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Bessel Function and the 

Introduction 

Bessel function is defied for a first time by the mathematician Daniel Bernouffi and 

generalized by Friedrich Bessel. A differential equation of the form 

" 1 , ( ,,2) y+-y+ l - -y=O 
x x 2 

Where a is arbitrary real or complex number is called a Bessel equation and it' s so lution is 
knovm as Bessel Junction. Bessel func tions arc also called cylinder function or cylindrical 
harmonic function because they are found in the so lution to Laplace's equat ion in cylindrical 

coordinated. 

Bessel equation anses m problems involving vibrations, or heat conduction in regions 
possessing circular symmetry; therefore Besse l function have many applicat ion in physics and 
engineering in connection with the propagation of waves, elast icity, nuid motion and 
especially in many problem of potential theory and diffusion involving cylindrical symmetry. 

This seminar report consists three chapters. The first chapter remained about the power seri es, 
second order linear differential equation, singularity point , Sturm-Liouville problem and then 

gamma function which help to express factorial. 

In the second chapter i wi ll discuss about the Bessel equat ion and its solution which is Bessel 
functions. I will also discuss about properties of Bessel function and some recurrence formula. 
There is also some plot of Bessel function . The third chapter discuss about the modified Bessel 

equation and it' s solution, which is the special case of the Bessel equation. 
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the Modified Bessel 

Chapter 1 
Definitions and Some Preliminary Concepts 

1.1 Power Series 

An infinite series of the form 

E:.'.o Cn ex - xo)n = Co + c, ex - xo) + c, ex - xo)' + ... ( 1) 

where c's are independent of x is called a power series in x about the point Xo .A common 

special case is the series about Xo = 0 

(2) 

Let 's apply the ratio tests to determine the convergence of the series in equation (1) 

1· l'n+. (x-x,)n"I _1 11' l'n"I-11 I 1m - x-xo 1m - - x - xo 
n -.a) cn(x-xo)n n ..... oo Cn 

Where I ;:::: li m I~I. Therefore, we see that the series converges abso lutely for Ix - xo l < 
n -.a) Cn 

7 = R and diverges (in the abso lute sense) for Ix - xol > 7 = R. The range of x for which the 

series converges, Xo - R < x < Xo + R is call ed the interval oj convergence of the series and 

R is called its radius oj convergences . 

There are three possible situations for a power seri es L~=o cn(x - xo)n , namely 

I. It converges for all values of x; or 
II. It converges for va lues of x in an open interval (xo - R,xo + R) , but not outside 

the closed interval [xo - R,xo + R); or 

III . It converges only fo r = Xo . 

In case 1, the interval of convergence is (-00, + 00); in case 2, it is (xo - R,xo + R) and 

possibly one or both of its endpoints; and in case 3, it is only the point x ;:::: Xo . The radius or 

convergence in each case is 00, R, and 0 respective ly. 

LeI 

Since each of the terms Un (X) ;:::: cnxn is continuous funct ion of x and {(x) converges 

uniformly for -s 5 X 5 s, where 0 < s < R, {(x) must be a conti nuous function in the 

interval of uniform convergence, with un(x) continuous and {(x) uniformly convergent, we 

find that the differentiated series is a power series with continuous functions and the same 
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Bessel Functio n a nd the Modified Bessel Function 

radius of convergence as the original series. Therefore our power series may be differentiated 

or integrated as often as desired within the interval of uniform convergence. 

We now establish that the power series representation is unique. If 

with overlapping intervals of convergence, including the origin, then 

en;::' dn 

(3) 

For all n; that is, we assume two(di ffe rent) power series representations and then proceed to 

show that the two are actuall y identical. 

From equation (3) 

(4) 

where R is the small er of ReI Rd - By sett ing x=O to eliminate all but the constant terms, we 

obtain Co ;::. do now, exploiting the difTerentiability of our power series, we d iffe rentiate 

equation (4), getting 

We again set x=O to isolate the new constant tenns and find '1 = d1 • By repeating this process 
n times, we get en = dn . Which shows that the two series coincide. Therefore our power 

series representation is unique. 

1.2 Second Order Linear Equation 

The general second order linear differential equat ion is 

a2y ay 
A(x) - , + P(x) - + Q(x)y = R(x) ax ax 

Or, more simply 

A(x)y" + P(x)y' + Q(x)y = R(x) 

where A(x)y ", P(x), Q(x), and R(x) are functions of x alone (or perhaps constants). 

If (x) = 0 , then equation (5) reduces to 

A(x)y" + P(x)y ' + Q(x)y = 0 

(5) 

(6) 

and it is called homogeneous linear equation. If Rex) is not identically zero, then equation (5) 

is said to be non-homogeneous. 
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Bessel Function and the Modified Bessel Function 

Definition 1.1 : The n-function fl.f2.f3' ···.fn are called linearly dependent on a $ x $ b if 

and only if there exist constants C1,C2,C3,"',Cn not all zero such that cdl + e2f2 + C3!J + 
... + cnfn :;:::; 0 for all x E [a, b]; and they arc linearly independent on a $ x $ b if and only if 

cdl + c2f2 + e3f3 + ... + cnfn = 0 implies that C1 = e2 = C3 :;:::; ... = cn = O. 

Definition 1.2: let ft, f2' f3' ... ,fn be a real functions in which each has (n - 1) derivatives on 

[a, b] . The detenninant 

fl f2 fn 
f, ' f,' fn' 

11 (n-l) f, (n-l) ... fn (n - l) 

is call ed the Wronskian of the n-'unctions f f: f [, and \' s .' 1, 2, 3' "'' n 
denoted by 

W(f,,f2,f3'''' ,fn)(X). 

Now, let consider the homogeneous linear equation 

ao(x)y(n) + a, (x)y(n-n + ... an-l (x)y ' + an(x)y = 0 (7) 

where ao, at, ... an -1' and an are continuous on [a, b] . 

Theorem 1.1 : A necessary and sufficient condition that n-solutions 11./2.f3, .. ·.fn of the nth 

order homogeneous linear equation (5) be linearly independent on [a, b] is that the value of the 

Wronskian is non-zero for all x E [a, b]. 

Theorem 1.2 : If Yl (x) and Y2(X) are linearly independent so lution of the homogeneous 

equation (6), then e1Yl (x) + C2Y2(X) is the general solution of equation (6). 

1.3 Sturm-Liouville Problems 

Consider the boundary value problem which consists of 

:x [p(x) ::1 + [q(x) + Ar(x)]y = 0 

with supplementary equat ions 

(
A1y(a) + A2y'(a) = 0 
8,y(b) + 82y '(b) = 0 

(8) 

(9) 

where p, q, and r are real funct ions such that p has a continuous derivat ive, q and rare 

continuous and p(x) > 0 and rex) > Of or all x E [a, b]; and A is a parameter independent of 

x. A1,A2 , B1, and B2 are real constant 

The supplementary equation (9) is also called separated boundary conditions. This type of 
boundary problem is called Sturm-Liouville problem (Regular Sturm-Liouville problem). The 

value of the parameter in equation (8) for which there exist non-trivial so lutions of the problem 
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is called Eigenvalues of the problem. The corresponding non-tri vial solutions are called 

Eigenfunction of the problem. 

Example 1.1 : Find the eigenvalues and eigenfunction of the Sturm-Liouville boundary value 

problem given by 

with y '(l) = 0 ,y'(e 21l") = 0; where we assume the parameter A:::: o. 

Solutions: - We consider separately the cases A = 0 and A > O. 

Case I: If A = 0 we have 

~[xdYl = 0 
dx dx 

Then the solution becomes y = ctlnlxl + C2 and y' = c, x 

Now from the given condition 

'() <, y 1 = - = 0 => c, = 0 , 
y '(e 271 ) = ~ = 0 ;::::::> Cl = 0 ,,. 

i.e. C1 = 0 and nothing about C2' 

Tht;:n we have y = C2 "* O. 

