.15)
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mean photon number

oy 08 09 1

Figure 3.1: Plots of Eq. (3.1.15) versus n for k = 0.8 and for different values of the linear
gain coefficient.

Fig 3.1 and Eq.(3.1.15) shows that the mean photon number of the output light increases

with the linear gain coefficient and decreases with 7.

3.2 The photon-number variance

The variance of the photon number for the output mode is expressible as

(Afgy)? = (R2,,) — 02 (3.2.1)

out*

= k along with Eq. (2.2.2), we can write

. . . N ot
Using the commutaion relation [Goyt, Gy

<ﬁ§ut> = <dlutdout &lut dout) )

= <d:r)ut(dj)ut&0ut + "i)&out%

A2 A At oA
- <(a’2uta’(2)ut + "ia’zmaout))’

AT2 A~ A~ A~
- <aiuta3ut> + K:<a:r)uta'OUt>’

= (s 020) + FTour (3.2.2)



We recall that the expectation value of af2a? is expressible as
1
@) = [ #a Elialg) e’ B
T
Thus on account of (2.2.2), there follows
12 A2 m? 2 2 2 2 2
(@§220) =" [ @l @l o) P Bt

where m is given by Eq. (3.1.7).
In view of (3.1.3), (3.1.4), and (3.2.4), we have

i) = mN [ (g + moaZ ol
[ 2 | o+ (1 = 10003
+MOout B + mvﬁgut/ 2] 6:316
Let
B = [ caplomu g+ (m — )

+maoutﬁgut + mvﬁgut/ﬂﬁ;ﬁt?

82 dQﬁout % % %
- 872 T exp[_mﬁOUtﬂout + (maout - muaout)ﬁmﬁ
out
A (Mout + Yout) Biur + mvﬁgut/ 2]mout=07
1 02 * * * *
= E 8’72 e'rp[_maoutaout + it Yout — MU, Oloyg — U, 4+ Vout
out

v
‘I’mvazut/Q + VQoutYour + E,ygut/Z]’Yout:m

_ 20(1 = waowag,, + (1 = 2u+ u)agy, +v'ag,, +v/m

m

*

* 2
X ETP(—M oyt Wy — MU Oyt + VA, /2).
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(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)
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Applying this result in (3.2.5), we get

12 o
(alitazm = 2mNv(l —u) / Wom eTP[—MUNGu Oy + mv(a?)ut + a:it)]a:utaiut

d2 ou
+mN(1 = 2u +u?) / %exp[_muaouta;ut +mo(ag,, + agn)]age o,

d*c
2 out * 2 *2 4
+mNv / T exp[_mua(mtaout + mv(aout + aout)]aout

d2 ou
+Nv/ o Lexp[—muaouod,, + mo(a?, + o’2)]a?,. (3.2.7)
m

Let Iy, I, I3, and I, repersents the first, second, third, and the fourth integral respectively.

Therefore, Eq.(3.2.7) can be re-written as
(@b2a2,) = i+ L+ Is + L. (3.2.8)

Now the first integral in (3.2.7) can be written as

o 0 d’a,, . .
L,  =2mNv(l —u) Ty O / - L e p[— Moy, + BoutQout + Yout Qs
ou out

+mv(a3ut + a:’zt)]ﬁout:’}’out = 07
83 uﬁout’yout + U(ﬁgut/Q + /Ygut/z)

=2mNv(l — u) T 3 texp[ mu? — v?) 180w = Yout = 0,
620 (u — u?)
- W (3.2.9)
Following similar procedure, one can get
K2(1 = 2u + u?)(v? + 2u?)
I, = (02 = 022 , (3.2.10)
3kt
and
K2?
Iy = ———. 3.2.12
4 (U2 —_ 02) ( )
Now substitution of (3.2.9), (3.2.10), (3.2.11), and (3.2.12) into (3.2.8) yields
(62,42 ) K2 v? + 2u? + 2ut — 4u? — 4u*v? + duv? + 207 (3.2.13)

(u2 _ U2)2 ’
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On account of (2.1.97), (2.1.98), and (3.2.13), we have

