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ABSTRACT

We present a detailed derivation of the equations of evolution for the reduced density
operators {or the master equations) of coherently driven degenerate and nondegenerate
three-level lasers. Employing these equations we investigate the squeezing and statistical
properties of the light generated by both types of lasers. In both cases, we find that the
linear gain coefficient and the strength of the driving radiation highly affects the squeezing

and the statistical properties of the lighs.
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1. INTRODUCTION

In classical electrodynamiics, the electric field vector describing a light wave may be de-
composed into two components with time dependence coswt and sinw¢. The fluctuations
in either of these components can be reduced to arbitrary order independent of the fluc-
tuations in the other component. Likewise in quantum optics, the electric field operator
describing a single-mode radiation can be decomposed into two component operators (é..
and é_), referred to as quadrature operators. Unlike in classical electrodynamics, in quan-
tum optics the fluctuations in the quadrature operators can not be reduced independently
to arbitrary order. For a single-mode radiation in any state, the product of the fluctu-
ations in the two quadratures satisfy the Heisenberg uncertainty relation Aa;Aa_ >1
[1].

In particular, for some class of light states called minimum uncertainty states, the
uncertainty product is equal to the vacuum level, which represent the standard quantum
limit to reduction of noise in a signal. One such a minimum uncertainty state is a co-
herent state, the closest quantum counter-part to a classical radiation [2]. In this state,
the product of the fluctuations is minimum and randomly distributed between the two
quadratures.

Other minimum uncertainty states are also possible, with less fluctuations in one
quadrature than the coherent state at the expense of increased fluctuations in the other
quadrature. Such a state is said to be a squeezed state and a light mode in this state is
called a squeezed light. A squeezed light has some potential applications {1, 3, 4, 5]. A
coherent beam of laser light is used in present optical communication system, in which

the ultimate limit to noise reduction is given by the vacuum level. However, if a beam of




squeezed light is used instead to transmit information, the quantum noise level could be
reduced below the vacuum level in one of the quadratures, A squeezed light can also be
used in the detection of weak signal (such as gravitational wave).

Quantum optical systems called two-photon devices, in which two photons are gener-
ated or destroyed at a time, are in principle the best possible sources of squeezed light [6].
This is mainlty becuase of the presence of nonlinear terms in the creation and annihilation
operators in the Hamiltonian describing such a system. One such two-photon device is
a parametric oscillator, which is an important source of squeezed light [7-9]. It has been
also shown that a three-level laser under certain conditions generates squeezed light [10,
11].

As described in reference [10], a three-level laser, which is the focus of this thesis, is a
system consisting of three-level atoms in a cascade configuration, where the crucial role is
played by atomic coherence. In such a system the atomic coherence is introduced either
by initially preparing the atoms in coherent superposition of the upper and the lower
levels or by coupling these two levels by a strong coherent radiation [11-13].

More precisely, in a coherently prepared or a coherently driven three-level laser, three-
level atoms are injected at a constant rate into a cavity coupled to a vacuum reservoir
via a single port mirror. When an atom decays from the upper level to the lower level
via the intermediate level, two photons are generated and two photons will be destroyed
in the reverse process. This makes the three-level laser a two-photon device, which is in
principle the best source of squeezed light. If the two photons are identical the system
is referred to as a degenerate three-level laser, otherwise it is a nondegenerate three-level
laser.

It is also found that the degree of squeezing depends on the atomic coherence, the




cavity damping constant, and the linear gain coefficient (a quantity describing the ampli-
fication of the cavity radiation by the injected atoms) [10,11].

In this thesis we study a three-level laser in which the atomic coherence is introduced
by a coherent driving radiation. Using the method used in reference [10], we analyze the
squeezing and statistical properties of the light generated by coherently driven degenerate

and nondegenerate three-level lasers.




2. QOHERENTLY DRIVEN DEGENERATE THREE-LEVEL LASER

A coherentely driven three-level laser may be defined as a quantum optical system
in which three-level atoms in a cascade configuration, with the top and bottom levels
couplléd by a strong radiation, are injected at a certain rate into a cavity coupled to a
vacuum reservoir via a single port mirror.

We denote the upper, intermediate, and bottom levels by |a}, |b}, and |c), vespectively
" as indicated in figure [2.1].- We assume that the atoms can make a transition from |a)
to [b) or from |b) to |¢) with direct transition from [a) to |¢) to be dipole forbidden. If
the |a) — |b) and the |b) — |c) transitions are at resonance, then we have a degenerate

three-level laser. Under certain conditions such a system generates squeezed light {10, 11).
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Figure [2.1]. Three level atom in a cascade configuration.
In this chapter we seek to derive the equation of evolution of the density operator for
the,cavity mode, in the linear and adiabatic approximations. Applying this equation we
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dbta;in the equations of evolution of the first and the second order moments for the cavity
mod?a operators. The steady state solutions of the resulting equation are then used to cal-
culate the quadrature variance, the squeezing spectrum, and the variance of the photon
number. Moreover, applying the same solutions, we also determine the antinormatly-

or.dered charcterstic function with the aid of which the Q function is obtained. Finally,

the Q function is used to calculate the photon number distribution.

2.1. 'The master equation
Assume the atoms are injected into a single mode cavity at a certain constant rate Ta

and removed after some time 7 (see Fig. [2.2]). The transitions from @) to [b) and from
|6) to |c) produce a pair of photons with the same frequency.

Coherent Iigblt

Squeezed Licht
q g il
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Figufe [2.2] A three-level laser with external driving radiation.

-

The Hamiltonian describing the coupling between |a) and |c) by the driving radiation
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can be expressed as [2],
H =g (6'!0)(a|ei(wr“°’°°)t -~ &la) (Cleﬁi(w'ﬁw“c)t) ) (2.1)

where ¢ is the annihilation operator for the driving radiation, ' is its frequency and

!

142
g = (gff:?) / dgc.€ is the coupling constant between the atom and radiation. At reso-

nance (w' = w,.) the Hamiltonian reduces to
H' = g’ (&flc){al -~ la(c]) (2.2)

For a strong driving radiation the number of photons is very large that we can treat
the radiation classically, i.e, é can be replaced by ¢, assumed to be complex and constant.
Expressing ¢ as

£ = |ele ™™, (2.3)
the Hamiltonian can be put in the form
' 2 —ig i¢
H = iy (Ia)(c]e - |e)(ale ) , (2.4a)

where

£ =24'|¢| (2.4b)

1s a quantity proportional to the amplitude of the driving radiation.
On the other hand, the Hamiltonian describing the interaction between a three-level

atom and the cavity mode is
H" =g (&T|b)(a|ei(w"wﬂb)‘ — ila) (b‘e_i(wﬁwab)t)

Fig (af]e) blei e = afp(ele - (2.5)




where @ is the annihilation operator for the cavity mode and w is its frequency. At

resonance this Hamiltonian reduces to
H" =g (&"Ib)(al — ala)(b] + aflc) (b| — &lb)(CI) - (2.6)

