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Abstract

The Laplace-Adomian Decomposition Method (LADM) is an effective technique
for solving nonlinear heat equations, which are crucial in various scientific and
engineering applications. By combining the Laplace transform with Adomian’s
Decomposition Method, LADM simplifies the resolution of nonlinearities and
boundary conditions, transforming complex equations into manageable sub-
problems solved iteratively. This approach enhances computational efficiency
and convergence speed without linearization or discretization.

LADM is also successfully applied to the Porous Medium Equation (PME)
and Fast Diffusion Equation (FDE), which describe physical processes like fluid
flow through porous media and diffusion. The method demonstrates high accu-
racy and practicality, making it a valuable tool for tackling complex nonlinear
problems.
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Chapter 1

Introduction

The nonlinear heat equation serves as a fundamental mathematical framework
for studying the temporal evolution of temperature in a specified region. It
finds extensive applications in physics, engineering, and applied mathematics,
particularly in the realms of heat transfer and conduction. The equation is
expressed as:

Uy = gy + f(u)

In this formulation, u(t, z) represents the temperature at a given time ¢ and
position x, while a denotes the thermal diffusivity of the material. The func-
tion f(u) encapsulates the nonlinear characteristics of the temperature, adding
complexity that distinguishes it from linear heat equations [25].

To tackle such complexities, the Laplace-Adomian Decomposition Method
(LADM) emerges as a potent strategy for solving nonlinear differential equa-
tions, including the nonlinear heat equation. This method synergistically com-
bines the Laplace transform—a renowned technique for converting differential
equations from the time domain into algebraic expressions in the frequency do-
main—with the Adomian Decomposition Method (ADM), which adeptly man-
ages the nonlinear elements of the equation. Although the Laplace transform is
effective, the inverse transform of nonlinear components poses significant chal-
lenges [10].

The Adomian Decomposition Method addresses these challenges by decom-
posing nonlinear terms into a series of Adomian polynomials. These polynomials
are constructed specifically to resolve the nonlinearities, facilitating an iterative
approach to derive solutions. By integrating the Laplace transform with ADM,
LADM provides a systematic framework for solving intricate nonlinear differen-
tial equations.

This thesis focuses on the application of LADM to the nonlinear heat equa-
tion. The methodology involves first applying the Laplace transform to the non-
linear heat equation, followed by the decomposition of the resulting expressions
into Adomian polynomials. The iterative solutions derived from this approach



yield the temperature distribution, highlighting LADM’s simplicity and efficacy
in addressing complex nonlinear problems with precision and efficiency [22].

Subsequent sections will elaborate on the application of LADM to the non-
linear heat equation, delve into the theoretical underpinnings of the method,
and provide illustrative examples of its implementation. This discussion will
emphasize the effectiveness and versatility of LADM, affirming its utility as a
vital tool for solving nonlinear differential equations in various scientific and
engineering domains [28].

The challenge of addressing nonlinear heat equations is a prominent con-
cern in science and engineering, largely due to the complexities introduced by
nonlinear terms. Traditional solution methods often struggle to achieve both
accuracy and efficiency, especially when confronted with complex boundary con-
ditions and nonlinear source terms. While numerical methods are powerful, they
can be computationally demanding and occasionally unstable, rendering them
impractical for large-scale or highly nonlinear problems.

By integrating the Adomian Decomposition Method with the Laplace trans-
form, the Laplace-Adomian Decomposition Method (LADM) provides a viable
alternative. This innovative method effectively manages nonlinear features and
reduces the problem to a more tractable algebraic form.

1.1 Literature Review

Heat transfer plays a crucial role in numerous scientific and engineering chal-
lenges. Effectively understanding and managing nonlinear heat equations are
key aspects of this field. Traditional analytical methods often struggle with
the complexities posed by nonlinear terms, making it challenging to obtain ac-
curate results. This difficulty has prompted researchers to explore alternative
approaches, leading to the development of the Laplace-Adomian Decomposition
Method as a significant advancement [13].

1.1.1 Early Approaches and Challenges

Historically, numerical methods such as finite difference and finite element
methods have been the primary tools for solving nonlinear heat balance equa-
tions. However, these methods often exhibit instability and sensitivity, espe-
cially in dealing with highly nonlinear problems. Although potentially useful,
they can become computationally demanding. Analytical techniques, like per-
turbation methods, have also been explored, but they are generally limited to
weakly nonlinear problems or scenarios involving small perturbations [18].

1.1.2 Inception of the Adomian Decomposition Method

In the 1980s, George Adomian introduced the Adomian Decomposition Method
(ADM), a revolutionary technique for addressing differential equations that are
challenging to solve with conventional methods. ADM simplifies complex, highly



nonlinear expressions by breaking them down into a series of Adomian polyno-
mials, which are manageable and can be addressed through an iterative process.
This makes ADM distinct, offering a user-friendly approach that can handle a
broad spectrum of nonlinear problems without requiring the simplifications or
modifications typical of other methods [2].

1.1.3 Laplace Transform Combined with the Adomian De-
composition Method

The primary achievement and innovation of coupling the Laplace transform
with the Adomian Decomposition Method (ADM), resulting in the Laplace-
Adomian Decomposition Method (LADM), has significantly advanced the field
of solving nonlinear differential equations. The main advantage of the Laplace
transform lies in its ability to convert differential equations into algebraic equa-
tions, thus simplifying the solution process [30]. However, challenges arise dur-
ing the inversion process, particularly when dealing with nonlinear terms .

LADM addresses this challenge by first applying ADM to decompose and
solve the nonlinear components of the equation. Once the nonlinearities are
managed, the inverse Laplace transform is applied to obtain the solution in the
time domain. This innovative approach has proven effective in solving complex
nonlinear problems that were previously difficult to address using traditional
methods [5]. Therefore, LADM provides a robust framework for tackling non-
linear differential equations, expanding the range of problems that can be solved
analytically.