<&T2 ~2 > _ /12[2 — da + 2a2 + 62] (3.2.14)

outa’out

In view of (2.1.92), and (2.1.93), Eq. (3.2.14) takes at steady the form

WA 1) WAL - )

il a2, = 2.1
<aouta’out> 2(147]—’—/{)2 4(A77+/€)2 (3 : 5)
Now combination of (3.2.2) and (3.2.15) yields
242 2 242 2
5 KA (n— 1) K2A%(1 —n?) -
<nout> - 2(A77+ /1)2 + 4(A77+ /Q)Q + KNoyt-
2 42(1 — 2
= 202, + Kfgu + FA( =) (3.2.16)

4(An+ K)?
With the aid of Egs. (3.2.1), and (3.2.16) the variance of the photon number at steady

state is expressible as

RAZ L =)

(Afgut)2, = 200 + Kllout + Ty RE o
i kK2A2(1 —n)?  K2A%(1 —n?)
M A A+ k) A(An+ R
o RAY (L =)
IR
A
= Ky (1 , 2.1
KMot ( +A?7+I<&) (3.2.17)

Fig 3.2 represents the mean photon number versus 7 (solid curve) and the variance of
the photon number versus 7 (dashed curve) for x = 0.8 and A = 2. We observe from the
figure that the variance of the photon number is greater than the mean photon number.

This clearly tells us that the photon statistics is super-Poissonian.
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Figure 3.2: Plots of Eq. (3.1.15) and Eq. (3.2.17) versus n for k = 0.8 and A = 2.
3.3 The Quadrature variance

In this section we seek to study the squeezing properties of the output light produced by
a three-level laser. To this end, we first determine the quadraure variances.

The squeezing properties of a single light are described by two quadrature operators
defined as [1]

a, =a+al, (3.3.1)
a_ =i(a' —a). (3.3.2)
These operators are Hermitian and satisfy the commutation relation

lay,a-] = 2i. (3.3.3)

The operators a, and a_ represent physical quantities called the plus and minus quadra-
tures. A single-mode light is said to be in a squeezed state if either Aa, <1 or Aa_ <1

such that Aa; Aa_ < 1. The quadrature variance for a light beam interms of quadrature



27

operators can be expressed as
(Aax)? = (a3) — (ax)>. (3.3.4)
On account of (3.3.1), (3.3.2), and (3.3.4), this expression can be put in the form
(Aag)® = 1£(a%) +(a"™) +2(aa) F (@)*
F(a1)? F 2(a)(al). (3.3.5)
The expectation value of an operator function A(dT, a) is expressible as
() =+ [ #a Eol(alpPQ(", AL o), (33

where A, (8%, a) is the c-number function correponding to operator function A(&T, a) in
the normal order.

Hence on account of (3.1.4), we have

2
(a) = N/d—aexp(—aoz*—l—va*Q/Q)oz
7T

2
X / ?e:cp[—ﬁﬁ* + (o —ua®)B + af* +v3*/2], (3.3.7)
Let
a2
o= [ SRenpl-55 + (@~ ua)3 4 af + o2,
= exp(aa” —ua*a +va*/2). (3.3.8)

In view of this result, we see that

@ =N / O e —uaa® + ofa?/2 + % 2o,
—N% 7ae:cp[ uaa” + fo+v(e’/2+ a2,
9 1 vp*/2
— N% CEE efﬁp[( >]6:07

= 0. (3.3.9)
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Similarily
(a" = 0. (3.3.10)
On the other hand,
(@*y = N / —exp(—aa* +va*?/2)a”
X / Tea:p[—ﬁﬁ* + (o —ua®)B + aB* +v3?/2], (3.3.11)

With the aid of (3.3.8), we have

(a®) —N/—exp —uaa® +v(a?/2 4+ a*?/2]a?
= Nﬁ_/BQ Taexp[ uaa® + Ba +v(a?/2 + a*? /2] 50,
0 exp| v(3%/2 ]
- 852 p (U2 —U2) ,3207
v
With the help of (2.1.97) and (2.1.98), Eq. (3.3.12) can be written as
(a®) = 0. (3.3.13)
In the same way, one can get
(a™) = . (3.3.14)
And,
(n)y = (a'a) = /d2aQ(a*,a)(aa* —-1) (3.3.15)

where aa® — 1 is the c-number function corresponding to the number operator n in the

antinormal order.