Therefore, the total interaction Hamiltonian of the system is

=g (&l]6) (ol — ala) ] + &) 0] — alb)(el) — 17 (ladiele™ — l)(ale). (27

We take the intial state of a single atom to be

[4(0)) = |a). (2.8)

Hence the density operator for a single atom before it is injected into the cavity has the
form

£4(0) = |a)(al. (2.9)

Let par(t, t;) be the density operator for the radiation plus a single atom at time ¢,

with the atom injecied into the cavity at an earlier time ¢;. As it is metioned at the

begining of this section, the atoms are injected into the cavity at a constant rate r, and

removed from the cavity after a certain time 7. Therefore, it is easy to see that
t—1<t; <t (2.10)

The density operator for all the atoms in the cavity plus the radiation at time ¢ can

then be expressed as

Par(t) =14 ) Par(t, t;)At;, (2.11)
j

where 7, A%, represents the number of atoms injected into the cavity at time ;. Converting

the summation to integration, we have
a t ~ ¥ fl
par(l) = e [t * panlt, )t (2.12)
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Differentiating both sides with respect to ¢ and employing the identity

d T z A
Efa [z, y)dy = f(e,2) = [(2,0) +[a o (@ )y, (2.13)
we can rewrite (2.12) as
d 7] 7 Lo oyt
EPAR(t) = 1qa[Par(t,t) — par(t,t — )] + 74 ft 2 r(t,t)dt'. (2.14)

We note that jag(t,t) is the density operator at time ¢ for the radiation plus an atom
injected at the same time ¢, whereas j4r(t,t — 7) reperesents the density operator for an
atom plus the radiation at time #, with the atom injected into the cavity at (¢ — 7) and
being removed from the cavity at time t.

Since the atomic and the radiation variables are uncorrelated at the instant the atom

is injected into or removed from the cavity, we can write

par(t,t) = palt, t)p(t) (2.15a)

and
Par(t,t — 1) = palt,t — 1)4(2), (2.15b)
where j(z) is the density operator for the radiation at time ¢ and jy (t, ¥ )=t or t—7) is the

density operator at time ¢ for an atom injected at #'. Moreover, it is not difficult to see

that
pa(t,t) = pa(0). (2.16)

Substituting Egs. (2.15) and (2.16) into Eq. (2.14), we obtain

d . . . . L
ZIE’OAR(t) = Ta[pa(0) — palt,t — 7)]p(t) + 7a - aPAR(t, thdt' (2.17)

When the interaction of the cavity mode with a vacuum reservoir is not taken into

account, the density operator par(t,t’) evolves in time according to

8 ~ I Sy o~ !
EPAR(t:t )= _Z[H} Aar(t, )], (2.18)




so that employing (2.12), we get,

t

d P
To | gpPar(t,t)dt = —ilH, par(t)). (2.19)

In view of this result Eq. (2.17) takes the form

oan(t) = 1alpal0) ~ palt,t— T)IAE) ~ {H, par(0)] (2.20)

Now taking the trace over the atomic variables and noting that
Trapa(0) =Trapalt,t —7) =1, (2.21)

we find
d . ) N
ap(t) = —iTrq(H, par(t)]. (2.22)

Furthermore, on taking into account the interaction of the cavity mode with a vacuum
reservoir via a single port-mirror, the equation of evolution of the reduced density operator

can be written as [10]

d , P Bopowant  atnn oanta
ap(t) = —iTralH, par(t)] + E(Qapaf —alap — pata), (2.23)

where « is the cavity damping constant. On account of expression (2.7), we note that
Trall, par(t)] = ig A" Tra(0){alpan + 10} (blpar) — aT74(a)(blpar + |B)(clpar)]

+ig [ ~Tra(parle)al + parle)(d])at + Tra(parla) (b + parlb) (cf)i

—?}% [TTA (e7la){c|par — e*le){alpur) + Trale ®parla)(c| — ei¢f3AR|C)(a|)] , (2.24)

so applying the cyclic property of the trace operation, we gets

TralH, par(t)] = ig [ pas — pusd + &' pre — prcd! — Gra + fradt — dpes — pad] , (2.250)




where
Pag = (el pan(D)|B), (2.25b)
with o, f = a, b, c.

In view of Eqs. (2.23) and (2.25a), the master equation for the cavity mode can be

put in the form

d . ot o b .. . o -
di t)=g9 [atpa-b - pabaT + G,prc - pbcaJr = QPpa t Pog@ — APey + Pcba]

Jr-"z’f(za,@aT — atap — pata). (2.26)

In addition, multiplying (2.20) on the left by (| and on the right by |3), we see that

ggf)aﬁ(t) = 7al{@]pa(0)|8) — (elpa(t, t — T)IBYA(E) — iel[H, par(DIB) — Vhos, (2:27)

where the last term is added to account for the damping of the atoms due to spontaneous
emission, with the atomic decay rate +y considered to be the same for all the three levels.
Assuming the atoms are removed from the cavity after they have decayed to a level

other than the middle or the lower level, it can be easily verified that

(alpalt,t — 7)]B) = 0. (2.28)

On account of this, Eq. (2.27) reduces to

g‘iﬁaﬁ(t) = ?a(alﬁA(O)lﬂ)ﬁ(t) — ’L((X'[ﬁ, }aAR(t)”ﬁ) — 'Yﬁaﬁ- (229)

Moreover, with the aid of (2.7) and (2.9), Eq. (2.29) can be expressed as
d . Stee . ire .
d_tpaﬁ (t) = Tafsaaé‘aﬁp(t) + g [a (6abpaﬂ + 5acpbﬂ) - a(éaapbﬁ -+ 6abpcﬁ)]

+9 | (Paadp + Pabdep)i — (Pabdap + Pactts)it] — Yhap
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Qr . R , N Y o
) [6 w(?aapcﬁ - el¢6acﬂaﬁ —€ tqbf)aaéc‘!? + elépacéaﬁ] .

It then follows that

d . . . Y Q. .. i o .
&E‘o“a (t) =rap — 9(appa + Pabair) o 5(6 lgcha: +e qua-c:) — TPaa,

d sta  aaa At oA s R
'Jt"Pbb(t) - g(aT,Oab — 8oy — Prclil + Poa) — ¥ Pob,

d . i . 9, ... i n -
—Pee(t) = 9(@' ppe + pest) -+ §(B‘¢pac + € B} — Ve

d . . T, Q. .

7 Pe(t) = 9(=pus + faali - Pactt!) — 5¢ @ Bt — VPabs
d . . o [ s .
apac(t) = Q(—Gﬂbc + Paba) — 5(3 “bpcc — € lépaa) — YPac>

d . i . . Q s .
77 Puell) = 9{(&f ae — Gfec 4 Prsll) + 3¢ ® Poa — Y Pve-

(2.30)

(2.31)

(2.32)
(2.33)
(2.34)
(2.35)

(2.36)

We seek to carry out our analysis in the linear approximation and in the good-cavity

limit k << g, 7. The linear approximation is achieved by dropping the g terms in Egs.