Case II: If,\ > 0 

By Euler method we get the solution 

y = c, cas( {X [nlxl) + c, sin ({X [nlxl) 

Then using the boundary conditions we get C2 = 0 and c1 sin (2rr..f1) = O. Choose c1 *" 0 • 

then 2rr{X = nrr (n = 1, 2,3, ... ) 

n' => ,\ = - (n = 1,2,3,'" ) • , 
Therefore, the eigenvalues is given by An = n

4 
(n = 1.2,3, ... ) and the corresponding 

Eigenfunction is given by Yn = cncos G (nlxl) , (n = 1, 2, 3, ... ) and Cn *" O. 
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Bessel Function a nd the Modified Besse) Function 

\.3.1 Orthogonality of Eigenfunction 

Definition 1.3 : Two functions f and 9 are called orthogonal with respect to the weight 

function r which is piecewise continuous and posit ive on the interval a :5 x :5 b ifand only if 

f: [(x)g(x)r(x)dx = 0 . 

Example 1.2 : The functions sin x and sin 2x arc orthogonal with respect to the weight 

function having the constant value 1 on the interval 0 :5 x :5 IT , fo r 

. , In 
f;(sinx)(sin 2x)(1)dx = "'; x 0 = 0 

Definition 1.4: Let (<Pn} ,n= l , 2, 3, ... be an infinite set of functions defined on the interval 

a :5 x :5 b . The set (<Pn} is called an orthogonal system with respect 10 the weight function r 

on a :$ x :$ b if every two distinct functions of the set are orthogonal with respect to r on 

a :$ x :5 b . That is, the set (<Pn} is orthogonal with respect to T on a :$ x :5 b, 

f: 4>n(x)4>m(x)r(x)dx = 0 [or m ., n. 

Note: We consider in our discussion of Orthogonality the weight funct ion T to have a constant 

value 1 on the interval of the problem. But it is not concluded that rex) = 1 for all x. 

1.4 Ordinary Points and Singular Points of Differential Equations 

Consider the li near differential equation 

A(x)y"(x) + P(x)y'(x) + Q(x)y(x) = 0 (10) 

where A(x), P(x), and Q(x) are polynomials containing no common factors. Suppose we want 
to solve ( 10) in some interval containing the point Xo. If (xo) '* a , then the point Xo is call ed 
an ordinary point. 

In this case, we can divide equation (8) by A(x) to obtain 

y "(x) + p(x)y '(x) + q(x)y(x) = 0 (1 1 ) 

where p(x) = P(x)/A(x) and q(x) = Q(x)/A(x) are continuous in the neighborhood o[ Xo. 

The funct ions p(x)and q(x) in equation ( 11) wi ll usuall y be ratios of polynomials, if 

A(x), P(x), and Q(x) are polynomials, in which case they will have series expans ions about 

the po int xo. Xo is an ord inary point of equation ( I I ) ifp(x)and q(x)are analytic at xo , then 

we can actually relax the condit ion that A(x), P(x),and Q(x) are in equation ( 10) be 

po lynomial s to the condition that p(x)and q(x)are ana lyt ic at xo: that is, they have convergent 

series expansion at xo. 
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A point that is not an ordinary point of a different ial equation is called a singular point. 

For the case in wh ich A(x), P(x), and Q(x) in equation ( to) are polynomials with no common 

factors, a singular point is a point at which A(x) = O. The functions p(x) = P(x)/A(x) and 

q(x) = Q(x)/ A(x) diverges at a singular point x = Xo because A(x) = O[provided that 

A(x), P(x), and Q(x) have no common factors invo lving xo]. The nature of the solution in the 

neighborhood of a singular point depends critically upon how strongly p(x)and q(x) diverges 
there . 

In particular, ifp(x)and q(x) diverges at x = xo, but 

lim ( x -xo )p(x) = fin ite and lim ( x - xo)' q(x) = finite 
x-u. z .... xo 

(12) 

Then we are able to find so lutions. Equation (12) mean that p(x)and q(x) do not diverge more 

strongly then l /x - Xo and l /(x - XO)2 , respect ively. The point x = Xo in thi s case is ca lled 

a regular singu lar point. If the singular point is not a regular singular point, it is call ed an 

irregular singular point. 

Note: 1. The functions P(x), and Q(x) in equat ion (10) do not necessari ly have to be 
polynomials. For example consider the equation 

x 2y " + (si n x) y ' + 2(cosx)y = 0 

In this case, the point x = 0 is a regular singular point because 

Iimxp(x) = lim sinx = 1 and also Iimx 2q(x) = Iim 2 cos x = 2 
x .... o x .... o x x ..... o x ..... o 

2. We can obtain a series solution about a regular singular point Xo by assumi ng a 

solution of the form 

y(x) = (x - xoY L;;':o en (x - xo)n 

where T mayor may not be a positi ve integer. 

1.5 Solution near Regular Singular Points 

A power series method may not work for solution about regular singular po int. In this case we 

shall assume an expansion of the form 

(13) 

Ifr happens to be an integer, the equat ion (13) isjust a power series, but often r wi ll nol be an 

integer. The general series given by equalion (J3) is called a Frobenius series, and the usc of 

such a series to find solutions about regu lar singular points is called the method of Frobenius. 
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Bessel Functio n a nd the Modified Bessel Function 

To detennine the coefficients in the Frobenius series, we substitute equation (13) into the 

differential equation and equate the coeffi cients of the various power of x to zero. 

1.6 Gama Functions 

The expression n! equal to 1.2.3 ..... n, occurs when we enumerate permutations and 

combinations of things, such as the number of ways that N molecules can be distributed over n 

molecular quantum states. In the 17005, Euler introduced a function that yields n! when n is a 

positive integer, the function is called the gamma junction and is defined by the integral 

expressIOn, 

fen) ;:::: I; e-X xn-1dx when n is positive. 

1.6.1 Property of Gamma Functions 

ren + 1) = nr(n) 

In order to prove thi s relat ion, let us consider the integral 

ren + 1) = f; e-X x"dx 

Integrating it by parts, we gel 

r(n + 1) = fo~ e-x x" dx 

Hence r (n + 1) = nr(n) 
( 14) 

From (14) it is evident that if the value of fen) is known for n between two successive positive 

integers, the value r (n) for any positive value of n can be detennined by the successive 

application of (14). 

Now replacing n by n - 1 in (12) we get 

fen) = (n - l ) f(n - 1) 

Similarl y ren - 1) = (n - 2)f(n - 2) e.l.c . hence (10) yields 

f(n + 1) = n(n - l) (n - 2) ... 3.2.1 f(l ) 

But by definition f (l) = fo~ e-x dx = 1 
Therefore, r (n + 1) ;:::: n(n - 1) (n - 2) .. ·3.2.1 = n1 provided that n is a positive integer. 

Note: r( - n) ;:::: 00 when n ;:::: a or a positive integer. 
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Bessel 

Chapter 2 
Bessel's Equation and Bessel Functions 

2.1 Introduction 

Definition 2.1 : A differential equation of the fo rm 

" 1 , (1 "') 0 Y +;Y + - x2 y:;::: 

or x'y" + xy' + (x ' - n')Y ~ 0 (1) 

is called Bessel 's equation of order n, where n is non-negat ive constant. The solution of this 

equation is called BesselJunction. 

Let us show how Bessel ' s differential equation is obtained from Laplace ' s equation V
2

u = 0 

expressed in cylindrical coordinates (p, cp, z). 

Laplace ' s equation in cylindrical coordinates is given by 

(2) 

jf wc assume D. so lution of the fonn 1J :;::: Pq,Z. where P is a function of p, <t> is a function of cP 
and Z is a func tion of z , then (2) becomes 

P"<1>Z+!P'<1>Z+.!.P<1>"Z + P<1>Z" ~ 0 (3) 
p p' 

where the prime denotes derivat ives with respect to the particular independent variable 

involved. Dividing equation (3) by P<l>Z yields 

P" 1 PI 1 4>" Z" _+ __ + __ +_=0 (4) 
P pP p2 ¢l Z 

Equation (4) can be written as 

p~ 1 PI 1 cp" Z" 
-+--+--= -­
ppPpZ ¢l Z 

Since the right side depends on Z while the left side depends on p and cp, it fo llows that each 

side must be a constant, say _,12. Thus we have 

P" 1 PI 1 41" _+ __ + __ = _,12 
p pP p2 ¢l 

(5) 

and 
Z"_.l2Z~O 
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Function and the Modified Bessel Function 

If we now multiply both sides of equation (5) by p2 it becomes 

P" p <P" p' _+p...c+_ = - A'p' 
P P '" 

Which can be written as 
P" PI 4''' 

p' -+P-+A' p' =--
P P '" 

Since the write side depends only on <l> , while the left s ide depends only on P , it rollows that 

each side must be a constant, say jJ.2 • Thus we have 

P" p p' -+p...c+A, p, = ~z 
P P 

and <1>" + ~ z <I> = 0 

The equation (6) can be written as 

P'P"+PP'+(A'p'_~Z)p = 0 

which is Bessel's differential equation with P instead ofy, p instead of x and jJ. instead ofn. 