(a'a) = /dQQQ(a*,a)aa* —/dgaQ(a*,a). (3.3.16)
In view of Eq. (2.1.96) and (2.1.99), we can write
d2
(a'a) = (u®— ’U2)|: —exp(—uozoz +v(a® + o )/2)@04*] -
T

—(u?® — vz)aau { dTaea:p(—uaa* +v(a? + a*z)/2)} —1. (3.3.17)
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Carrying out the integration applying Eq. (2.1.95), we get

(@la) = ——— —1 (3.3.18)

W2 — 02
On account of Egs. (2.1.92), (2.1.93), (2.1.97), and (2.1.98) the mean photon number

takes the form

(a'a)y = % [1—e#]. (3.3.19)

At steady state this turns to be

(3.3.20)

Figure 3.3: Plot of Eq. (3.3.27) versus 7 for kK = 0.8 and A = 25.

The plot in fig 3.3 clearly shows that the light mode is in the squeezed state and the
squeezing occurs in the minus quadrature for values of 17 between zero and one.
Using Egs. (3.3.5), (3.3.9), (3.3.10), (3.3.13), and (3.3.14), the quadrature variance for

the plus quadrature can be expressed in the form

(Aay)? =1+ 2b+2(a'a). (3.3.21)
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In view of Egs. (2.1.93), (3.1.20) and (3.3.21), the plus quadrature variance takes at

steady state the form

(Aq,)? = ALEVIZW) Fr (3.3.22)

An+k
Using Egs. (3.3.5), (3.3.9), (3.3.10), (3.3.13), and (3.3.14), the quadrature variance

for the minus quadrature can be expressed in the form
(Aa_)* =1—2b+2(a'a). (3.3.23)

On account of Egs. (2.1.94), (3.3.20) and (3.3.23), the minus quadrature variance takes

at steady state the form

(Ag = AL=VIZw) Fr (3.3.24)

An+k

The quadrature variance of the output light can be expressed in terms of the quadra-

ture variance of the cavity light as [11]

(Aa)? k(Aas)? + (1 — k) (Aaz)? (3.3.25)

out — in>’

where (Aa4)?, is the quadrature variance of the reservoir mode.
Applying (3.3.22) in Eq. (3.3.25), the plus quadrature variance of the output light for

vacuum reservoir can be written as

Al +/1—=n*)+k
An+k

(Aay)s, = 5[ | +1—k, (3.3.26)

and applying (3.3.24) in Eq. (3.3.25), the minus quadrature variance of the output light

takes the form

(Aa ), = [ AZVIZ by (3.3.27)

out — An+r
Fig 3.4 represents the minus quadrature for a three-level laser at steady state versus
n for k = 0.8 and for different values of the linear gain coefficient. We see from the plots
that the degree of squeezing increases with the linear gain coefficient. We observe from

these plots that almost perfect squeezing can be obtained for large values of A and for
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Figure 3.4: Plots of Eq. (3.3.27) versus n for k = 0.8 and for different values of the linear
gain coefficient.
small values of 7.
Since squeezing occurs in the minus quadrature, the degree of squeezing (q) of the output
light is defined as

qg=1—(Aa_)? (3.3.28)

out*

For A =100, n = 0.1111, and x = 0.8, we get (Aa_)2,, = 0.2953 and ¢ = 0.705.
This indicates that the squeezing of the single output laser light is 70.5% below the
coherent-state level. It is less than the intra-cavity squeezing, which is 88.09% below the

coherent-state level [17].



Chapter 4

The Superposed output light from

three-level laser

In this chapter we seek to study the statistical properties of superposed output light
generated by two identical three-level lasers. To this end, applying the Q function for
the superposed output light from two identical three-level lasers, we determine the mean
photon number and the variance of the photon number. Using the same Q function, we

also calculate the quadrature variances for the output mode.

4.1 The mean photon number

The expectation value of an operator function A(d*, a) is expressible as
A 1 * *
() = [ o Elials) e’ )45, a). (a.11)

where A, (8%, a) is the c-number function correponding to operator function A(&T, a) in

the normal order. Applying the input-out put relation (2.2.2), we have

— m2 * *
Nout = 7 /dQQoutdzﬁout|<aout|ﬁout>|2Q(aout7 60ut)ﬁoutaout7 (412)

32
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From Eq.(2.2.13), we have

Q(aout7 601”5’ t) = ;axp[_zaoutﬁom + E( gut + aozt)/Q]' (413)