(2.31), (2.32), (2.33) and (2.35). In the good cavity limit the cavity mode variables

changes slowely compared with the atomic variables. As a result of this, the atomic

variables will reach steady state in a relatively short period, so that the time derivatives

of such variables can be set to zero. This procedure may be refered to as the adiabatic

approximation scheme [10]. Thus upon dropping the g terms and applying the adiabatic

approximation scheme, Eqs. (2.31), (2.32), (2.33), and (2.35) reduce to

Qe i n .
Taf — E(e ¢,0ac +e i(;’pm) — YPaa = 0,
Pow =0,

Q. it .
"é*(elépac +e ¢Pca) — YPee = O:

Q.. . —; A
ﬁ"g—(pcc - paa)e ¢ YPac = 0.

11
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(2.38)
(2.39)

(2.40)




After simultaneously solving Egs. (2.37), (2.39) and (2.40), we obtain

= (ﬁ’f ) (1 y %25) , (2.41)
Pec = ?(—1—7:—%) (2%25) : (2.42)
Pac = ;(—17%-2_;—) (%) e, (2.43)
o = Wl—'ff?j) (%) . (2.44)

Taking into account these results and applying the adiabatic approximation once more,

expressions (2.34) and the complex conjugate of (2.36) are found to be

grap Q9N .. Q.. Q. .
y(1+%) [(l " 272) pa—a.¢ ¢Pai] = € Phep = Vhar =0, (2.45)
,\.'.2
Grap [Q i Mt] Q . .
————— | —€e®pi — —pi' | + —€"®pap — VP = 0. (2.46)
2y |2 2
y(1+%) (20 2 2
From these two equations, we get
. gTap 2y .. 0 QEN
o () s (- 3) o). 240
. grap [ D2\ . 307
Peb = 25 [—'}7 (1 + 4—72) e pa — ?pa‘L , (2.48)
where
0? 02
=114+ — — . 4
B ( + 72) (1-1-472) (2.49)

The expressions for jy, and fy. can be obtained by taking the complex conjugate of the
expressions for pg, and g, respectively.

Finally, on substituting Egs. (2.47), (2.48) and their complex conjugates into Eq.
(2.26), the equation of evolution of the density operator for the cavity mode takes the

form




A~

+ [n(afﬁaf — pa'?) + z(atpat — ap) + ot (apa — a2p) + 2*(apa - ,3&2)] ,  (2.500)

where
A- 2=‘f: Yo, (2.500)
is the linear gain coeffecient,
p=1+ 4%22, (2.50¢)
% 3222 , (2.50d)
n = _% 1. %25) 9, (2.50¢)
2= m% (1 + %) e, (2.50f)

When there is no driving radiation (2 = 0) Eq. (2.50a) reduces to the master equation
of a two-level laser operating below thereshold. It is also important to note that the
presence of the quadratic terms a2 and @ in the master equation is a signature that the
system under consideration can generate squeezed light.

2.2, Quadrature Variances

The expectation value of any operator A in the Schrodinger picture evolves in time

according to
%(A) —Pr (%A) . (2.51)

Therefore, employing Eq. (2.50a), the cyclic property of the trace operation, and the

identities
PPN J
{CL, f(a’) a'T = a_f{;f, (252(1)
6!, f(a,a"} = “%, (2.52b)
it can be easily verified that
d . A . .
E(a) = %[(p — q){a) + (n — 2)(ah}, (2.53)
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G018 = 00— D@a) + 0~ D@ + (- ) 2], (250

(@) = 5lto = 46 + (1~ 6ta) 7). (2.55)

d

dt
The equations of evolution for (4!} and (a'2) can be obtained by taking the complex
conjugates of Eqs. (2.53) and (2.55).

At steady state the time derivateves in equations (2.53), (2.54) and (2.55) vanish and

we are left with

(P — @){@)ss + (1 — 2)(@")ss = 0, (2.56)
2(p — @){a1a) s + (7 — 2) {81255 + (7* — 2*){(6)ss + 2p = 0, (2.57)
(p — ){@%ss + (n — 2){a1d)ss — 2 = 0, (2.58)

where the subscript ss stands for steady state. Taking the complex conjugates of Egs.

(2.56) and (2.58) we get

(p — ) (@)es + (0" — 2°)(@)ss = 0, (2.59)

(p — )a")ss + (0" — 2" )a0)ss — 2" = 0. (2.60)

Upon simultaneously solving Egs. (2.56) to {2.60), we readily obtain

(8)ss =0, (2.61)
(&T)ss =0, (2-62)

. Plg—p)+2z—2'n
(ata)ss R T (2.63)
(6%)gp = ot 12 (2.64)

(p—q)?—|n— 2%

and

. pnt —qz”
(aiz)ss = ( 7 (2.65)




For €2 = 0, it is not difficult to see that p =1, ¢ = %4 and =2z = 0, so that

A
atay,, = —— - 2.
(G'a)ss I (2.66)

which is the steady state mean phopton number of a two-level laser operating below

thereshold.
The quadrature operators for a single-mode radiation, are defined as
ay =al +a (2.67a)
and
6. = ifal — &) (2.67h)
Based on these definitions the variance of the quadrature operators can be expressed as
Adf =1+ 2((afa) — (@) (a) + (%) + (@) - (@)* - (@)?) . (2.680)

For the system under consideration {a) and (&) vanish at steady state, so that the quadra-

ture variance at steady state reduce to
AT =1+ 2@ &), & [(62) 46 + (@) 4] (2.68b)

Moreover, on account of Eqgs. (2.63), (2.64) and (2.65), it can be easily verified that

A2 = C P2zt 4 n") — gz +2)
* (0 —a)? —In— 2

(2.69)

Again for £ = 0 this will reduce to the steady state quadrature variaces of a two-level
laser operating below thereshold.

