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Bessel Function and the Modified Bessel Function

Introduction

Bessel function is defied for a first time by the mathematician Daniel Bernoulli and
generalized by Friedrich Bessel. A differential equation of the form

_— a?
y+;y+ 1-—x—2 y=0

Where « is arbitrary real or complex number is called a Bessel equation and it’s solution is
known as Bessel function. Bessel functions are also called cylinder function or cylindrical
harmonic function because they are found in the solution to Laplace’s equation in cylindrical
coordinated.

Bessel equation arises in problems involving vibrations, or heat conduction in regions
possessing circular symmetry; therefore Bessel function have many application in physics and
engineering in connection with the propagation of waves, elasticity, fluid motion and
especially in many problem of potential theory and diffusion involving cylindrical symmetry.

This seminar report consists three chapters. The first chapter remained about the power series,
second order linear differential equation, singularity point, Sturm-Liouville problem and then
gamma function which help to express factorial.

In the second chapter i will discuss about the Bessel equation and its solution which is Bessel
functions. I will also discuss about properties of Bessel function and some recurrence formula.
There is also some plot of Bessel function. The third chapter discuss about the modified Bessel
equation and it’s solution, which is the special case of the Bessel equation.
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Chapter 1
Definitions and Some Preliminary Concepts

1.1 Power Series

An infinite series of the form

n=0Cn(X = X)" = Co + €3 (x — xp) + €2 (x — x0)% + (1)

where ¢’s are independent of x is called a power series in x about the point x, .A common
special case is the series about x, = 0

T CnX™ =€+ C1X + Cpx2 4 v . (2)

Let’s apply the ratio tests to determine the convergence of the series in equation (1)

Cnaa(x—xp)"+? .
—_ |l =Ix -
cn(x—x0)" lx = xol :!:l—r»?r

Cn+1

I]m :le_xOl

n—o

Cn

Cn+1
Cn

Where [ = lim . Therefore, we see that the series converges absolutely for [x — x| <

n—x

% = R and diverges (in the absolute sense) for |x — xo| > % = R. The range of x for which the

series converges, X, — R < x < X + R is called the interval of convergence of the series and
R is called its radius of convergences.

There are three possible situations for a power series Y5—o € (x — o)™, namely

i. It converges for all values of x; or

ii. It converges for values of x in an open interval (xo — R, xo + R) , but not outside
the closed interval [x, — R,xo + R]; or

iii. It converges only for = X .

In case 1, the interval of convergence is (—o0,+c0); in case 2, it is (xo — R,xo + R) and
possibly one or both of its endpoints; and in case 3, it is only the point x = x; . The radius or
convergence in each case is @, R, and 0 respectively.

Let
f(x) — E:ﬂ) (o

Since each of the terms u,(x) = c,x™ is continuous function of x and f (x) converges
uniformly for —s < x < s, where 0 <s <R, f(x) must be a continuous function in the
interval of uniform convergence, with u,(x) continuous and f (x) uniformly convergent, we
find that the differentiated series is a power series with continuous functions and the same

2



Bessel Function and the Modined bessel runcuon

radius of convergence as the original series. Therefore our power series may be differentiated
or integrated as often as desired within the interval of uniform convergence.

We now establish that the power series representation is unique. If
f(x) =X oCnx", =R, <x <R
= Yn=0dnX", —Rq <X <Ry )

with overlapping intervals of convergence, including the origin, then

Cp =dn
For all n; that is, we assume two(different) power series representations and then proceed to
show that the two are actually identical.

From equation (3)
g CnX™ = Yiragdpx" ,—RE X< R (4)

where R is the smaller of R, R4. By setting x=0 to eliminate all but the constant terms, we
obtain ¢, = dy now, exploiting the differentiability of our power series, we differentiate
equation (4), getting

o n-1 _ yo -1
Y=o Nenx" ™1 = Lo ndax™

We again set x=0 to isolate the new constant terms and find ¢, = d,. By repeating this process
n times, we get ¢, = d,. Which shows that the two series coincide. Therefore our power

series representation is unique.

1.2 Second Order Linear Equation

The general second order linear differential equation is

AR L+ P) L+ Q(x)y = R()
Or, more simply

A(x)y"+P(x)y'+Q(x)y = R(x) (5)
where A(x)y", P(x),Q(x),and R(x) are functions of x alone (or perhaps constants).
If (x) = 0, then equation (5) reduces to

A@)y"+Px)y'+Q(x)y =0 (6)

and it is called homogeneous linear equation. 1f R(x) is not identically zero, then equation (5)
is said to be non-homogeneous.
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Definition 1.1: The n-function fi, f5, f5, "+, fn are called linearly dependent on a < x < b if
and only if there exist constants c;, ¢y, C3,**, ¢, not all zero such that ¢ fi+ cfa + c3fs +
v+ cpfa = 0 for all x € [a,b]; and they are linearly independent ona < x < b if and only if
afi+ Gfo+ cafs+ o+ cpfy =0impliesthate, = c; =3 == = 0.

