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Abstract

Statistical Analysis of Rainfall pattern in Dire Dawa, Eastern Ethiopia
REDIAT TAKELE

Addis Ababa University, 2012

This paper investigated the rainfall pattern of Dire Dawa, Eastern Ethiopia. Descriptive
Statistics, spectrum analysis, cross-spectral analysis as well as univariate Box-Jenkins
methodology to build Seasonal ARIMA model were used with the objective to analyze
rainfall pattern in Dire Dawa for the period from January, 1982-December, 2011 based
on data from Dire Dawa and adjacent stations: Dengego and Haramaya. Descriptive
Statistics result shows that the mean annual rainfall of Dire Dawa, Dengego and
Haramaya are 611mm, 774 mm and 772mm, respectively. The amount of rainfall at
Dengego and Haramaya are more or less the same on average in all seasons, and are
much higher than that of Dire Dawa over the study period. The variability of annual
rainfall in Dire Dawa during the last 30-year period is a bit larger than neighboring
stations rainfall (Dengego and Haramaya), indicating that climate instability is high in
Dire Dawa than other stations. A time series model for Dire Dawa station was adjusted,
processed, diagnostically checked and lastly an ARIMA (5, 0, 0)*(0, 1, 1);, model is
established and this model is used to forecast two years monthly rainfall value. The
results indicate that relatively there is a tendency of increasing trend for forecasted
rainfall values. Spectrum analysis result showed that a rainfall extreme event recurs every
2.5 years in Dire Dawa. Further results indicated that rainfall pattern of Dengego and

Dire Dawa are found to be more related.
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1. Introduction

1.1. Background of the study

Located within the tropics, Ethiopia has great geographical diversity with high and
rugged mountainous, flat-topped plateaus, deep gorges, etc. The Great Rift Valley divides
the country into two parts forming the eastern and western highlands. Its altitudinal range
lies between 120m below sea level and 4600m above sea level (Admasu, 1989). The
differences in altitude and relief create a large variation in climate in various regions of
the country. In places that are characterized as semi-arid zones, climate shows wide
fluctuation from year to year and even within seasons in the year. Semi arid regions

receive very small, irregular, and unreliable rainfall (Workneh, 1987).

The annual cycle of the climatology of the rainfall over tropical Africa and in particular
over Ethiopia, is strongly determined by the position of the Inter Tropic Convergence
Zone (ITCZ) (Griffiths, 1971). Variations in rainfall pattern throughout the country are
the result of differences in elevation and seasonal changes in the atmospheric pressure
systems that control the prevailing winds. The climate of Ethiopia is characterized by
high rainfall variation (Yilma et al., 1994). In Ethiopia, several regions receive rainfall
throughout the year, but in some regions rainfall is seasonal and low making irrigation
necessary (Alemeraw and Eshetu, 2009). Rainfall is the most critical and key variable
both in atmospheric and hydrological cycle. Rainfall patterns usually have spatial and

temporal variability. These variabilities affect agricultural production, water supply,



transportation, environment and urban planning, thus, the entire economy of a country,
and the existence of its people. Rainfall variability is assumed to be the main cause for
the frequently occurring climate extreme events such as drought and flood. These natural
phenomena affect badly the agricultural production and hence the economy of the nation.
In regions where the year-to-year variability is high, people often suffer great calamities
due to floods or droughts. Even though damage due to extremes of rainfall cannot be

avoided completely, a forewarning could certainly be useful (Nicholls, 1980).

Ethiopia is one of the countries whose economy is highly dependent on rain-fed
agriculture and also facing recurring cycles of flood and drought. Current climate
variability is already imposing a significant challenge to Ethiopia in general and Dire
Dawa in particular, by affecting food security, water and energy supply, poverty
reduction and sustainable development efforts, as well as by causing natural resource
degradation and natural disasters. Metrologically, Dire Dawa Administration is
characterized by an arid and semi-arid climate, thus, receives low and erratic rainfall
(Bekele, 1997). Prolonged droughts time and again affected the rural part of Dire Dawa.
For example, the impacts of the 2004 and 2005 droughts incident (which posed food
shortage to 85% of the rural population) is still fresh in the memories of many people.
Recurrent floods in the past caused substantial human life and property loss in many parts
of the urban kebele. For example, the August 2006 flood claimed 256 lives, displaced
2,500 families, caused direct damage estimated at ETB 100 million and indirect damage

of similar magnitude (DDA, 2006).



Methods of prediction of rainfall extreme events have often been based on studies of
physical effects of rainfall or on statistical studies of rainfall time series. Rainfall forecast
is relevance to the agriculture sector, since it contributes significantly to the economy of
countries like Ethiopia. In order to model and predict hydrologic events, one can use
stochastic methods like time series methods. Numerous attempts have been made to
predict behavioral pattern of rainfall using various techniques (Yevjevich, 1972; Dulluer

and Kavas, 1978; Tsakiris, 1998).

Awareness about the characteristics of the rainfall over an area such as the source,
quantity, variability, distribution and the frequency of rainfall is essential for the
implication in utilization and associated problems. Assessing rainfall variability is
practically useful in making decision, risk management and optimum usage of water
resources of countries. Thus, it is important to obtain accurate rainfall forecast at various
geographic levels of Ethiopia and work towards identifying periodicities in order to help
policy makers improve their decisions by taking into consideration the available and
future water resources. In this study, Spectrum analysis, Cross-spectral analysis as well as
univariate Box-Jenkins methodology to build Seasonal ARIMA model are used for
assessing the rainfall pattern in Dire Dawa based on data from Dire Dawa and adjacent

stations: Dengego and Haramaya.



1.2. Statement of the problem

Rainfall variability and associated droughts have historically been major causes of food
shortages and famines in Ethiopia (Wood, 1977; Pankhurst and Johnson, 1988; Ketema,
1999; Bewket and Conway, 2007). Even though rainfall variability and drought are not
new phenomena in Ethiopia; the frequency of occurrence of drought has been increasing
during the past decades (Ketema, 1999). Floods and droughts are considered to be the
two extreme conditions of variability of rainfall. Frequent and prolonged droughts have
claimed the lives of millions of people. On the other hand, major flood hazards have
occurred in different parts of the country in 1988, 1993, 1994, 1995, 1996, 2006 and 2010
leading to loss of life and property. The 2006 catastrophic flood led to the destruction of
huge infrastructure and the death of more than 650 people and the displacement of more
than 35,000 people in Dire Dawa, South Omo and West Shewa (NMA, 2007). Similar
situations were experienced over Afar, Western Tigrai, Gambella and over the low-lying

areas of Lake Tana.

The issue of flood continues to be of growing concern in Dire Dawa administration
especially to people residing in lowlands, along or near the flood courses as well as
villages located at the foot of hills and mountains. Flood disasters are occurring more
frequently, and are having an ever more dramatic impact on Dire Dawa in terms of the
costs on lives, livelthoods and environmental resources. On the otherhand, the
Administration being located in an arid and semi-arid part has often experienced drought

during recent years.



Till now, except a few studies in some regions of Ethiopia (Yilma et al., 1994; Ketema,
1999; Alamerew and Eshetu, 2009), most studies are based on assessing the effect of
rainfall pattern on only crop production. However, the reality shows that the impact of
rainfall variability pattern is not restricted to crop production. Therefore, there is a need

for studying the impact of rainfall in detail.

So far, there is no enough accurate forecasting model developed for rainfall and a
detailed study in determining the characteristics of oscillation that exist in the rainfall
series in Dire Dawa region of Ethiopia that aims to help decision makers for better

preparations.

The key questions to be addressed in this research are:

» What is the pattern of rainfall at key locations in the Dire Dawa area?
» What is the frequency of rainfall extreme events in the last 30 years?

» Can we infer rainfall extreme events (drought and flood) in the study area?



1.3. Objective of the study

1.3.1. General objective

The main objective of this study is to analyze rainfall pattern in Dire Dawa using
appropriate time series methods based on 30 years (January, 1982-Decimeber, 2011) data

recorded at Dire Dawa station.
1.3.2. Specific Objective

1. To develop a time series model for monthly rainfall of Dire Dawa.
2. To forecast the rainfall pattern in the study area.

3. To determine the characteristics of oscillations that appears in the rainfall series with a

view to predicting rainfall extreme events in the study areas.

4. To determine the relationship between rainfall pattern in Dire Dawa and adjacent area

(Dengego and Haramaya).



1.4. Significance of the Study

Knowledge of what happens to the water that reaches the earth surface will assist the
study of many surface and subsurface water problems, for efficient control and
management of water resources. For a country like Ethiopia, whose welfare depends very
much on rain-fed agriculture, a quantitative knowledge of water requirements of the
region, availability of water for plant growth and supplemental irrigation, etc. on a
monthly or seasonal basis is an essential requirement for agricultural development. In this
regard, increased capacity to manage future climate change and weather extremes can
also reduce the magnitude of economic, social and human damage and eventually, lead to
better resistance. Assessing seasonal rainfall characteristics based on past records is
essential to evaluate rainfall extreme risk and to contribute to development of mitigation
strategies. Therefore, a reliable rainfall forecasting and assessing behavior at station,
regional and national levels is very important. The results of this research paper will

hopefully be used:

» For forecasting the pattern of rainfall in the study area.

» To provide information that would be helpful for decision makers in formulating
policies to mitigate the problems of rain water resources management, soil
erosion, flooding and drought. In particular, the forecasting model to be
developed will be a valuable instrument for the agricultural sector.

» To provide information for the early warning system in the region.

» As a basis for further study in Dire Dawa area.



2. Literature Review

2.1. Concepts and definition

2.1.1. General

Weather and climate over the earth are not constant with time: they change on different
time series ranging from the geological to the diurnal through annual, seasonal and intra-
seasonal time scales. Such variability is an inherent characteristic of the climate.The
study of climatic fluctuations involves description and investigation of causes and effects
of these fluctuations in the past and their statistical interpretation. Much of the work done
is about variability of the two important meteorological parameters: rainfall and

temperature.

Rainfall is the resultant product of a series of complex interactions taking place within the
earth-atmosphere system. Basically, it occurs when water vapor masses condense
sufficiently, driven by the cooling of air masses through upward movement. Rainfall is
only water that falls from the sky, whereas precipitation is any wet things that fall from

the sky, which include snow, frozen rain....etc.

Water in all its forms and in all its various activities plays a crucial role in sustaining both
the climate and life. It is also a major factor for planning and management of water
resource project and agricultural production. Eventhough Ethiopia enjoys a fairly good
amount of rainfall, wide variability in its distribution with respect to space and time are

responsible for the two extremes events (floods and droughts) (Yilma et. al,1994).
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2.1.2. Rainfall Characteristics

Rainfall varies with latitude, elevation, topography, seasons, distance from the sea, and
coastal Sea-surface temperature. The northwestern, southwestern and eastern part of
Ethiopia where elevation is up to 1750m above sea level, climates is dominated by
tropical rain with mean annual temperature greater than 18°c and mean annual rainfall
ranging from 680mm to 1200mm. The northeastern and southeastern part of Ethiopia are
dominated by dry climate with mean annual temperature ranging from 27°¢ to 30°c and
the mean annual rainfall less than 450mm (NMA, 1996). Usually these parts of the
country are characterized by strong winds, high temperature and low relative humidity.
The important weather systems that cause rainfall over Ethiopia are Sub Tropical Jet
(STZ), Inter Tropical Convergence Zone (ITCZ), Red Sea Convergence Zone (RSCZ),

Tropical Easterly Jet (TEJ) and the Somalia Jet.

Season is defined meteorologically as a period when an air mass characterized by
homogeneous weather elements such as temperature, relative humidity, wind, rainfall
etc., dominate a region or part of a country (NMA, 1996). Ethiopia has three main

seasons: kiremt (long rainy season), Belg (short rainy season), and Bega (dry season).

2.1.3. The main effects of Rainfall

Trends in rainfall extremes have enormous implications. Extreme rainfall events cause
significant damage to agriculture, ecology, and infrastructure. They also cause disruption
to human activities, injury, and loss of life. Socioeconomic activities including

agriculture, power generating, water supply, human health, etc. are also very sensitive to



climate variations. As a result, Ethiopia“s economy is heavily dependent on rainfall for
generating employment, income, and foreign currency (Alemerew and Eshetu, 2009).
Thus, rainfall is considered as the most important climatic element that influences
Ethiopian agriculture. The country has experienced frequent and extensive drought that
caused food shortages and famine (Wood, 1997 and Ketema, 1999). The severity and
frequency of occurrence of rainfall extremes events (meteorological, hydrological, and

agricultural) vary for different parts of the country.

Drought: Many researchers now believe that the occurrence of various droughts in
Africa, especially in southern Africa and the Horn, are caused by physical processes
related to the occurrence of EINifo -Southern Oscillation (ENSO) events. El Nifio-
Southern Oscillation (ENSO) is a coupled air and ocean phenomenon with global weather
implications. When past ENSO events are compared with drought and famine periods in
Ethiopia, they show a remarkable association (Wolde-Georgis, 1997, Bekele, 1997).

Some drought years have coincided with EN events, while others have followed it.

According to DDAEPA (2011) the trend of decreasing annual rainfall and increased
rainfall variability is contributing to drought conditions in Dire Dawa Administration.
The average annual rainfall patterns of Dire Dawa for the periods 1999 to 2008 and 1984
to 1991 show two important trends. First, annual average rainfall has declined from the
mean value by about 8.5% and 10% respectively. Secondly, the variability of rainfall
shows an overall increasing trend, suggesting greater rainfall unreliability. These rainfall

patterns have led to serious drought/flood episodes throughout the Administration.
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Flood: Floods are known as the most frequent and devastating natural disasters in both

developed and developing countries (Osti et al., 2008). Between 2000 and 2008 East
Africa has experienced many episodes of flooding. Almost all of these flood episodes
have significantly affected large parts of Ethiopia. Being one of the largest countries in
East Africa, Ethiopia‘s topography characteristics has made the country pretty vulnerable
to floods and resulting destruction and damage to life, economic, livelihoods,

infrastructure, services and health system (FDPPA, 2007).