Fig. [2.3] shows that the cavity mode is in squeezed state for a wide range of (/%)
and a relatively better squeezing is observed for 10 < (2/v) < 20. It is also important
to note that the degree of squeezing increases with the linear gain coeflicient. To achieve
nearly perfect squeezing one should consider sufficiently large values of the linear gain

coeflicient.
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Fig. [2.3] Plots of the quadrature variance Aa? versus /v for k = 0.8, ¢ = 0 and for

diﬁ'cfent values of the linear gain coefficient.
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2!3 Squeeéing Spectrum
'V!?fe next selek to deter{n'ivne-the squeezing spectrum of .the cavity mode. To this end,
the e;quation of evolution of the expéctation value of 4, which is obtained when Eq. (2.53)
and its complex conjugate are decoupled, is given by

j;(&( ))——(p Q)dt(a( ( )[(p q)° In—ziz] (a(t)) = 0. (2.700)

16




The solution of this equation can be expressed as
(a(t)) = Cye'tt + Cyet-t. (2.70b)

The expression of {af(t)), which can be obtained by substituting Eq. (2.70b) and its time

derivative into Eq. (2.53), is found to be

(a1(t)) = %}? [C’le’“ft - Cge'““"] , (2.70¢)

where

_Alp—q) . Aln—2|

After determining the constants C; and C; from the initial conditions, Eqs. (2.70b) and

(2.70d)

(2.70¢) will take the form
(&(t)) = %(&(to)) [e'“r(t“tﬂ) + 6ﬂﬁ(t—tg)]

1., ln — 2| _ ~
gt {t—to) —(t~to)
+2 (@ (to))ﬂ* goo [e“+ 0) . ght-t=to ] (2.70¢)

and

(&Jr (t» = %(&T(to)) [e}‘+(t—tu) + e#—(f-*ig)]
-I-%(fi(to))lg{é [6#+(t—to) _ e#~(i—fo)] . (2.10/)

Replacing £ by ¢ 4 7 and ¢, by t we get

@+ 1)) = S @) e + e+ SO I E e o) 2y
and

ORI DNV IS DU U L D

(@'t+7)) = 2(0, () [+ +e*-T] + 2{a(t)) — e ef=7]. (2.70R)

17




In view of these results, the time dependent expectation values of the quadrature

operators can be expressed as

(@ (t+ 7)) = S[B0) + @) (7 + &)

1 @) | @ WD | per e
gl -2 [n T zl (57—, (2:71a)

(@ + 7)) = Z1GAH0) — (@) (e + )
— Z| l(a’(t)) . (&T(t)) ] (e.u+'r . e.ﬂ—'r) . (271b)

n—z oz

+4
2

The sqeezing spectrum of the output radiation is expressible as
S w) =1+ 2Re[ (: @544 (2), a5 (t 4+ T) o) ose™ T drT, (2.72a)

where

~ ~

CABY=GABY -G AN BY, (2.72b)

and :: stands for normal ordering. In Eq. (2.72a) one is added to account for the normal
ordering. For a cavity mode coupled to ordinary vacuum reservoir the output variables

are related to the intra cavity variables by [10]
a3 (t) = V(1) (2.73)
With this the two-time correlation function in Eq. (2.72a) takes the form
(g (0), 625+ 1) s = 6 (), B2t +7) sy (2.74)

Moreover, recalling that for the system under consideration the expectation values of both

d. and a_ vanish at steady state, we can rewrite Eq. (2.74) in the form

(a3, a5t + 1) s = K @ (DALt +7) s (2.75)

18




Applying the quantum regression theorem and employing Egs. (2.71a) and (2.71b),

Eq. (2.75) can be written as

(A0, AL+ 7) s = ST en (@) 4 (@)} (217 + )

S [2(81) 000056 + (1) g0 + (82) se™) (€447 - &47) (2.76)
or
(: a3H(E), a3t + T) 1) ss = K[BiettT + Diet-7), (2.77a)
where
AL , G2 .
By = {@a) (1 £ cosg) + “"—2)—3 (e®+1)+ %)ﬁ (e +1) (2.77b)
and
~t ~9
_ st _A8)ss ¢ iy _A8%)ss (i
Dy = (@'&) (1 T cose) 5 (e == 1) 5 (e F 1) , (2.77¢)

are real parameters introduced for convenience. With the aid of Eqgs. (2.63), (2.64), and

(2.65), the expressions for these parameters can be written in a more simplyfied form.

5, = Pla=p) + 22— 2'n+pln| - gl
+

= 1+ cosd), 2.78a
PEPEETEF (2:780)
plg —p) +2'z — 2'n — plyl| + ql#]

Dy = 1 F cosg). 2.78b
. -af = O es?) (2780

On substituting Eq. (2.77a) into Eq. (2.72a), we get

00 . o0 N

Seut(w) = 1 + 2Re f kByel++9)7 47 1 9Re / ) Dy el (2.795)

0 0

Restricted to the values of (€2/«) for which both py and ;i are negative, the integrals

can be easily evaluated to give

5% (w) =1+ 2cByRe (_—1———) + 26DsRe (__———1——) (2.80a)

pyp — W B —w
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or

ti By p-Dy
ph4w?  p 4w?j

S w) =1 - 2k (2.80b)

We recall that n and z are complex numbers of the same phase angle ¢, so that
|7 — 2| = |n| — |#|. Hence the expressions of the real parameters in Eqs. (2.78a) and

(2.78b) reduce to
p— |7

Bj: = —m;—z—l(l + COS¢) (281)
and
_ p+ 7
Dy = i (1 &% cosg). (2.82)

On account of Eqs. (2.81) and (2.82), Eq. (2.80b) takes the form

t4 (p — | 2]) (1 4 cosg) - {(p + |2))(1 F cosg)
WB+up—ag+in—2] G +)p—q—|n— 2]

S w) =142k [ } . (2.83)

Substituting the expressions for u,, ¢_ and choosing w = 0, we readily obtain

out gy — 1 386 [0 —|2])(1 2 cosg) | (p+ [2])(1 F cosg)
STy =1y [ p—a+l—AF  p-g-ln—A? } ' (2.84a)
Moreover, for ¢ = 0, this reduces to
oty 1, B8 p—|7]
S30) = 1+ A p=gtln—7F (2.84b)
and
gout(gy =14 B8 2t (2.84¢)

A fp—g—|n— 2>
As it be can seen from Fig. [2.4], a relatively better squeezing is observed for values of

(£2/«) near zero and small values of the linear gain coefficient. On the other hand, almost

perfect squeezing can be obtained for large values of the linear gain coefficient and (£2/7).
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Fig. [2.4] plots of the squeezing spectrum S*(0) versus 2/ for & = 0.8, ¢ = 0 and

for different values of the linear gain coefficient.

2:4. Photon Statistics

A The variance of the photon number

In this section we will calculate the variance of the photon number at steady state
for tl:le cavity mode under consideration. To this end, we note that for a single-mode

b
radiation the variance of the photon number can be expressed as

An? = A+ (a'%62),, — 72, (2.85a)
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where according to Eq. (2.63) the mean photon number is given by

plg—p) + 22— 2*n

S ey e

(2.850)

In order to use the known results of Egs. (2.64) and (2.65), it is necessary to express
(41?42}, in terms of the steady state expectation values of &2 and @?. To get the desired

expression, we note that for &, ,ds, ds, and 64 are all Gaussian random variables, one can

write

(Q1Golab4) = {G102) (Gstia) + (Grds) (Galis) + (G104){lada). (2.86)
Since the cavity mode operator & is a Gaussian rondom variable,
(@26%) = (1%)45(8%)s, + 2(aTa)%, (2.87)
so that the variance of the photon number takes the form
An? =7+ 72 + (81 55(6%) 5. (2.88)

Now in view of Egs. (2.64), (2.65), and (2.85b), it can be easily verified that

An2 = (= 0° = In— 2"} (g — 2'n) + 2(p"n°n + ¢*2*2)
((p—q)?—n— 2]

(2.89)

This reduces to the variance of the photon number for a two-level laser operating below
thereshold if we set €2 to zero.

