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Abstract

Ballot problem was introduced in the late nineteen century to determine the
probability of counting of votes when there are two candidates A and B such
that A receives a votes, and B receives b votes with a > b. This project fo-
cuses on the proof of Generalized Catalan numbers by using Ballot Theorem.
We have introduced basic concepts and definitions in the first part. And in
the second part, ballot problem is proved with three approaches such as proof
by counting bad path, proof by induction and proof by cycle lemma. Then
we used ballot theorem for the proof of generalized Catalan numbers formula.



Introduction

Catalan Numbers are a sequence of numbers that arise in various problems.
These numbers were first discovered by Leonhard Euler in the 18th century
while he was trying to see how many ways a polygon with n + 2 sides can
be divided into n triangles without any of the lines intersecting. However,
according to a 1988 article by Chinese mathematician J. J. Luo, Chinese
mathematician Antu Ming discovered them about 1730 through his geomet-
ric models. Mings work was published in Chinese, so it was not known in
the West. Belgian mathematician Eugene Charles Catalan also discovered
Catalan numbers in 1838, while studying well-formed sequences of parenthe-
ses. Even though Catalan numbers were discovered long time ago, they were
named after Eugene Charles Catalan. Kreher and Stinson (1956) define the
Catalan numbers in term of totally balanced sequence.

Catalan numbers, which appear in many counting problem such as mono-
tonic paths, dividing polygons, and non crossing partitions, form a sequence
of natural numbers. The terms of the sequence can be calculated by the for-

mula: C, = nLH(i’;). It grows rapidly: C, =1,1,2,5,14,42,132, 429, 1430, ...

forn=20,1,2,3,4,5,7,8, ....

Ballot problem was introduced in the late nineteen century to determine
the probability of counting of votes when there are two candidates A and
B such that candidate A receives a votes and candidate B receives b votes,
where a > kb for some positive integer k. In how many ways can the bal-
lots be ordered so that A maintains more than k£ times as many votes as B
throughout the counting of the ballots? In 1887 Joseph Bertrand introduced
the ballot problem for £ = 1, and gave a proof by induction. In the same
year Emile Barbier stated a solution to the ballot problem for arbitrary &
but with out proof. Still in the same year Désiré André produced a short
combinatorial proof of the ballot problem for £ = 1. In 1923, Aeppli gave the
first proof of the ballot problem for £ > 1.

This paper is organized into two chapters. The first chapter deals with
preliminary concepts and definitions about lattice paths, generalized Catalan
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numbers and ballot theorem. The second chapter focuses on the proof of

ballot problem and generalized Catalan numbers C, ) = ,mlﬂ (]m;r") Ballot

problem is proved with three approaches such as proof by counting bad path,
proof by induction and proof by cycle lemma. Then the ballot theorem is

used to prove the formula of generalized Catalan numbers —kn1+1 (’m;“”)




Chapter 1

Preliminary

1.1 Definition and Preliminary Concepts

This chapter discuss basic definitions and concepts on lattice paths, general-
ized Catalan numbers and Ballot theorem.

1.1.1 Catalan Numbers

They are a sequence of numbers that arise in various problems. The terms
of the sequence can be calculated by the formula:

C’nzi(%)

n+l\n

Notice how the terms of the sequence generated grow rapidly:
C,=1,1,2,5,14,42,132,429, 1430, ... There are other different variations of
the formula but these are all equivalent, including:

€= ()= ()

Proposition 1.1. Catalan numbers are natural numbers.

Proof. We shall now see that the Catalan numbers are natural numbers.

We shall do this by proving the previous formula: (2;‘) — (n2f1)



For n = 0 we can check using the above formula (2(0)) — (2(0))

)00

=1-0=1=0Cj
Now assume n > 1 :
o - 1 (2n\  (2n)
"Tn+1\n)  (n+1)n
1
— (o)
)
(n+1)—n
= (2n)l———
)
n+1 n
— | —
) D ~ s il
_ (2n)! 1 1 (2n)! (2n!)

(2 '>n!n!<2(n+>1)!(n D!'nln! (n+1)(n—1)!
“\n) \n+1

since (2:) and (n%fl) are elements of natural numbers also (2:) > (n +1>’ since

(217”) — (anl) = n%l(%:‘) is positive number. We can conclude that as C), is the

difference of two integers, C),, = (2:) — (n%fl) an element of natural number.
Expressing C), as the difference of two binomial coefficients, we have thus

proved that it is in fact a natural number.