If we let Ap = x in equation (7), we get 

x'y"+xy'+(x' -~Z)y = 0 

We have 

d P = d P dx = dP A = A dy 
dp dx dp dx dx 

Where yCx), or briefly y , represents that function of x which PCp) becomes when p = xl A. 

Similarly 

dZP = ~(dP) = ~(A dY)dX = ~(A dY )A = A' d'y 
. dp2 dp dp dx dx dp dx dx dx 2 

Then equation (7) becomes 

or 

(6) 

(7) 

hence the equation (I) in the definit ion of Bessel equation is obtained, for example, from 

Laplace ' s equation V2 u = 0 expressed in cylindrical coo rdinates (p, cp, z). 

10 



Bessel Function and the Modified Bessel Function 

ote: Bessel 's equation depends only on n 2 and not on n alone, thus if In(x) is solution then 

I_n(x) is also a solution. Thus we assume a non·negative constant n i.e. n ~ o. 

2.2 Solution of Bessel's Equation 

Equation (1) is an ordinary differential equation of the second orde r. The coefficients P(x) :;;!. x 

and Q(x) = (1 - ::) arc continuous except at x = 0; and also xP(x):;; 1 and 

x 2Q(x) = (x 2 - n2) are both analytic at x :;; 0 and so x = 0 is a regular singular point of Ihe 
differential equation (1) ; and all other values of x are ordinary points ; so we can use Frobenius 

method 

Let the series so lut ion of (1) be of the form 

_ ~oo k+m.J- 0 Y - L..m:::O cm X , Co ~ 

where the first term is nonzero and k is some arbitrary conslant. Then differentiating it we get 

Then substituting in (I), we get 

• • • 
x 2 L cm(k+m)(k+m- l ) Xk

•
m•2+X L cm (k+m) xk+m.l+ ( x 2 .n 2) I cmxhm=o 

m-o maO ... · 0 

"" .. .. '" I C
m 

(k+m)(k+m-l) x k•m + I Cm (k+m) x k
•
m + L cmx k

•
m

'
2 -n 1I cmx

k
•
m 

=0 
m- O m_(,) m- (,) m- (,) 

• • 2:Cm [(k+ m)(k+m'! ) +(k+m)-n '] x··m 
+ ~>m x··m.' = 0 

m-o m-<l 

• • 
I C

m 
[ (k+m)2_n2J x k

•
m + I Cm xk ~m ' 2 =0 

m-o m-o 

(8) 

By uniqueness of power series the coefficients of each power of x on the left hand side of 
equation(8) must vanish individually, equating to zero the coefficients of the small est power of 

x, namely Xk of(8) gives the indicial equation 

coCk' - n' ) = 0 

Since Co '* 0 ,k = n and k = -n which is the required indicial roo/so 
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Let as consider two cases 

Case I: k ;; n, n ;;:: a 

Then from (8) which is equal with 

Thus we have 

cm[(k + m)2 - n2] + Cm _2 = 0 

Now since k ;; n 

cm[(n + m)2 - n2] + Cm-2 = 0 

i.e . cm [m(2n + m)] + Cm-2 = 0 

-Cm_2 
Hence em ;; --;="'-: 

m(2 n+m) 

(9) 

(10) 

This is a two-term recurrence relation. Putting m ;; 1, (4) satisfies that c1 == a (since Cl == 0) . 

Further (10) also shows that C3;; C5 = ... = 0 

i.e. all CiS with odd subscripts are zero. 

To obtain the remaining coefficients, let put m == 2, 4, 6, ". in (4), then 

- 00 

C2 ;; 2(2 n+2) 

-0, ~~~o~o~~ - C - ::-
4(2n+4) - 2 - 2.4(2n+2)(2n+4) 

-C4 -co 
C6 == 6(2 n+6) 2.4.6(2 n+2)(2 n+4)(2 n+6) 

Th . h' I ' 't" oo k+m t us puttmg t IS va ue III Y == L..m=O cm X we ge s 

[

Xl X4 X6 1 - xn 1- + - + ". Y - Co 2(2 0+2) 2.4(2 n+2)(2n+4) 2.4.6(2n+2)(2 n+4)(2 0+ 6) 

which we can also write as 

[

X' x' x' 1 - n 1- + - + ... 
y - cox 22(n+l) 24.1.2(n+l)(0+2) 26.1.2.3.(0 + I)(n+2)(0+3) 

_ n [1 _ (x/2)' + (X;')' _ (X;')' + ... ] 
Y - cox 1!{n+l ) 2!(n+ l )(0+2) 31(0+ 1)(0+2)(0+3) 

(11 ) 

12 



1 
and the Function 

On looking at the terms in the last seri es we note that the denominators contain factorial, i.c. 

11,21,"';aI50 present in these denominator arc (n+ l ),(n+ l)(n+ 2)"" which would 

becomes factorial, i.e. en + l)!,(n + 2)1,'" i f we multiply each of them by n!. A particular 

solution supplying these factorials and introducing 

choosing 

~ instead of x in the factor is obtained by 
2 

1 
Co = -

21\0! 

In which case (5) becomes 

_ ( X)n [ ' (XIz)' (XIz)' (XIz)6 1 - - -- + - + ... y 2 n! 1!(n +1 )! 21(n+2)! 3!(n+3)1 

Now using gamma function to generalize factorials we have 

y _ (~)n [ 1 _ (XIz)' + (XIz)' _ (XIz)6 + ... J (12) 
2 r (n+l) I! r (0+2) 2! r (n+3) 31 r (n +4) 

which is solution of Bessel equation for all n ~ 0, and it is called the Bessel fimclion of Ihe 

first kind of order n and let denote it by In (x) . Thus 

(-lY (X)n+2r 
fn(x) = L~.o r ( ) -, 

r! o+r+l 

(13) 

Case II: Ifk = -n, n > 0 

II is nol necessary 10 repeat ail ihe above sleps. Lei replace n by - n in (6), then we have 

J (x) = (::) -n [ 1 _ CX;,)' + (XI,)' - (X;')' + ... J (14) 
-0 2 r (-0+1) 1! r (- 0+2) 2! r (-0+3) 3! r ( - 0+4) 

or 
(-1)' (X)-n+2r 

J_n(x) = L~.o r( ) -, 
r! -0+r+1 

(IS) 

Now ifn is positive but is nol an integer, the solution (15) is not bounded (i.e. i _n (x) will be 

infinite), while In(x) is finite , this is because of In(x) is contains a positive power of x only, 

on the other hand l -n(x) contains a negative power of x. This implies that the two solutions 

are linearly independent. 

Therefore in (x) and l-n (x) are two independent solution of (1) when n is not an integer. 

Note: l.The general so lution of Bessel equation when n is not integer is given by 

y = cJn(x) + CJ_n(x) where C1 and C2 are arb itrary constant. 

13 



Bessel Function and the Modifi ed Bessel Function 

2 Th 
. (-1)" ( , ) ±11 +2r 

. e radIUs of convergence of the seri es L~:o - is easily found by 
r! r (± n+r+ l ) 2 

ration test ~ = I im r! r (±n+r+l) =l im 1 = 0 
R ' .... "'(r+l )! r (± n+r+2) , ... '" (r+l)!(± n+r+2) 

Hence R = 00, and hence equation (13) and (15) converge fo r all x. 