Flooding is common in Ethiopia during the rainy season between June and September
and the major type of flooding which the country is experiencing are flash flood and river

floods (FDPPA, 2007).

Like other regions of Ethiopia, the issue of flood continues to be of growing concern in
Dire Dawa especially to peoples residing in lowlands, along or near the flood courses as
well as village located at the foot of hills and mountains. Flood disasters are occurring
more frequently, and having an ever more dramatic impact on Dire Dawa in terms of the
costs on lives, livelihoods and environmental resources. The topography of Dire Dawa
Administration mainly consists of mountains and hills with steep slops, valleys, and river
basins. The fact is that these sloppy areas of the administration are surrounded by the
mountainous areas of the neighboring wereda. Haramaya and Kersa wereda are the main
areas contributing to the disaster flood event in Dire Dawa. The catchment characteristics
accompanied with its large area coverage coupled with torrential rain fall during the short
and long rainy season had been the main factors that contribute to the pervious flood
events.

11



According to DDA (2006) the following are the major flood events in Dire Dawa in the

last three decades that cause great loss of human lives and property:

¢ The flood disaster in May 1984 — 42 people were killed, and property worth 10
million birr was lost.

¢ The flood disaster in August 2006 — 256 people killed, 244 people unaccounted
for, and 10, 000 people made homeless and 1827 households in 17 rural Kebeles
were adversely affected ; property of worth 27 million birr had been lost.

¢ Flood disaster in April 2010- though there was no loss of human life and live
animal because of the application of early warning system, property of worth 28

million birr had been lost.

Soil Erosion: It is the movement of soil particles from one place to another by wind

or water, which is considered to be a major environmental problem. Erosion has been
going on and has produced river valleys and shaped hills and mountains. Such erosion is
generally slow but can cause a rapid increase in the rate at which soil is eroded (i.e. a rate
faster than natural weathering of bedrock can produce new soil).This has resulted in a
loss of productive soil from crop and grazing land, as well as layers of infertile soil being
deposited on formerly fertile crop lands: the formation of gullies: silting of lakes and

streams, and land slips.
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2.2. Empirical Literature Review

Several studies have taken place in the analysis of pattern and distribution of rainfall in
various regions of the world. Different time series methods with different objectives are
employed to analyze rainfall data in various literatures. In terms of using a formal time
series model to forecast, the patterns and intensity of rainfall overtime, Harvey et al.,
(1987) investigate how patterns of rainfall correlate with general weather conditions and
frequency of the cycles of rainfall. They used rainfall data from Brazil for a particular
region which often suffers from drought to assess the cyclical behavior of rainfall. They
use a model that allows cyclical components to be modeled explicitly. They found that
cyclical components are stochastic rather than deterministic, and the gains achieved from

forecast by taking account of the cyclic component are small in the case of Brazil.

Mabhsin et al. (2012) use Box-Jenkins methodology to build seasonal ARIMA model for
monthly rainfall data taken for Dhaka station, Bangladesh, for the period from 1981-
2010. In their paper, ARIMA (0, 0, 1) (0, 1, 1);» model was found adequate and the
model is used for forecasting the monthly rainfall. Seyed et al.,(2011) use time series
method to model weather parameter in Iran at Abadeh Station and recommended
ARIMA(0,0,1)(1,1,1);» as the best fit for monthly rainfall data and

ARIMA(2,1,0)(2,1,0),, for monthly average temperature for Abadeh station.

Al-Ansari et al. (2003) dealt with the statistical analysis of the rainfall measurements for
three meteorological stations in Jordan: Amman Airport (central Jordan), Irbid (northern

Jordan) and Mafraq (eastern Jordan). Normal statistical and power spectrum analyses as

13



well as ARIMA model were performed on the long-term annual rainfall measurements at
the three stations. The result shows that possible periodicities of the order of 2.3 - 3.45,
2.5 - 3.4 and 2.44-4.1 years for Amman, Irbid and Mafraq stations, respectively, were
obtained. A time series model for each station was adjusted, processed, diagnostically
checked and lastly an ARIMA model for each station is established with a 95%
confidence interval and the model was used to forecast 5 years annual rainfall values for
Amman, Irbid and Mafraq meteorological stations. Further result indicated that there is

decreasing trend for forecasted rainfall results in all stations.

Winstanley (1973a, b) reported that monsoon rains from Africa to India decreased by
more than 50% from 1957 to 1970 and predicted that the future monsoon seasonal

rainfall, averaged over 5 to 10 years is likely to decrease to a minimum around 2030.

Stringer (1972) reported that at least 35 quasi-periods with more than one year in length
have been discovered in records of pressure, temperature, precipitation, and extreme
weather conditions over many parts of the earth surface. A very common quasi-periodic
oscillation is the quasi-biennial oscillation (QBO), in which the climatic events recur

every 2 to 2.5 years.

Laban (1986) uses time series methods based on ARIMA and Spectral Analysis of areal
annual rainfall of two homogenous region in East Africa and recommended ARMA(3,1)
as the best fit for areal indice of relative wetness\dryness and dominant quasi-periodic

fluctuation around 2.2-2.8 years,3-3.7 years,5-6 years and 10-13 years.

14



Nicholson and Entekhabi (1986) conducted a detailed power spectrum analysis of
African annual rainfall series using Blackman-Tukey and Fourier methods. Their analysis
revealed that quasi-periodicities were clustered in four bands at 2.2-2.4, 2.6-2.8, 3.3-3.8
and 5.0-6.3 years, common throughout equatorial and southern Africa but only weakly

evident in northern Africa.

Adejuwon (2010) studied annual rainfall in Nigeria using power spectral analysis based
on Benin, Sapele, Warri and Forcados Synoptic station in Edo and Delta States (formerly
Mid-Western Nigeria) over 67 years and found that Benin synoptic station shows
significant spectral peaks at 6.7, 4.6 and 3.7 years periodicities. The most pronounced
peak at the station was found to be 3.7 years periodicity. In Sapele, the most pronounced
periodicity of 5 years was observed. Although, the spectral peaks were significant at 4.6
and 3.7 years, respectively, at Warri, the most pronounced of these peaks was found to be
3.7 years. However, in the case of Forcados, a single significant spectral peak of 3.6 years
cycle was prominent and it was then concluded that periodicities were evident with

significant cycles of between 3 and 6 years.

Ambha (2010) studied the monthly rainfall in Tigray region based on Mekelle station. He
employed univariate Box-Jenkins method to analyze rainfall in the region and found that
SARIMA model is suitable for forecasting future value of monthly rainfall data and used
this model to forecast 12-month rainfall pattern in the study area. Further he concluded
that there is no tendency of decreasing or increasing pattern of monthly rainfall over the

forecast period from January 2010 to September 2011.
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Assessment made by NMA (2007) reported that the mean annual rainfall is likely to
increase along Dire Dawa by 3.4 % by 2030, 6.4 % by 2050 and 10.5 % by 2080

compared to the 1961-1990.

A study made by Mersha (2002) on rainfall cyclicity over selected stations in Ethiopia
also shows that there appears to be cyclic tendency in the annual rainfall data
,particularly, Gode, Dire Dawa, Negelle, and Debre Zeit station. Seifu (2004) also show

that the rainfall at Dire-Dawa, D/Markos and Jijiga has periodic tendency.

Alamerew and Eshetu (2009) assess local climate of Addis Ababa. They used time
domain approach like ARIMA for modeling mean minimum temperature and frequency
domain time series approach ,particularly, spectral analysis for rainfall data. Using
spectral analysis they determined periodicity of drought in Addis Ababa and found that
the periodicity of 11.24 year is dominant cycle for the annual rainfall of Addis Ababa.
Based on their result, they concluded that drought recurs in Addis Ababa region between

10 to 11 years.

Haile (1988) also found that drought occur every 6-8 years in the semi-arid regions of
Ethiopia including Dire Dawa Administration. The study by Tsegay (1998) based on the
occurrences of drought and the frequencies of rainfall deviation from the average also
suggest that drought occur every three to five years in Eastern Ethiopia and six to eight
years in northern Ethiopia and every eight to ten years for the rest of the country. Many
authors (including Haile, 1988; Funk et. al., 2005) suggest that Ethiopian drought is

caused by El Nifio-Southern Oscillation.
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According to Ketema (1999), considerable variation of rainfall pattern and distribution in
Dire Dawa resulted in recurrent drought. For this fact, frequency analysis has been done
to determine rainfall amount for different return periods for Dire Dawa using data
covering the period 1979-98. Accordingly, the study results show that the probability of
drought occurrence per year was 25%. On top of this, among causes of crop loss in Dire
Dawa Administration, drought and excess water account for 32% and 4%, respectively

(WWDSE, 2004).

Studies made at NMA (2007) also have shown that there is a link between El Nino and

LaNina phenomena and Ethiopian rainfall.

Yilma et al. (1994) assessed the statistical link between annual rainfall of Addis Ababa
and sun spot number series. They used transfer function plus noise model and spectral
analysis using smoothed periodgram method to determine the periodic behavior in the
sunspot number series and annual rainfall series of Addis Ababa for the period 1900-
1991 and found that periodogram of Addis Ababa annual rainfall series show similar
feature with sunspot series periodogram, i.e both series show similar dominant
periodicity of 10.22 year. Based on their result, they concluded that an , Average™ sun
activity may be associated with a contemporaneous ,,Average™ rainfall process, but the
anomalous sun activities may later induce anomalies in rainfall (Drought and Flood)

through Ocean-Atmospheric phenomenon.
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3. Data and Methodology

3.1. Data source and variable of the study

A time series of monthly rainfall data in mm for the period January, 1982 to December,
2011 collected by the National Meteorological Agency of Ethiopia were used in the
study. The data were collected from the synoptic stations of Dire Dawa, Haramaya, and
Dengego. The site was chosen due to availability of relatively long series of

meteorological data.

3.2. Methodology

Time series is broadly defined as any series of measurements taken at different times.
Although the ordering is usually through time, particularly in terms of some equally
spaced time intervals, the ordering may also be taken through other dimension, such as
time series. There are various objectives for studying time series. These include the
understanding and description of the generating mechanism, the forecasting of future
values, and optimal control of a system. The intrinsic nature of a time series is that its
observations are dependent or correlated with the order of observation. Therefore, the
order of observation matters when analyzing time series data. The development of
climatology as a science has given rise to growing statistical applications on climatic
information. For instance, time series analysis is used in order to evaluate the temporal

behavior of rainfall.
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In this study a univariate Box-Jenkins Methods (Box et al., 1994), in particular, Seasonal
Autoregressive Integrated Moving Average (SARIMA) methods and frequency domain

approach (Spectral analysis) are employed.

3.2.1. Frequency domain approach

This approach examines contributions of different frequencies in explaining the variance
of the series. Analysis is based on the estimated spectral density function, which provides
information on the properties of the time series data. The main building blocks for
analysis in the frequency domain are trigonometric function of sinusoids: Sines and

Cosines.
Spectrum

The spectrum of a time series is the distribution of variance of the series as a function of
frequency. The spectrum contains no new information beyond that in the autocovariance
function (ACVF), and in fact the spectrum can be computed mathematically by
transformation of the (ACVF). That relationship also means that the ACVF can be

expressed as a cosine transform of the spectral density function, or spectrum. That is, if

the autocovariance function (y(h)), of stationary process satisfies »[y(h)| < oo, then it

h=—x0

has the representation (Shumay and Stoffar, 2010):

1/2
e

yy=[ " & flod,, h=0+1%2,.

1/ 2

as the inverse transform of the spectral density, which has the representation
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F@)=> y(he ™, -

The spectrum is of interest because many natural phenomena have variability that is
frequency-dependent, and wunderstanding the frequency dependence may yield

information about the underlying physical mechanisms.

Spectrum can be also defined in terms of a model in which a time series xy, ...x, ,where n is odd

,consists of a linear combination of many sinusoids at frequencies (a)]) ( Shumay and Stoffar
,2010):

1y
X, = p+ Zz[cos(Zﬂa)jt)dA(a)j) +sin(27w 1)dB(w, )] (1)

J=1

for =1, 2....n. When n is even, the representation (1) can be modified by summing to

(n/2-1) and adding additional component given by ay cos(mt).
2

The spectrum that is being estimated in a sense then is not really the spectrum of the
observed series, but the spectrum of the unknown infinitely long series from which the

observed series is assumed to have come. Then we have:
X, =M+ 'f {cos(27ra)jt)dA(ag]') +sin(27zw;t)dB(w, )}
0

The frequencies (@, ) are related to the size (n) by:

o =Y, 1<j< 1 @)

20



The wavelength, or period, of the wave is the distance from peak to peak, and is the inverse of

the frequency

A= 3)

The peaks are the high points in the wave; the troughs are the low points. The wave
varies around a mean of zero .The frequencies of the sinusoids are at intervals of (1/n)
and considered as Fourier frequencies, or standard frequencies. The vertical distance

from zero to the peak is called the amplitude.

In developing the definition of the spectrum fulfilling, the above eqn. (1), additional

assumptions must be made: the amplitudes are random variables with expected value:

E{dA(w)} = E{dB(w)} =0 (4)

E{dA(w))* | = E{dB(w))*}= 5 (5)

From the relationship between variance and amplitude of sinusoid, equation (5) implies
that the variance associated with the standard frequency is & jz. It must also be assumed

that the amplitudes associated with various standard frequencies are uncorrelated:

EldA(w)dB(e)}=0 ¥ . (6)

0,0

EldA(w)dA(@")}=0 0o (7)
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With the assumptions above, it can then be shown that the expected value of (x,) and the

variance of (x,) are given by:

E(x) =p (8)

]
Var(x)=8"=E{x, - uf |=3 &2 (9)

J
J

N

Il
(=]

and the autocorrelation function of (x,) is

N/2
:zjz/l 8%cos (2nw;k)

,Ok ZN/Z 62 (10)

j=1"J

Equation (9) shows that the variance of the series (x,) is the sum of the variances

associated with the sinusoidal components at the different standard frequencies. Thus the
variance of the series can be decomposed into components at the standard frequencies,

that is, the variance can be expressed as a function of frequency.