From Fig. [2.5](a} we see that the variance of the photon number is greater than the
mean photon number. This confirms that the photon statistics is super-Poissonian. In

addition, in Fig. [2.5](b) we have plotied the uncertainty in the photon number An versus

Q/x.
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Flg [2.5] Plots of (a) 7 (solid) and An? (dot), (b) the uncertainty in the photon

A

number An versus /7, for A = 25 and k = 0.8.
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B. The photon number distribution
Next we seek to determine the photon number distribution of the cavity mode. To

this end, we note that the @ function for a single cavity mode can be expressed as
( L4 _ 1 12 £ [ * * 9 90
Qa,a)—-ﬁ d*z¢(2*, z)explaz” — o7, (2.90a)
where ¢(2*, z} is the antinormally ordered characteristic function defined by
$(7*, 2) = (e %2y, (2.900)
Applying the Baker-Hausdroff identity, this can be expressed in the form
¢(2%, 2) = e exp(zt! — 2*8)). (2.91)

At steady state ¢ is a Gaussian random variable with zero mean, so that in view of

the derivation given in appendix C of reference [10], expression {2.91) can be written as
B, ) = ¢ Fexp E((zaf - 6] (2.92)
It then follows that
(2%, 2) = exp [~ (@) s + 1)2'2 + ((62)502® + (6%)452")/2] . (2.93)
Introducing a real parameter @ and a complex parameter b given by
a = ((a1a)ss + 1) (2.94a)

and !

b= {ai%),, (2.94b)
we can rewrite Eq. (2.93) in the form

&(2%, z) = exp [—az”z + (b2* + b*z*z)/Z] . (2.95)

24




With the aid of this result expression (2.90a) takes the form

. 1 ,
Qo™ o) = = /szexp [—a,z*z —o*z + ozt + (b2 + b*z“?)/Q] : (2.96)

Employing the relation

d?z 1 abe + Ac? 4 Bb?
hlind . ® b * A 2 %2 — ,
Wexp[azz+ z ez + z+Bz] \/mexp[ i AD ],
(2.97a)
the integral can be easily evaluated to give
2 _ w12
Qla*, a) = (_(L:L—Wg)——exp [—ua*a: + (va? + U*a*z)/E] , (2.97b)
where
a
and
b
VS (2.97d)

‘The photon number distribution for a single-mode radiation is expressible as[10]

T 62!1

" nl Bardarn

P(n) [Q(a*, oz)e“*‘"] (2.98)

a*=a=0
With the aid of this expression and Eq. (2.97a), the steady state photon number distri-

bution for the system under consideration can be expressed as

Vul —vty g

P(n) = oy Son g <P [(1 —u)ate+ (va® + v*a*z)/E] ot (2.99)
HExpanding the exponetial function in power series, we have
S22 _ ag® 2n — o)igtigk e
Py =Y U007 s (L= w007 eyisaiggyivasy (2.100)
n! danrdarn s 20+kg) 51k]
Carrying out the differentiation and applying the condition o* = a = 0, we get
Vu? — v 1 —w)torivk (i 4 24)1( + 2k)!
P(n) = v v vz ( .u)i.) §Z+ j).(H_ ) Oir25n0itatn. (2.101)
A n! oF 2RI+ 25 — n)l(E+ 2k — )l T
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Now in view of the property of the Kronecker delta symbole, we see that

i=mn - 2% (2.1020)
and :
i=k, (2.102b)

s0 that the photon number distribution reduces to

(o) = i 3 G ) (2109

oy 2%k {n —2k)
wher@é [n] = n/2 for n is even and [n] = (n — 1)/2 for n is odd.
- This distribution function has the same form as the probability of observing n siginal

photéns ina degenerate parametric oscillator, This shows that under specific conditions,

a coherently duven degenelate three—level lasel acts as a palametrlc oscillator.

o — oy

Fig. [2.6] Plots of P(n) versus n, for A =25, x = 0.8 /7y = 20 and Q/ = 25.
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In Fig. {2.6] we have ploted the photon number distribution versus the photon number
for two values of ©2/y. Both graphs show that the distribution function decreascs with

increasing photon number.
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3. COHERENTLY DRIVEN NONDEGENERATE THREE-LEVEL
LASER

In the previous chapter we have considered a three-level laser in which the transition
frequencies wgy, and wy, are the same. In the case the transition from the top to the bottom
level via the intermediate level leads to the generation of two identical photons. In this
chapter we consider the case in which these transition frequencies are not equal, so that
two different photons will be generated as the atom decays from the top to the bottom
level via the intermediate level. Here we consider the case in which the top and the
bottom levels are coupled by a strong external radiation, which was also the case in the
previous chapter. We call such quantum optical system coherently driven nondegenerate
three-leve] laser.

Following a similar procedure as in the degenerate case, we will determine the quadra-
ture variance, the squeezing spectrum, the variance of the photon number, and the photon
number distribution for the two cavity modes.

3.1. The master Equation

We now consider a three-level atom in a cascade configuration (see Fig. [2.1]) with
Wap 7 Wee- Again treating the driving radiation classically, the interaction Hamiltonian be-
tween a single atom and the radiation is given by Eq. (2.4a). The interaction Hamiltonian

of the atom and the two cavity modes, is expressed as
1" = ig(a'(b){al - ala)(b] + §T|e) (o] — BlBY{e]), (3.1)

where @ is the annihilation operator for the cavity mode with frequency we and b is the
annthilation operators for the cavity mode with frequency wy,, g is the coupling constant
between the atom and cavity modes, assumed to be the same for the two modes.
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The total interaction Hamiltonian is then
. ) . . Q. i
H = ig(al|b){a] — ala)}(d] + b |c)(b] — blb){c|) — i (e “|a){c| ~ e”|c)(al). (3.2)

Following a similar procedure as in the degenerate case, the equation of evolution for the
reduced density operator is found to be

% = —iTralH, par(t)] + g(zap“a* — atap — pata + 2bpbt — btbp — pbth), (3.3)

where £ is the cavity damping constant, assumed to be the same for the two modes.