2.3 Relation Between/nCx) and/_nCx) 

Theorem I : Ifn is a non-negati ve integer}_I1 (x) = (-l)n}n(x) 

Proof: By de finition we have 

0:0 (-1)" ( , ) -11+2r 
l _n (x) = I ,:o -

r! r (- n+r+l ) 2 

Since n > 0, r (- n + r + l ) is infinite for T = 0,1,2, .. . , n - 1. Thus T must be taken fo rm n 

to infinite. i.e. 
(-1)'" ( , )-11+2r 

1-11 (x) = L~=11 r! r (- n +r+ l ) '2 

= 00 (_I )m+n (~)- 11 +2(m+l1) 
Lm-o r - (m+n)! (m+l) 2 

= L CO _ (_l)m(_ t )n (~)2m+11 
m-O m ! r (m +n +l) 2 

(_I)m (,)2m+n 
= -1 n co -( ) Lm=o m! r (m+n +l ) 2 

= (- I )nfn(x) 

Note: 1. The second solution simply reproduced the fi rst, we have fai led to construct a second 
independent so lution for Bessel's equation by this series technique when n is an 

integer 

2. In( - x ) = (- I )nl n(x) for n = 0. 1. 2, ... 

00 (_I)r (_,)"+2r 
Proof:- l n(- x) = I ,:o r ( )-, r! n+r+ l 

= 00_ (_ t )r(_l)n+2r (~)"+2r 
L r-O r! r (n+ r+1) 2 

( )" ()n+2r = (_ I )n I~: -1 ~ = (- I )nl n(x) 
r 0 r! r (n+r+l) 2 

14 
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Bessel Function and the Modified Bessel Fu nction 

3. in is even ifn is even and odd ifn is odd. 

2.4 Properties of Bessel Function 

2.4.1 Graph and Properties of Bessel Function Jo(x ) and h ex) 

Let us now attempt to gain some familiarity with the Bessel function. We can start with the 

simplest case when n=O. The Bessel function of the first kind in the case is given by 

After laborious calculation we can tabulated the results: 

10(0) = 1. 10(1) = 0.77, 10(2) = -0.22, 10(3) = -0.26,'" 

We may graph Jo(x) for X ~ 0 and obtai n that shown in Fig 1. The graph for x < 0 is easily 

obtained since it is symmetrical to the y.axis. It will be seen that the graph is oscillatory in 

character. The graph also reveals that there arc roots of the equation 
Jo(x) ;:: 0 • also called zeros of Jo(x) . obtained as points of intersection or thc graph with the 

x -ax is. Investigation shows that there are infinitely many roots which arc all real and positi ve. 

J,, (x) 

0 .8 

0 . 6 

x 

Figure 1:- Plots of lo(x), h (x) and hex) 

Matimatica Pro2ram for tbe Dlot of Bessel function 1. (x1, ,, (x) aDd h ex) 

Plotl Eva IlIatelT a blel B esse/J III .xl , {II, O,2} II, {x.-2, IS} ,PiotR a IIge-> A II,PlatStyle­
>{{ThickllessI0. 0091.RGBColorIO,O.7S,O.2S/J,{ThiCkllessIO.009I,RGBColorll.O. 3,O.2f},{Thic 

kllessl O. 009I,RGBColorll ,O. 7S,Of}}f; 
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Bessel ,,'unctio n and the Mod ifi ed Bessel Function 

Note: The roots of In (x) ;;;; 0 are all real, and that between any two successive posil ive roots 

of In(x) = 0 there is precisely one root of In+1 (x) = O. Let us see by table some fi rst few 

positi ve zeros of lo(x) and It (x). 

Zeros of 1 2 3 4 5 

Jo(x) 2.4048 5.5201 8.6537 11.79 15 14.9309 

JJ(x) 3.83 17 7.0156 10.1735 13.3237 16.4 706 

j,(x) 5.1356 8.4172 11.6198 14.7690 17.9598 

.. 
Table 1 POSitive zeros of some Bessel function 

It is of interest that if we take the di fference between successive zeros of ]o(x) we obtain 

3.1153,3.1336,3.1378, "', suggesting the conjecture that these di fference approach IT;;;; 

3.14 .... A similar observation on the difference of successive zeros of It (x) , h ex), ···also 

leads to such a conjecture. In general the difference of successive zeros of ]n(x) approaches IT . 

Since the successive zeros of Sln x or cos x differ by IT the approximate descript ion of Besse l 

function In(x) as a "damped sine wave" is fu rther warranted. 

The wave characteristics of Bessel function seem very much like the shapes of water waves 

which could be generated for example by dropping a stone into the middle of a large pudd le of 

water. The water waves thus generated would resemble the surface of revolution generated by 

revolving the curves of figure I about the y-ax is. Indeed it does tum out that in the theory of 

hydrodynamics such waves hav ing the shapes of Bessel function do ari se. 

2.4.2 Recurrence Relation (Formula) for In 
Let us see some recurrence formula for J n 

1. ~(xn lnCx)) = xn ln_t Cx) 
d, 

2. :, (x- nlnCx)) = -x-n ln+t Cx) 

3. I ~Cx) = In-1CX) - ~ InCx) or xl ~Cx) = xln- 1 Cx) - nlnCx) , 
4. I ~Cx) = ~ InCx) - In+1 Cx) or xl ~Cx) = - xln+1 Cx) + nlnCx) , 
5. I ~(x) = ~ On- 1 (X) - In+l(x)} or 2 1 ~(x) = In-1(x) - In+1(x) 

6. In-1(x) + In+l(x) = '; In (x) or 2nln(x) = XOn_1(X) + In+1(x)) 

16 



Bessel ~·unction and the Modified Bessel Function 

Proof: 1. By defin ition of In(x) we have 

xnln(x) = xn E~:: o (_ l)r (~)n+ 2r 
r! r (r+n+l) 2 

= L~o (- l Y (~) 2n+2r 
r! r (r+n+l ) 2 

Then~(xO)o(x)} = ~L:".o (-1 )' (~)2n+2' 
dx dx r! r (r+n+l) 2 

_ ~oo (- I Y d (X) 2n+2r 
- L.. r-O -

- r! r (r+n+l) d x 2 

r(!)2n+2r 
= E~=o (- 1) 2 (2n + 2r)x2n+2r- l 

r! r (r+n+l) 

(- 1)' ( X) n+2r-l - XO ," 00 
- L.. r-O -

- r! r (n- 1+r+l) 2 

= XO)O_I(X) 

2.~(X-n ) 0(x)} = ~(x-O L:".o (-1)' (~)n+2'1 
dx dx r! r (r+n +l) 2 

(
,)n+2r 

= ,"00 (-1)' i d ( " ) 
Lor-O X 

- r! r (r+n+l) dx 

(
,)n+2r 

(-IY - 2rx2r- 1 
- Loo -'--'--"<L,-__ 
- r=O rer-l)! r (r+n+l) 

= _X- n E~-o (_Or (~) n+ l+2 r 
- (r- l )! r (r+n+l ) 2 

= _X - n In+l (X) 

3. From recurrence fonnula (1), i.e. d: (xnJn(x)) == Xn Jn_l (x) 

nxO- 1Jn(x) + xOJ ~Cx) = XOJO_1CX) 

J~Cx) = JO - l Cx) - ~ JoCx) , 
d 

4. From recurrence fonnula (2), i.e. dx (x-nJn(x)} = -X- nJn+l(x) 

_nx-0- 1 JoCx) + x-o J ~ Cx) = -X -oJO+l Cx) 

J ~Cx) = ; JoCx) - Jo +1CX) 

17 



Bessel Function and the Modified Bessel Function 

S. From recurrence fonnula (3) and (4) i.c. n x 
[ 

I~(x) = 1,-, (X) - ~ I,(x) 

I ~(x) = ; I,(x) - I,.,(x) 

21;(') = I,_,(x) - 1,+I(X) 

I~(x) = ~(JH(X) - I,+,(x» 

[ 

I~(x) = 1'-1 (X) - ~ I, (x) 
6. From recurrence formula (3) and (4) i.c. n x 

I~(x) = ; I,(x) - I,+,(x) 

" 0= -;;- I,(x) - 1, - , (x) - 1,+1 (X) 

Hence 1,- 1 (X) + 1'+1 (X) = ~ I, (x) , 
Based on th is recursion formu la let do some example: 
Example 2.1 : Prove that , 

I. ,xl,(x) = (n + l)I,+I(x) - (n + 3)I,+3(X) + (n + 5)I'+5(x) + ... 

II. I~(x) = ; [~ I, (x) - (n + 2)I,+2(x) + (n + 4)I'+4(x) - ... J 

Solution: i. Recurrence relation (6) i5 2nl,(x) = x(J,_, (x) + 1'+1 (X» 

Replacing n by n + 1 in this relati on we have 

2(n + 1) 1,+1 (X) = X(J,., -, (X) + 1'+1 +1 (X» 

i.e. ~xl,(x) = (n + 1)1,., (x) -~xl,+,(x) 

again replacing n by n + 2 in (16) we have 

~xl '+2(x) = (n + 3)I,+3(X) - ~xl' +4(x) 

Putting the value of ~ xl , +2(x) from (17) in ( \6) we get , 
~xl ,(X) = (n + l )I,+,(x) - (n + 3)I,+3(X) + ~xl '+4(x) 

Replacing n by n + 4 in (17) we have 

~xl'+4(X) = (n + 5)I,+5(X) - ~XI' +6(X) 

Thu5 (18) becomes, 

~xl ,(X) = (n + l)I,+I(x) - (n + 3)I,+3(x) + (n + 5)I'+5 (x) - ... 