Finally, the spectrum can be defined as:

f(0)=871< j < n/2 (11)

A plot of f(w,)against frequencies (w,) shows the variance contributed by the

sinusoidal terms at each of the standard frequencies. From equation (9), the variance of

(X) can then be expressed as the sum of the spectral components as:
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n/2

=2 /(@) (12)

The variance contributed at frequency (@, ) is the spectrum f(wj ) at that frequency. The

shape of the spectral values, f{w; ) plotted against @ , indicates which frequencies are

most important to the variability of the time series.

Considering that (sz) are spectral values, equation (11) gives an important relationship
between the spectrum and the autocorrelation function (ACF): the ACF is expressed as a
cosine transform of the spectrum. Therefore, transformation from the time domain to the

frequency domain is made by taking the Fourier transform of the time series.

3.2.1.1. Spectral analysis

The main objective of spectral analysis is to estimate and study the spectrum. In other
words, spectral analysis is used to estimate the contribution of a particular band of
frequencies to the overall variance in terms of a time series (Ayoade, 1973). The
contributions of oscillations of various wavelengths to the variable of a time series are
shown by spectrum of a time series. Spectral analysis is therefore concerned with
estimating the unknown spectrum of the process from the data and quantifying the

relative importance of different frequency bands to the variance of the process.

Various methods have been developed to estimate the spectrum from an observed time

series. In the pre-computer era, harmonic analysis (the direct method) was used and the
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results were usually displayed as a plot of amplitude against frequency known as the
periodogram (Tabony, 1979). Blackman and Tukey (1959) later developed indirect
approach that was computer based, while Fast Fourier transform for direct method was
derived by Cooley and Tukey (1965) in which the ordinary ,,direct™ formulae is replaced
by more computationally efficient ones. However, the two most important spectral

analyses are the maximum entropy spectral analysis and the power spectral analysis.

The maximum entropy spectral analysis, an indirect method, is a method of analyzing
time series that employs autoregressive method to extract the maximum amount of
information from the available data (Burroughs, 1992). Its success as a method of
assessing periodicities in a time series depends mainly on the ,,signal-to-noise“ ratio in the
time series. As observed by Burroughs (1992), meteorological series rarely meet the
signal-to-noise criteria that can exploit the advantages of maximum entropy spectral
analysis which is that of not adding or subtracting information from the data. This

method, therefore, will not be employed in this study for assessing periodicities.

The Power spectral analysis involves the presentation of the square of the amplitude of
the harmonics of time series as a function of the frequency of the harmonics (Burroughs,
1992). It is a non-parametric procedure in which a finite set of observations is used to
estimate a function defined over the range (0, IT). The plot of the power of the variance
against the frequency is known as power spectrum. The area under the curve in a power

spectrum is proportional to the variance.
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Steps in spectral analysis

In estimating the spectrum by the smoothed periodogram the following four steps are

important:

1. Subtract mean (Detrend time series)

2. Compute discrete Fourier transform (DFT)

3. Compute (raw) periodogram

4. Smooth the periodogram to get the estimated spectrum

Step 1: Subtract mean from each observation (Detrend time series)

The first step in estimation of the spectrum by the smoothed periodogram method is
subtraction of the sample mean. This operation has no effect on the variance. The most
obvious problem with not subtracting the mean is that an abrupt offset is introduced when
the series is padded with zeros in a later step in the analysis. Any obvious trend should
also be removed prior to spectral estimation. Trend produces a spectral peak at zero
frequency, and this peak can dominate the spectrum such that other important features are

obscured.

Step 2: Compute discrete Fourier transform (DFT)
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Discrete Fourier transforms: Say (X;) is an arbitrary time series of length n. The time

series can be expressed as the sum of sinusoids at the Fourier frequencies of the series

(Bloomfied, 2000):

n/2
x, = A0) + {2;[A(a)j)cos 27wt + B(w,;)sin Zﬂa)jt]} + 2{A(a)n/2)cos 27ra)n/2t},t =12,...n
=
(13)

Where the summation is over Fourier frequencies and the last term in braces is included

only if n is even. The coefficients in Eqn. (13) are given by

2 n—1
Alw;) = ;le cos 2wt
=0

(14)

2& .
B(w;) = ;th sin 27wt
t=0

Equations (13) transform the time series into two series of coefficients of sinusoids. It can

also more succinctly expressed in complex notation by making use of the Euler relation
e =cosx+isinx (15)
And it's inverse
cosx =1/2 {eix + eﬂx} sin x = {e’x + efix} (16)

Suppose (X;)is such a real-valued time series expressed as complex numbers. The
discrete Fourier transform (DFT) of (X; ) can be written in complex notation as
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n—1

1 2ot
d(a)):;;xtez (17)

Step 3: Compute raw periodogram.

The relationship (Eqn.(13)) transforms the time series into a series of coefficients at its
Fourier frequencies. The discrete Fourier transform is the complex expression of these

coefficients

A(®) l.B(a))
2 2

d(f)= (18)

where 4 and B are identical to the quantities defined in Eqn. (14).

The original data can be recovered from the DFT using the inverse transform

=2 dw)e ™ (19)

,which is the complex equivalent of equation (13).

The discrete Fourier transform has two representations. The first is in terms of its real and

A(®) B(®)

2

and—

imaginary parts, given in Eqn. (18). The second is in terms of its

magnitude R (@) and phase @( @ ) as:
d(o)=R(w)e " (20)

The magnitude, given by
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R(w)=ld(w)| 21)

measures how strongly the oscillation at frequency (@) is represented in the data. The
strength of the periodic component is more often represented by the periodogram defined

as:

I(w)=n[R(w)]’=n|d(o)|’
where:|d (a))|2 1 {(Zn: (x, —X) cos(27ra)t)) + (Zn: (x, — X) sin(27za)t)] } (22)
AN (=]

The sine and cosine terms at the Fourier frequencies are orthogonal, and so the variance

of the time series (x,) can be decomposed into components at the individual frequencies.

For the sine and cosine transforms, the sum of squares of the original data can be

expressed as

i yo
x> =nd(0)* + {2;12 [4(0,)* + B(w,)’ ]} +nd(w,))’ (23)

=0 =0

where the last term is included only if n is even. The analog for the discrete Fourier

transform in complex notation is

n—1

PIAREDICICH ESWICH 4)

t=0

If (x,) is a time series expressed as departures from its mean, the sums of squares in

equations (23) and (24) are simply » times the variance.
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Equation (24) therefore indicates that (a) the sum of the periodogram ordinates equals the
sum of squares of departures of the time series from its mean, (b) the sum of periodogram
ordinates divided by the series length equals the series variance, and (c¢) the periodogram
ordinate at Fourier frequency (®;) is proportional to the variance accounted for by that
frequency component. The periodogram at this stage is called raw periodogram,

meaning it has not yet been smoothed.

By considering the fact that the periodogram estimates are independent and identically
approximated as  y” -distributed with v-degree of freedom, then we have (Shummay and

Stoftar, 2010):

21(w,,) d
—— —iid y?2 25
ey M >

where flw; )>0 , forj=1,...n.

The distributional given in Eqn. (25) can be used to derive an approximate confidence
interval for the spectrum in the usual way. Let y2(a),denote the lower a probability tail

for the chi-squared distribution with v- degrees of freedom, that is,

Prix; < x5(@)} = «a (26)

Then, an approximate 100(1- @ ) % confidence interval for the spectrum would be of the

form:
2l(w;) 2l(w;)
iz = F(0) = zam 27
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Step 4: Smoothing the raw periodogram

The periodogram is a wildly fluctuating estimate of the spectrum with high variance. For
a stable estimate, the periodogram must be smoothed. Bloomfield (2000) recommends
the Daniell window as a smoothing filter for generating an estimated spectrum from the
periodogram. A plot of the filter weights therefore has the form of a trapezoid. The
advantage of the Daniell filter over the rectangular filter for smoothing the periodogram
is that the Daniell filter has less leakage, which refers to the influence of variance at non-
Fourier frequencies on the spectrum. Successive smoothing by Daniell filters with

different spans gives an increasingly smooth spectrum (Bloomfield, 2000).

An averaged (or smoothed) periodogram is defined as the average of the periodogram

values, say,
F@) =1 1@, +kin) (28)

over the frequency band (3,
m m
B={w": w, —~ S0 = n} (29)
Where: m is spans of denial filter and
L=2m+1 (30)

is an odd number, chosen such that the spectral values lie in the interval 3.
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Under the assumption that the spectral density is fairly constant in the band (3, and in
view of Eqn.(25), we can show that under appropriate conditions, for large n, the

periodograms in Eqn.(28) are approximately distributed as independent

flw) )(22 /2 random variables, for 0 < o < 1/2, as long as we keep L fairly small relative
to n. Thus, under these conditions, Lf (w) is the sum of L approximately independent
flw) )(22 /2 random variables. It follows that, for large n,

2 Lf (o)
f (@) Xar

(31
In this scenario, it seems reasonable to call the length of the interval defined by Eqn.(30),
L

the bandwidth. Bandwidth, of course, refers to the width of the frequency band used in

smoothing the periodogram.

The result in Eqn.(31) can be rearranged to obtain an approximate 100(1 — a) %

confidence interval for the true spectrum, f{w) of the form (Shummay and Stoffar,2010):

2L f (@) _ _al@

x5, (1-a/2) — @) = x5, (@/2)

(33)

The use of the confidence intervals and the necessity for smoothing requires that we

make a decision about the bandwidth (B,) over which the spectrum will be essentially

constant. Taking too broad a band will tend to smooth out valid peaks in the data when
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the constant variance assumption is not met over the band. Taking too narrow a band will
lead to confidence intervals so wide that peaks are no longer statistically significant.

Thus, we note that there is a conflict here between variance properties or bandwidth
stability, which can be improved by increasing Bw and resolution, which can be
improved by decreasing Bw. A common approach is to try a number of different

bandwidths, and to look qualitatively at the spectral estimators for each case. Wider

Daniell filter, greater in smoothing and greater in decrease in resolution.

The problem of resolution was due to the fact that simple averaging was used in

computing 1 (w) defined in Eqn. (28). There is no particular reason to use simple

averaging, and we might improve the estimator by employing a weighted average, say
f(@)= Y h (@, +kn) 37)
k=—m

Where the weights hy > 0 satisfy, th = 1.That means, the sum of periodogram weights

k=—m
must equal one for the spectral estimate to be an unbiased estimate of the true spectrum
(Bloomtfield, 2000). In particular, it seems reasonable that the resolution of the estimator
will improve if we use weights that decrease as distance from the center weight hg

increases. An approximation in Eqn. (37) that seems to work well is found if we replace
” -1
Lby L, = ( Zh,fj
k=—m

and
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use the approximation:

2th(w) ~

38
@) K 9

In analogy to Eqn. (33), we will define the bandwidth in this case to be

Bo=11// (39)

The result in Eqn. (38) can be rearranged to obtain an approximate 100(1 — a) %
confidence interval for the true spectrum, f{w) of the form (Shumay and Stoffar,2010):

2L,f () 2L, f (w)

< < -
f( (1)) - )(%Lh(a/Z)

7 40
X5, (1-a/2) — (40)
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3.2.1.2. Cross- spectral Analysis

The cross-spectrum is similar to the power spectrum except that the covariance is
substituted for the variance of the series. Cross-spectrum analysis examines the

relationship between a pair of series.

Two main objective of cross-spectrum analysis are to determine the existence of
correlation between two variables and to simultaneously separate each of two time series

in to its harmonic component.

The cross-spectrum is generally a complex-valued function, and it is often written as

(Shumay and Stoffar, 2010):

fo (@) =C, (0)-iq,, (@) (41)

where

C,(0)= i 7 (h) cos(2mwh)

h=—w

q,, (@)= i 7 (h) sin(27zcwh)

V(@) =E(x,, —u )y, —u,),

The principal tool that measures the strength of relation between two series in cross-

spectral analysis is squared coherence function defined as (Shumay and Stoffar, 2010):

—M —ySa)s% (42)

PO = @)

where f (@) and f, () are individual spectra of the series x, and y, respectively.
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Then spectral Matrix of a Bivariate Process is given by:

f (o) f (o)
_| /= » 43
@ [fyxw) fyy(w)] @)

An estimate of the above spectral matrix is given as:

f (w) = thl (0, + k/n) , which is similar to the eqn. (37) defined in power spectra.

k=—m

Then an estimate of the squared coherence between two series, x, and y,is given by:

2

(@)
fol@)f, ()

A2

Po = (44)

We can test the hypothesis that p> = 0, using the test statistic (Shuamay and Stoffar,
yp P g y

2010):

__A@ oy (45)
(1-p, (@)

which has an approximate F-distribution with (2) and (2L - 2) degrees of freedom.

Solving (45) for a particular significance level « leads to

_ Fz,szz (@)
© L-1+ Fz,szz(a)

(46)

as the approximate value that must be exceeded for the original squared coherence to be

able to reject pjy = 0 at a specified frequency.
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3.2.2. Time domain approach

This approach focuses on modeling some future value of the series as function of the
current and the past. Conducting investigations using standard statistical methodologies is
an essential step in the development of climatology (Polyak, 1996). In this respect, the
time-domain approach of univariate time series continues to be an important topic. An
intrinsic feature of the time-domain approach is that, typically, adjacent points in time are
correlated and that future values are related to past and present values. Autoregressive
integrated moving average (ARIMA) modeling is one of the most widely implemented
methods for analyzing univariate time series data (Box and Jenkins, 1976). In order to
understand the modeling procedure, it is useful to briefly introduce the following basic

models.
Autoregressive (AR) models

Autoregressive models are based on the idea that the current value of the series, x;, can be
explained as a function of p past values, x;-1, x,-2. . . x,—,, where p determines the number

of steps into the past needed to forecast the current value.