On account of (4.1.2) and (4.1.3), one can write

_ 2 2 * *2
Mowt = M C’/d Qo ETP(—Moilhy + MEAS:, [2) o

d2 ou Py
X / 6 texp [ - mﬁomﬁout + (ma:ut - mD&Zut)ﬁo’ut

e
+maoutﬁ:ut + mEﬁgut/2:| 5:1“5 (4-1-4)
Let
d2 ou * * *
Il = / /f( texp[_mﬁlmtﬁout + (maout - mDaout)ﬂOUt

+maoutﬁ:ut + mEﬁgut/2:| 6*7

d dzﬁou N . ,
= d,yout / - teftp[ - mﬁoutﬁout + (maout — mDaout)ﬁout
+(m0./out + /Yout)ﬁ;ut + mEﬂgut/Q} . <415)
v=0

Carrying out the integration over [3,,; and differentiating with respect to Yo, we get

* - -D * E ou
]_1 _ Oéout aout + « t@xp(mOéOUtaZut _ mDOé:utao’ut + mEOgiut/2) (416)

m
Now upon substituting (4.1.6) into (4.1.4), we have

d2 ou
c t€17p[_mDO‘0utaZut + mE(agut/Z + azzt/Q]aoutazut

Nout = (Jm(l—D)/

out out

d2 ou
+C’mE/ Qout o p[—m Doy, + mE(a2,/2 + a2, /2]a2,,. (4.1.7)
s
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Figure 4.1: Plots of Eq. (4.1.12) versus n for k = 0.8 and for different values of the linear
gain coefficient.

Let the first integral be

2
d oyt

exp[—mDaoutozZut + mE(Oé?m/? + a:it/Q)]aoutO‘;utv

I, =Cm(l-D) /
99
N OBout Mout
FYout Wy + ME (O‘gut/ 2+ O‘:it/ 2)our=Bout=0:
_ 0 o0 C(1-D) ewp[Dﬂout%ut + E(y2,: + VEut)] o
O Bout Mout (D2 _ E2)1/2 m(D2 _ EZ) Yout=PBout=0>
kC(D — D?)

= (4.1.8)

d2aout *
Cm(1 — D) exp|—mD a0y + BoutCout
T
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And let the second integral be

2
I; = CmE/ Qout expl—mDagyal,, +mE(a2, /2 + o2, /2]a?,
T
o8 AP otout % 2 *2
= CmEa 2 T exp[_mDQOUtaout + ﬁoutaout + 7n‘E(Q{out/2 + aout/z]/@out:07
out
0? 1 Ep? /2
— CE out B
a EUt (D2 _ E2)1/2 ewp[m(DQ _ Ez)]ﬁout707
kCE?
= m. (4.1.9)
Now combination of (4.1.7), (4.1.8), and (4.1.9) leads to
_ kC[E* + D — D?
Nout - (D2 N E2)3/2 9
B xkCD kC
(D? — E2)3/? - (D2 — E2)1/2’
D

Finally, in view of (2.1.92), (2.1.93), (2.2.15), (2.2.16) and, (4.1.10) the mean photon

number takes the form

Nowt = 2k(—1+a)

. “A(l _77) —ut
_—An—i-li' [1—e]. (4.1.11)

At steady state this reduces to

KA(1 —n)
An+k

Nout =

(4.1.12)

This represents the mean photon number of the superposed output light beams is twice

that of a single laser light beam.

Fig 4.1 and Eq. (4.1.12) show that the mean photon number of the superposed output

light increases with the linear gain coefficient and decreases with 7.



4.2 The photon-number variance

The variance of photon number is expressible as

(Aﬁout)2 = <ﬁ2 > — 0

out out*

But from chapter three, we have
<ﬁgut> = <aiitdout> + Klout-
Hence the expectation value of a2a? can be expressed as
@) = - [ o Eslalp)Q, 05
Thus on account of (2.2.2), there follows

R m
<a:r)itagut = /dzaoutd ﬁout|<aout|ﬁout>‘ Q( out?ﬂfmt)ﬂoutaout

In view of (3.1.3), (4.1.3), and (4.2.3), we have

2
2 ~2 2 d”tout 2
<a’outaout> = m°C T 6.17])( maOUtaout + manut)aout

d2 ou
[ ] B+ (= D)

+maoutﬁout + mEﬁout/2:| out"