The Catalan numbers appear within combinatorial problems in mathematics.
A few of the main problems are;

A Catalan numbers in Pascals triangle
A The Grid problem
Catalan numbers in Pascal’s triangle

Pascal’s triangle is the binomial coefficients (:;L), where 0 < m < n; can be
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arranged in the form a triangular array, show in the figure below

The Catalan series can be found in Pascal’s triangle: Looking at the numbers
in the central column and the adjacent column, we notice that the difference
of these numbers produces the Catalan sequence.

Co=(3) = (1)

21 1
1 1
6—4 1
1 3 3 1

20 — 15 1 4 6] 1
1 5 10 10 5 1

70 — 56 1 6 15 6
1 7 21 35 35 21 7

1 8 28 56 28
1 9 36 84 126 126 84 36

Catalan numbers in Grids problem

This problem looks at the number of ways to cross an n by n grid, in the
shortest way, starting in the bottom left corner and going to the top right,
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without crossing the diagonal line.

Finish

Start

Figure 1.1 must make only below the diagonal

A typical path:

Figure 1.2

Example 1.1. On a 3-by-3 integer grid, find the number of different possible
integral walk allowing only 3 rightward moves and 3 upward mowves the origin
(0,0) to the destination (3,3) which do not cross the diagonal y = x. The
number of paths not cross the diagonal are 5.



...........

...........

............

Figure 1.2: The solution is 5

These possible integral walks are called lattice path.

Definition 1.1.1. A lattice path is a path in the plane consisting of unit up-
steps and right-steps, whose ends are points with integer coordinates.

Lattice paths from (0,0) to (n,n) which never go above the diagonal line
y = x are good paths and lattice paths which cross the diagonal and/or above
the diagonal are called bad paths.

Equivalently, we define lattice paths in the plane consisting of unit up
steps and down steps such that no step ends on or below the x - axis. Paths
that remain above the x-axis (after the origin) are good paths, while those
with steps that end on or below the x-axis are bad. A down step that starts
above the x-axis and ends on or below the x-axis is called a bad path.

Definition 1.1.2. The Reflection Principle is that the set of paths from (0, 0)
to (n,m) that cross the diagonal (y = x) somewhere is in one-to-one corre-
spondence with the set of all paths from (—1,1) to (n,n).

Theorem 1.1. Let n be a non negative integer. Then the number of lattice
paths from (0,0) to (n,n) which never go above the diagonal line y = x is the

Catalan number C,, = %H(Q:)

Proof by Reflection Principle.

We want to count the number of good paths (not crossing and above the
diagonal y = z) from O(0,0) to N(n,n). This is equivalent to counting the
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total number of paths from O(0,0) to N(n,n) minus the total number of
bad paths. The total of n + n moves, consisting of n moves up and n moves
”+”) ways to choose which of the

to the right in any order and there are ( .
n moves are up (or equivalently, (”+n) ways to choose which n of them are

to the right). So the total number of paths from O(0,0) to N(n,n) is (*").
Let’s consider a bad path which crosses the main diagonal ¥y = x and first
intersects the line y = x + 1 at the point (). We then reflect the sub-path OQ
(denoted by P;) about the line y = x + 1 to get a new path O’ N, comprising
of the new reflected sub-path P; and the sub-path QN (denoted by P,). By
reflection principle definition each bad path has a one-to-one correspondence
with the new path P{P;. Since each new path starts from O’(—1,1) and ends

at N(n,n), the number of bad paths is ("77&7{“).

'
'
O'(-Li)

Figure 1.3:



Hence, the number of good paths are

(-5 = 6)-()

_(2n)! (2n)!

T oaln!l (n+Dl(n—1)!
2n! 1 1

B n!(n—l)!(ﬁ_nntl)

B (2n)! 1

B n!(n—l)!(n(nJrl))

e

~ (n+1)nin!

() e

Let P, be the number of paths from (0,0) to (kn,n) for k > 0 and n > 0,

then P, = knl—l-l ((]Hnl) )

P, . can be found by counting good lattice paths.

Example 1.2. The number of lattice paths from (0,0) to (2n,n) which never

go above the diagonal line y = %x

Forn=1

(0,0)

Figure 1.4: Number of good path is one, 1 = %(i’)
For n =2



)

Figure 1.5: Number of good paths are three, 3 = %(

Forn =3

number of good paths are 12, 12
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From the above example, the number of lattice paths from (0,0) to (2n,n)

which never go above the diagonal line y = %x generates a sequence of num-
1 (3

bers 1,3,12,55, ..., 525 ().