In view of Eq. (3.2), the commutator [H, j4z(t)] can be expressed as
[, par) = igla|p){alpar — alay(blpar + 81} blpar — b} {clpar

—par(®)[b){ala’ + parla)(bla — parlc) (bl + panlb){cld)

*%[ﬁﬁiﬂa) (clpoar — €®|c)alpar — e Pparla)(c| + ¢ parlc) (al], (3.4)

so that
TralH, par(®)] = 19061 pes — par’ — Ghba + Prati + b o — prcd’ — bpes + b,  (3.50)
where

pag = {a|parlB), (3.50)

with «, 8 = a,b,c. On substuting Eq. (3.5a) into Eq. (3.3}, we readily obtain

~

d_? = 19[4} pap — Pubd! — 8pra + Pratt + b poc — Prcbt — bies + pesb]
+~g[2aﬁa1 —atap — pata + 2bpbt — Btbp - pbtE). (3.6)
On the other hand, employing Eq. (2.29), with H given by Eq. (3.2), it can be easily

verified that

dp . o . o o sy a
Z:B = 7‘:;,05&35&5 + Q[G'fpaﬂ Oab — apbﬁéaa - pabatéﬂﬁ + paaafsbﬁ + btpbﬁéac ~ bicplas
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- . , _isa i it~ i - R
—pacbié‘bﬁ -+ Pobb6cﬂ] - 5[3 1¢Pcﬁ5aa — € ¢paﬂ6czc - e :¢paa(5cﬁ + emspacéaﬂ] — YPag- (37)

With the the aid of this we get

dp, . o o Q.. i .
d—;a = Tofp — glappa + Pabat] - 5[6@.’)@ +e z¢Pca] — YPaa>

d b A T 5
—7 = 98 B + Pradt ~ by~ pucb'] — v,

dp Ll P ¢ SR i R
df‘;:c = g[atpbc + Pesbl + §[et¢Pac +e I¢Pca] — YPees

dﬁﬂb A A P -~ 3 Q —id A ~
di = g[_a’pbb F Paal — pacbi] - 56 ¢pcb — YPab

U S
dt = g[_a’pbc + pabb] - _2_[}9::(: - paa]e L= YPac:

dﬁbc st oo oA ~ 3 Q i ~
dt = 'g[afpac - bpcc - Pbbb] + 53 ‘qﬁpba — Y Pbe-

(3.8)

(3.9)
(3.10)
(3.11)
(3.12)

(3.13)

In the linear and adiabatic approximations these mairix elements of the density oper-

ator take the form

R Taﬁ 02
Paa = NZAAY (1 + _2") !

P =0,
\ Taf (92)
pCCH ,Y(l_l_{:_z) 272 3
vy ()
pﬂc ,\,((1+$—’}23) 27 ]

and

where S is still given by Eq. (2.49).
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(3.14)
(3.15)

(3.16)

(3.17)

(3.18)

(3.19)




On substituting Egs. (3.18), (3.19), and their copmlex conjugates into Eq. (3.6), we

get
{ A S A apn
c(zt i(t) = o [ (2atpi — paat — aalp ﬁ“(%ﬁ&“ —alap — pata) + q(2bpdt — bihp — ﬁb’fb)}
A bt tpt it _ stii x(fan AT s wffan  ant
+2ﬂ[( pbt — patdt) + z(atpbt — ath p) + 07 (bpa — abp) + z*(bpa — ab)], (3.20)

where A, p, ¢, 7 and z are defined by Eqgs. (2.50b)-{2.50f)

As the quadratic terms @12 and G2 in Eq. (2.50a) show the possiblity of the generating
squeezed light by a coherently driven degenerate three-level laser, the mixed terms &b and
atbt in Bq. (3.20), indicate the possiblity of the generating squeezed light by a coherently

driven nondegenerate three-level laser,

3.2. Quadrature Variances

With the aid of Eq. (3.20) and the relation %(A) = Tr(gffl), it can be verified that

@ =55 [o= G o). (321)

G0 = =2 [alh + a0, (5.22)

Ly -4 [(p - e ain). (3.29)

<b2 -3 2 a5 + m(a'h)] (3:24)

< (aa) = % [2@ - B0t (@) 4 )+ 2. (2:25)
2 (i) = ﬁ% [24(616) + 2(aib') -+ 27 (ab)) (2.26)
Ltah = g5 |- 0~ Eyaby + 0 - it -, (.27
@0 = 7 |- - E90@h) - (e 4007 (2.29)
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The equations of evolution for (af}, (b1), (af2), (12, (a%h'), and (&bt} can be obtained by
taking the complex conjugates of Egs. (3.21), (3.22), (3.23), (3.24), (3.27), and (3.28).
At steady state the time derivatives of all the above operators vanish and the steady

state expectation values are found to be

(@)ss =0, (3.29)
(B)ss = 0, (3.30)
(@5 = 0, (3.31)
(B, =0, (3.32)
(alh) s = 0, (3.33)
2 —qz &8
(@) ss 4 (3.34)

C(p—a-)alp - BE) — )’
lp o) _ g Bk
(1Y, = (» tgi py(p &q “‘1»
(p—q- A)[Q(p_* A)_Wz]
ayn z“z"—aAE

f =
(50 (r—a-L)alp - L&) —nz*]

At this point it is important to note that for {2 = 0, (3#5)83 = 0. This is an expected

(3.35)

(3.36)

result since there is equal probability for the atoms to make a transition from |b) to |c)
and from |c) to |b). However, if we consider the |a) to [b) and |b) to |a) transitions, we
note that the atoms are initially prepared to be in the upper level, so that we expect
more transitions from |a) to |b) than from [b) to |a). Therefore, there is a net gain in the
number of photons of mode @. It is also important to note that (&'é)ss reduces to the
steady state photon number for a two-level laser operating below thereshold, for 2 =0.
Once we have obtained the steady state solutions, we now proceed to calculate the

quadrature variances of the cavity modes under consideration. Considering a two-mode

32




radiation, the quadrature operators are defined as

&y = ——ﬁ[a’f—l—aﬂ«bf-{-b], (3.37a)
= %[al‘ ) (3.37b)

~ With the aid of these definitions and recalling that for the system under consideration

(G} s, (3) sss (6% s (52) ss and (&Tg)ss vanish, the quadrature variances are found to be
AL =1+ (618 sy + (B1B)ss 2 [(8B) s + (6151)4,). (3.38)

In vie\v of Egs. (3.34) to {3.36) and the complex conjugate of Eq. (3.34), expression

(3.38) takes the form

| nct = Bl +2) ~ alp— 9= B) F o(s* +2)
| o (p = -Plalo— %) — n2")

. (3.39)

0451

04}

.-0.35 K. -

| 005

9.4 2.4 34 44 5.4 6.4 7.4 84 94 104
'Fig. [3.1] Plot of the quadrature variance Ac? versus 2/#.for £ = 0.8, ¢ = 0 and for

different values of the linear gain coefficient.
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As it can be seen from Fig. {3.1], the two-mode light generated by a coherently driven

nondegenerate three-level laser is in squeezed state for wide range of /7, with a rela-

tively better squeezing is observed in the vicinity of Q/y = 2. It is also important to note

that the degree of squeezing increases with increasing linear gain coefficient and perfect

squeezing can be achieved if sufficiently large values of the linear gain coefficient are used.