An autoregressive model of order p, abbreviated AR (p), can be written as:

Xt =@ X1+ Gxep+ ot ¢pxt_p + w, (47)

where x; is stationary series, ¢,, @,, ..., ¢p are the parameters of the AR ( ¢p #0). Unless

otherwise stated, we assume that W, is a Gaussian white noise series with mean zero and

variance 6°,, The highest order p is referred to as the order of the model.
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The model in lag operators takes the following form:
A—$B— 4,8 — ..— 4 B")x,=w,.
where the lag (backshift) operator B is defined as: B”x, =x,_,, p=0.12...
More concisely we can express the model as:
¢(B) x; = w, (48)
The autoregressive operator (p(B) is defined to be
®B)=1 —1 B — ¢2B? —- --—(,BP (49)

The values of ¢ which make the process stationary are such that the roots of ¢ (B) = 0

lie outside the unit circle in the complex plane (Chatfield, 1991). If all roots of ¢(B) are

larger than one in absolute value, then the process is a stationary process satisfying the

autoregressive equation and can be represented as:
_ oo
Xt = Y=o VWi (50)

The coefficients y, converge to zero, such thatZ}”:O |z//]| < oo. If some roots are

“exactly” one in modulus, no stationary solution exists.

A plot of the ACF of a stationary AR (p) model show a mixture of damping sine and

cosine patterns and exponential decays depending on the nature of its characteristic roots.
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Another characteristics feature of AR (p) models is that the partial autocorrelation
function defined as PACF (j) = corr. (X, X¢—j | X;—1,X¢—2, -, X;—j +1) becomes “exactly”

zero for values larger than p (Tsay, 2005).

Moving average (MA) Models

As an alternative to the autoregressive representation in which the x; on the left-hand side
of the equation are assumed to be combined linearly, the moving average model of order

g, abbreviated as MA (g), assumes the white noise (w,) on the right-hand side of the

defining equation are combined linearly to form the observed data.

A series X; is said to follow a moving average process of order q, or simply MA (q)

process if
Xt B Wt + 191Wt_1 + (92Wt_2 + + ngt—q (51)

where 6, 65, ..., 6, are the MA parameters. MA(q) models immediately define
stationary, every MA process of finite order is stationary (Diebold et al., 2006). In order

to preserve a unique representation, usually the requirement is imposed that all roots of
0(B) = 1+ &,B+ &B* + -+ 0,B* = 0 are greater than one in absolute value. If all

roots of O(B) =0 lie outside the unit circle, the MA process has an autoregressive
representation of generally infinite order )., W, Xe—j =Wy with ¥, |(//]| < . MA

process as with an infinite order autoregressive representation are said to be invertible.
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A characteristics feature of MA (q) is that their ACF,pj becomes statistically

insignificant after j=q. The property of the ACF should be reflected in the correlogram,

which should ,,cut off™ after q. The PACF converges to zero geometrically.
Autoregressive —Moving average (ARMA)

We now proceed with the general development of autoregressive, moving average, and
mixed autoregressive moving average (ARMA), models for stationary time series. In
most case, it is best to develop a mixed autoregressive moving average model when
building a stochastic model to represent a stationary time series. The order of an ARMA
model is expressed in terms of both p and ¢. The model parameters relate to what
happens in period ¢ to both the past values and the random errors that occurred in past

time periods. A general ARMA model can be written as follow:
Xt = ¢1Xt_1 + ¢2Xt_2 + + ¢pxt—_p + Wt + 91Wt_1 + 02Wt_2 + +

O, Wi—q (52)

Equation (52) of the time series model will be simplified by a backward shift operator B to

obtain

0(B) x; = 6(B) w, (53)

The ARMA model is stable —i.e., it has a stationary ,,solution”—if all roots of ¢(B)= 0 are
larger than one in absolute value. The representation is unique if all roots of ¢(B)= 0 lie

outside the unit circle and ¢(B) and 6(B) do not have common roots. Stable ARMA
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models always have an infinite order MA representation. If all roots of ¢(B) are larger
than one in absolute value, it has an infinite order AR representation. The process is
invertible only when the roots of 0(B) lie outside the unit circle .Furthermore, a process is

said to be causal when the roots of ¢(B) lie outside the unit circle.

To have ARMA (p,q) model, both ACF and PACF should show a pattern of decaying to
zero. The autocorrelation of an ARMA (p, g) process is determined at greater lags by the
AR (p) part of the process as the effect of the MA part dies out. Thus, eventually the ACF
consists of mixed damped exponentials and sine terms. Similarly, the partial
autocorrelation of an ARMA (p, g) process is determined at greater lags by the MA (q)
part of the process. Thus, eventually the partial autocorrelation function will also consist

of a mixture of damped exponentials and sine waves.

Autoregressive Integrated Moving Averages (ARIMA) Models

Autoregressive integrated moving average (ARIMA) models are specific subset of
univariate modeling, in which a time series is expressed in terms of past values of itself
(the autoregressive component) plus current and lagged values of a ,,white noise™ error
term (the moving average component). ARIMA models are univariate models that consist
of an autoregressive polynomial, an order of integration (d), and a moving average

polynomial.
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A process (x;) is said to be an autoregressive integrated moving average process, denoted

by ARIMA (p, d, q) if it can be written as:
®(B) V'x, = O(B) w, (54)

where V¢ = (1- B)* with V’x, and d" consecutive differencing (Vandale,1983)

If E( th) = u, we write the model as

®B) Vix, = a+ 6(B) w, (55)

Where: @ is a parameter related to the mean of the process {x,}, by

a=pu(l-¢—.—¢,) and this process is called a white noise process, that is, a
sequence of uncorrelated random variables from a fixed distribution (often Gaussian)
with constant mean E( x,)= u ,usually assumed to be “zero” and constant variance. if

d=0, it is called ARMA(p,q) model while when d=0 and g=0,it is referred to as
autoregressive of order p model and denoted by AR (p). When p=0 and d=0, it is called

Moving Average of order ¢ model, and is denoted by MA (q).
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Seasonal ARIMA (SARIMA)

In this section, we introduce several modifications made to the ARIMA model to account
for seasonal and non-stationary behavior. Often, the dependence on the past tends to
occur most strongly at multiples of some underlying seasonal lags. Seasonal ARIMA
(SARIMA) is used when the time series exhibits a seasonal variation. Natural
phenomena such as temperature and rainfall have strong components corresponding to
seasons. Hence, the natural variability of many physical, biological, and economic
processes tends to match with seasonal fluctuations. Because of this, it is appropriate to
introduce autoregressive and moving average polynomials that identify with seasonal

lags. The resulting pure seasonal autoregressive moving average model, say,

ARMA (P, Q) s, then takes the form (Shumay and Stoffer, 2010):

®p (B)x, =00 (B) w, (56)

with the following definition of the operators

®p (Bs) =1 — O1sBs — PpsB2s —...-—PpsBPs
and (57)
@Q (BS) = 1+®1sBS '|'G')25]32S + - ‘+®Q5BQS

are the seasonal autoregressive operator and the seasonal moving average operator of
orders P and Q, respectively, with seasonal period S. Analogous to the properties of non-

seasonal ARMA models, the pure seasonal ARMA (P, Q) s is causal only when the roots
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of ®p (Z’) lie outside the unit circle, and it is invertible only when the roots of ®@¢ (Z°)

lie outside the unit circle.

In general, we can combine the seasonal and non-seasonal operators into a multiplicative
seasonal autoregressive moving average model, denoted by ARMA(p, ¢) * (P,Q)s, and

write as the overall model as:
©p (B ¢ (B)x;= 0o(5) 8(B) w; (58)

A seasonal autoregressive notation (P) and a seasonal moving average notation (Q) will

form the multiplicative seasonal autoregressive integrated moving average model,

denoted by ARIMA (p,d,q)*(P,D,Q)s, of Box and Jenkins (1976) and is given by:

Dp (B H(B)Vix,= a+ Oo( B O(B) w, (59)

where w, is the usual Gaussian white noise process. The ordinary autoregressive and
moving average components are represented by polynomials ¢(B) and 6 (B) of orders p

and q, respectively and the seasonal autoregressive and moving average components by
®p (B®) and @Q(BS) of orders P and Q .The ordinary and seasonal difference components

can be written as

Vi=(1-B) and VY =(1-B%)" (60)
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3.2.2.1. Test for Stationarity

Before developing a Box-Jenkins modeling process, it is important to check whether the
data under study meets basic assumptions such as stationarity. A time series is said to be
stationary if there is no systematic change in mean (no trend), if there is no systematic
change in variance and if periodic variations have been removed. Stationarity may be

classified as strict stationary and weak stationary.

Strict stationary: A stochastic process is said to be strictly stationary if its statistics (e.g.,
mean, variance, serial correlation) are not affected by a shift in the time origin, that is, if
the joint probability distribution associated with n observations (x;, x2,.. , X); made at
time origin t, is the same as that associated with n observations (xi,x2_ ..., Xn)ukx made at
time origin t+k. In other words, x(t) is a strictly stationary process when the two

processes x(t) and x(t+k) have the same statistics for any time lag of k.

Weak stationarity: Weak stationarity means that only the lower order moments of the
distribution function: the mean constant over time and the covariance function invariant
on time, that is, it depends only on time differences (i.e., lags). This is also called

stationarity in a wide sense.

If the probability distribution associated with any set of times is a multivariate normal
distribution, the process is called a normal or Gaussian process. Since the multivariate
normal distribution is fully described by its first and second order moments, it follows

that weak stationarity and an assumption of normality imply strict stationarity.
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Most of the probability theory of time series is concerned with stationary time series, for
this reason, time series analysis often requires one to turn a non-stationary series into a
stationary one so as to use this theory (Brockwell and Davis, 1996). Usually a common
mechanism used to transform a series into a stationary one is differencing, which means
calculating the difference among pairs of observations at some time interval. Many
testing procedures for stationarity are employed in the literature. We use the following

four relatively simple techniques.

Time plot: The first step in the analysis of time series is usually to plot the data and

obtain simple descriptive measures of the main property of the series via a visual
inspection of the time series plot. This may reveal one or more of the following
characteristics: Seasonality, trends either in the mean level or the variance of the series,
long- term cycles, and so on. If any such patterns are present, then these are signs of non-

stationarity.

The Correlogram Test: One way to characterize a series with respect to its
dependence over time is to plot its sample autocorrelation function (SACF). The sample
partial autocorrelation function, denoted by SPACEF, is similar to the SACF and can be
described as the correlation between x; and X (observations of the time series recorded
at two moments in time s time units apart) after controlling for the common linear effects
of the intermediate lags. Both functions are used in Box-Jenkins modeling as
correlograms to reveal important information regarding the order of the autoregressive

(AR) and moving average (MA) factors present in the generating process of the given
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time series as well as to assess stationarity. Enders (1995) expresses that inspection of
SACEF serves as a rough indicator of whether non stationarity is present in a series. Wei
(1990) states that if the sample ACF decays very slowly, it indicates that differencing is

needed.

While the stationarity tests described in the above sections make use of subjective visual
inspection of data plots and correlograms, formal tests were developed to help with
determining stationarity. These tests, also known as unit root tests and stationarity tests
are based for the most part on formal statistical tests and the difference between them lies
in the stringency of the assumptions they use as well as in the form of the null and
alternative hypotheses they adopt. The standard Dickey-Fuller test (DF) is based on i.i.d.
errors and has as the null hypothesis the unit root. On the other hand, the Phillips-Perron
test is nonparametric and allows for some heterogeneity and serial correlation in the
innovations. There exist many other unit root and stationarity tests as well as
generalizations and combinations of the ones mentioned above. However, in this study,

Dickey-Fuller test (DF) is to be used.

Unit Root Test: For a univariate time series, the Unit Root test is frequently employed
for testing stationarity. The test first poses the null hypothesis that the given time series
has a unit root, which means that the time series is non-stationary, and tests if the null
hypothesis is to be statistically rejected in favor of the alternative hypothesis that the
given time series is stationary. To detect whether a given series has non stationarity, let™s
assume that the relationship between current value (in time t) and last value (in time t-1)

in the time series is as following (Enders, 1995):
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X, =@ x., 1w, (61)

where X; is an observation value at time ¢, W; is a white noise process. This model is a
first order autoregressive process. The time series X; converges, as ¢t — oo, to a stationary
time series if | @] < 1.If| @ | =1 or >1, the series X, is not stationary and the variance

of x; is time dependent (Diebold et al., 2006). In other words, the series has a unit root.

The Unit Root test subsequently tests the following one-sided hypothesis

Ho: @ =1 (has a unit root)

H;: ¢ <1 (has root outside the unit circle)

The name, unit root, comes from the fact that the coefficient of x,_ ; is unity, if the time
series is non-stationary, and the Unit Root test, as the name suggests, tests if ¢ is unity or

not. If x, - ; is subtracted from the right and left sides of the above equation, we get:
th:(¢-1)xt—] +W; (62)

This equation is expressed as a first order difference equation. If & is taken one in the
equation, the effect of unit root can be removed from the actual series that has non
stationarity via a first differencing. The tests above are valid only if w, is white noise. In
particular, w; is assumed not to be autocorrelated, but would be so if there was
autocorrelation in the dependent variable of the regression (x; ) which has not been
modeled. If this is the case, the test would be ,,oversized”, meaning that the true size of

the test (the proportion of times a correct null hypothesis is incorrectly rejected) would be
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higher than the nominal size used (e.g. 5%). The solution is to ,,augment” the test using p

lags of the dependent variable (Brooks, 2008).