Similarly, for a fixed positive integer k, the number of lattice paths from

(0,0) to (kn,n) which never go above the diagonal line y = 1z generates a

sequence of numbers:

k=1:1,1,2,514,..,-=(*"

"’n_—l—l n

k=2:1,1,3,12,55 .., 225 (°")

k=3:1,1,4,22,140, .., 15 (") where, n =0,1,2,3, ...
Thus, Py = i (7).
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Chapter 2

Generalized Catalan Numbers

In this chapter, we intend to prove the formula of generalized Catalan num-
bers. Before we proceed directly to the proof of generalized Catalan numbers,
it is important to prove ballot theorem.

2.1 Generalized Catalan Numbers

Proposition 2.1. Every generalized Catalan number Cy, 1y is an integer.

Proof.
kn+n kn +n (kn +n)! (kn +n)!
( n )_(n—1>_ nl(kn)!  (n—1)(kn+1)!
_ (kn +n)! n(kn +n)!
nl(kn)!  n(n — Dl(kn + 1)(kn)!
_ (kn +n)! n(kn +n)
nl(kn)!  nl(kn+ 1)(kn)!
(kn 4+ n)! n
-~ nl(kn)! (1- kn + 1)
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(kn+n)lkn+1—n
= 2.1
nl(kn)!  kn+1 (2.1)

_ kni 1 (l““””) (k= D)n+1]

n

Because the LHS is an integer, it follows that the RHS is also an integer.
But ged(kn + 1,(k — 1)n+ 1) = 1 (from prime factorization, the proof is in
appendix) which implies kn 4+ 1 and (k — 1)n + 1 are relatively prime.
It follows that ﬁﬂ (k”;”) is an integer since RHS is an integer and ged(kn +
L(k—1n+1)=1
Hence, C, 1) is an integer for every n, k > 0.

[

Definition 2.1.1. A sequence P\ P»...P; of A’s and B’s is called good sequence
if for every position i, 1 < i < j the number of A’s in P\ P;...P; is more than
k times the number of B’s.

Definition 2.1.2. The Pigeonhole Principle version: If k+1 or more pigeons
are distributed among k pigeonholes, then at least one pigeonhole contains two
OT Mmore pPiLgeons.

Example 2.1. In any group of n people there are at least two persons having
the same number friends. (It is assumed that if a person x is a friend of y
then y is also a friend of x.)

Proof. The number of friends of a person x is an integer k£ with 0 < k < n—1.
If there is a person y whose number of friends is n — 1, then everyone is a
friend of y, that is, no one has 0 friend. This means that 0 and n — 1 can
not be simultaneously the numbers of friends of some people in the group.
The pigeonhole principle tells us that there are at least two people having
the same number of friends.

]
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2.2 The Ballot Problem.

Suppose that an election, candidate A receives a votes and candidate B re-
ceives b votes, where a > kb for some positive integer k. Then the number
of ways the ballots can be ordered so that A maintains more than £ times as
many votes throughout the counting of the ballot is ‘Z’—f;’ (a;rb)

Note: a permutation of the ballots good if A maintains more than k times

as many votes throughout the counting of the ballot, and bad otherwise.

Example 2.2. Suppose the ballots are candidate A gets 5 votes and candidate
B gets 3 votes. Then we wish to count ballot permutations such as

AABABAAB

but not

AABABBAA.

2.2.1  Proof by Counting the Bad Ballot Permutations

1. André Method

André was the first to solve the ballot problem by subtracting the number of
bad ballot permutations from the number of all ballot permutations for the
case k = 1. André interchanges two portions of a ballot permutation in his
proof.

First, André observes that every ballot permutation starting with a B must
be bad. The number of bad permutations starting with B equals the number
of all permutations which one can form with a letters A and b — 1 letters B,
because it is enough to suppress the initial letter B to obtain the remaining
letters. And there are (‘Hffl).

Next, André counts the number of bad ballot permutations starting with A.
Claim: number of bad permutations starting with A = number of all permu-
tations with a A’sand b —1 B’s .
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Proof. (—) Consider a bad ballot permutation starting with A. Reading
from left to right, find the first B that causes the number of A’s to equal the
number of B’s. Remove that B, causing the permutation to split into two
parts. Interchange the parts and join them together to create a permutation
with ¢ A’sand b — 1 B’s.