1.1.4 Applications in Nonlinear Heat Equations

The efficiency of the Laplace-Adomian Decomposition Method (LADM) in
solving nonlinear heat equations has been extensively demonstrated in the lit-
erature.

e 1999: Wazwaz [29] demonstrated the efficiency of LADM for certain heat
equations with complex boundary conditions and nonlinear source terms.
His work highlighted that LADM is both accurate and reliable compared
to traditional schemes.

o The Porous Medium Equation (PME) and the Fast Diffusion Equation
(FDE) are important nonlinear partial differential equations that describe
phenomena in various scientific fields [27].

e The Porous Medium Equation (PME) describes the flow of fluid
through a porous material, such as the movement of groundwater or oil
through rock. This equation is known for its nonlinear diffusion term,
which makes it challenging to solve analytically. The PME is given by:

ug = A(w™) for m>1,



where u represents the quantity of interest, ¢ is time, and m is a parameter
that influences the nonlinearity of the diffusion term [? ].

¢ Fast Diffusion Equation (FDE): The Fractional Diffusion Equation
(FDE) describes processes where the diffusion rate diminishes as the con-
centration of the diffusing substance rises. This equation is characterized
by a nonlinear diffusion term with 0 < m < 1, making it particularly
useful for modeling phenomena such as population dynamics and heat
conduction in certain contexts. The FDE is expressed as follows:

ug =A@Wm) for 0<m<1,

This equation presents challenges regarding the existence and uniqueness
of solutions and often requires specialized analytical methods [26].

1.1.5 Comparative Studies

Comparative studies have confirmed that LADM is preferred for treating
nonlinear heat equations.

o El-Sayed [9] tested LADM against the Homotopy Perturbation Method
and the Variational Iteration Method. Numerical tests indicated that
LADM often provided a more straightforward implementation and a faster
convergence rate than these alternative approaches.

o In 2004, Khuri [14] compared LADM with various decomposition tech-
niques and demonstrated that LADM performed better in handling initial
and boundary conditions. Khuri noted that LADM could produce a series
of solutions that converge rapidly to exact solutions.

1.1.6 Recent Advances

Recent research has focused on boosting the efficiency and versatility of
LADM.

e Zhou et al. (2017) [34] made modifications to Adomian polynomials, aim-
ing to enhance convergence rates for highly nonlinear equations.

o Arikoglu and Ozkol (2020) [3] adopted a different approach by combin-
ing LADM alongside other analytical techniques, such as the Differential
Transform Method (DTM), to address more complex heat transfer prob-
lems.

1.2 Objectives

1. Introduction to Laplace-Adomian Decomposition Method (LADM): This
section provides the theoretical background of LADM and demonstrates



how integrating the Adomian Decomposition Method with the Laplace
transform simplifies obtaining solutions to nonlinear differential equations.

2. LADM Implementation on Nonlinear Heat Equations: We implement
LADM on various forms of nonlinear heat equations, focusing on different
types of nonlinear source terms to find iterative solutions.

3. Expanding the Scope of LADM: This section explores how the Laplace
Adomian Decomposition Method (LADM) can be applied to more com-
plex variations of the nonlinear heat equation. These variations include
scenarios with variable coefficients, fractional derivatives, and multidimen-
sional domains, thereby increasing the method’s flexibility.

4. Application to Porous Medium and Fast Diffusion Equations: In this
study, we aim to extend the application of the Laplace Adomian Decom-
position Method to address porous medium and fast diffusion equations.
This approach will enable us to derive analytical solutions for these equa-
tions and gain deeper insights into the associated diffusion processes.

1.3 Advantages of the Laplace Adomian Decom-
position Method

e Accuracy: The method rapidly converges to an exact or approximate so-
lution.

e Simplicity: No discretization, linearization, or assumptions are involved.

e Versatility: The method is adept at solving a wide range of nonlinear
ordinary and partial differential equations with high precision. It quickly
converges to either exact or approximate solutions.

¢ Reduced Computational Effort: The method reduces computational effort
by solving the problem in a series form.



Chapter 2

Preliminaries

Definitions and Concepts

1. Differential Equations

A differential equation is a mathematical equation that involves one functions
and their derivatives.

Types

¢ Ordinary Differential Equation (ODE): A differential equation that in-
volves one functions of a single independent variable along with their
derivatives.

o Partial Differential Equation (PDE): A differential equation that involves
one or more functions with partial derivatives concerning multiple inde-
pendent variables.

2. Metric space

Definition 1. (metric space, metric). Let X be a nonempty set. A function
p: X x X — R is called a metric if it satisfies the following properties for all
x,y,z2 € X:

1. p(z,y) > 0 (non-negativity), and p(x,y) = 0 if and only if x = y (identity
of indiscernibles).

2. p(xz,y) = ply,z) (symmetry).
3. p(x,y) < plz,z) + p(z,y) (triangle inequality).

A metric space is defined as the pair (X,p), where X is a nonempty set
and p is a metric on that set.



The triangle inequality is explicitly represented by property (3). A classic
example of a metric space is the set of real numbers R with the metric defined

by p(z,y) = |z —yl.
3. Normed Linear Spaces

A norm is a nonnegative real-valued function || - || defined on a linear space
X for any vectors u,v € X and any real number a, satisfying the following
properties:

1. ||ul]| =0 if and only if u = 0 (positivity).
2. lu+v| <|lul| + ||v|l (triangle inequality).
3. |lau|| = |al||u|| (homogeneity).

A normed linear space is defined as a linear space equipped with a norm.
A metric p on a linear space X is induced by a norm || - || on X through the
relationship:
p(z,y) = llz =yl forall z,yeX.
The triangle inequality for the norm is established by property (2).

4. Banach Space

A mnormed vector space A is termed a Banach Space if it is complete with
respect to the metric p(x,y).

5. Fixed Point

Definition 2. A fized point of a mapping T : X — X is an element x € X
such that
T(z) ==,

indicating that it is mapped to itself.

6. Contraction

Definition 3. Let (X,p) be a metric space. A mapping T : X — X is called a
contraction if there exists a positive constant K < 1 such that

p(T(z), T(y)) < Kp(z,y) forallz,y € X.

Theorem 1

Let (X,p) be a non-empty complete metric space with a contraction mapping
T:X — X. Then T has a unique fixed point x* € X, and for any initial point
xo € X, the sequence {x,} defined by x,11 = T (xy,) converges to x*.