3.3. Squeezing Spectrum

Combining Eq. (3.21) and the complex conjugate of Eq. (3.22), the equation of

evolution for (&) is found to be

5@ =35 [0-0- LD 5@ + (a0 £ - ) @]

The solution of this equation can be expressed as
(a(t)) = Chet+* + Chet-,

where

pot = % [qu—%i\/(ﬁq— %)Q—W*J
and ), Cy are constants to be determined from initial conditions.
Differentiating Eq. (3.41a) with respect to time, we get
d,, y _t
EE(@ = p Cref+ + p_Coel-*.
On substuting Eqgs. (3.41a) and (3.42) into Eq. (3.21), we readily obtain

(b1(t)) = mCref+t 4+ nChe-t,

with

"”:51,“?[“(P+q—%)+\/(p+q—%§)2—nz*‘,
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(3.41a)

(3.415)

(3.42)

(3.43a)

(3.43b)




n:%[H(p+q—%)—\/(pw“%)z—nf}a (3.43¢)

are complex constants introduced for convenience.

Interms of the values of () and (b1} at the initial time, the constants C; and C, are

found to be

G = (=nd@(to)) + (B (to)))e +* (3.44a)

)
and

Cr = ——(m{a(to)) — (B! (ta)))e™. (3.445)

With the aid of these we can rewrite Eqs. (3.41a) and (3.43a) in the form
(a(t)) = fn(—n(&(tg)) + (Bf(to)))eﬂ+(t—to)

b (i) — {B1(10))Je (3.45)

and

(B = %(—n(&(t[})) + (bt (tg)))er+t0)

- (m(at)) — (B (o)) (3.40)

The expressions for (@!(2)) and (b(¢)) can be determined by taking the complex con-

jugates of the expressions for (a(t)) and (bt(¢)), respectively, i.e,

(@1(t) = ———(=n"(@'(t0)) + (b(ta))) e+
T (@) — (blto))e ) (3.47)
and
b)) = m’”i —(-n*(a! () + (B(to)))er+Et0)
(o (a1 (t0) — (blto)))e (3.48
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In view of Eq. (3.37) and Eqgs. (3.45)-(3.48), the expectation values of the quadrature

operators for the two cavity modes are found to be

(64(8)) = 75 [ (0 (t0) = o)) + - (b)) — @l 1)
s 0 [ (i) () + *<a*(to)>w<5<to)>)] (3.490)
and

*

(6-0) = e [T nfalte)) - (t0)) — 2o (070! ) — (o)

— nF

1

i
g (t—to) [
V2

Replacing to by ¢ and ¢ by (¢+-7), we can rewrite Eqs. (3.49a) and (3.49b) in the form

(4 ta)) = mato))) — - (blte)) — (@ 1)) (3490

m-—n

(@1t +7)) = e [ 0) — o) + T (bee) ~ (el ()]
4t [T (m(ae) - G0N + e 0) - G| (3500)
and
R ot L[1=—m, . &t 1—m?* ; R
(E-(147)) = oo™ [~ nGale) - (B1D)) - s e — (0]
420 [ (0) - mGa) - S () - m @ O)] . B0
The sqeezing spectrum of the two cavity modes is expressible as
S94(w) = 2Re / (54(8), B4t + 7)) s dr. (3.51)

On account of Eqs. (2.72b), (2.73), (3.29), (3.30), and applying the fundamental commu-
tation relation {&(t), at(#')] = [b(t), bt(t')] = 8(t — ¢'), the two-time correlation function in

Eq. (3.51), takes the form

(D), CE E+ T))ss = 6(T) 4+ Kk{: E(0)EL(E + T) ss- (3.52)
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In view of Eq. (3.52), the squeezing spectrum can be put in the form
S%t(w) = 1 + 26Re / (es(t), eu(t + 1) )osedr. (3.53)
0

Now applying the quantum regression theorem to Eq. (3.50) and taking into consid-

eration Eqgs. (3.31), (3.32), (3.33), we get

1+ m) [_n(atﬁ)ss + (&fi)f)ss + ((BTB)SS _ n<&B)ss)]

CEx()es(t+7) ) = %e"’” (m —-n

1 14+ m* . L i
Set7 —n*{ala i Y. — n*(aldt
+26 + (m* o n*) [ n ((1. a)ss + ((lb)ss * ((b b)ss T (a b )ss)]
1, . (1ltn s - . -
+§e"- (m — n) [m(aTa)ss — (aTb’r)ss + (m{ab)es — (b’rb)ss)]
1 147" . ) »
57 *(ata),, — (@ atbh. (Bt
e (m* ~ n*) [m (@'a)ss — (@D)ss & (m*(aT0")ss — (b b)ss)] , (3.54)

With this result substituted into Eq. (3.53), we get

S w) = 14 2kRe /{; 7 Buelt ol gr 4 9xRe [0 - Dyelt=+417 g (3.55)
where
By = 2(1—;% [-n(@ta)ss + (@18 55 & ((B16) s - n(2D)s)]
%{)‘ [ (@) s + (@) s & ((B1B)ss ~ n*(a1B1)s)] (3.56a)
and
Dy = % [m(@ta)os — (@810 £ (m(ab)ss — (B15).0)]
2(%&%” [ 1) — (@) & (@181} — (B18).)] . (3.56b)

For those values of 2/« for which both p2, and p_ are negative, the integrals in Eq.

(3.55) can be easily evaluated to give

B D
S3w) =1+ 2xRe [ oy = ] (3.57a)
—Hy — W — i — W
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or

ou Bypy D:Hu‘—
S0 w) =1 - 2k ﬂ3_+w2+;ﬁ_+w2 : (3.57b)

We note that for w = 0, expression {3.57b) reduces to

S8 (w) =1~ [Bape— + Dipey]. (3.57c)

o

With the aid of Eq. (3.56), we can write

1 At a
2[Bap + Dapiy] = - — [(ata)ss [ym — pon £ ma(uy — p)l]

| OB)ss (pm — g (e~ e )]+ (@)oo bmn g — pro) = (i — )]

_|_

~17 1 ata * * ¥
o (@l = s 2 (o = )|+ — o (@) fam” — o '

e (BB [ 0 = pgn® 4 (i~ )]+ (@) e — o £ (u® — gy )]

mhwkm* m*n* (g~ p) & (pm* — un"))]. (3.58)

Applying Bq. (3.41b), (3.43b), and (3.43c), one can easily verify that

= %\/(p +q— %ﬁ)? — 4z, (3.59)
A ,BIG 2 *
#+—ﬂ—=§ﬁ\/(ﬁ+Q*I) — dz*, (3.60)
2

Pafh == o [Q(P - Hﬁf) - 4z*n} ; (3.61)
MLy — N = ——A—q\/(p +q- @)2 - 4z*n, (3.62a)

- @) _Bry,
Ny — Mfi = (p+aq——) =4z, (3.620)
mem=£M@m~§L%w (3.63)

On substituting E¢s. (3.59), (3.60), (3.62), (3.63) and their complex conjugates into

Eq. (3.58), we obtain
_ At . D _br .
2[Bipt + Dijry]) = 35 (@'@)os[—2q £ (2" + )] + (B10)s[2(p — =) F (0 +77)]

38

— )]