(«—) Consider any ballot permutation with a A’s and b — 1 B’s. Reading
from right to left, find the first A that causes the tail of the permutation
(starting with that A) to contain one more A than B; this must occur since
a > b—1. Take off the tail of the permutation, put it in front, and insert a B
between the two parts. This creates a bad ballot permutation starting with
A. ]

Therefore, number of bad permutation starting with A is equal to number
of all permutations with @ A’s and b — 1 B’s. Hence (a+2_1) start with A.
Then bad permutations start with A and start with B are 2(“+2_1).
Thus, the number of good ballot permutations are

(a+b> _2(a+b— 1) ~(a+d)! 2(@+b-1)
a a alb! al(b—1)!
_ (a+0)!  2b(a+Db)
T albl albl(a+Db)
(a+0b)! 2b
TR
(a+b)la+b—2b
alb! a+b

_a—b a+b
a+b a

Example:
(—) Given a bad permutation starting with A;

AABBABAA
then, find the first bad B

15



AABBJIABAA
remove it,
AAB ABAA,
exchange the two parts:
ABAAAAB.
This creates ballot permutation with a A’s and b — 1 B’s.

(¢—) Given any ballot permutation with a A’s and b—1 B’s where a > b—1
ABAAAAB
Identify the smallest tail of the permutation containing one more A than B.

ABAAAAB|

Remove the tail, place at the beginning of the permutation.
AAB ABAA
Insert a B between the two parts
AABBABAA
The result is a bad ballot permutation with a A’s, b B’s, and it starts with A.

2. Proof by rotation 180°

For simplicity, we consider lattice paths in the plane with votes for A as up
steps and votes for B as down steps. Hence, ballot permutations are consid-
ered as lattice paths in the plane with votes for A as up steps and votes for
B as down steps such that no step ends on or below the x-axis. Paths that
remain above the x-axis (after the origin) are good, while those with steps
that end on or below the x-axis are bad.

For example; the lattice paths in the plane with votes for A = 8 and votes
for B = 6.
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Figure 2.1: good ballot permutation

Figure 2.2: bad ballot permutation

Note: the ballot problem is to find the number of ways ballot permutations
such that candidate A maintain votes more than k£ times the votes of candi-
date B.

Here let us examine the solution of ballot problem in a lattice path. In this

case we count lattice paths with a one unit upsteps and b k unit downsteps.
Example; k=3 a =8 b= 2.

17



Figure 2.3: good path with k =3,a =8 and b = 2

Bad path with first bad step end 0 unit below the x-axis.

Figure 2.4: bad path with £ = 3,a =8 and b = 2

Proof. (Proof of ballot problem by rotation)

k> 1. For 0 <i <k, let B; denote the set of bad paths whose first bad step
ends ¢ units below the x-axis. Clearly these k + 1 sets are disjoint and their
union is the set of all bad paths. The paths in B; are exactly those paths
that start with a down step. Because the first bad step is £ unit below the

18



x-axis and k is the maximum down steps. Hence, by André method B, =
(a+2_1). We now show that for any ¢ # k we actually have |B;| = |Bg|. Let
P be a path in B;, (i # k), and identify the first step of P that ends ¢ units
below the x-axis. Let X be the initial segment of P that ends with that step
and write P = XY. Let X’ denote the path that results from rotating X
by 180" exchanging its endpoints. Since X ends with a down step, X' starts

with a down step, and consequently X'Y € Bj,.

Figure 2.5: Rotation of X by 180° exchanging the endpoints

The same process converts a path in By, into a path in B;, (i # k). If P € By,
then identify the first step that ends ¢ units below the x-axis. Let X denote
the initial segment of P that ends with that step and write P = XY. Since
X necessarily ends with an up step, we have X'Y € B,;.
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Figure 2.6: Rotation of X by 180° exchanging the endpoints

Thus each of the k 4+ 1 sets B; have cardinality (‘Hz*l), and the number of
good paths is

(a+b) _(k+1)(a+b—1> _ (a+b)!_<k+1)(a+b—1)!

a a alb! al(b—1)!
_ (a+D)! (a+D)!
Toall (k+ 1)b(a + b)alb!
a !
- a—;_b!b) (1= (k+ 1)a+b)

_ (a—l—b (1_(kb+b))

a+b
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2.2.2 Proof By Induction

Let Ni(a,b) denote the number of ways the a + b ballots (a > kb) can be
ordered so that candidate A maintains more than k times as many votes as
B throughout the counting of the ballots.