Theorem 2 (Banach’s Fixed Point Theorem)

Let (X,p) be a complete metric space, and let T : X — X be a contraction.
Then T has a unique fized point x € X such that T(x) = x.

7. Inner Product

Let V' be a vector space over the field of real or complex numbers. An inner
product on 'V is a function (-,-) : V x V = R (or C) that fulfills the following
properties for all vectors u,v,w € V and for all scalars a:

1. Linearity in the first argument: For any u,v,w € V and scalar a,

(au + v, w) = alu,w) + (v, w).

2. Conjugate symmetry: For all u,v € V,

(u,v) = (v,u),

where T denotes the complex conjugate of x. In the case where V' is a real
vector space, this reduces to

(u,v) = (v,u).
3. Positive-definiteness: For anyv €V,
(v,v) >0 if v #£0,

and
(v,v) =0 if and only if v = 0.

The inner product induces a norm on V defined by

o]l = v/ (v, v).

8. Hilbert Space

Definition 4. A Hilbert space is a vector space (H) with an inner product
((f,g)) such that the norm defined by

Al =V {F )

turns H into a complete metric space. If the metric defined by the norm is not
complete, then H is instead known as an inner product space.

9. Nonlinear Function

Definition 5. A function that does not satisfy the superposition principle; i.e.,
the output is not directly proportional to the input.

Example 1.
f(u) = pu?,

where B is a constant.



10. Heat Equation

A partial differential equation (PDE) that describes how temperature distributes
in a region over time .
Forms:

o Linear Heat Equation:

ou 0%u
— =a—.
ot Ox?
e Nonlinear Heat Equation:
0 0?
6—1; = a—a;; + f(u) where f(u)is anonlinear function.

Types of Nonlinear Heat Equations

Nonlinear heat equations come in various forms, each representing different
physical phenomena and incorporating different types of nonlinearities [26]. Some
of the key types include:

o Porous Medium FEquation: The porous medium equation is a monlinear

PDE given by:
Uy = A(um)v

where u = u(x,t) represent the density of the diffusing material, t repre-
sents time, A is the Laplacian operator, and m is a constant greater than
1. This equation models diffusion processes in a medium where diffusivity
depends on density. It arises in contexts such as groundwater flow, gas
flow through porous media, and population dynamics [20].

o Fuast Diffusion Equation: The fast diffusion equation is another form of
nonlinear diffusion equation, given by:

up = A(u™),

but with 0 < m < 1 Unlike the porous medium equation (PME), the fast
diffusion equation (FDE) describes diffusion processes where diffusivity
decreases with density. This equation is relevant in contexts such as thin
film growth, plasma physics, and certain biological processes [11].

11. Thermal Diffusivity («)

Definition: Thermal diffusivity is a characteristic of a material that measures
how quickly heat is conducted through the material .
Formula:
o= —,
pe
where:



o k represents the material’s thermal conductivity.
e p is the density of the material.

e ¢ denotes the specific heat capacity.

[32]

12. Initial Conditions
The state of the system at the initial time (t =0). Ezample:

u(x,O) = g(m),

where g(x) represents the initial condition [2/].

13. Exponential Order

A function f(t) is said to be of exponential order « if there exist positive con-
stants M and o such that

|f(t)] < Me**  for allt > 0.
This property ensures that the function does not grow faster than an expo-
nential function with rate o [15].
14. Laplace Transform

Definition 6. The Laplace transform is an integral transform used to convert
a function of time, typically denoted as f(t), into a function of a complex vari-
able s, denoted as F(s). It is particularly useful in solving differential equations
by transforming them into algebraic equations.

The Laplace transform of a function f(t), where t > 0, is defined as:

LU} = F(s) = / " ft)et dr,

where s is a complex variable.
In this definition:

e t is the time-domain variable.
e s is the complex frequency-domain variable.

o L{f(t)} denotes the Laplace transform of the function f(t).

10



Inverse Laplace Transform

The inverse Laplace transform is a technique used to revert a function from its
frequency-domain representation back to its original time-domain form. It is
denoted as:

u(t) = L7H{U(s)},

where U(s) is the Laplace-transformed function, and u(t) is the correspond-
ing time-domain function [20].

Existence Theorem for the Laplace Transform

Theorem: If f(t) is a function that is piecewise continuous on the interval
[0,00) and grows no faster than an exponential function of order «, then its
Laplace transform, L{f(t)}, exists for values of s where the real part R(s) is
greater than « [30].

Proof. Let’s demonstrate that the existence of Laplace transforms under these
conditions.
The Laplace transform is defined by the integral:

Fs)= [ st
0
which converges when the real part of s, denoted as R(s), exceeds .

Because f(t) is piecewise continuous, the integral can be divided into smaller
intervals where f(t) is continuous, while separately accounting for any jumps or
discontinuities.

/OOO () di = Z:/b e " f (1) dt+/: e S f(t) dt,

where 0 =ag < bp=a1 <b1=---<a, <b, <oo.
On each interval [a;, b;], where f(t) is continuous, the integral

/abi e St f(t)dt

is well-defined and converges for every s.

For sufficiently large values of t, particularly when t > b,, the exponential
growth condition | f(t)| < Me®t applies. This results in the following estimation:

/ e‘Stf(t)dt‘gM/ e~ (R&)=t gy
b b

n

This last integral converges when R(s) > a. To see why, consider:

/OO o~ (R(s) =)t gy _ [Mr _ e et
b, —(R(s) —a) ], R(s) —

11



which is a finite value as long as R(s) > a.

Because each integral over the finite intervals converges, and the integral
from by, to infinity also converges when R(s) > «, the entire integral converges
as well.

Therefore, if f(t) is piecewise continuous and of exponential order «, the
Laplace transform L{f(t)} exists for R(s) > a. This concludes the proof of the
existence theorem for the Laplace transform.

Uniqueness Theorem for the Laplace Transform

Theorem 1. Suppose two functions f(t) and g(t) have the same Laplace trans-
form F(s) for sufficiently large values of R(s). Then f(t) and g(t) are equal
almost everywhere, except possibly on a null set.[30].