18 
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ii . From recurrence formula (3), i.e. xJ ~(x) = xln_1 (x) - n!n(x) 

I~ (x) =;( -nl"(x) + xl"_, (x)) = 1"-, (x) - ~ I"(x) , 

But from resu lt (i) for n - 1 we have 

Function 

I"_,(x) = ; (nl" (x) - (n + 2)10+' (x) + (n + 4)1"+4(x) - ... } 

Then we get 

I~ (x) = - ~ I"(x) +; [nl"(x) - (n + 2)1"+,(x) + (n + 4)1"+4(x) - ... J 

Example 2.2 : Prove that J; t{ I"(t»)' dt = ix'o; (x) - 1"-1 (x) I"+, (x») 

d r"~ ] , Solution: a; ,0; (t) - 1"-, (t)I"+, (t)) = to; (t) - 1"- 1 (t)I"+1 (t) ) + ~(2 1 "(t) I ~(t) -
I ~+, (t) 1"+, (t) - 1"-, (t) I~+, (t)) 

= to; (t) - 1"- 1 (tll"+, (tJ) + ~ (2 I"(t)i 1"-, (t) - 1"+1 (t») 

-1"+, (t) ("~' 1"- , (t) - 1"+1 (t») - 1"- 1 (t) (I" (t) "~' 1"+, (t») 

= t J; (tl Using recurrence formu la (3), (4) and (5) 

i.e. t I; (t) = :, [~O; (t) - 1"- , (t) I"+1 (t))] 

Integrating both side w.r.t. 'x' from a to x we get 

J.
D
' tl; (t) dt = [::0; (t) - 1"- , (t)I"+, (t»)]' 

2 t=O 

= ix' o ; (x) - 1"_,(x)I"+,(x)} 

2.4.3 Integration and Recurrence Relation 

Problem 2.1 : If n > - 1, show that J; t" I" (t)dt = X"+1 1"+1 (x) 

Solution: From recurrence formula :t [tn In(t)] = tn In-1 (t) by substituting n by n + 1, we 

have ~ [tn+1 In+l (t) ] = tn+1 In(t) then integrating w.r.t. 'x' from a to x we get 
d' 

LX tn+1 In(t) dt ;: [tn+1 In +1 (t)]f=o == xn+1 In +1 (x) 
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Fu nction 

Problem 2.2: Show that 

i. f: t - O JO+1 (t)dt = 1 - x- o J (x) for n> I 
z" r (n+l ) n 

ii.foOO t- OJo+1(t)dt= 1 forn > - l / 
Z" r (n+l ) 2 

Solut ion: i. From recurrence formula 

d 
d' (t-O lo(t)} = _t- O 10+1(t) 

Integrating (19) W.r.t. 'x' from 0 to x, we have 

[t- O Jo(t)];:o = - f; t - O JO+1 (t) dt 

x-o Jo(x) - lim (t- O Jo(t)} = - f.o' t-O JO+1(t)dt 
H' 

But I· {t- O I ()} I· 1 ,0 [ " 1 ----'-' -1m n t ;;;;; 1m - 1 - + ... ;;;;; 
' .... 0 HO tn r (n+l ) z .Z. ( n+1 ) Z., r (n+1) 

Thus (20) becomes 

I.e. 

x-O lo(x) - r' = - f.o' t- O 10+1(t)dt 
Zn (n+ l ) 

f; t-O 10+' (t)dt = r 1 - X-O lo (x) 
Z" (n+1 ) 

ii. Integrating (19) W.r.t. 'x' from 0 to 00, we have 

[t- O l o (t)]~o = - fooo t - O 10+' (t) dt 

lim (t-O 10Ct)} - lim (t - O 10Ct)} = - f.ooo t- O 10+' Ct) dt 
' .... 0 ' .... 0 

But we know that for larger interval of x the approximate value of In(x) is 

JoCx)- CJ '/, cos {x - (n + llz) ~) , n > liz 

Hence 
lim (t- O Jo Ct)} = 0 
H" 

Thus (2 1) becomes 

rt-O 10+1(t)dt= r ' forn>_llz 
o Z" (n+1) 

( 19) 

(20) 

(21 ) 

Remark: An integration of the form f xm In (x)dx for m + n ~ 0 can be completely integrated 
if m + n is odd integer, whi le if m + n is even, then the integral can be put in the terms of 

f Joex)dx. 

20 
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Bessel Function and the Modified Bessel t'unctio n 

• 2.5 Bessel Function of Non-integer Order 

In our deve lopment of Bessel function of integer order, we had in (13) ao = -'- which we 
2nn! 

" 1 Th" " , can wnte as ao = r ,IS suggest that for non-Integer «, we choose ao = r ; 
2n (n+l) 2" (a+l) 

Following exactly the same procedure as fo r the integer order, we find the non- integer order 

Besse l function is given by 

GO (_I)m ( X) a+2m ].(x) = -~ m! r (m+a+ l ) 2 

In fact this formula can be used for both integer and non-integer «. 

2.5.1 Bessel Equation of Half-integer Order 

For n = 1/2. equation (I) yields 

x'y" + xy' + (x' - 1/4)Y = 0 

• 
Substituting in y = L,xk +m , we obtain 

"'" 

(22) 

(k2 _ DCoxk + (k + 1)2 -D C1xk+1 + ~ ([(k + m)2 -~] Cm + cm-z} + xlc+m = 0 (23) 

The roots of the indiciaI equation are k;;; l lzand k;;; - l iz; hence the roots differ by an 

integer. The recurrence relation is 

(24) 

Now for k ;;; l /
Z

' we find the coeffic ient of Xk+l in (23) that Cl ;;; O. Hence from (24) we 

obtain that C3 ;;; C5 = ... = c2m+l ... = O. 

Further 

Or letting m ;;; Zr 

Thus 

-cm 2 
C = m m(m+1) 

for m = 2.4.6, ."" 

= -C2r-2 for r ::;;; 1,2,3,,,, 
e2r 2r(2r+l) 

-co Co 
c2 =3.'2=-3!' 

-C2 Co 
c4 = "5.4 = Si 
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Hence, taking Co :; I , we obtain 

y (x) ~ x'/2 [1 + ,, ~_ H)'X"j 
1 i.Jr_l (Zr+l)! 

~x 2 1+"~ -1/ [ <_1)rX2r-tl j 
i.J r=O (2r+l)! ,x> 0 (25) 

We recognize the sum in equati on (25) as Taylor seri es expansion of sin x. The Bessel 

funct ion of the first kind of order one-half, denoted by b /
z 

is defined as (;) liz Yt. Thus 

Or in short 

( 2)'1, b/z{x):;;; sin x for x> o. 

, 
(_l)r (X)zr+i 

itl, (x) ~ E~", q,+l) ,-

~ r tl) Gi -r til Gi + rt~l Gi + .. 
, 

~ m' [1_1.x2 +1.x' - ... j 
(i)rn 3! 5! 

~ (-'-) '1, [x _2..x3 +.!.x5 - ... j 
nx 3! 5! 

( 2)'1,. 
:; nx Sin x 

Similarly for k ~ -liz, we obtain 

( 
2 )'1, i - 1/z(X):; nx cosxforx>O. 