For the condition b = 0, a + 0 ballots (¢ > k0) can only be ordered in one
way such that candidate A maintains more than k times as many votes as B
throughout the counting of the ballots. i.e

Nk(a,O):l
_a—k(0) fa+0
 a+0 ( a )
_afa
-:(0)
for all a > 0

For the condition a = kb, since candidate A maintains more than k times as
many votes as B throughout the counting of the ballot a > kb = kb > kb
(—<) i.e there is no way a = kb > kb can be ordered such that candidate A
maintains more than k times as many votes as B throughout the counting of
the ballots. i.e

Ni(kb,b) =0
kb — kb (kb + kb
T kb kb< kb )
0 [2kb
"~ 2kb ( kb >
for all b > 0.
Hence the above two conditions satisfy Ni(a,b) = ‘Z_—fbb(“;rb)

Inductive assumption: assume it is true both when A receives a — 1 votes
and B receives b votes, and when A receives a votes and B receives b— 1 votes,

ie Ni(a—1,b) = &5 (")) and
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Nila,b— 1) = 2240 o1

We must prove the formula is true for A receives a votes and B receives b
votes.

For b > 0 and a > kb, consider the last vote in a ballot permutation.
The number of ballots excluding the last vote becomes a + b — 1. Hence, A
and B has votes either a — 1 and b or a and b — 1 respectively. To reach the
total ballot a + b, the last vote should either be for A, meaning A will have
a votes or the last vote should be for B meaning B will have b votes. Hence
the total number of ways is the sum of Ni(a — 1,b) and Ni(a,b — 1)
Therefore,

Nk(a, b) = Nk(a, b— 1) + Nk(a —1, b)

by induction assumption

a—k(b—1)fa+b—1 a—1+kbfa+b—1
N, = - -
(a,b) a+b—1 ( a >+a+b—1< b )

_a—k(b—l)(a+b—1)!+a—1—kb(a—|—b—1)!

a+b—1 al(b—1)! a+b—1 bl(a—1)!
a—kb+k‘b(a+b)(a+b—1)!+a—1—kba(a+b)(a+b—1)!
a+b—1 bla+b)al(b—1)! a+b—1 a(a+b)bl(a—1)
a—kb+k bla+0b)! +a—1—kba(a+b)!
a+b—1 (a+0bad  a+b—1 alb
_(a+b)!  (a—Fkb+ k)b ala — 1+ kb)
~alb! ((a+b—1)(a+b) (a+b—1)(a+Db)
~ (a+b)! a® —kab+ba — kb®> — a + kb

— ald! ( (a+b—1)(a+0b) )

)
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_ f(a+Db\(a+b—1)(a—kd)
_< a )(a—l—b—l)(a+b) (2:2)

a+b\a— kb
a a+b

_a—kbfa+b
 a+b a

2.2.3 Proof by the Cycle Lemma

Lemma 2.1. Cycle lemma: For any sequence P, P;...Py,p of m A’s and n
B’s, m > kn, there ezist exactly m — kn (out of m + n) cyclic permutations
PP 1..PyinP..P,1, 1 <1< m-+n, that are good sequence.

Proof. Arrange m + n ballot permutation on a cycle. Removing a subse-
quence of k£ A’s followed by one B from the cycle does not change the number
of good permutations, since the k + 1 ballot permutations have no net effect
and no good permutation could have begun with any of the deleted ballot
permutation. By the pigeon-hole principle: as long as m > kn > 0, there
must be such a subsequence on the cycle; these subsequences removed one
by one until only A’s remain. The remaining m — kn A’s yield m — kn good
cyclic permutations.

Proof. (Proof of ballot problem by cycle lemma)

A ballot permutation is a sequence of a + b terms where each term is either
1 or —k; votes for A correspond to the 1’s and votes for B correspond to the
—k’s.

A sequence is called good if every partial sum is positive, that means a — kb >
0 is good sequence and bad otherwise.

Let C be any circular arrangement of a 1’'s and b —k’s.

By cycle lemma: let C” be a circular arrangement created from C by removed
k 1’s and one —k. Then C’ has ¢’ = a — k terms of 1’s and ¥’ = b — 1 terms
of —k’s. Thus o’ — kbt =a—k —k(b—1) = a—kb > 0 so C’ satisfies the
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same hypotheses as C.