Proof. Suppose f(t) and g(t) are two functions such that their Laplace trans-
forms satisfy:

F(s) = L{f(®)}(s) = L{g(t)}(s)

for sufficiently large values of R(s). We need to show that f(t) = g(t) almost
everywhere on [0,00).
The Laplace transform of a function h(t) is defined as:

LI} (s) = /0 T et dt

for s > o, where o is a real number such that the integral converges.
Given that F(s) = G(s) for sufficiently large R(s), we can express this as:

/0 e—stf(t)dtz/o e Stg(t)dt

for those values of s.
We can rearrange this to obtain:

/ T e (1) - glt))dt = 0

According to the properties of the Laplace transform, if the Laplace transform
of a function is zero for all s in a half-plane, then that function must be zero
almost everywhere in the corresponding time domain. Thus, we have:

LLF(E) = g(B)}Hs) = 0

for sufficiently large R(s).
Therefore, by the uniqueness of the Laplace transform, we conclude that:

f(t)—g(t) =0 almost everywhere on [0, 00).
This implies that f(t) = g(t) almost everywhere except possibly on a null set.

12



Thus, we have proven that if two functions have the same Laplace transform,
they must be equal almost everywhere.

O

Properties of Laplace Transform

The Laplace transform is a significant mathematical tool with numerous essential
properties. It is extensively used in engineering, physics, and applied mathemat-
ics to analyze the linearity of time-invariant systems. The following are some
Sfundamental properties of the Laplace transform:

1. Linearity: The transform of Laplace preserves linearity. For any func-
tions g(t) and f(t), and constants a and b, the linearity property can be
expressed as:

Liag(t) +0f (1)} = aL{g(t)} + DL{f ()},

where L denotes the Laplace transform .

2. Frequency Shift: If a function f(t) has a Laplace transform F(s), then
multiplying f(t) by an exponential factor e results in a shifted Laplace
transform:

L{e"f(t)} = F(s - a),
indicating that the transform of the shifted function e® f(t) is F(s — a).

3. Differentiation in the Time Domain: When the Laplace transform is
applied to the derivative of a function f(t), if f(t) has a Laplace transform
F(s), then the transform of the derivative f'(t) is:

LLF/ (D)} = sF(s) - £(0).

For higher-order derivatives, the relationship generalizes to:

LI @)} = 57 F(s) — " Lf(0) = -« — =D 0),
where f)(t) represents the n-th derivative of f(t).

4. Integration in the Time Domain: If a function f(t) has a Laplace
transform F(s), then the Laplace transform of the integral of f(t) from 0

to t is given by:
L{/Otf(y)dy} - Fi‘s)}.

13



5. Standard form of Laplace Transform

Function | Laplace Transform
1 :
t =
eat Sia
sin(at) FEE
cos(at) FEm

These are the standard Laplace transforms for the given functions:

e 1 transforms to %

e t transforms to S%

1

o e transforms to o

o sin(at) transforms to %5

 cos(at) transforms to

[10]

6. Standard form of Inverse Laplace Transform

S5 _
s2+a? "

Laplace Transform | Inverse Laplace Transform

T
% 1

72 t
1 eat

sS—a
@ -

FER sin(at)

FEm cos(at)

This table lists the inverse Laplace transforms corresponding to the Laplace
transforms provided

L inversely transforms to 1.
S
1

¢ 2

inversely transforms to t.

o —L inversely transforms to e®.
sS—a

o - .
o zy.z inversely transforms to sin(at).
a7 inversely transforms to cos(at).

[10]

15. Series Solution

Definition 7. A solution of a differential equation expressed as an infinite sum
of functions.
Example:

u(t) = > un(t),
n=0

where each u,(t) is determined iteratively [17].

14



16. Iterative Solution

Definition 8. A method of solving equations by repeated approximation, pro-
gressively getting closer to the exact solution .

17. Adomian Decomposition Method

Definition 9. A method to solve differential equations by decomposing the so-
lution into a series of functions.

(o]
u(t) = un(t),
n=0
where each u,(t) represents a component of the series.

Adomian Polynomials: These polynomials are employed to represent non-
linear terms within the decomposition process. They are defined by:

1 ar >Nk

A=0

[7

18. Laplace Adomian Decomposition Method (LADM)

Definition 10. Combines the Laplace transform with ADM to solve differential
equations, converting the problem into the Laplace domain for simplification and
then using ADM to solve for the solution iteratively.

Steps:

1. Apply Laplace Transform to the PDE.
2. Incorporate Initial Conditions.
3. Decompose Solution using ADM.
4. Solve Iteratively in the Laplace domain.
5. Apply the inverse Laplace transform to retrieve the solution in the
time domain.
19. Laplacian Operator (V?)

Definition 11. A differential operator that represents the sum of all unmized
second partial derivatives.
Formula:
v 0%*u O%u
Ox2 + Oy? * 022"

Use: The diffusion term is described by this expression in the heat equation.[31].

V2u =

15



Chapter 3

Laplace Adomian
Decomposition Method

3.1 Adomian Decomposition Method

This section starts with a complete explanation of Adomian’s method and its
properties for convergence. Following this, the section focuses on two special
applications of the technique: nonlinear and differential equations. The first
application is for nonlinear equations, where an effective iterative procedure for
such equations will be developed. A second application uses Adomian’s method,
which is applied numerically for differential equations [1, 2].

3.1.1 Method Description

The Adomian Decomposition Method (ADM) is a powerful technique widely
used for solving various types of differential equations, including linear and
nonlinear ordinary differential equations (ODEs), partial differential equations
(PDFEs), algebraic equations, integral equations, and integro-differential equa-
tions [3]. The method begins with an equation of the form:

Lu+ Nu+ Ru =g,

where L denotes a linear operator, N represents a nonlinear operator, R is
the residual term, and g is the forcing function. Assuming the linear operator
L has an inverse L™, the solution u can be expressed as an infinite series:

oo
W=D un,
n=0
or equivalently,

u=1u +uy+ug+---,

16



where each term w, is determined recursively. The nonlinear term N(u) is
expanded using Adomian polynomials, which are expressed as an infinite series:

N(u)=>_ Ay,
n=0

with the Adomian polynomials A, defined recursively by:

A, =ug+ur+ -+ uy,.
Substituting these polynomials into the original equation and treating R as
a linear operator leads to a formal recursive algorithm:
up = L7y,
u; = —L_lR(U()) — L_lAOa
uy = —L 'R(uy) — L™ Ay,

Example of Adomian Polynomials
The Adomian polynomials, denoted as A,,, are constructed to represent the
increasing complezities of terms in the expansion of N(u). For instance:

AO = N(u0)7
Ay = f'(uo)us,

1
Ay = f'(uo)ug + Ef”(uo)u%,

2 1
As = f(uo)us + Ef”(uo)uﬂm + gf’”(uo)u?,

These polynomials provide a systematic technique for solving linear and non-
linear equations, which is essential for the iterative process of the Adomian De-
composition Method [/].