Note: I. The general solution of equation (22) is Y :; CJ1/z (x) + Czl-l/Z (x) where c1 and 

C2 are arbitrary constants. 

2. Using the recurrence relations, 

In+l :; ;In - in l andln_1 :; ;In + in l 

We can find i n+1/2 for any integer n. 

22 

I ~ 



Bessel Function and the Modified Bessel Function 

Example 2.3: Expressh/z (x) in terms of sin x and cos x. 

Solution: From the above recursion formu la for n : liz, we have 

'b. (' )'/, . (1/ ) (,)'/' -3/ ( ' ) '/' = x;; sm x - - 2;;: x zsin x+;:;; cosx 

: 2 z rr Zx zs in x+rr Zx zs in x-rr Zcosx - 'I [ -'I -3/ -'I - 3/ -'I 1 

(,)'/' -3/ (,)'/' -'I =;;: x zsinx-;;: x zcosx 

( , )';' ( -3/ -'/ ) :;; x zsin x-x ZCOsX 

f2(s;nx ) 
== ~;; ----;- - COS X 

2.6 Bessel Functions of the First Kind of Order n 

Definition 2.2 : Bessel function of the first kind of order n is a function defined by 

0;1;1 (_l)r (X)zr+n 
Lr-O -

- r! r (n+r+l ) z 

and denoted by in(x) where n is any non·negative constant. 

Remark: When there is no confusion regarding the variable, we shall write in for i n(x) and 

J~ for ~Un(x)). 
dx 

2.6.1 Generating Function for in (x) 

Now consider the function exp H x (t - D} or e~( t-D, we can expand this functi on in a 

Laurent series in power oft, 
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Let show this result : 

(' (t ')} xtj _Xj xt j -x exp '2x - t = e 2 U = e 2. e / U 

_ ([1 (") '(")' '(X')' , (,,)n J - + - +-- +-- + ... _- + ... 
2 21 2 31 2 nl 2 

[1 + .!. (- .:c)' +.!. (- .:c)' + ... + .!. (- .:c)n + ... J} 
21 2t 31 2t n l 2t 

= ([1 + m t + ~ m' t' + ... ;, Gf t
n + ... J 

[1-m t -' + ~m' t -' + .. (-l)n~Gr t - n + II (26) 

The coefficients of t n in product (26) is obtained by multiplying the coeffi cients of 

tn,tn+1, "'in the l SI bracket with the coefficient of t o, t - 1, t - 2 ... in the 2
nd 

bracket 

respectively and is thus 

, (,)n ,(,)n+' , (,)n+4 
= ;;; 2 - (n+2)1 2 + (n+4)! '2 - ... 

00 (_ l )r ( , ) 2r+n 
= L,.o r ( ) 2 = ' n(x) 

r ! n+r+1 

Again the coefficient of t - n in the product (26) is obtained by multiplying the coeffi cient of 

t -n, t- (n +1), ... of the second bracket with the coefficient of to, tt. t Z ···in thc first brackct 

respectively and is thus 

, (')' , (')'" , , (')'" (')' =(-1)"-- +(_ 1)"+1_- _+(_1)"+3 __ _ - + ... 
" I 2 (" +1)! 2 2 ("+3)1 2 2 

[(,)n, (,)n+' , (,)n+4 , 1 
= (_l)n 2 ;; - '2 (n+1)! + 2 (n+2)!21 - '" 

= (_l)n, ,(x) 

Thus the coefficients of t - n = (_l)n In (x) 

Therefore i n (x)=( _l)n X the coefficients of t -
n

. 

Finally, in the product (26) the coefficient of to is obtained by multiplying the coefficients of 

t
o t' t 2 ... in the first bracket with the coeffi cient of t o, t -

1
, t - 2

, , . ,in the second bracket and , , , 
is thus 
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= 1- (xlz)' + (x/z)' (~)' - (x/z) ' m' + ... 

= 1 - x'/ x'/ 2 + 2'4' - ... = Jo(x) 

We observe that the coefficients or to, (t - t-'), (t' - t-'), "', (tn + (_ l )nCn) arc 

Jo(x).], (x), '" .]n (x), ... respectivel y. Then (26) givcs 

exp Gx (t - m = Jo(x) + [t - t-'IMx) + ... + [(tn + (- l )nt-nlJn(x) + ... 

= l: ::'=_oo t nJn(x) .sJ_n(x) = (-l )Jn(x)n 

Or we can show as 

:;; I:~::-go In (x)tn 

Note: The function exp G x (t - ~)} is the generating!unction for Bessel functi on of the first 

kind. 

2,6.2 The Bessel Function Satisfies Bessel's Equation 

Problem 2.3 Use the generating function exp G x (t - ~)} :;; I:~= -oo fl fn (x) to show that 

Jnsatisfies Bessel's equation 

x'y" + xy' + (x' - n')y = 0 

Solution: We must show that 

l:::'=_oo[X'Jn"(x)+xJ~(x) + (x' - n')tnJn(x)lt
n 

= 0 

To get the appropriate terms in the sum we will differentiate the generating function with 

respect to x and t. Now differentiating w.r.t X 

i (t - D exp Hx (t - D) :;; I:~=-oo tnJn'(x) 

;(t_D2 
expHx(t-Dl:;; I: ~=_ootnJnll(x) 
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Also differentiating w.r. t t 

Then, 

~x (1 + l/t ,) exp [~x (t -m ; L ::'=-~ ntn-lJn(x) 

~x (t + D exp Gx(t - D} ::: L~:_~ntnJn(X) 

~x (1 - (12 ) exp Gx (t - D} + ~X2 (t +7)2 exp Gx (t - Dl =t::: n2t
n

-
1
Jn(X) 

Then, 

L::'=_~ [X' J~ (x) +xJ~ (x) + (x' - n')t"J .(x) It" 
= [;X2 (t _D2 +ix(t -~) + x2 -;x(t -~) - ;X2 (t + D2] exp Hx (t - D} = 0 

Thus, x'J~(x) +xJ~(x) + (x' - n') t"J.(x) ; 0 

Hence In satisfies Bessel equation. 

2.6.3 Equations Reducible to Bessel's equation 

In many problems, we come across differential equation, which by means or a suitable 

substitution can be reduced to Bessel 's equation. Consider the differential equation 

(27) 

where a, p, y and n arc real constants. 

On changing the dependent variable y and the independent variable x by means of the 

substitution 

y == uxa and t == t Y , we get 

Now substituting z = pt in (28), it reduces to 

z2 d
2
u + z au + (Z2 - nZ)u ::: 0 

dz 2 az 

Which is Bessel's equation, and has for its solution 

u = cJn(z) + Cz}_n (z) when n is non-integer. 

Replac ing z by flt in the above so lution, we get the solution of (28) as 

u ; cJ.<Pt) + czl_.<Pt) 
26 
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Finally, replacing u by yx-a and I by xY in (30), we get 

Y = x"[cJnCPx') + c,YnCPx')] 

Which is the a solution of (27) 

Example 2.4: Solve the equation 

x 2y" + xy' + ; ex - n2)y = a in tenns of Bessel function. 

Solut ion: Let use the substitution x = t 2 , then comparing with the equation (27). we gel 

a=Op=ly=O , , , 
Hence, the solution become 

y = cJn(.Jx) +CU-n(.Jx) o,y = cJn(.Jx) + c,Yn(.Jx) 
depending on n being a non-negative or an integer. 

2,7 Bessel' s Function of the Second Kind of Order n 

When n is an integer, i n andi_n arc not linearly independent. To detennine the second linearly 

independent solution of the Bessel equation, let define 

{ 

}n(x) cos(nn)-}_n(x) 

si n(nn) 

Yn(x) = . ,J"e.:(,:::).:"::':::("~n):.,-:..J_:!,c:::(,) 
lim -
jJ"'~ sin(~1'[) 

when n is not an integer 
when n is an integer 

(3 \ ) 

The funct ion Y
n 

is called the Bessel funclion of lhe second kind of order n. It is also known as 

the Neumann function. 

Now, when n is a non-integer Yn is clearly a solution of the Bessel equat ion, since it is a 

linearly combination of two linearly independent solutionsjn(x) and i n(x). 