Let

d2 ou * * *
Il = / ﬂ texp[_mﬁoutﬁaut + (maout - mDaout)ﬁowf
+m@outﬁout + mEﬁout/z] out’

62 2ﬁout * * *
T exp[_mﬁowfﬁout + (maout - mDaout)BOUt

B a’ygut
+(maout _I_ Vout)ﬁ:ut + mEﬁgut/Q]’y,out:m
1 82 * * * *
= E a,ygut exp[_mQOUtaout + Aoyt Yout — mD&outOéOUt - DOéoutf)/OUt

E
+mEa<2;ut/2 _|’ anut'yout _|’ _Vgut/2]'yfout:0a

2B(1— D . 1—2D+D2 o B
m m

*
Xerp(—mag o, — mDa)  Qour + mE%ut/2)-

out
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(4.2.1)

(4.2.2)

(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)
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Applying this result in (4.2.5), we get

2
d Doyt 3

out

exp[=mDaoug,, + mE(ag,, + ag)]ag,o

(%) = 2mCE(1— D) /

d2 ou
+mC(1 —2D + D2) / %exp[—mDozoutoz:ut + mE(Of?mt + aiit)]aiitagm

out out

d? ou
+mCE2/%€xp[—mD@outOZ* + mE(agut + a:it)]a4

out*

d2 ou
+CE/ a texp[—mDaouta:ut + mE(agut + azgt)]aQ (4.2.7)
T

Let Iy, I, I3, and I, repersents the first, second, third, and the fourth integral respectively.

Therefore, Eq.(4.2.7) can be re-written as
(o) = Ti+ T2+ Is + 1. (4.2.8)

Now the first integral in (4.2.5) can be written as

o 0
afymtt aﬁgut
+mE(Oé§ut + O[:’Zt)]ﬁout = W/O’U,t = 07
0 & DBoutYout + E(Bout/2 + Vour/2)

d2 ou
I =2mCE(1 — D) / i tea:p[—mDozoutaZut + BoutCout + Yout Vot

=2mCE(1 - D _ _
6k*E2(D — D?)
T (DP— B2 (4.2.9)
Following similar procedure, one can get
k*(1 — 2D + D?*)(E* + 2D?)
I2 = (D2 o E2)2 ) (4210)
R D
Is = (D? — E2)2 (4.2.11)
and
K2 E?
=55 (4.2.12)

Upon substituting (4.2.9), (4.2.10), (4.2.11), and (4.2.12) into (4.2.8) gives

_ KIE?+2D?*+2D" — AD?® — 4D?E* + 4DE?* + 2E"]
o (DQ _ Ez)z

(4.2.13)
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Figure 4.2: Plots of Eq. (4.1.12) and Eq. (4.2.17) versus n for k = 0.8 and A = 2.
On account of (2.2.15), (2.2.16), and (4.2.13), we have

(af?,62 ) = 4k%2 — 4a + 2a% + b?] (4.2.14)

out

In view of (2.1.92), and (2.1.93), Eq. (4.2.14) takes at steady the form

B 2k2A%(n —1)2  K2A%2(1 —n?)

00202, e = 4.2.15
<aoutaout>ss (An + K;)Q (A77 + K/)Q ( )
Now combination of (4.2.2) and (4.2.15) yields
<ﬁ2 > — 2"02142(77 — 1)2 K2A2<1 — 772) + Kkn
out/ ss (An + KJ)Q (A,U + I€>2 out-
2 42(1 — p2
= 202, + Kflgu + RA =) (4.2.16)

4(An + k)?
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With the aid of Eqgs. (4.2.1), and (4.2.16) the variance of the photon number at steady

state is expressible as
REA(L—n%)
———n

UURSSERECS

REAY (1 — 1)
= Koyt + Ny + ——————t
P (An+ k)2

2k2A%(1 — 1)

(An + K)?

24
. 4.2.1
) 42.17)

o 2 _9 _
(AnOUt)ss = 2nout + KNout +

= KNout +

= Hﬁout(l +

We observe from the figure 4.2 and Eq. (4.2.17) that the variance of the photon
number is greater than the mean photon number. This shows that the photon statistics

is super-Poisonian.