3.1.2 Convergence of the Adomian Decomposition Method

The convergence of the Adomian Decomposition Method (ADM) can be estab-
lished by utilizing the Banach Fized-Point Theorem, which is also known as the
Contraction Mapping Theorem. This fundamental theorem provides the essen-
tial conditions for the convergence of iterative methods, which are crucial for
solving functional equations and form the foundation of ADM [12, 33]. ADM
has been effectively applied to a variety of problems, ranging from differential
equations to integral equations, demonstrating its robustness and versatility [5].
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Theorem 2. Consider the nonlinear differential equation
U= N(u) = f7

where N(u) is a nonlinear operator and f is a given function. The solution u
s expressed as a series:
o0
U= Z Up,,
n=0

where u,, are the terms generated by the Adomian Decomposition Method. The
nonlinear operator N (u) is expanded as:

N(u)=> Ay,
n=0

where A, are the Adomian polynomials. The components u,, are determined by
the following recursive scheme:

Ug = fv
Unt1 = Ap(uo,u1,...,u,), n>0.
If there exists a constant o < 1 such that for all n > 0,
sn+1 = snll < @llsn — sp-1],

where s, = Y p_o Uk, then the series Y - u, converges to the exact solution
u of the equation u — N(u) = f.

Proof. In the Adomian Decomposition Method (ADM), the solution u is ex-
pressed as a series, represented by the following form.:

o0
U= E Uy -
n=0

The nonlinear term N (u) is represented as an infinite series:

N(u)=Y_A,,

where A,, denotes the Adomian polynomials [7]. By substituting this series into
the functional equation, we obtain the following recursive scheme:

Up = f7
Un+1 :An(UO,Ul,...,Un), n > 0.

To apply the Banach Fized-Point Theorem, it is necessary to show that the
operator T, defined by ADM, is a contraction. Define the iterative sequence
Sp = U+ Ui+ ...+ u,. The ADM iteration can then be written as:

Sn+1 = N(UO + Sn)-
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To ensure that T is a contraction, there must exist a constant o < 1 such
that:

Isn41 = snll = unt1ll < allunll < 0®[lunall < ... < o™ uo|
We now show that the sequence {s,} is Cauchy:
||Sm - SnH = H(Sm - Sm—l) + (Sm—l - Sm—Z) + -+ (Sn—i-l - Sn)H .

< Ism = sm—1ll + [ISm—1 = sSm—2|l + - + |sn41 — snl|-
< a™[|ugl| + @™ Hluol| + - - + @ Hlugl.

o™t

1
[[uo-

< n+1 n+2 —
(071 + 0™ o) gl = £

Since o < 1, the sequence {s,} approaches a limit s within H. Consequently,
solving the equation w — N(u) = f is equivalent to finding s such that s =
N(ug + 8). Given that N is continuous, we can then deduce

N(ugp+s)=N ( lim (ug + sn)) = lim N(ugp+ sp) = lim s,41 = s.
n—oo n—oo n—oo

Thus, the solution of the equation is s = ZZO:O Uy, and the Banach Fixed-
Point Theorem guarantees the convergence of the sequence. [75].

3.1.3 Applying the Adomian Decomposition Method to
solve PDE

The Adomian Decomposition Method (ADM) is a widely recognized technique
for addressing partial differential equations . In this section, we will solve a
specific PDE using ADM, demonstrating its effectiveness.

Consider the following PDE:

@ + @ =0

ot oxr
with the initial condition given by:

u(z,0) = f(z)

Solution. Assume that the solution u(x,t) can be represented as an infinite
series:

u(z,t) = Zun(:c,t)
n=0

Substituting this series into the PDE, we obtain:
Z (i ) ; ( 3
— Un(z,t) | + = Z Up(z,t) | =0
ot — ox o
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Simplifying the series yields:

i 8’[1,71_'_% =0
ot or )

n=0

Next, we derive recursive relations for each term in the series:

OUupt1 . Ouy

o " ox "
Forn =0:

6U0 8“0 -

ot T or 0

Given the initial condition ug(x,0) = f(x), the solution is ug(x,t) = f(z—1t).
Forn =1:

(911,1 8u0
it STl Y|
ot oa
8u1 /
it —t) =
T (x—t)=0
Solving this, we obtain ui(x,t) =tf'(x —1t).
Forn =2:
8’[1,2 (’9u1 -
ot T ow 0
3u2 "
24t (@ —t) =
5 +itf'(x—1t)=0

Solving this, we obtain us(x,t) = gf”(x —t).
In the end, summing the series terms yields an approximate solution: Fi-
nally, summing the series terms provides an approximate solution:

u(x,t) =~ up(z,t) + ui(z,t) + uo(x,t) + - - -
2
u(,t) & Fla =)+ 17— 1) + o o)+
By following these steps, ADM generates a series solution for the PDE.

While this example is simple, the method is particularly powerful for more com-
plez, nonlinear PDEs [21].
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3.2 Laplace Adomian Decomposition Method

Laplace Transform

The Laplace transform is a highly effective integral transform used across
various fields of mathematics and engineering. It transforms differential equa-
tions into algebraic equations in the complex frequency domain, simplifying the
process of solving linear differential equations with specified initial conditions.

[19]-
Adomian Decomposition Method (ADM)

The Adomian Decomposition Method (ADM) is an approach that simplifies
nonlinear problems by decomposing them into a sequence of linear sub-problems.
It represents the solution as an infinite series, with each term calculated re-
cursively using Adomian polynomials. This method is especially advantageous
because it addresses the nonlinearity of the equations directly, without relying on
approximations [22].