For integer , I.l = nand n=0,1,2, ..... equation (25) becomes 

() )
. J,,(x) cos(~n)-J-,,(x) 

Yn x = 1m jJ"'~ sin(IlTt) 

The limit is indetenninate fonn of 0/0, since cos(nn) = (_l)n, sin (nn) = 0 and 

i nCx) = C-1)n inCx) . 
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Then by L ' Hospital rule 

v ( ) _ . :.[J"(xlcos(."l-J_.(xl] 
I n X - hm ::'<:''--.,--~:....::.:..:.: 

"' .... " a)sin(I-1Tl)] 

= [ -IT sin(Il11) J~(X)+COS(J.lTt)~JIJ.(X)-~J-IJ(X)l 
rr COS(Il11) 

= ;; [:.1.<x) - (-1)" : J_/X) ] 
/l IJ=n 

l1=n 

Let now show that Yn(x) so defi ned is a solution of the Bessel' s equation. By definition' }11 and 

J-/l respectively. satisfies the following differential equation: 

x'i/'(x) + xi/ex) + (x' - ~')J.(x) = 0 

x'J_/'(x) + xi_/(x) + (x ' - ~')J_.(x) = 0 

Differentiating \V.r.t. I..t we have 

x - ---I! + x _ ---I! + (x' - ~') ---I! - 2~J = 0 ,d'(OJ) d(OI) 01 
dxZ all dx all- all II-

x' ~ (01-") + x ~ (01-") + (x' - ' ) 01_" - 2 J = 0 
dx2 ap' dx all Jl all Jl -p. 

Multiplying the second equation by (-1)" and substituting it from the first equation, we have 

x' ~ (OJ" _ (-1)" 01-") + x (01" _ (_1)" 'J-") + (x ' _ ~') ['I,. -
dx2 all all iJp iJp. iJj.l 

(_ 1)" '~;] - 2~(;. - (-ll"J-.) = 0 

Taking the limit -+ n , the last term drops out because }" - (- l )"j-n :::; O. 

Clearly the Neumann function expressed in (28) satisfies the Bessel's equation. 

Neumann function has a logarithm term, since 

'I. _1. [x. ~ (_1) " (")" ] 
OJ.l. - OJ.l. Lr=o rl r(r+j.l.+1) 2 

and 
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thus y" (x) contains a term J" (x )(In x). The first three order of Neumann function arc shown 

in figure I 

Y,,(x) 
1 

0 . 75 

0.5 

0 .25 

-0 .25 

-0.5 

-0.75 

-1 

Figure 1 Neumann funct ion y,(x), Y, (x) , Y, (x) . 

x 

Mathematical pJ:!1gram for the:lilot of I function of the second kind ] 

Plot[Evaluate[Table[BesseIY[n,x], (n,0,2) ]],(x,O, 1 O},PlotRange->( -I ,.55}, PlotStylc-> 
( (Thickness[O.O 16],RGBColor[0,0. 75,0.25]) J (Thickness[O.O 16],RG BColor[ 1 ,0.75,0]}, 
(Thickness[O.O 16],RGBColor[l ,0. 1 ,O. I])} 1; 

Problem 4: Show that J" (x) and Y" (x) are linearly independent for all n. 

Proof: let see the Wronskian 

W J Y _ J" J"(x)cos(mr) -J_" (x)csc (nn) 
[ ", "] - J'" J:(x)cot(mr)-J:(x)csc(mr) 

( ) J" J" () J" = cot nn - csc nn 
J' J' J' 
"" " 

= _csc (mr)-2.sin (mr) 
1CX 

-2 
=-*0 

1CX 

J _" 
J' -" 

i-ience, the function J" (x) and Y" (x) are linearly independent. 

Note: The general solution of the Bessel Equation can be written as 

y" (x) = c,J" (x) +c,Y" (x) 
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2.8 Integral Representation of Bessel Function 
A particular useful and powerful way of treating Bessel function employs integral , 
representations. We now that e"iX(t-lft) = r:::-oo t n i n(x) 

If we substitute t = e i8 

• • 
= lo(x) + I /,(x)[cos(nO) + isin(nO)] + I (-l )nl,(x) [cos(nO) + isin(nO)] 

~ ~ 

= 1. (x) + Z[l,(x) co,29 + l,(x)co,49 + ... J + 2i [l,(x) " n(9) + l , (x) , 'n(39) + ... J 

Since e ixsin 8 = cos(xsin 9) + isin(xsin 9) 

cos(xsin 0) = Jo(x) + 2U2(X) cos20 + J.(x)cos40 + ... ] 

and 

sin(xsin 0) = 2U, (x) si n(O) + hCx) sin(30) + ... ] 

The coefficients in (x) can be readi ly obtained as fo llow: 

We shall use 

,n , n . . dO frr/2 
Jo cos m9 cos n8 d9 = Jo Sin m9 Sin n9 [1 = to 

ifm=n 

ifm '* n 

(32) 

(33) 

(34) 

Multiplying both sides of (32) by cos (nO) and integrating w.r.t. 0 from 0 to rr and using (34). 

we obtain 

frrl (x) if n is even 
Jo' cos(xsin 0) cos nO dO = l 0' if n is odd 

Similarly, multiplying both sides (32) by sin (n9) and integrating w.r.t. 9 from 0 to rr and 

using (34), we obtain 

Jo' sin(xsin 0) si n nO dO = (~/,(x) 
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Adding these equations, we obtain 

"I"(x) = f; [cos(xsin 9) cos n9 + sin(xsin 9) sin n9] d9 

= f; cos(xsin 9 - n9) d9 

or I"(x ) =;; Ja" cos(xsin 9 - n9) d9 

Let now see the case when = 0 ; 

Problem 2.5: Show that I, (x) = ;; Ja" cos(xsin 9) d9 = ;; Ja" COS(XCDS 9) d9 

Solut ion: Integrating (33) W.Lt. 'e' between the limits a to Tr and using Ihe result 

fo" cos ne de = 0, if n is even integer, we have that 

f; cos(xsin 9) d9 = I, (x) fa" d9 + 0 + 0 + ... = I, (x)" 

i.e. I,(x)" = Ja" cos(xsin 9) d9 

also re placi ng e by (e - ~) in (33) and integrating w. r.t. '(J' between the limits 0 to IT we get 

f; cos(xcos 9) d9 = I, (x)" - 0 - 0 _ ... 

1 f." or I, (x) =; , cos(xcos 9) d9 

2.9 Bessel Function as Eigenfunction of Sturm-Liouville Problems 

2.9.1 Boundary Conditions of Bessel's Equation 

By itself Bessel' s equation is not a Stunn-Liouville equation. There is no way fo r it to sat isfy 

any given boundary condition. However, the close ly related equation 

(J5) 

is a SlUnn- Liouville equation. It can be shown that 

y(x) = MAx) 

is a so lution of thi s equation. Let z = Ax, then 

dy = dlnCz) dz = A dlnCz) 
dx dz dx dz 
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Then equation (35) becomes 

x2A2 d2~:~Z) + xA dJ;;Z) + (A2x 2 _ n2)/n(Z) = Z2 d2~:~Z) + Z d/~;Z) + (Z2 _ " 2)/" (Z) = 0 

Hence Z2 d Z:;~Z) + Z dJ;!Z) + (Z2 - n2)in(z) :;;: 0 

wh ich is the regular Bessel's equation. Thus i nez) is a solution of this equation implies that 

In(Ax) is a so lution of equation (35). 

We can rewrite equation (35) as 

d [ dY] ( n') - x- + ,l'x-- y=O 
dx dx x 

(36) 

Equation (36) together with a boundary condition at x :;;: c constitute a Sturm-Liouville 

problem in the interval of 0 ~ x ~ c . The general boundary condition is of the form 

Ay(e) + By'(e) = 0 

where A and B are two constants. If B ;. 0, it is knovm as the Dirichlet condition. If A ;. 0, it is 

known as the Neumann condition. 