+% (@bYss(2* — %) + (alb) (2 ~ 1) £ ((ab)ss + (albh),s) (p — % - q)] . (3.64a)

Moreover, on account of Egs. (3.34), (3.35), (3.36) and the complex conjugate of Eq.
(3.34), this reduces to

) i Eﬁﬁz*z " 2q(pq _ z*n) + (z + z*) [z*n - Q'(p + %)] (3 645)
28 latp — %) - 2+n] o

2{Bip- + Dy

Finally, combination of Egs. (3.61), (3.64b), and Eq. (3.57¢) gives

- gout 4Bk G2 2 + alpg = 2'm) & Lz + 2°) [0 — alp + )]
j' 4 la(p — ) — 2*n)

1

0 3 8 9 12 16 18 .21 24 27
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Fl% [3.2] Plots of the squeezing spectrum S°4(0) versus 0 /7y for & = 0.8,

A=25, (b) A=150and (c) A=100. |
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On account of Egs. (3.31), (3.32), (3.67a), and (3.67b) it can be easily verified that

Br (g~ p)(pg — n2) + %pa [#n - qlp - & — g)]

An? = (3.69a)
LA (p=q- &) [alp - &) - nz]’ ’

and .
NS [(0—¢= %) (alp— &) —n2*) + 2277 (3.600

A e ) - By

From figure (3.3] we observe that for the indicated range of /v the variance of the
- photon number is greater than the mean photon number for both cavity modes, This

clearly shows that the photon statistics is super-Poissonian.

10—
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(b

20 20 100

Fig. [3.3] plots of (a) the mean photon number 7; (solid) and An? (dot), (b) the mean

photon number 7, (solid) and An2 (dot), versus Q/v for A = 25 and & = 0.8,

B. Photon number distribution
5 N‘iow we proceed to calculate the steady state photon number distribution of the two
cavit;r- modes. To this end, we note that for a two-mode radiation, the antinormally
ordered characteristic function is defined ‘as

() = (e e e bentl ), (3.70)

Applying the Baker-Hausdroff identity, this can be written in the form

. 1 ﬁ . . ,

$(zm) = exp |5 (% + 1) Gexplaat = 20+ ot — '), (3.71)
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As we have mentioned in section A, both & and, b are at steady state Gaussian random

variables. Therefore, the characteristic function can be written in the more appealing form

as [10]
1 * # 1 ~t TP it 712
&é(z,1m) = exp [—Q(z zZ+1 n)] exp {5((za —2°a -+ nb' — 'b) )35] (3.72a)
or
1 * * 1 2212 222 2712 %272 E PSP
d{z, 1) = exp [—i(z z+n n)] exp [5(2 ' — 27at + b — b — 227 zd a)ss]
1 e . . . .
xexp [5(—277*775*5 — 2t — iy 22 ab - 2zmalhl — 2zl — zz*nabf)ss} . (3.720)

Taking into account Egs. (3.31), (3.33), and (3.34), expression (3.72b) can be expressed

as

¢{z,m) = exp [u((&T&)ss 4 1)2%2 — ((010) 5 + 1)™n + (atb1) s + (dﬁ)ssz*n*] (3.73)

or
Pz, 1) = exp[—az*z — by*n + can + ¢ 2], (3.74)
where
a = (a'a),, + 1, (3.75q)
b= (b1B)s + 1, (3.75b)
and
¢ = (@b, (3.75¢)

With the aid of Eq. (3.74), the steady state @ function for the two-mode radiation

can be written as

1 & %
a,B) = = | dzd®nexp(—az’z — bp*n + con + c*2*p)
H 71_4
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xexp [z*a — za* + 7' 8 — nB*]. (3.76)
Inorder to carry out the integrations, we may put this in the form
1 rd* . .
A, f) = — f ——exp(=bn"n +7 —np")
d2z * % &\ %
xfTexp[~azz—l—(cn»a)z—{-(a—i—c'q)z]. (3.77)

Employing Eq. (2.97a) with A = B = 0, the integration over z can be evaluated to give

Q) = rowp (_(::a) /@'e"p -0 %E)n*n (g (p- 7]

am?

T
(3.78)
Similarly, carrying out the integration over 7 we get
Qe B) = —1—exp __® ata— —° B*8+ ¢ off + ¢ o
’ w?(ab — c*c) ab — c*c ab —c*e ab - c*c ab — ¢*¢ '
(3.79)
This can be rewritten as
ur — vty . . s =8
Qe, ) = g exD [—uata — r8* B + vaB + v et 57, (3.80)
in which
b
a
= e 81
r ab — ctc’ (38 )
and
c
= . 3.81
T - e (3.81¢)

For a two-mode radiation the photon number distribution P(n, m), which is the joint
probability to observe n photons of one type and m photons of the other type, can be

expressed in terms of the ¢ function as [10]

71.2 3‘2n a2m
nlm! da*n 0t O™ o™

P(n,m) = Qe Bl o] (3.82)

a=g*=fF=3*=0 ’
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Hence on account of Eq. (3.80), the steady state photon number distribution for coher-

ently driven nondegenerate three-level laser is given by

ur — vy g gem . .
nlml Batrfan Bﬁ*maﬁm exXp [( )G: o+ (1 -7 )ﬁ 6]

P(n,m) =

xexp [vaf + v*a® 5] |azar=p=p+=0. (3.83)

Expanding the exponential functions in power series, this can be written as

=ty o (L w (L=t o
P(TL, m) = UZL:I Z'j'kll' da*rfan [Oé o« }

6*m8ﬁm [ﬁ(HL}ﬁx(JH)][ PP (3.84)

On carrying out the defferentiation and applying the conditions o = o* = § = f§* =

we get

ur — vty Z (1= w1 — 7)Yk G+ E)NE+ DY+ k) (G + D!

Pln,m) = atmt SR R — )@+ L)l G+ k- m)li(§ + 1 — m)!

X Oi b nOitt,n 05 +k,mOjrtm- (3.85)

From the property of the Kronecker delta symbole, we have

i=n—k, (3.860)
j=m—k, (3.86b)

and
=k, (3.86¢)

so that the photon number distribution takes the form

Min{m,n) (1 _ ‘U,)n_k(l _ 1‘)m_k(’U*’U)k
,;, K2(n— k) (m—k)!

P(n,m) = nlml(ur — v*v) (3.87)
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Introducing the notation
p = Min(m,n), (3.88)

Eq. (3.87) can be rewritten as

_ B ) A ¢ Sk M )
P(n,m) = nlm!(ur — v*v) g R = W) — )

(3.89)

This distribution function has the same form as the distribution function for siginal-
idler modes produced by a nondegenerate parametric oscillator.
Fig. [3.4] is a plot of P(n, n) versus n for two different values of /. As it can be

clearly seen from this graph the distribution function decreases with incx‘eaéing photon

number.

Fig. {3.4] Plots of P(n, n) versus n for A =25, k= 0.8, Q/y = 36 and Q/y = 40
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