Let C” be a circular arrangement created from C’ by removed k£ 1’s and one
—k. Then C” has a” = a’ — k terms of 1’s and " = b/ — 1 terms of —k’s.
Thus o’ — kbt =ad —k —k(t/ —1) =d — kbl =a— kb > 0 so C” satisfies
the same hypotheses as C’ and C. Thus, a term of C” and C’ starts a good
sequence if and only if the corresponding term in C starts a good sequence.
Therefore, C”, C’ and C have exactly the same number of terms that start
good sequences. Continuing in this manner, one removes the sequences until
a circular arrangement consisting only of 1’s remains. At this stage, there are
a — kb 1’s, and every term starts a good sequence. Hence there are exactly
a — kb good sequences in C. If there is periodicity in C then not all a — kb
good sequences will be distinct that means there are duplicates to the extent
that there is periodicity in the cycle. However, the ratio of good sequences

to all sequences is a — kb to a + b. Therefore, the number of good paths is
a—kb (a+b
a+b ( a )
For any ballot sequence of a votes for A and b votes for B, exactly a — kb

of the a + b cyclic permutations of the sequence are good. Consequently, a
fraction (a — kb)/(a + b) of all ballot permutations are good.

24



-3

«

Figure 2.7: Example of C, C” and C” witha =8, b=2, k= 3.

Thus the number of good sequence is a — kb =8 — 6 = 2

2.3 Generalized Catalan numbers and Ballot problem

Theorem 2.1. The generalized Catalan numbers: C, y = ﬁ“(lm;") = P, .

Proof. Suppose that candidate A receives m + 1 votes and candidate B re-
ceives n votes, where (m + 1) > kn for some positive integer k, and compute
the number of ways the ballots can be ordered so that A always has at least
k times as many votes as B throughout the counting of the ballots.
Requiring only that m = kn produces the generalized Catalan numbers, also
called the k-Catalan numbers. Since the ballots can be ordered A always has
at least k times as many votes as B throughout the counting of the ballots,
then, take the least m = kn.

The solution to the ballot problem in the above discussion is
m = kn,

m+1—kn (m+1+n)
m—+1+n m+1

25



m+1—kn/m+1+n\ m+1—kn(m+1+n)
m+1—|—n< m+ 1 >_ m+1+n (m+1)n!
_kn4+1—Fkn(kn+14n)
 kn+14n (kn+1)n!
B 1 (kn +1+n)(kn +n)!
Ckn+14+n (kn+41)(kn)in!
(kn +n)!
(kn + 1)(kn)'n!

B 1 kn+n
kn+1 n

Hence, The Generalized Catalan Number is C, 1) = Py =

()
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Appendix

Proposition 2.2. Forn > 0 and k > 0, then kn + 1 and (k — 1)n+ 1 are
relative prime.

Proof. By prime factorization,

Let p1,po,...,pr and q1,qo, ..., q; are prime numbers. And al, a2, ...,ar and
B1, 52, ..., Bt are positive integer.

Let pMps2ps3...p¢" be the prime factorization of n where, py, pa, ps, ..., p, are

arranged in ascending order.i.e n = p{ps?ps3...p¢" and

qlﬁlq§2q§3...qft be the prime factorization of k£ where, ¢1, ¢, g3, ..., q are ar-
: : : _ Bl B2 B3 Bt
ranged in ascending order. i.e k = ¢} ¢y q5°...q;

Then,

1 B2 B3 .
kn 4/51152: g§ qgﬁtqg ...qftp‘f‘lpgﬂpg‘?’...p?r + ¢ since 1 = ¢ = p?
= ¢ (q] a5 ¢5"-.q P PSP psR . pt” + 1)
similarly,
1 52 .
(k—1)n+1=(q"qq)...q) — )p§'ps?ps®...p0" + ¢ since 1 = ¢¥ = pf

1 B2 .
= (0" a3 "5 a7 — )P ps*p3™.pp” + 1) since 1= ¢f = pf

g; and p; are not necessarily distinct where,s = 1,...,¢ and j =1, ...r.

Therefore, ged(kn +1,(k — 1)n+1) = ¢) = p{ = 1.
implies kn + land (k — 1)n 4 1 are relative prime. O

29



Addis Ababa University
College Of Computational And Natural Sciences
School of Graduate Studies
Department of Mathematics

The undersigned hereby certify that they have read and recommend to the de-
partment of mathematics for acceptance of this project entitled “Generalized
Catalan numbers” by Eyerusalem Aserssie in partial fulfillment of the re-
quirements for the degree of master of science in mathematics.

Advisor: Dr. Zelealem Belaineh

Sign. Date

Examiner 1:

Sign. Date

Examiner 2:

Sign. Date

By: Eyerusalem Aserssie

Sign. Date