4.3 The Quadrature variance

In this section we seek to study the squeezing properties of the output light produced by
a pair of three-level lasers. To this end, we first determine the quadraure variances.
The squeezing properties of a single light are described by two quadrature operators
defined as [1]
ay =a-+al, (4.3.1)
a_ =i(a' —a). (4.3.2)
These operators are Hermitian and satisfy the commutation relation

[ay,a_] = 2i. (4.3.3)

The operators a, and a_ represent physical quantities called the plus and minus quadra-
tures. A single-mode light is said to be in a squeezed state if either Aa, <1 or Aa_ < 1
such that Aa;Aa_ > 1. The quadrature variance for a light beam interms of quadrature

operators can be expressed as

(Aas)? = (&%) — (aL)% (4.3.4)
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On account of (4.3.1), (4.3.2), and (4.3.4), this expression can be put in the form

(Aaxp)? = 14 (a°%) + (@) +2(a'a) F (a)?
F(ah)? ¥ 2(a)(a'). (4.3.5)

We recall that the expectation value of an operator function A(dT, a) is expressible as

() =2 [ da dslials)Pla’ 545, a). (136)

where A, (8%, «) is the c-number function correponding to operator function A(dT, a) in
the normal order.

Hence on account of (4.1.3), we have

@y = C d27aexp(—aa* + Ba*?)2)a
X / d%ﬁexp[—ﬁﬁ* + (a* — Da*)3 + aff* + E3%/2], (4.3.7)
Let
o = [ Penipr + (@ - D +ag + BF/2),
= exp(aa” — Da*a + Ea?/2). (4.3.8)

In view of this result, we see that

d2
(a) = —aeacp[—D&a* + E(&2/2 + a*2/2]a,
T

0 d>

) 1 EB%/2
03 (D2 — E2>1/26xp[(D2 _ EQ)]/BZOJ
~0. (4.3.9)

Similarily

(@’ = 0. (4.3.10)



On the other hand,

dQ
(@®>y = C —aexp(—aa*+Ea*2/2)a2
s

d2
< [ Leapl-55 + (@ - Da%)3 + ai + B/
With the aid of (4.3.8), we have

(d2> = —exp[—Daa™ + E(&2/2 + a*2/2]a2,
T

82 d2
=C— ?aexp[—Daa* + Ba+ E(a® /2 + o /2] 5,

& Ep2
o5 (D — By

DQ_E2‘

With the help of (2.1.97) and (2.1.98), Eq. (4.3.12) can be written as
(a®) = 2.

In the same way, one can get

And,
() = (ata) = / 2a0(0”, 0)(aa” — 1)
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(4.3.11)

(4.3.12)

(4.3.13)

(4.3.14)

(4.3.15)

where aa® — 1 is the c-number function corresponding to the number operator n in the

antinormal order.

(a'a) = /dQQQ(a*,a)aa* —/dzaQ(a*,a).

In view of Eq. (2.1.96) and (2.1.99), we can write

wlay = (D?— E2){ / CFTaexp(—Doza* + B(a? —1—04*2)/2)&04*} Y

d*a

0

= —(D* - E*)— [ Texp(—Dozoz* + E(a® + 04*2)/2)} — 1.

oD

(4.3.16)

(4.3.17)
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Carrying out the integration applying Eq. (2.1.95), we get

i D

On account of Egs. (2.1.93), (2.1.94), (2.1.98), (2.1.99), (2.2.15), and (2.2.16) the mean

photon number takes the form

Al —n)

ita) = 21 — e M. 4.3.19
At steady state this turns to
~ta A(l —n)
fg) = —~— 1 4.3.20

Using Eqs. (4.3.5), (4.3.9), (4.3.10), (4.3.13), and (4.3.14), the quadrature variance for

the plus quadrature can be expressed in the form
(Aay)? =1+ 4b+2(a'a). (4.3.21)

In view of Egs. (2.1.93), (4.1.20) and (4.3.21), the plus quadrature variance takes at

steady state the form

QAL+ /T=1P) — An+
An+ kK '

(Aay)? = (4.3.22)

Using Eqs. (4.3.5), (4.3.9), (4.3.10), (4.3.13), and (4.3.14), the quadrature variance for

the minus quadrature can be expressed in the form
(Aa_)* =1—4b+ 2(a'a). (4.3.23)

On account of Egs. (2.1.93), (4.3.20) and (4.3.23), the minus quadrature variance takes

at steady state the form

2A(1 — /1 —12) — An + &
(Aq_y? = 24 AHQ e (4.3.24)