3.2.1 Method Description
Consider a general nonlinear (Partial Differential equation (PDE)) of the form:
Liu] + R[u] + N[u] = H(z,y),
subject to the initial conditions:
u(@,0) = f(2), 1y (2,0) = g(a).
where:
o L represents a linear operator,
o R[u] includes additional linear terms,
e N/uj is a nonlinear operator, and
e H(x, y) is the source term.
Solution. First, apply the Laplace transform with respect to y:
L[L[u]] + L[R[ul] + LIN[u]] = L[H (2, y)]-

By using the properties of the Laplace transform, this equation can be rewrit-
ten as:

s*u(x, s) — su(z,0) — uy(z,0) + L[R[u]] + L[N [u]] = L[H (z,y)].
Nezxt, we rearrange the equation to solve for u(z,s):

s'u(z, s) = sf(x) + g(x) + LIH (z,y) — N[u] — R[u]].
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Thus,
@), 9@)

u(z,s) = . =y + S%E[H(x,y) — Nu] — R[u]].

To find u(x,y), we apply the inverse Laplace transform:
4|1
) = £(e) +y9(0) + £ | Ll (,y) - Nl = Bf]
Assuming the solution can be expressed as the series:
u(z,y) =Y un(z,y),
n=0
The nonlinear term N [u] is expanded using Adomian polynomials A, as follows:
Nu] =>" Ay,
n=0
where the Adomian polynomials A, are given by:
1 dn o
A,=— —N Aluy
nl (; B )

By substituting the series into the transformed equation and comparing terms,
we derive the following recursive relation:

A=0

uo(z,y) = f(x) +yg(x),

) = €7 | Ll (9) = A~ ]|

This recursive relation allows us to iteratively compute the terms u,(x,y),
thereby constructing the series solution for u(x,y).

3.2.2 Application to Partial Differential Equations

Here, we apply the method described above to solve specific partial differential
equations (PDEs). By following the recursive scheme, we can approzimate so-
lutions to monlinear PDFEs efficiently.

This refinement is based on the methods and approaches detailed in standard
references on partial differential equations and their solutions [23].

Example 2. Solve the nonlinear partial differential equation:

ou(z,t) n uau(x, t)

= 2
ot or T

with the initial condition:
u(z,0) = 0.

22



Solution. First, we take the Laplace transform of the PDE with respect to
t, assuming u(zx,t) has a Laplace transform U(x,s). The Laplace transform of
the time derivative is:

c { au((;;, 2 } — sU(z, s) — u(z, 0).

Given that u(z,0) = 0, this simplifies to:

{200 i

Now take the Laplace transform of both sides of the PDE:

sU(z,8)+ L {ua"g;’t)} = L{z + zt*}.

The Laplace transform of the right-hand side is:

2z

x
L{x +xt?} = st

Thus, the transformed PDE becomes:
au(x,t)} _x 2

U L -+ —.
sU(z,s) + {u p T
Now, we apply the Adomian Decomposition Method (ADM) to manage

the nonlinear term. We assume the solution u(x,t) can be expressed as a series:

u(z,t) = Z Un(x, 1),
n=0

where uy(z,t) are the components of the solution that need to be determined.

Similarly, the nonlinear term u% is decomposed into Adomian poly-

nomials A, (x,t), where:

ou(z,t)
U Z Ap(z,t).
n=0
The zeroth-order equation is obtained by substituting the series solution into
the transformed PDE and collecting the n = 0 terms:

r 2
SUo(I,S) = g + 873

Solving for Up(z, s):
x 2x

UO(ZE,S) = ? + 57
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Now, take the inverse Laplace transform of Uy(z,s) to find ug(z,t):

wole,t) = £ { 5 b4 £ {zf}

Using standard Laplace transform tables:
ot
uo(z,t) = xt + KR

The first-order equation involves the first Adomian polynomial Ao, which is:

ou
AO = UOT;.

We already have ug(z,t) = xt + %, so compute Ag:

do=(at+ ™) (14 E) cpp s 2 20
0 3 3) 3 79

Taking the Laplace transform of Ag:

£[A0]:m(2!+4'4! 6! )

s3 3-8 9.47
The first-order equation is then:

sUi(z,s) = —gE[AO].

Solving for Uy (z,s):

2z
U1 (x, S) = _57
Taking the inverse Laplace transform:
xtd
t)=——.
m(@t) = -3

Next, we compute the second Adomian polynomial Ay using uo(x,t) and
up(x,t):

8u1 8UO
Al =ug—— —.
LT 0%, T Oz
Since ug(x,t) = xt + % and uy(z,t) = —%, compute Aj:

t3 t° £ £
Ay = (zt + %) . (—15> + (—%) -(t) = —961—5 + higher-order terms.

Taking the Laplace transform of Ay :
xt8 6x
A = —_——_— = —
Ll E{ 15} 1557

24



The second-order equation is:

6x

sUs(x,8) = —L{A;} = THE

Solving for Us(z, s):

6x
U =——.
2(7,8) = — 155
Taking the inverse Laplace transform:
xt8
UQ(x,t) = —y

Summing up the components ug(x,t), ui(x,t), and ug(z,t):

t
(1) % ug (2, 1) + u (2, 8) + up(, 1) = wt + o — T — T,

The initial condition is u(xz,0) = 0. Substituting t = 0 into the approzimate

solution: (0)? (0)° 0)°
z(0 z(0 z(0
0) ==z(0 — — =0.
u(e, 0) = 2(0)+ =3 15 8l
Thus, the initial condition is satisfied.
The approzximate solution to the PDE using the Laplace-Adomian De-

composition Method is:

t
wa,t) mat+ = 2 T

25



Chapter 4

Laplace-Adomian
Decomposition Method to
Solve Nonlinear Heat
Equation

Solving the Nonlinear Heat Equation Using the
Laplace-Adomian Decomposition Method (LADM)

The Laplace-Adomian Decomposition Method (LADM) is an effective approach
for tackling nonlinear differential equations. This section provides a detailed,
step-by-step guide on applying LADM to solve a nonlinear heat equation. The
nonlinear heat equation is given by:

Up = QUgy + f()
Subject to the initial condition:
u(z,0) = g(x)
Solution. Applying the Laplace transform to both sides of the equation:
L{ut} = L{auz, + f(x)}

This becomes:

Using the properties of the Laplace transform, we get:

sU(z,s) —u(z,0) = al{ug,} + L{f(x)}
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Now, substituting the initial condition (4.2) into (4.3), we obtain:
SU(LU, 8) - g(x) = a‘c{umc} + [,{f(fl,‘)}

Using Adomian polynomials to handle the nonlinear term f(u):

u(z,t) = Zun(x,t)
n=0

Then,
flu)=f (Z u) = A,
n=0 n=0

Next, we construct the solution iteratively.
Forn =0:
sUy(z, 8) — g() = al{upzs(z, )}

Solving this, we get:

Forn > 1:
sUn(z,8) = al{unze(z,8)} + L{An_1}

Now, we apply the inverse Laplace transform.