The Augmented Dickey-Fuller (ADF) Test: To use the Augmented Dickey-Fuller test,

here are the various cases of the test equation:

When the time series is flat (i.e. doesn“t have a trend) and potentially slow- turning

around zero, use the following test equation:
th: CD.X}_] +91V.xt_[ + .. +9p|7xt_p+wt (63)

When the time series is flat and potentially slow-turning around a non-zero value, use the

following test equation:

Vx[ :00 + (Dxt_] + Hlvxt_] + o« .. + gp th_p + Wt (64)

When the time series has a trend in it (either up or down) and is potentially slow-turning

around a trend line you would draw through the data, use the following test equation:

th :60 +Bt+q) xt_] + 91V xt_] + N + Gp th_p + Wt (65)

Where: VX, is the first differenced value of series(x;), w; is the error term,
x;_1 1s the first lagged value of the series (x;)
Vx t—j is the jth lagged first differenced of values of x;,

90, B, O=¢-1, 91, 92,..., Hp are parameters to be estimated .
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A problem now arises in determining the optimal number of lags of the dependent
variable. Although several ways of choosing p have been proposed, they are all
somewhat arbitrary, and are thus not presented here. Instead, the following two simple
rules of thumb are suggested. First, the frequency of the data can be used to decide. So,
for example, if the data are monthly, use 12 lags, if the data are quarterly, use 4 lags, and
so on. Clearly, there would not be an obvious choice for the number of lags to use in a
regression containing higher frequency financial data (e.g. hourly or daily). Second, an
information criterion can be used to decide. So choose the number of lags that minimizes

the value of an information criterion (AIC, SBC) (Brooks, 2008).

In this study, we use the test-statistic associated with the Ordinary least squares estimate of

® . This is called the Dickey-Fuller test- statistic. The Dickey-Fuller-test now estimates
n = @+1 by 7, obtained from an ordinary regression and checks for ® = 0 by

computing the test statistic:

r=n ®=n (f-1) (66)
Where 7 is the number of observations on which the regression is based.
The hypothesis of the Augmented Dickey-Fuller test for all the above three cases is
Hp: @ =0 — (the data needs to be differenced to make it stationary)
H;: ® <0 — (the data is stationary and doesn“t need to be differenced)

Unfortunately, the Dickey-Fuller t-statistic does not follow a standard t-distribution as the

sampling distribution of this test statistic is skewed to the left with a long, left-hand-tail.
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Hence, the test statistic follows the so called Dickey-Fuller distribution which cannot be
explicitly given but has to be obtained by Monte-Carlo and bootstrap methods (Falk,

2006).

But note that if there is a trend term in the series, the test statistic follows the so called F-

distribution.

The augmented Dickey—Fuller (ADF) statistic, used in the test, is a negative number. The
more negative it is, the stronger the rejection of the hypothesis that there is a unit root at

some level of confidence (Elliott et.al., 1996)

Variance Comparisons: The behavior of variance associated with different orders of
differencing, can provide a useful means of deciding the appropriate order of differencing
to achieve stationary (Hamilton, 1994). A time series that is non-stationary in mean can
be made stationary by the first differencing. But, if the series is also not stationary in the
rate of change of the mean (i.e. slope), stationarity can be achieved by taking the second
difference, or the difference of the first difference. We should, however, beer in mind that
each successive differencing will decrease the variance of the series, but at some point,
higher-order differencing will have an opposite effect. When variance increases, it means

that the series has been over-differenced (Nagpaul, 2005).
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3.2.2.2. Handling Missing Values

Similar to other statistical analysis a problem frequently encountered in time series data
analysis is missing observations in a data series. Missing data must also be addressed in
the time series context. Special consideration in handling missing data in a time series
application is that the missing data cannot simply be omitted from the data series.
Missing observations must be replaced by appropriately estimated values so that the
alignment of data between time periods will not be offset inappropriately. In order to
replace those observations, there are several options available in the literature. As
discussed in  Liu and William (2001), missing data in a time series may be estimated
using one of the following methods. Firstly, replace with the mean of the series.
Secondly, replace with the naive forecast. Naive model is the simplest form of a
univariate forecast model. It uses the current time value for the next time, that is X4
= X;. Thirdly, replace with a simple trend forecast. This is accomplished by estimating the
regression equation of the form, x = a + pt, where t is the time for the periods prior to the
missing value. Then use the equation to fit the time periods missing. Finally, replace with

an average of the last two known observations that bound the missing observation.
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3.2.2.3. Building ARIMA Models

To identify a perfect ARIMA model for a particular time series data, Box and Jenkins
(1976) proposed a methodology that consists of four phases: i) Model identification; ii)
Estimation of model parameters; iii) Diagnostic checking for the identified model and

iv) Application of the model (i.e. forecasting).

) Model Identification

The purpose of the identification stage is to determine the differencing required to
achieve stationarity and also the order of both the seasonal and the non- seasonal AR and

MA operators for the residual series.

There are a number of identification methods proposed in the literature. The
autocorrelations function (ACF) and the partial autocorrelation functions (PACF) are the
two most useful tools in any attempt at time series model identification (Granger and

Newbold, 1986).

Autocorrelation Function (ACF): The sample ACF (Ix) measures the amount of linear

dependence between observations in a time series that are separated by a lag k. To use the

ACF in model identification, estimate I'y and then plot I'y series against lag k up to a

maximum lag of about five times the seasonality interval and this should be less than to
one fourth of the series under study (Hipel et al., 1977). To identify the number of non

seasonal and seasonal autoregressive, and non seasonal and seasonal moving average
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parameters, we examine the ACF based on the theoretical pattern for the identified

parameters using Table-3.1 and 3.2 as summarized (Shumway and Stoffer, 2010):

Table 3.1. Behavior of the ACF and PACF for ARMA Models

AR(P) MA(Q) ARMA(P,Q)
ACF Tails off Cuts off after lags Q Tails off
PACF Cuts off after lags P Tails off Tails off
Table 3.2: Behavior of the ACF and PACF for Pure SARMA Models
AR(P)s MA(Q)s ARMA(P,Q);
ACF Tails off at lags K, Cuts off after lags Qs Tails off at lags Ks
K=1,2,...
PACF Cuts off after lags Ps Tails off at lags ks Tails off at lag Ps
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Where the values at non seasonal lags h # Ks, for K = 1, 2,..., are zero. When the

process is SARIMA (0, d, q) x (0, D, Q)s model, Ik truncates and is not significantly

different from zero after lag g+sQ. If T spikes out at lags that are multiples of s, this

implies the presence of a seasonal autoregressive component. The failure of the
autocorrelation function to truncate at other lags may imply that a non seasonal

autoregressive term is required.

The autocorrelation of order k is simply the correlation between x, and x.; i.e.

_ BB (D))
Pk E{(x,—0)2)

(67)

In practice, one never knows the true autocorrelations and partial autocorrelations and at
the identification stage, one has to rely on the sample autocorrelation and partial
autocorrelation functions imitating the behavior of the corresponding parent quantities.
True autocorrelations(py, ) can be estimated by:

_1/71 Z?=k+1(xt—f)(xt—k_f)
1/n ¥foq (xe—%)?

ry (68)

where x is the sample mean of the x;“s.

Partial Autocorrelation Function (PACF). Partial autocorrelation function can also be

used for determining the possible order of seasonal autoregressive, non-seasonal
autoregressive, moving average and seasonal moving average that should be

incorporated in the model by the help of Table-3.1 and 3.2 above. When the process is a
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pure SARIMA (p, d, 0) x (P, D, 0);, model, r;;, cuts off and is not significantly different
from zero after lag p+SP. If r,;, dampsout at lags that are multiples of s, this suggests the
incorporation of a seasonal moving average component in to the model. The failure of the
partial autocorrelation function to truncate at other lags may imply that a non seasonal
MA term is required (Hipel et al., 1977). To obtain an estimate for partial
autocorrelations (py,) at lag k, we can employ successive autoregressive estimation

procedure. The first step is to model the X, series by finite autoregressive models of order

K given by (Box and Jenkins, 1976):

X=Po+Lh=1 Pik Xt —k (69)

Where py is the k™ autoregressive coefficient and 4=1, 2,..., K. Estimate of these
coefficients by ordinary least squares or maximum likelihood estimation method gives

the &"- sample partial autocorrelation (Hipel et al., 1977).
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i)  Parameter Estimation

After choosing the most appropriate model (step (i) above), the model parameters are
estimated by using several estimation procedures. The estimation-stage results will be
used to check: (i) parameter estimates, (i1) the appropriateness of coefficient estimates
which includes the statistical significance of estimated coefficient and standard error and

correlation matrix.

In maximum likelihood methods, the likelihood function is maximized in order to obtain
the parameter estimates. The likelihood of a set of data is the probability of obtaining that
particular set of data, given its distribution. The philosophy behind maximum likelihood
estimates is to find a set o f parameters which maximize the likelihood of observing the

data to which the model is being fitted.

The linear optimization algorithm is used to maximize the likelihood function with

respect to the parameter space (Shumway and Stofferr, 2010).

In Time series analysis, there may be several adequate models that can be used to
represent a given data set, and hence, numerous criteria for model comparison have been
introduced in the literature. One of them is based on the so-called information criteria.
The idea is to balance the risks of under fitting (selecting an order smaller than the true

order) and over fitting (selecting an order larger than the true order).

Akaike (1978) introduced a criterion called Akaike Information Criterion (AIC) in the

literature. The AIC is a mathematical selection criterion of model building. When there
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are several competing models to choose from, select the model that gives the minimum of

the AIC defined by (Shumay and Stoffar, 2010):

AIC=logs,” +2 (71)
Where:

& 2_SSE . o . . .
Oy, =Tk denotes the maximum likelihood estimator for the error variance and k is

the number of seasonal and non-seasonal autoregressive and moving average parameters
to be estimated in the model, that is, according to Wei (1990), k=p+q+P+Q+ 1 andn
is the number of observations. The optimal order of the model is chosen by the value of ,
which is a function of p and ¢, P and Q so that the value of k yielding the minimum AIC
specifies the best model. Wei (1990) expressed the need to select the model that has
fulfilled all the diagnostic checks and has as few parameters as possible in terms of

parsimony.

Schwarts (1978) suggested a Byesian criterion called Schwartz*s Bayesian Criterion

(SBC) having the form:

SBC=logs,” +=2" (72)

The (SBC) can also measure the parsimony of model building. A model that has the
smallest SBC value among the competing models fit to time series is preferred. The
optimal order of the model is chosen by the value of &, which is a function of p and ¢, P

and Q so that the value of k yielding the minimum SBC specifies the best model as AIC.
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i)  Diagnostic Checking
After fitting a provisional time series model, we can assess its adequacy in various ways.
The usual approach is to extract from the data, a sequence of residuals to correspond to
the underlying, last unobservable, white noise sequence, and to check that the statistical
properties of these residuals are indeed consistent with white noise. Most diagnostic tests
deal with the residual assumptions in order to determine whether the residuals from fitted
model are independent, have a constant variance, and are normally distributed. Several
diagnostic statistics and plots of the residuals can be used to examine the goodness of fit

of the tentative model to the historical data.

The first approaches that can be used to evaluate the adequacy of a model are the plot of

the errors over time, which can be written (Shumay and stoffar, 2010):

wy=(x; 'xtt_l)/\/ pg_l (73)

1

where X; -xtt ~" is the one-step-ahead prediction of (X;) based on the fitted model

and ptt ~1 is the estimated one-step-ahead error variance. If visual inspections of the
errors reveal that they are randomly distributed over time, then we have a good model.

The autocorrelations function (ACF) of the series can also be used to examine whether
the residual of the fitted model is white noise or not. If the ACF is significantly different

from zero, this implies that there is dependence between observations (Janacek and Swift,

1993; Ferguson et al., 2000). There are different applications related to the Residual ACF
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(RACF) for the independence of residuals. The first one is the correlogram drawn by

plotting r(w) against lag k.

Tt—le+1 WeWe—k (74)

n 2

Vak =
t=1Wt

Under the assumption that residual follows a white noise process the standard errors of

these (r,) are approximately equal to 1///T. Thus, under the null hypothesis that residual

follows a white noise process, roughly 95% of the autocorrection coefficient (r,;) should

fall within the range +1.96/v/T . If more than 5% of the coefficient fall outside of this
range, then most likely residual does not follow a white noise process (Lehmann and

Rode, 2001).

There are many statistical tests used for diagnostic checking of randomness. The Ljung-
Box Q statistic, Turning point and Runs tests can be used for the diagnostic checking of

residuals for independence.

Ljung-Box Q (LBQ) Statistic: The Ljung-Box Q or Q(r) statistic can be employed to
check independence of residual instead of visual inspection of the sample

autocorrelations. A test of hypothesis can be done for the model adequacy by choosing a
level of significance and then comparing the value of calculated y* with the y*- table

critical value. A useful test in these concepts is the portmanteau lack of fit test. This uses

the entire residual sample with null hypothesis that Ho: 1 =#2 === #x =0
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The test statistic is calculated by the following equation (Ljung and Box, 1998):

2

00 =’ + )Y, (75)

n—j
. . . . . . . 2 .
where: n'=(n—d), n is the number of observations in the original time series, 4; is the

sample autocorrelation of the residuals at lag j and d is the degree of non- seasonal
differencing used to transform the original time series values into stationary time series

values and k is sufficiently large integer.

This test statistic is the modified € - statistic originally proposed by Box and Pierce

(1970). Under the null hypothesis of model adequacy, Ljung and Box (1978) show that
the € - statistic approximately follows the 4%, distribution where m is the number of

parameters estimated in the model. If a model is correctly specified, residuals should be

uncorrelated and Q(r) should be small (p- value should be large).