This means that only those values of A. that satisfy the equation 

are acceptable. Since Bessel functions have oscillatory character, there are infinite numbers of 

A that satisfy thi s equation. These values of A. are the Eigenvalues of the problem. For example, 

if B = 0 , n = 0 , e = 2, then 

Jo(lA) = 0 

The jlh root of this equation, labeled AOj , can be founded from the table of zeros of in (x) as 

24048 5.5201 7601 
A01 :;;: ~ :;;: 1.2924 . A.02 :;;: --z :;;: 2. , e.Le . 

2.9.2 Orthogonality of Bessel Functions 

Corresponding to the set of Eigenvalue {An j}. the Eigenfunction are (In(AnjX)}, These 

Eigenfunction fonn a complete set and they are orthogonal to each other with respect to the 

weight function s , that is 
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Let proof this result; 

Since in (x) is a solution of the Bessel's equation 

d
2
y 1 dy ( n') -+--+ 1-- y=O 

dx 2 X dx x2 
(37) 

therefore putting x = AniS and calling y = u we get 

Mult iplying throughout by An/52 

(38) 

Simi larly putting x = AnkS and call ing y = v in equation (38), we have 

(39) 

Ifwe mult iply (38) by ~ , and (39), by ~ and subtract we get , , 

s v--su - + v - -u- +,l. -,l k suv=O ( d'u d'V ) ( dU dV ) (' ') 
ds2 ds2 dx dx nI n 

:s {s (v:~ - u ::)} + (Ant
2 

- Ank
2

)SUV = 0 or 
(40) 

Now, U = in (AniS ) and v = in(Anks) and then integrating (40) between the limits 0 to C, we 

get 

s{Un {A'nkS)}n 'CAniS)Ani - }n CAnIS)}n 'CAnkS)Ank)}lg - f;(An/ - Ank 2)1n (AnIS)1n(AnkS)S :: 0 

since Ani '* Ank . we have that 
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Chapter 3 

The Modified Bessel Function 

3.1 The Modified Bessel's Equation 

Bessel's differential equation of nth order is given by 

d
2

y 1 dy ( n' ) -+--+ 1 -- y=O 
dx 2 X dx x2 

Now, putting x ;;: it or t ;;: -ix, we have 

Thus dy ;;: ..!. dy 
dx i de 

Thus ( \ ) becomes 

dx .. dtl 
-;;: L L.e.-;;:­
de ' dx i 

d2y 1 dy (n') d l y 1 dy ( "') _____ + 1+,,- y=Oor -+-- - 1+,,- y=O 
dtZ t dt t dt Z t de t 

which we ca ll it the modified Bessel's equation. 

Definit ion 3.1: A differential equation of the form 

d'y + 11 dy _ (1 + n 21 ) Y = 0 
dt2 tdt t

2 

is called the modified Bessel equation. 

( \ ) 

Since y ;;: cJTl(x) + Cz Yn(x) (where Cl and Cz are arbitrary constant) is the general solution of 

the Bessel equation, therefore the solution of the modified Bessel equation is obtained by 

putting x ;;: it, i.e, 

We know that 
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ow putting x = it 

1 ( 
- ) - ,,~ (-1 )' (if),,.n 

n It - L.r =O -
r! r (n+r+ l ) 2 

_ (-)n ,,~ 1 (,)"+n 
- I £. r-Q -

- r ! r (n+r+l) 2 

or 
1 ( )"+n (o-nln(it) = I ;"=o : 

r! r (n+r+l) 2 

Let denote 'nCt) = (o-nln(it) which is known as the modified function of the first kind or 
order n. Ihus replacing t by x, we gel 

( )"+n 
In(x) = (o-nl n(ix) = I ;"=o r 1 :: 

r! (n+r+ l) 2 

Note: Since i n and i _nare linearly independent solution when n is not an integer, In and 
L nare linearly independent solution to the modified Bessel equation when n is not an integer, 

this is because 

lIn 
w[ln,Lnl = I'n 

I_n I 
/ '-n 

I 
co-ninCix) 

- i(W"inCix) 

(i)nl _n(ix) I 
i(i)"/_"(ix) 

_linCix) i _n(iX) 1 
= 'linCiX) i - n(ix) 

= i (2) sin(nrr) = ~sin(mr) 
l1fX rrx 

Thus Inand I_nare linearl y independent. 

_ _ d d I - h is an integer we define the 
In order to have a second linearl y In epen ent so utlOn w en n ' 

modified Bessel funct ion of the second kind as 

when n is not an integer 

when n is an integer 

35 



Bessel Function and the Modified Bessel Function 

/ .. (x) 

5 

4 

3 

2 

--
- ) 

Figure 2. Neumann function I . (x) , I , (x ),1, (x), and I, (x) . 

Mathematica program for tbe lot of Neumann function 

Plot[Evaluate[T able [Bessell [n,x] , {n,0,3}]], {x,-
1,5} .AxesLabel-> T raditionaIFonnl@{x,Bessell[n,x]} ,PlotStyle->{ {Thickoess[O.O 16],RGBColo 
r[O ,O. 7 5,0.25]}, {Thickness[O.O 16],RGBColor[ I ,0. 75,0]} , {Thickoess[O.O 16],RGBColor[O.J,0.1 

,O.I] }, {Thickness[O.O 16],RGBColor[1 ,0.7 1 ,0.5]}}] 

B 

6 

4 

2 

_ _ -=-' __ x 

5 4 2 3 1 

Figure 3. Modi fied Bessel equation of the second kind K. (x) , K, (x) , K, (x ),and K, (x). 
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Mathematica program for the lot of I I 1 ·1 ' :~ ~ _I I 

Plol[E "aluate[T able[BesselK[ n,x], (n,0,2) ]], (x,0,5) ,PloIRange'>(O, I 0) ,PloISlylc-> 
( (Thlckness[O. 0 16],RGBColor[0,0. 75,0.25]), (Thickness[O.O 16],RGBColor[ 1,0.75,0]), (Thick 
ness[O.O 16],RGBColor[1 ,0.1 ,0. 1]) )]; 

Problem 3. 1: In and Kn are linearly independent for all n. 

Proof W [ln' Kn 1 = I:~n : : I 

2 sin(nrr) 

~ [I' _n(x)-I' nex)] 
I' n 2 s in(nrr) 

n ( )[\In l_n\ \In II,nn \l == "2 esc nrr /' n I ' -n - I' n 

= ~ ese(nrr) (::!) sin(nrr) =::! * 0 , n x 

Hence the general solution of the modified Bessel equation is y :::: Ct/n(x) + cz Kn(x). where 

C1 and C2 are arbitrary constant. 

3.2 Recursion Formula for the Modified Bessel Equation 

I. 

2. 

3. 

'n An - 1 - An+l == -An x 

A'r! = ~An + An+l 
x 

A'r! = ~(An-l +A n+ 1) 

4. A'n =An_l -~An x 

Where A stands for either J or K. 
'n 

Proof: 1. Let A stands for 1, then we want to show In- 1 - In+1 :::: -; In 

Consider the recurrence formula 

In-l (x) + In+l (x) = '; In (x) 

Replacing X by ix we obtain 

In-l (ix) + In+ l (ix) = '; In (ix) 

By definition In(x) = c;-n)ln(ix) or In(ix) = (in) ln(x), thus 

>0' () ·n-11 (x) o n+l)In+1(x) == _-;- inln x -I n 

Dividing by in+1then we get 
In-

1 
(x) - In+l (x) = '; In (x) 
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Problem 3.2 : Show that 

III (X) ; f2 sinh x 
2 ~ ;; 

1-'1 (x) ; f2coshx 
2 ~~ 

SolUlion: Since we know Ihal/n(x) ; (Wnf nCix) 

Thus " I (x) ; i -
1;'''1 (ix ) ; i_I;, (2 si nh(ix) ; f2 sinhx 

2 2 ~~ ~~ 
From the recursion formula (4) we have that "n :::; In_1 - ~ /n 

x 

thus I-II ex) :::; J ~(IX) - ..2-. /11 ex) :::; -,1 r:. x- 3lz sinh x + /z cosh x + ~ f2 sinh x 
2 2 2x 2~; ~;; 2X~;; 

:::; (2 cosh X 
~;;; 

Problem 3.3: Find Klhand K_l/z' 

Solution: Si nce K1/, (X); ~(/_ l/,cx) - " I,(X)) 

; ~ [jJ;COSh X - jJ;sinh X] ; ~e-x 
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