The quadrature variance of the output light can be expressed in terms of the quadra-

ture variance of the cavity light as [11]

(Aax)?,; = k(Aax)® + (1 — k)(Aay)? (4.3.25)

in’
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where (Aay)?, is the quadrature variance of the reservoir mode.
Applying (4.3.22) in Eq. (4.3.25), the plus quadrature variance of the output light for

vacuum reservoir can be written as

2A(1 + /1 —7m?) — An+«k
(Aay)2y, = k] ( Anfg AL S (4.3.26)

and applying (4.3.24) in Eq. (4.3.25), the minus quadrature variance of the output light

takes the form

(Aa )2, = 5[2‘4(1 — Vi) = An 11—k (4.3.27)

out —

An+k

Figure 4.3: Plots of Eq. (4.3.27) versus n for k = 0.8 and for different values of the linear
gain coefficient.
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This can also be expressed interms of a single three-level laser output light as

k(AN — k)
An+k

:2/{[14(1—\/1—772)—1-/{}_'_1_% k(An — k) 2k

(Aa_)? = k|

out

An+ kK An+r  An+r’
A(l—+/1—n?
—2&[ ( An_i_:)—i_ﬁ}—i-l—n—/ﬁ
A(l—+/1—n?
- [“[ ( An+:)+ﬁ}+1_ﬁ}_ﬁ_l+ﬂ
A(l—+/1—n?
:2{/@[ ( An+:)+ﬁ}+1_ﬁ]_1 (4.3.28)

Taking into account (4.3.28) along with (3.3.27), we find
(Aa—)gut - 2<Aa—)§out -1, (4329)

where (Aa_)?,,; is the the quadrature variance of the output light from one three-level

laser.

Fig 4.3 represents the minus quadrature for the superposed output light beams pro-
duced by a pair of three-level lasers at steady state versus n for k = 0.8 and for different
values of the linear gain coefficient. We see from the plots that the degree of squeezing
increases with the linear gain coefficient. We observe from these plots that almost perfect
squeezing can be obtained for large value of A and for small value of 7.

The solid and dashed curves in Fig 4.4 represent the minus quadrature variance for
the output light generated from a degenerate three-level laser and two identical three-
level lasers for A = 3 and k = 0.8. Using Eqgs. (3.3.28) and (4.3.27) along with the
values of A = 3, n = 0.4545, and k = 0.8, we get for the superposed laser output light
(Aa_)?, = 0.234 and ¢ = 0.766. Moreover, using Eqgs. (3.3.27) and (3.3.28) along
with the values of A = 3, n = 0.4545, and K = 0.8, we get for the single laser light
(Aa_)2, = 0.617 and ¢ = 0.383. From these results, we see that the squeezing of the

superposed laser output light and that of the single laser output light are 76.6% and 38.3%
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Figure 4.4: Plots of minus quadrature variance for single laser light (dashed curve) and a
pair of laser light beams (solid curve) at steady state versus 7 for k = 0.8, and A = 25.

below the coherent-state level, respectively. This shows that the degree of squeezing of

the superposed light is twice that of the single laser light beam.



Chapter 5

Conclusion

In this thesis we have studied the squeezing and statistical properties of the output light
generated from a degenerate three-level laser and two identical three-level lasers, could be
analysed with the aid of c-number Langevin equations. Employing the solutions of these
equations along with the properties of the noise forces, we have obtained the antinormally
ordered characteristic function from which we have found the Q-function for the light
generated by a three-level laser. Applying this QQ function, we determine the Q function

for superposed output light beams produced by a pair of three-level lasers.

Employing the Q-function for the output light produced by a three-level laser, we have
calculated the mean photon number, variance of photon number, and the quadrature vari-
ance. It is found that the mean photon number increases with the linear gain coefficient
and the photon statistics is super-Poissonian. We have also seen that the quadrature

squeezing increases with the linear gain coefficient.

On the other hand, applying the Q-function of superposed output light beams we
have calculated the mean photon number, variance of photon number, and the quadra-
ture variance. Moreover, we found that the photon statistics is super-Poissonian. We
have observed that the effect of superposition of two laser light beams is to increase the
mean photn number and decrease the minus quadrature which helps in getting a better
squeezing. We have seen that the degree of squeezing of the superposed laser output light

is twice that of a single laser output light beam.
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