Runs Test: The runs test can be used to decide if a data set is from a random process. A
run is defined as a series of increasing values or a series of decreasing values. The
number of increasing (or decreasing) values is the length of the run. In a random data set,
the probability that the (i + 1)” value is larger or smaller than the i value follows a
binomial distribution, which forms the basis of the runs test. The first step in the runs test
is to compute the sequential differences (¥; — Y;-;). Positive values indicate an increasing
value, whereas negative values indicate a decreasing value. In other terms, if ;> Y;-; a1
(one) is assigned for an observation and a 0 (zero) otherwise. The series then has an

associated series of 1s and 0s. To determine if the number of runs is the correct number
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for a series that is random, let T be the number of observations, 7, be the number above
the mean, 7}, be the number below the mean and R be the observed number of runs. Then,
using combinatorial methods, the probability P(R) can be established and the mean and
variance of R can be derived (Cromwell et al., 1994). When T is relatively large (>20)

the distribution of R is approximately normal.

Zy= ok N(0,]) (76)
where:
E(R)- T+2T 1T,

_ OLT,QT,T,-T)
27(T - 1)

V(R)

The test of series randomness is rejected if the calculated Zy value exceeds the selected

critical value obtained from the standard normal distribution table.

Turning Point Test: A turning point means when the series changes from increasing to
decreasing or vice versa. That is, X, <X, > X4 or X;-1 > X, < X;41. Let T = the number
of turning points in an n- period series. In order to carry out the test of white noise with
this test, we must determine the distribution of the number of turning points in a series. It
is known that with increasing n-the distribution of 7 is approximately normally
distributed (Kendal and Ord, 1990). Then, the fest statistic (Nt) defined and

approximated in Eqn.(77) should be compared with the Zz-table critical value. The

hypothesis of randomness should be rejected at & significance level if the absolute value
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of Nr> Ny > Where Ny, o) 18 the (1- @ /2) quartile of standard normal distribution

(Cromwell et al., 1994):

‘T - ,uT| (77)

N, =—== N(0,1
" iy
M =(2/3)(n=2)

Where:
Var(T)=(16n-29)/90

Test for normality of the residuals: If a data set is distributed according to the bell
shaped curve of the normal distribution, this set can be referred to as normal. Therefore,
the histogram and Q-Q plot of a data set give information related to normality. There are
several statistical tests used for the diagnostic checking of normality. The null hypothesis
for any test of normality is that the data are normally distributed. In this study, Shapiro-
Wilk Test will be used for the diagnostic checking of residuals for normality. The
Shapiro-Wilk statistic “W” is proportional to the ratio of the squared slope of the normal

probability plot to the usual mean square estimate (Gibbons, 1994):

= (78)

Where: g; , for the W- statistic are given in Table (Gibbons, 1994).
Test approaches for diagnostic checking of homosecdasticity

For the diagnostic checking of residuals in terms of homoscedasticty, Goldfeld-Quandt,
Breusch and Pagan and Spearman's rho tests are commonly used for time series data. But

in this study, we use only Goldfeld-Quandt test and Breusch and Pagan test.
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Goldfeld-Quandt Test: This test is very useful for determining whether a transformation
of the data is needed. If there is a change in variance (heteroscedasticity) of residuals, a
transformation is necessary for the data. The following is the steps for the Goldfeld-

Quandt statistic (Greene, 2000):
1) Rank or order the residuals from the model fit to the data in ascending order,

2) Divide the residuals into three parts: n, observations in the first part, p observations in
the middle part, and n, observations in the second part (n, +n, +p =n). Usually p is
taken to be one-sixth of n.

3) Run a regression on the first n, observations, obtain the residuals (€, ), and calculate

n
the residual variance §? = le &2 /(n, — 2) - Similarly run a regression on the second
i=1

n, observations, obtain the residuals (&, y and calculate the variance

- S; :
4) Calculate the test statistic: F,, = %2 , iff 7 >8] with ("2 =% =k degree of

freedom.

5) If F 1s smaller than the critical value (F,, (n, —k,n, —k) ), the residuals are assumed

to be homoscedastic.
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Breusch-Pagan Test: This involves applying ordinary least-square (OLS) to:

A2
&
= = Yo T VX VX e F Y Xy Ty

2

and calculating the regression sum of squares (RSS).
The test statistic is:

2
Xcal - 2
Decision rule: Reject the null hypothesis of homoscedasticity: Hy:y, = v, = ... = y¢ = if:

Xial > X(Zx (K) .
If the constant variance and normality assumptions are not true, they are often reasonably

well satisfied when the observations are transformed by a Box-Cox transformation

(Shumay and Stoffar, 2010):

A
x; —1
xt(l) — 1 9/1 #0 (79)
Inx,,A=0
Choose the value of A4 that maximizes:
(80)

I(A) = —gln{l > (- )_c”))z} +(A-1)D Inx,
prahe 2
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If the selected model is inadequate, the three-step model building process is typically
repeated several times until a satisfactory model is finally obtained. The final selected

model can then be used for prediction purposes (Wei, 1990).

Iv) Forecasting

The last step in time series modeling is forecasting. There are two kinds of forecasts:
sample period forecasts and post-sample period forecasts. The former are used to develop
confidence in the model and the latter to generate genuine desired forecasts. In
forecasting, the goal is to predict future values of a time series, Xum, m =1, 2 ,. . . based on
the data collected to the present, x = {x;, x,—1, . . ., x1}. Throughout this section, we will

assume x, is stationary and the model parameters are known.

Minimum mean square error forecasts

ARIMA (p, d, q) process can be written as

b(B)Vix=6 (B)w, (81)

t
t+m

Forecasting a value x m=1, 2,3 ... when we are currently standing at time t is said to

be made m-step ahead forecast. Then three explicit forms of the model for the

t
t+m

observation (x,,, ) generated by the ARIMA process may be expressed as follows (Box

and Jenkins, 1976):

Directly in terms of the difference equation by

Xt+m = ¢1xt+m—1 + -t q)p+dxt+m—p—d - 61Wt+m—1 -t Hth+m—q (82)
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Infinite weighted sum of current and previous shocks ( w;)
Xt+m = Z]n;_ol lIJ]-VVt+m—j (83)
where: P, = 1and y j's may be obtained by equating the coefficients in

OB)(1+ Y B + Y,B*+...) =0 (B)

Infinite weighted sum of previous observations, plus a random shock

m—1
Xepm = z . Xt +m—j (84)
]=

where: Zﬁl mj=1and 7 j's may be obtained by equating the coefficients in

b(B)=(1-t;B — m,B*...) 6 (B)

~

Standing at origin t, we can take a minimum mean square error predictor, X of X¢ym

t+m

,which is a linear function of current and previous observations of x; x;_1, ..., then it will

also be a linear function of current and previous shocks .

~

The minimum mean square error predictor (Xx,,, ) for lead time m is the conditional

expectation of x;,, , at the origin t. From Eqn. (83), we can obtain

~

Xpom = E(xt-i-ml Xiseees Xy ) = Z]n;61 L|J]'E(Wt+m_j) (85)

Then the mean-square prediction error can be written as (Shumay and Stoffar, 2010):
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2

g e (86)

Ptt+m = E(xt+m - J~C1:+m)2 = (SW

To assess the precision of the forecasts, prediction interval can be calculated as:

oo+ C AP, WhereC oy is chosen to get the desired degree of confidence.

xt+m +m 9 a
2 2
Forecasting Accuracy Measures

Once forecasts are made they can be evaluated if the actual values of the series to be
forecasted are observed. There are some measurements of the accuracy of forecasts.
These are root mean square error (RMSE), mean absolute error (MAE), mean absolute

percentage error (MAPE) and Theil“s inequality coefficient (Theil-U).
En— V,\\IZ
Mean Square Error (MSE) =% ;

i1 Wl |

MeanAbsoluteError(MAE) ===

n_ ¢
t=1"7,

Mean Absolute Percentage Error (MAPE) = —

1
~ X1 (xe—fe )2

1<n 2 1<n 2
p2t=1ft [pZt=1%t
v v

Theil’s inequality coefficient (U-Statistics) =
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Where: n — the number of observation, x; and f; is actual observation for time period t
and forecast for the same period, respectively. The scaling of U is such that it will always
lie between 0 and 1. If U = 0, x, = f; for all forecasts and there is a perfect fit; if U = 1
the predictive performance is as bad as it possibly could be. The Theil*s inequality

coefficient can be decomposed in to bias, variance and covariance proportions.

F_7\2
Bias Proportion = HL ;
;Z?:l(xt_ft)z

(Sr—Sx)?

Variance Proportion= Ton 3
o Ze=1(x¢—f)

2(1-1) S8y

Covariance Proportion =g 5
n Y= (xe—fe)

Where: f,X and S, Sy, are means and standard deviations of forecast series (F) and

actual series(X) respectively, and r is the correlation between F and X.

The bias and the variance proportions show how far the mean of the forecast series is
from the mean of the actual series and how far the variation of the forecast is from the
variation of the actual series, respectively. The covariance proportion measures the
remaining asymmetric forecast errors. The sum of these three measures would be one. If

the forecast is good, the bias and the variance proportions should be small.

MSE, MAE, and RMSE depend on the scale of the dependent variable. These should be
used as relative measures to compare forecasts for the same series across different
models; the smaller the error, the better the forecasting ability of that model according to

that criterion. However, MAPE and Theil"s inequality coefficient are scale invariant.
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Therefore, this study used mean absolute percentage error (MAPE) and Theil*“s inequality

coefficient (U-statistic).

4. Data Analysis

4.1. Descriptive Analysis

In this section we will describe rainfall of Dire Dawa, Haramaya and Dengego station
and mainly focused on analyzing monthly as well as annually rainfall data of Dire Dawa

station recorded by the National Meteorological Agency of Ethiopia (NMAE).

The statistical software package used for most of the analysis is R-15.10.1. For some test

and graphs, however, SAS-9.2 was used.

Table-4.1 below and Figure-1 in the Appendix, shows the summary of annual and
monthly rainfall. From the table, it can be seen that the mean annual rainfall of Dire
Dawa, Dengego and Haramaya are 611mm, 774 mm and 772mm, respectively. The
minimum rainfall values were observed most frequently in months of dry seasons in all
stations and maximum rainfall values were recorded in months of the main rainy season
in all stations. In Dire Dawa, the minimum annual rainfall of 228.3mm was recorded
during the year 1984 and the maximum of 719.7 mm in the year 1997. The minimum and
maximum annual rainfalls of Dengego were 473.8 mm in 1985 and 1066.2mm in 1997,
respectively. While the minimum and maximum annual rainfall of Haramaya was

430.3mm in 1987 and 1043.7mm in 1983, respectively. The amount of rainfall at
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Dengego and Haramaya are more or less the same on average in all seasons, and is much

higher than that of Dire Dawa over the study period.

Table 4.1: Summary of rainfall amount by Station (January, 1982-December, 2011)

Rainfall(in mm) Dire Dawa Dengego Haramaya

Annual | Mean 611 774 772
Minimum 228.3 473.8 430.3
Maximum 719.7 1066.2 1043.7
CVv 0.23 0.18 0.19

Monthly | Mean 54.7 64.6 64.4
Minimum 0.00 0.00 0.00
Maximum 249.9 303.4 305.2
CvV 1.04 1.0 0.74

The coefficient of variation (CV) provides a measure of year-to-year variation in the data
series. NMA (1996) documented that a series with CV less than 0.20 can be considered
as less variable, while CV between 0.20 and 0.30 is moderately variable, and CV greater

than 0.30 is highly variable.

The monthly rainfall data in all stations show that there is high variability since their CV
is greater than 0.30. However, relatively the monthly variability of rainfall of Dire Dawa
and Dengego are similar. When we see the overall variability, the high variability occurs
during months of dry seasons while the low variability is observed during the rainy
season in all stations. Dengego and Haramaya stations have less variability in the annual

rainfall. However, the variability of annual rainfall in Dire Dawa during the last 30-year
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period is a bit larger than neighboring stations. This may indicate that climate instability

is high in Dire Dawa than other stations.

4.2. Testing Stationarity

Visual Inspection: Regardless of which technique is used, the first step in any
time series analysis is to plot the observed values against time. A number of
qualitative aspects are noticeable as you visually inspect the graph. The pattern
of the time series plot in Figure-2 of the Appendix does not show any systematic
upward and downward change about the mean. This indicates that the series is

non-seasonally stationary.

From the autocorrelation function plot in Figure-4(Appendix), the presence of
seasonality behavior and seasonally non-stationarity of the rainfall series is
clear. Because it shows strong seasonal wave pattern at the multiple of seasonal
intervals(s=12) and declining slowly while non seasonal lags are relatively
decaying quite rapidly. This can be interpreted as a 6-month seasonal pattern
that cycles between summer when there is little to no rainfall, and winter when

rain is at its peak.

Therefore, from the time series plot and autocorrelation plot (Figure-2 and
Figure-4 in the Appendix), we observed that our series has seasonal variation,

and seasonal differencing is needed to make it stationary.
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Next, we perform some formal tests of stationarity to confirm the visual inspection of

non-seasonal stationarity.

Unit root test: The test first impose that the rainfall series has a unit root, versus the

series is stationary. We test the null hypothesis using the available Augmented Dickey-
Fuller (ADF) test. Such test are used in order to know whether our series are stationary or
not at level or after differencing. From Figure-2 in the Appendix, we observe that the
rainfall series of Dire Dawa doesn“t have a trend and potentially slow- turn around zero.
Therefore, we can use the test equation given in Eqn. (64). For our series, maximum lag
lengths (P) of the ADF test to remove serial correlation from the residuals of the
regressions based on the relationship between the current value and the past value of the

series was selected as 12.