Forn = 0:
L HUy(z,s)} = L1 {g(x)}

s
Uo(x,t) = g(x)
Forn >1:
L7 HsU,(x,8)} = L HaL{unge (2, 8)}} + L7H{A, 1}
Summing the terms, we get the final solution.

Example 3. Find the solution to the nonlinear heat equation:

Ut = Ugpy + u?
with the initial condition u(x,0) = e
Solution. We start by applying the Laplace transform w.r.t time t. Let U(x, s)
represent the Laplace transform of u(x,t). This transformation transforms the

partial differential equation into an algebraic equation in terms of U(x,s):
sU(z,s) — e = Uss (2, 8) + L{u?},

where L{u?} represents the Laplace transform of u?.
To handle the nonlinear term u?, we decompose u(x,t) into a series using
Adomian polynomials:
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u(x,t) = Z U (z,1).
n=0

This decomposition allows us to express u®> as a series of Adomian polyno-
mials A,,:
(o)
u? = E Ay,
n=0

where each A, is defined by the Adomian decomposition method.
We also assume that U(x, s) can be expressed as a series:

U(z,s) = Z Un(z,s).
n=0
We solve for each Uy (z,s) iteratively:

For n =20
sUp(z, s) — e = Uo,ea(,5).

Solving this, we obtain:

Forn>1
SUn(xv 5) = Un,xw(xa 5) + ‘C{An—l}-

Using the known U,_1(x,s), we can find U, (z, s).
After finding U, (z,s), we apply the inverse Laplace transform to retrieve
Un (T, 1):

For n =20

which gives:
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For n=1
sUl(x,s) = Ul,ww(xvs) + ‘C{AO}

. _ 2 _ 2
Since Ag = u¢ = (e727)? = 72" we have:

sU1(x, s) = Ut ga(z,8) + 5{6—21-2}.
Solving this, we find:

Ui(z,s) = @.

Applying the inverse Laplace transform:

uy(z,t) = L1 {M}

S

For n =2
sUs(z,s) = U g (x, ) + L{A1}.

Ay involves terms from ug and uq, requiring computation based on the pre-
vious terms.
Finally, summing the series terms, the solution u(x,t) can be expressed as:

u(z,t) = Z Up (2, t).
n=0

Example 4. To solve the nonlinear heat equation:

Ut = Ugy + u?
with the modified initial condition:
u(x,0) = cos(azx),

Solution. We begin by applying the Laplace transform with respect to time t.
Let U(x, s) denote the Laplace transform of u(x,t). This process converts the
partial differential equation into an algebraic equation involving U(x, s):

sU(z,5) — u(z,0) = Upp(x, s) + L{u3},

Substituting the initial condition u(x,0) = cos(ax):

sU(z,8) — cos(azx) = Uy (2, 8) + L{u®}.

Assume the solution u(x,t) can be expressed as an infinite series:
o0
u(x,t) = Zun(x,t).
n=0
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3

Then, the nonlinear term u”> can be decomposed using Adomian polynomials:

o0 3 o0
o (Tu) -3
n=0 n=0
where the first few Adomian polynomials are:
L] Ao = ug
« A = 3u(2)u1
o« Ay = 3u(2)u2 + 3u0u%

o Az = 3uduz + 6uguiug + uj

[0

Solve for Each U,(z,s) Iteratively
Ezpand U(x, s) as:

U(z,s) = Z Un(z,s).
n=0

Each U, (x,s) can be found iteratively.
For n=0:
The equation for Uy(z,s) is:

sUp(z,s) — cos(ax) = Up gz (2, 5).
Solving this gives:

cos(ax) '

Up(z,s) =

S

For n > 1, the equation is:
sUp(x,s) = Up ga(z,8) + L{An_1}.

3
For exzample, using Ag = u3 = (003(57‘”)) , we have:

cos®(ax)
s

L{Ao} =
Thus, for Ui(x,s):

3
cos®(ax
sU1(z, 8) = Ut ga(x,8) + %

Once each U, (xz,s) is determined, apply the inverse Laplace transform to
find up(x,t).

Finally, sum the series:
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u(z,t) = Z Un (2, t).
n=0

The first few terms are:
3 5

_ E o AN
u(z,t) = cos(ax) + G ¢o5 (az) + 190 €% (az) 4+ ---.

This series represents the solution to the monlinear heat equation with the
ingtial condition u(x,0) = cos(ax).

Solving the Porous Medium Equation (PME) Us-
ing the Laplace-Adomian Decomposition Method
(LADM)

The Porous Medium Equation (PME) is given by:

ot oa?
For m = 2, the PME simplifies to:

Ou(x,t) 0%u(z,t) ou(z,t)\?
5 2u(x,t) 57 +2 o .