If the estimate of @ is nearly zero in the fitted regression eqn. (64), the rainfall series (x;)
needs differencing, and if the estimate of ® < 0, then the series is already stationary
(Makridakis et al., 1998). The results of ADF test for the monthly rainfall series of Dire
Dawa at level (without differencing), after first regular and seasonal differencing are

summarized in Table-4.2 below.
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Table 4.2: Summary of ADF unit-roots test (at level and after first seasonal and regular

differencing)
Series ADF  test | 1%crit.Value | 5%crit.-Value | 10% crit.Value | Decision
statistic
Original -0.871 -1.442 -1.976 -2.572 Don’t Reject
series null
hypothesis
First regular | -1.412 -4.157 -3.56 -3.217 Don’t Reject
differencing null
First -4.97 -3.44 -2.87 -2.57 Reject  the
Seasonally null
differenced

The ADF test statistic for the original and first regular differencing monthly rainfall

series given in Table-4.2 are greater than the critical values at 1%, 5% and 10%

significance levels. According to these results, the null hypothesis, which has a unit root,

for the data sequences should not be rejected at all significance levels. This figure further

confirms that original series as well as series obtained after first regular differencing are

not stationary. However, as also suggested by visual analysis, after first seasonal

differencing, the computed ADF test statistic are smaller than the critical values at

1%,5% and 10% significant levels. This leads to the rejection of the test that there is a

unit-root problem.
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Variance Comparison: The sample variance decreases until a stationary series has been
found. Increase in the differencing order tends to increase the variance indicating over

differencing. In this study the following results were obtained:

Var(Vx,)=5127.7, Var(x)=3252.7, Var(V;;x,)=2704.76, and  Var(Vix,,=7981.4

values. From these it is clear that:

i) Var(Vx.,) > Var(x,)

ii) Var (V4 x,) > Var(x,) > Var(V,x,).

These results suggest that non-seasonal first differencing (Vx;) has been over-differenced
and hence the original series is non-seasonally stationary. The first seasonal differencing

would rather be important.

Figure-1: Time plot for first seasonal differenced transformed rainfall series (Dire Dawa)
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Figure-2: ACF and PACEF plot for first seasonal differenced transformed rainfall series
(Dire Dawa)

Consequently, all tests for stationarity seem to agree and suggest that the first-seasonal
differencing of the series make stationarity around a constant mean, which is

approximately zero and calculated its standard deviation of 52.05mm (see Figure-1).

Moreover, to determine whether stationarity has been achieved, either by trend removal
or by differencing, one may examine the autocorrelation function (ACF) and partial
autocorrelation function (PACF) sequence of the residual or processed series (Janacek
and Swift, 1993). The sequence corresponding to a stationary process should converge
quite rapidly to zero as the value of the lag increases. From this point of view,
autocorrelation and partial autocorrelation plot shown in Figure-2 are in support of

monthly rainfall series stationary after having first seasonal difference.
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To test whether residual from fitted model come from normally distributed series, we use
histogram, QQ-plot of the residual and Shapro-wilks test. The histogram and QQ-plot of
the residual shown in Figure-5(a) (Appendix), show skewed rather than normally
distribution. Shipiro-Wilks test also confirms this fact since it results in P-value of 7.03e-
09, which is smaller than 0.05. This implies that the residuals from the fitted models do
not come from a normal distribution. This therefore, suggests some kind of

transformation for our monthly rainfall series to achieve normality.

By applying Box-Cox transformation defined in Eqn.(79) to the monthly rainfall series,
the normality assumptions of residual will be achieved using optimum value A = 0.5,
which maximizes the likelihood function defined in Eqn.(80) with various iteration by the
help of SAS 9.2-software. Figure-5(b) in the Appendix reveals that after this
transformation the problem of non-normality seems dealt with. The Shapiro—Wilk test

result (p-value=0.397) is also in support of the normality of transformed series.

Since normality is not fulfilled for the original series, three stages model building is
performed with square root transformed data with the help of ACF and PACF plot shown

in Figure-2 above.
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4.3. Model Building for monthly rainfall series

Fitting a model to time series data involves plotting the data, transforming the data when
appropriate, identifying the dependence orders of the model, parameter estimation,
diagnostics tests, and model choice. In this section, a univariate SARIMA methodology is

used to model monthly rainfall of Dire Dawa.

4.3.1. Model Identification

Once the degree of differencing has been determined, the autoregressive and moving-
average orders are selected by examining the sample autocorrelations and sample partial

autocorrelations.

To use the sample autocorrelation and sample partial autocorrelations functions for
tentative model parameters identification, we consider the ACF and PACF shown in
Figure-2 above. Using Table-3.1 and Table-3.2 as a guide, preliminary values of p, ¢, P
and Q are chosen. Because we are dealing with estimates, it will not always be clear
whether the sample ACF or PACEF is tailing off or cutting off. Also, two models that are
seemingly different can actually be very similar (Shumway and Stoffer, 20/0). With this
in mind, we should not worry about being so precise at this stage of the model fitting. At
this stage, a few preliminary values of p, g, P and Q should be at hand, and we can start

estimating the parameters.

First, concentrating on the seasonal lags, the characteristics of the ACF and PACF of our

transformed series in Figure-2 tend to show a strong peak at h = 12 in the autocorrelation
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function, combined with peaks at h = 12, 24, 36 in the partial autocorrelation function.

Hence it appears that either:

(i) the ACF is cutting off after lag 12 and the PACF is tailing off in the seasonal lags,

(i1) the ACF and PACEF are both tailing off in the seasonal lags.

Table 3.2 suggests either (i) a seasonal moving average of order Q = 1, or (ii) due to the
fact that both the ACF and PACF may be tailing off at the seasonal lags, perhaps both

components, P =1 and O = 1, are needed.

To identify the between-season model, we focus the lags h=1, 2...11 and identify order

based on Table-3.1.

First, we set the ACF to be tailing-off and the PACF to be cut-off after lag 5, we identify
p=5 and g=0. Also it is possible to think of the PACF to be tailing-off and the ACF to

cut-off after lag 5, leading to identify P=0 and Q=S5.

Fitting the four models suggested by these observations, we obtain:

SARIMA (0, 0, 5) x (0, 1, 1)

SARIMA (5, 0, 0) x (0, 1, 1)12

SARIMA (0, 0, 5) x (1, 1, )12

SARIMA (5,0, 0) x (1, 1, 1)12
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4.3.2. Parameter Estimation

In this section, we assume we have n observations( xy,...,x,) from a causal and
invertible Gaussian ARMA (p,q)*(P,Q)12 process in which initial order of parameters, p,

q P and Q are known. Our goal is to estimate the value of parameter: 0 .... ,Gq, b1,

¢y, 0,,...,0,,D,,...,D,. Estimating the parameters for Box-Jenkins models follows a

non-linear estimation and parameter estimates are usually obtained by maximum
likelihood method, which is asymptotic for any time series (Brockwell and Davis, 1996).
Hence, we use maximum likelihood estimation method for transformed total monthly

rainfall to estimate the parameters. The results are summarized in Table- 4.3 below.
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Table 4.3: Summary of Parameter Estimates and selection criteria

Model | Parameter | Estimate Std.Error T-ratio | P-value Criteria
(i) u -0.002 0.039 0.05 |0.959 AIC=1863.206
0, 0.165 0.053 3.09 0.002 SBC=1874.763
2 _
0, 0.775 0.037 20.88 | <.0001 o =11.81
(ii) U -0.002 0.039 0.05 |0.959 AIC=1860.17
& 0.181 0.053 3.41 | 0.0006 SBC=1870.73
2
o, 0.777 0.037 20.99 | <.0001 o, =10.71
(iii) Yz -0.002 0.039 0.05 |0.959
0, 0.165 0.053 3.09 0.002 AIC=1865.19
o, 0.772 0.037 2088 | <0001 | SBCTI87961
5. =12.19
D, -0.007 0.071 0.09 0.925
(iv) Yz -0.002 0.039 0.05 |0.959
& -0.181 0.053 3.41 | 0.0006 AIC=1864.13
o, 0.775 0.037 20.88 | <.0001 SBC=1878.54
5. =11.85
D, 0.011 0.071 0.16 | 0877

Table-4.3 above displays the list of the parameters for each temporally entertained model.

For each model parameter, the table presents the estimated value, standard error, ¢- value,

AIC, SBC and variance ( Skz) for the estimate. As indicated by McDowall et al., (1980),

parameters must differ significantly from zero and all significant parameters must be

included in the model. The T-ratios (t.;) for associated parameter estimate were
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compared with the critical value of obtained from the t-distribution. The result indicated
that the seasonal and non-seasonal moving averages as well as non-seasonal
autoregressive parameters are all significant since their p-values is smaller than 0.05 and

should be retained in the model. However, the constant (i), non-seasonal autoregressive

parameters (¢, @, ¢, #,) and seasonal autoregressive parameters(g,) in all selected

models are insignificant since their p-values is greater than 0.05. Therefore, it can be
conclude that the parameters is statistically close to zero and that it should be omitted

from the model.

The AIC, SBC and variance of the estimate ( Skz) in Table-4.3 are computed according to
Eq. (71 and 72) and are used to compare selected models fit best to the monthly rainfall
series. The model with the smaller information criteria is said to fit the data better. Since
SARIMA (5, 0, 0)*(0, 1, 1);, model has lower AIC, SBC and variance of estimate than
other model, it fits the transformed monthly rainfall series of Dire Dawa better, and can

be further analyzed.

The correlations of the parameter estimates are shown in Table-4.4, which can be used to
assess the extent to which collinearity may have influenced the results. If two parameter
estimates are very highly correlated, you might consider dropping one of them from the
model, but in our case correlation between seasonal moving average and non-seasonal
autoregressive parameter is -0.079, which indicate that less correlation is observed

between parameter estimates.
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Table 4.4: Correlations of Parameter Estimates for the fitted model

Parameter 01> Ps
1.000 0.032 -0.017
O 0.032 1.000 -0.079
Ps -0.017 -0.079 1.000

4.3.3. Diagnostic Checking

In this section, we will assess how well the selected model fit the actual rainfall data. If
the model fits the data well, the residuals of the fitted model are random (Chatfield,
1991). In ARIMA modeling, the selection of a best model to data is directly related to
how well the residual analysis is performed (Kadri et al., 2005). Therefore, several
diagnostic statistics and plots of the residuals can be used to examine the goodness of fit

of the selected model to the data.

The first step in this stage is plotting the standardized innovations (or residuals) of
monthly rainfall of Dire Dawa. If the model fits well, the standardized residuals should
behave as an identically and independently distributed sequence with mean zero and
variance one (Shumay and Stoffar, 2010). The time plot should be inspected for any clear
departures from this assumption. Inspection of the time plot of the standardized residuals
for square root transformed rainfall series in Figure-3 below, which is obtained by

computing Eqn. (73), shows no clear patterns (trend or seasonality behavior).
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Under the assumption that residuals follow a white noise process, the standard errors of

the residual ACF, in our case are approximately equal to 1/4/360. Thus, under the test

that residual follows a white noise process, roughly 95% of the residual autocorrelations

should fall within the range of £1.96/4/360. It is clear, as shown in Figure- 3 below that
there is no pattern in the residuals autocorrelation plot for the selected model, which
means there is no autocorrelation coefficient which lies outside the two standard errors
significantly for the fitted models. Therefore, this indicates that residual for the fitted

models are not significantly different from a white noise.

There are many statistical tests used for diagnostic checking of randomness. In this study,
the Ljung-Box Q-statistic, Turning-point test and runs tests are used for checking

independence of residual.

The Ljung-Box Q-statistic can be employed to check independence; here we can
perform a general test that takes into consideration, the magnitudes of residual ACF as a
group instead of individual visual inspection of the sample autocorrelations. For example,
it may be the case that, individually, they are small in magnitude, say; each one is just
slightly less than 2/vn in magnitude, but, collectively, the values are large. A test of this
hypothesis can be done for the model adequacy by choosing a level of significance and
then comparing the value of calculated chi-square with the critical value. The Q-statistic
for each group of six lags are computed using Eq. (75) and the results are summarized in

Table-4.5 and Figure-3 below.

83



Table 4.5: Residual white noises check with Ljung-Box test for the fitted model

To Q- DF P-Value Autocorrelations
Lag Statistic

6 7.60 4 0.1072 0.037 0.033 -0.021 -0.017 0.008 -0.032
12 12.24 10 0.2695 -0.064 -0.034 -0.023 0.040 0.073 -0.006
18 17.67 16 0.3435 0.095 0.024 -0.007 -0.063 -0.025 -0.025
24 22.56 22 0.4267 0.014 -0.074 -0.033 0.069 0.030 0.024
30 27.21 28 0.5069 -0.021 -0.036 -0.084 0.042 -0.038 -0.012
36 32.48 34 0.5420 -0.062 -0.008 0.016 0.070 0.066 0.012
42 39.07 40 0.5120 0.055 0.079 0.043 -0.055 0.042 0.030
48 40.61 46 0.6970 0.019 -0.024 -0.027 -0.007 -0.042 0.018
54 45.06 52 0.7411 0.059 -0.039 0.009 -0.006 -0.073 -0.020
60 47.08 58 0.8469 -0.000 -0.019 -0.029 -0.055 -0.023 -0.001
66 50.60 64 0.8885 0.026 0.012 0.065 0.029 0.036 -0.032
72 57.42 70 0.8594 -0.019 0.051 -0.044 -0.078 -0.013 -0.067

From Table-4.5 and Figure-3, we can observe that the p-value is greater than 0.05 for all

lags, which implies that the white noise hypothesis is not rejected.

Table 4.6: Result of Independence, Homoscedasticity and Normality tests for residual of

fitted model
Runs test Turning Goldfeld- Breusch and | Shapiro—
point test Quandt Test Pagan test Wilk test
Test statistic -4.67 0.07 0.79 0.18 0.887
Tabulated value | +1.96 +1.96 1.00 1.00 0.996
P-value 0.297 0.354 0.061 0.072 0.397
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Two alternative methods, namely runs and turning point tests, are applied to check the
independence assumption of residuals of the fitted model. The results of these tests were
presented in Table 4.6 above. The fitted model was found to be consistent with the
independence assumption for both test methods since their test statistic is smaller than the
critical values. These results cope up with plot of the autocorrelation of residual in

Figure-3 below and Table 4.5.

For the selected best models, the results related to the normality of residuals using
Shapiro—Wilk tests are given in Table 4.6. Since p-value is greater than 0.05, indicating
the residuals of the fitted models is normally distributed. In addition to these tests, Figure
5(b) (Appendix) shows the histograms and QQ-plot of the residuals. As expected, the

curves significantly reflect a normal distribution.

Test statistics value of the Goldfeld-Quandt(G-Q) Test and Breusch and Pagan(B-P) test,
for the homoscedasticity of the residuals are also presented in Table 4.6.All calculated
values are found to be smaller than the respective critical values, which indicating that

the residual variance is constant.

Therefore, the hypothesis that the residuals are white noise cannot be rejected indicating
that the fitted model is adequate. That is, SARIMA (5,0,0) x (0,1,1);, model is adequate

for modeling the square root transformed monthly rainfall series of Dire Dawa.
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Figure-3: Diagnostics of the residuals from the fitted model
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4.3.4. Forecasting

Since the model diagnostic tests show that all the parameter estimates are significant and
the residual series is white noise, the estimation and diagnostic checking stages of the
modeling process are complete. We can now proceed to forecasting the rainfall series
with fitted SARIMA (5, 0, 0)*(0, 1, 1);; model. Forecasting refers to the process of
predicting future rainfall values from a known time series. In this study, forecasting is

performed as follows:

According to Eqn.(58),the SARIMA (5, 0, 0) x (0, 1, 1);2 model can be written as

(19sB°)(1-B'? )y, =(1+6,,B'*)e, (87)

This equation can also be multiplied out and rewritten in a form that is used in forecasting

as shown in Eq. (88) below.
Vi =Vi—12+Ps(Vr—5-Yr-17)1€ + O12€ 13 (88)
Where: B>y, =Y, _s and (1-B™) ¥:=Y¢-Yi-12

The above equation can be re-expressed as:

Vetm =YVe+m—-12+TPs Vetm—5 Veam—-17)F€4m + O12€r4m—12 (89)

After substituting the estimated parameter values in Eq. (89) above, we obtain the

following equation:
j>t+m = j}t+m—12 - 0'181(.)72-%—”1—5 - ),>t+m—l7) + ét-*—m + 0'777ét+m—12 (90)
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Forecasts are to be made at the origin, ¢t =Dec, 2011 for lead times m = 1, ..., 24 for the
total monthly rainfall series in the coming 24-month. For example, the one-step ahead
forecast at the origin, t=Dec, 2011, which give us forecast of actual series for the month

of January, 2012 are given by:

Xpec,20141 = XJan2012 = XDec,201 111 0‘033(xDec,2()1 4~ Xpec,201 te) + Wieea011 T 0-604Wp, 50111,

This way we find 24 month-step ahead forecast and prediction interval for total monthly

rainfall series of Dire Dawa, which is presented in Figure-4 below.

4.3.4.1. Forecasting accuracy Evaluation

If the fitted SARIMA (5, 0, 0)*(0, 1, 1);2 model has to perform well in forecasting, the
forecast error will be relatively small. The accuracy of forecasts is usually measured
using root mean square error (RMSE), mean absolute error (MAE), Mean absolute
percentage error (MAPE) and Theil“s inequality coefficient (Theil-U). The result shows
that the Mean Absolute Percentage Error (MAPE) turn out to be 3.56%,which is
relatively less than 4% and Theil*s inequality coefficient (U-statistic) turn out to be
0.018, which is relatively close to zero. Besides this result, the bias and variance
proportion are also very small, which are 0.047 and 0.001, respectively. Thus, measures
indicate that the forecasting inaccuracy is low (see Table-4.7). In addition, it is
summarized in Table 4.8 that, the actual and forecasted values of monthly rainfall series

from Jan, 2011 to Dec, 2011, more or less supports the value of measures.
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Table 4.7: Forecasting Accuracy Statistic

Forecast Sample:January,2012 to December,2013
Variable

Accuracy Measures Monthly rainfall
Root Mean Squared Error 46.52
Mean Absolute Error 23.02
Mean Absolute Percent Error 3.562
Theil Inequality Coefficient 0.018

Bias proportion 0.047

Variance proportion 0.001

Table 4.8: Actual and fitted values of the series (January, 2011-December, 2011)

Date Actual Forecast | Residual
Jan,2011 0 3.2 -3.2
Feb,2011 20.8 18.9 1.9
Mar,2011 10.7 9.7 1.0
Apr,2011 115.1 120.3 -5.2
May,2011 | 48.9 53.1 4.2
Jun,2011 0 1.2 -1.2
Jul,2011 169.8 156.3 13.5
Aug,2011 111.1 99.8 11.3
Sep,2011 22.4 38.7 -16.3
Oct,2011 0 0.7 -0.7
Nov,201 3 7.3 4.3
Dec,2011 0 6.2 -6.0
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Figure-4: Forecast plot for total monthly rainfall of Dire Dawa.
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4.4. Result from spectral analysis

Quite often, hydrologic phenomenon depicts cyclic and stochastic processes. The

periodogram method has dominated hydrology for years because of underlying

periodicities in hydrologic processes (Yevjevich, 1972). The power spectral Analysis is

applied for annual and monthly rainfall series of Dire Dawa. The first step in estimation of

the spectrum by the smoothed periodogram method is subtraction of the sample mean and

removing any obvious trend. Figure- 7 of the Appendix show that rainfall series

expressed as departures from its mean and raw periodogram of this series can be seen in

Figure 5 below. Each point of raw periodogram represents the variance of the rainfall

series contributed by a frequency range centered at the point.

Series: rainfall
Raw Periodogram
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Figure-5: Raw periodogram of annual rainfall of Dire Dawa

Since raw periodogram is a wildly fluctuating estimate of the

spectrum with high

variance, as shown in Figure-5 above, the periodogram must be smoothed to ensure

stable estimate. Since proper amount of smoothing is somewhat subjective and depends
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on the characteristics of the data, generally, it is a good idea to try several bandwidths
that seem to be compatible with the general overall shape of the spectrum, as suggested

by the periodogram (Shumay and Stoffar,2010).

Considering the tradeoff in smoothness, stability and resolution in selecting widths of
Daniell filters, which leads to span of length, m= 3 and m=15 as a suggested value of
smoothing for our annual and monthly rainfall, respectively. The result is displayed in

Figure-6 and (Figure-8 in the Appendix).

The width of the center mark on the 95% confidence interval indicator indicates the band
width (Venables and Ripley, 1999) cited also in (Alemrew and Eshetu, 2009). The
bandwidth, using Eqn. (32) is equal to 0.1 cycles per year and 0.0417 cycles per month
for the spectral estimator. This bandwidth means we are assuming a relatively constant
spectrum over about 20% and 8.3% for monthly and annual rainfall with entire frequency

interval (0, 0.5), respectively.

By using degrees of freedom (d,) = 2L=6 and 30 for annual and monthly rainfall
respectively, we obtain y7(0.025) =1.24 and x7(0.975) =14.45 and y;,(0.025) =46.98

and x3,(0.975) =16.79. Substituting these into Eqn.(33),we can construct approximate

100(1-a) % confidence intervals of spectral density for the frequency bands identified

as having the maximum power, as shown in Table 4.9 below.
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Table 4.9: Confidence Intervals for the Smoothed Spectra of the annual and monthly

rainfall Series

Series Frequency Period power Lower Upper
Annual 0.37 2.5years 62.3 39.34 255.75
rainfall

0.2 Syears 38.2 16.76 156.74

0.083 12month 9.66 6.17 17.25
Monthly 0.167 6month 5.51 3.52 9.85
rainfall

0.250 4month 7.61 4.86 13.59

If the lower confidence limit for the spectral value is greater than the baseline level at
some predetermined level of significance, we may claim that frequency value as a
statistically significant peak (Shumay and Stofar, 2010). As we observed from Table-4.9
above, an approximate 95% confidence interval for the spectrum fg(0.37) is
255.75] ,which is again too wide to be of much use , but we do notice, that the lower
value 39.34 is higher than any other periodogram ordinate shown in Figure-6, so it is safe

to say that this value is statistically significant. Similarly, an approximate 95%

confidence interval for the spectrum f5(0.083) is [6.17, 17.25].
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Figure-6: Smoothed periodogram estimate of spectrum of annual rainfall of Dire Dawa.

The smoothed spectra shown in Figure-6 provide a sensible compromise between the
noisy version, shown in Figure- 5, and a more heavily smoothed spectrum, which might

lose some of the peaks.

As presented in Figure-6 above, the peak with an average period of 2.5years, contributing
the highest percent to total variance of the annual rainfall series, corresponds to the
existence of "strong" peak at a frequency band centered at 0.37 cycles per year. This
indicates that the most dominant cyclical component whose periodicity is 2.5 years is
observed in annual rainfall, which can be related to Quasi-biennial oscillation (2-3 yr
cycles). There is also a subsidiary peak corresponding to a cycle of 5 years with
associated frequency band centered around 0.2 cycles per year. These can also be

attributed to the El Nino phenomenon.
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If monthly data are used their spectrum will exhibit narrow and sharp peaks at seasonal
frequencies, as shown in Figure-8 of Appendix. For such type of data, commonly
occurred periodic oscillation: Semi-Annual Oscillation (SAO), Annual Oscillation (AO),
Quasi-Biennial Oscillation (QBO) and EI-Nino/Southern Oscillation (ENSO) are
approximately obtained by 4-7 months, 10-14 months, 22-32 months, and 40-66 months,

respectively (Sinta and Hariadi, 2003).

The peak with an average period of 12 month contributes a higher percent to total
variance of the monthly rainfall series. This indicates that the most dominant peak
observed in monthly rainfall of Dire Dawa is annual Oscillation (AO). There is also a
subsidiary peak corresponding to a periodicity of 4 month and 6 month with associated
frequency band centered around 0.25 and 0.167 cycles per month, respectively. These can

also be attributed to the Semi-Annual Oscillation (SAO).

It has been well documented that the inter-annual variability of rainfall in Ethiopia are
strongly related to the ENSO phenomena (Haile, 1988; Funk et. al., 2005, NMA, 2007,
Bekele, 1997). This oscillation was used for estimating possible future rainfall extreme
events conditions (Alemrew and Eshetu, 2009, Yilma et al., 1994). The possibility of
using prominent peaks in the spectrum to predict the long-range behavior of the rainfall is
attractive (Sinta and Hariadi, 2003). Oduro and Adukpo (2006) predict that a rainfall
extremes event in Ghana recurs every 5.6 years. Stringer (1972) also estimated that the
climatic events recur every 2 to 2.5 year in Africa. Alemrew and Eshetu (2009) inferred

that drought recurs in Addis Ababa between 10 to 11 years.
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4.5. Result from cross-spectral analysis

In this study, the cross-spectrum analysis are used to provides a means of determining the
contributions of fluctuations in various frequency bands to covariance quantities such as
the fluctuations in rainfall series at different nearby stations. Coherence square of cross-
spectral analysis is the principal tool that will be used in our analysis of pairs of rainfall

series, which will isolate those frequencies that are important at both stations.

Figure-9 in the Appendix shows the squared coherence between rainfall series of Dire
Dawa with Haramaya and Dengego stations with L, = 15 and degree of freedom (df) =
2(15) = 30 according Eqn.(38). And F,30(0.05)=3.34 at 5% significance level . Hence,

the hypothesis of no coherence is rejected for the values of estimated square coherence

(Eqn.44) that exceed Cy s = 0.16(see eqn.46).

As it can be shown in the same Figure that, at lower seasonal frequency, Dire Dawa
rainfall characteristics are significantly associated with both Haramaya and Dengego
rainfall, that is, strongly coherent. However, the degree of relatedness is a bit higher in

Dengego than Haramaya rainfall to the rainfall of Dire Dawa.
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5. Conclusion and Limitation of the study

5.1. Conclusion

In this study, 30 years annual and monthly rainfall records were analyzed, using data
from Dire Dawa, Dengego and Haramaya weather stations in the Eastern Ethiopia,
mainly to study the rainfall pattern of Dire Dawa. Univaraite Box-Jenkins methodology

and Spectral analysis were used to examine the modes of variation of rainfall data.
Based on the overall results of the research, the following conclusions could be drawn:

» A time series model for monthly rainfall series of Dire Dawa was adjusted,
processed, diagnostically checked and lastly SARIMA model is established with a
95% prediction interval that can adequately be used to forecast 2 years monthly
rainfall values. Further results reveal that there is a tendency of relatively
increasing pattern of monthly rainfall over the forecast period from January 2012
to December 2013.

» Predominant cycles with periodicities of 2.5 years were found in the annual
rainfall of Dire Dawa. On other hand, Annual oscillations dominate monthly
rainfall of the region. In general, it can be inferred that extreme rainfall events
recurs every 2-3 year in Dire Dawa.

» Rainfall pattern of Dengego is found to be more related to variability pattern of

rainfall in Dire Dawa as compared to Haramaya.
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5.2. Limitation of the study

Many studies investigated that sunspot numbers as an indicator for the various aspects of
world weather or climate. Moreover, exploring their statistical connection may lead to
better understanding and identification of some temporal and spatial patterns of rainfall.

However, the data is not included because of the unavailability of data.
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Figure-3: Time plot for total monthly rainfall of square root transformed rainfall series
(Dire Dawa)

Figure-4: Autocorrelation and Partial Autocorrelation plots for the rainfall series.
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Figure-5: Normality Diagnostics plot for: (a) untransformed series model, (b) square root
transformed series
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Figure-6: Rainfall series plot as departure from mean: (a) Annual and (b) Monthly
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Figure-7: Raw periodogram of monthly rainfall of Dire Dawa
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Figure-8: Smoothed periodogram estimate of spectrum of monthly rainfall of Dire Dawa.
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Squared coherency between rainfall series of: (a) Dire Dawa and Haramaya

Figure-9
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