With Initial Condition:

ou(z,t)  0*(u*(z,t))

u(z,0) =14 22,

Solution. We apply the Laplace transform concerning t:

8’&(1‘7?5) _ 62U(.’L‘,t) 8u(x7t) 2
This simplifies to:
24 2
si(e,s) —u(r,0) = 2700 4 op { (%ém ﬂ) } |

Substituting u(z,0) = 1 + x2:

Decomposition Using ADM:
Ezpress u(z,t) as:
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u(z,t) = Z Un (2, t).
n=0

Thus:

u(x, s) = Z Un (2, 8).

n=0

u?(x,t) Brpand as:

oo
u?(z,t) = Z Ap(uo,ut, ..., up),
n=0

where A,, are Adomian polynomials.
Iteration for n =0:

sto(x, s) — uo(x) =0,
yielding:

uo(x) .

tg(x,s) =

The inverse Laplace transform gives:

ug(z,t) = 1+ 22

Iteration for n = 1:
For the first iteration, compute:

stiy (x,5) = 2L {m(m)azggﬁx)} +2r { <a“gix))2} _

Given ug(z) = 1+ 22:

duo(z) 0% ()

pra 2x  and 92 2.
Thus:
0? 2 2
L {uo(x) g;éx) } =L{(1+2%) 2} = w
Oug(x) 2 . _ 4z
E{( O ) } = e@h ==
Therefore:
S1~L1<.'L‘,S) = M + 47'%2
s s
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Simplifying:

B 2 + 622
sty (z,8) = P
Thus:
B 2 + 622
ay(x,8) = SR

Applying the inverse Laplace transform yields:

up(z,t) = 2t 4 6tz

Combining the initial condition and First Iterations:

u(z,t) = uo(z) + ua(z, ).
Therefore:

u(z,t) = (1 4+ 22) 4 (2t + 6tz?).
This simplifies to:

u(z,t) = 1+ 2% + 2t + 6tz
The Laplace-Adomian Decomposition Method (LADM) provides the follow-
ing approzimation for the Porous Medium Equation (PME) solution:

u(z,t) = 1+ 2% + 2t + 6t

Solving the Fast Diffusion Equation Using the
Laplace-Adomian Decomposition Method (LADM)

This section addresses the solution of the Fast Diffusion Equation (FDE) using
the Laplace-Adomian Decomposition Method (LADM).

Example 5. Consider the Fast Diffusion Equation (FDE):

u(z,t) 0% (u/?(x,1))
ot Ox? ’
where u(x, t) represents the density of the medium, x is the spatial coordinate,
t is time, and the exponent m = % The initial condition is:

u(z,0) = sin(x).
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Solution. Applying the Laplace transform with respect to t on both sides of the

FDE, we obtain:
Ou(x,t) | 9% (u'/?(z, 1))
£ { ot } =L { dx? '

This simplifies to:

92U (x, s)

0x2

where @(x, s) is the Laplace transform of u(x,t), and U(z,s) is the Laplace
transform of u/?(z,t).

Substituting the initial condition u(x,0) = sin(z), we obtain:

su(z,s) —u(z,0) =

B 82U(x, s)

su(z,s) —sin(z) = 92

Nezxt, decompose u(x,t) using the Adomian Decomposition Method:
Express u(x,t) as an infinite series:

u(z,t) = Z Up (2, 1),
n=0

and its Laplace transform:

u(z,s) = Z Un (2, 8).

Similarly, expand the nonlinear term u'/?(x,t) as:

ul?(z,t) = Z A (ug,ury ..y uy),
n=0

where A, are Adomian polynomials representing the nonlinear terms.
For the zeroth iteration, solve:

stg(x,s) — sin(x) = 0,
which yields:

sin(x) '

Uuo (l‘, S) = s
By applying the inverse Laplace transform, we obtain:
uo(z,t) = sin(zx).

First Iteration:
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_ 02UO(x, s)

sty (z,8) = D2
where:
Oo(a,5) = sin(x)
S
Thus:
PUs(z,s) _ sin(z)
Ox? N s
Therefore:
sz, 5) = - 20,
s
which simplifies to:
s sin(x
ul(x7s):_ 8(2 )

The inverse Laplace transform yields:
up(z,t) = —tsin(x).

Second Iteration:

Compute:
- 920, (z,s)
stig(x,8) = D2
where:
~ sin(x
Ui(z,s) = — g )
s
Thus:
Uy (z,s) _ sin(z)
Ox? N 52
Therefore:
. sin(z)
stg(x, s) = 2
which simplifies to:
. sin(z
u2(l', S) = Sg )

The inverse Laplace transform gives:
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12 si
s, 1) = sin(x)
2
Combining these results:

u(e,) ~ sin(z) — tsin(z) + Lon@) _ Lsin()

t*sin(z)

2 6
In general, the n-th term in the series is:

t" sin(x)
Thus, the full solution is:
23 !
t) = si l—t4———+—+-
u(z,t) sm(:c)( + 5~ g +24+

24

)

where each term u,(x,t) is calculated iteratively, resulting in the solution to
the Fast Diffusion Equation with the specified initial condition.
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Conclusion

The Laplace Adomian Decomposition Method (LADM) marks a significant ad-
vancement in computational mathematics, particularly for addressing nonlinear
heat equations. By integrating the Laplace transform with the Adomian de-
composition technique, LADM provides a systematic and efficient strateqy for
approximating solutions to nonlinear heat transfer problems.

Effective Nonlinear Term Handling: A major advantage of LADM lies
in its ability to decompose the nonlinear terms of heat equations using Adomian
polynomials. This approach allows for the breakdown of complex nonlinearities
into more manageable components, which facilitates the iterative construction
of the solution in series form.

Versatility and Applicability: LADM is versatile and can be applied to
a broad range of monlinear heat equations, accommodating various boundary
and initial conditions common in heat transfer problems. Whether dealing with
nonlinearities due to material properties, radiation, or convective heat transfer,
LADM provides a structured framework for effectively addressing these chal-
lenges.

Accuracy and Efficiency: The method is notable for delivering accurate
solutions while maintaining computational efficiency. By converting the prob-
lem into the Laplace domain, LADM simplifies the differential equations into
algebraic forms, thereby streamlining the solution process and reducing compu-
tational effort compared to purely numerical methods.

Challenges and Considerations: Despite its many benefits, LADM re-
quires careful attention to convergence issues, particularly when handling highly
nonlinear terms or boundary conditions that may impact series convergence. Ro-
bust numerical techniques and computational tools are essential for validating
and optimizing the solutions derived using LADM.

Future Directions

The ongoing development of LADM continues to expand its applicability and
improve its performance in solving nonlinear heat equations. Future research
may focus on refining convergence criteria, extending the method to more com-
plex boundary conditions, and exploring applications in multidimensional heat
transfer problems.
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