Definition 1.2: let f;, f5, f3, -+, f, be a real functions in which each has (n — 1) derivatives on
[a, b]. The determinant

i £ S 4
Py |
f}cr}*n fztrl—n fn(:i—n

is called the Wronskian of the n-functions fy,fs, fs, . fn and is denoted by

W (1. fa f3, 0 f) ().
Now, let consider the homogeneous linear equation

a,()y™ + a; (X)y ™V + - a1 (X)y + an(x)y = 0 (7
where ag, @y, -+ @1, and @, are continuous on [a, b].

Theorem 1.1: A necessary and sufficient condition that n-solutions fi, far f3, 0+ fn Of the nth
order homogeneous linear equation (5) be linearly independent on [a, b] is that the value of the
Wronskian is non-zero for all x € [a, b].

Theorem 1.2: If y,(x) and y,(x) are linearly independent solution of the homogeneous
equation (6), then ¢;y; () + ¢;¥2(x) is the general solution of equation (6).

1.3 Sturm-Liouville Problems

Consider the boundary value problem which consists of

2 p) 2 +lgG) + ar(0ly =0 (8)
with supplementary equations
{Aly(a) +Ay'(@)=0 5
B,y(b) + B,y (b) =0

where p, g, and r are real functions such that p has a continuous derivative, q and r are
continuous and p(x) > 0 and r(x) > Ofor all x € [a, b]; and 1 is a parameter independent of
x. A;, Ay, By, and B; are real constant.

The supplementary equation (9) is also called separated boundary conditions. This type of
boundary problem is called Sturm-Liouville problem (Regular Sturm-Liouville problem). The
value of the parameter in equation (8) for which there exist non-trivial solutions of the problem

4
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is called Eigenvalues of the problem. The corresponding non-trivial solutions are called
Eigenfunction of the problem.

Example 1.1: Find the eigenvalues and eigenfunction of the Sturm-Liouville boundary value

problem given by
212+ -

with y'(1) = 0,y (e?™) = 0; where we assume the parameter A=0.
Solutions: - We consider separately the cases A = 0 and 4 > 0.
Case I: 1If A = 0 we have

d

_dx =0

Then the solution becomes y = ¢;In|x| + ¢, and y' = %‘

Now from the given condition

Y(l)_ =0=¢=0
y(ez")-—- 0=0¢,=0

i.e. ¢; = 0 and nothing about c;.
Then we have y = ¢; # 0.

CaseIl. 1fA >0

By Euler method we get the solution

y = cycos(VA Inx]) + c; sin (VA Inlx)

Then using the boundary conditions we get ¢; = 0 and c; sin (ZHﬁ ) = 0. Choose ¢; #0,
then 2mvA=nm (n=1,2,3,)

RZ

== (n=123,)

Therefore, the eigenvalues is given by A, = Z (n=1,2,3,-) and the corresponding

Py
Eigenfunction is given by Y, = €nC0S G ln!x]) (n=1,2,3,~-)and ¢, # 0.
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1.3.1 Orthogonality of Eigenfunction

Definition 1.3: Two functions f and g are called orthogonal with respect to the weight

function r which is piecewise continuous and positive on the interval a < x < b if and only if

fabf(x)g(x)r(x)dx =0.

Example 1.2: The functions sin x and sin 2x are orthogonal with respect to the weight
function having the constant value 1 on the interval 0 < x < m, for

2sin®x|™
=
3

J (sin x)(sin 2x)(1)dx =

Definition 1.4: Let {¢,} ,n=1, 2, 3,... be an infinite set of functions defined on the interval
a < x < b . The set {¢,} is called an orthogonal system with respect to the weight function r
on a < x < b if every two distinct functions of the set are orthogonal with respect to 7 on
a < x < b. That s, the set {¢,} is orthogonal with respecttor ona < x < b,

f: Gn(X) Py ()1 (x)dx = 0 for m # n.

Note: We consider in our discussion of Orthogonality the weight function r to have a constant
value 1 on the interval of the problem. But it is not concluded that r(x) = 1 for all x.

1.4 Ordinary Points and Singular Points of Differential Equations
Consider the linear differential equation
A(x)y (x) + P(x)y (x) + Q(x)y(x) = 0 (10)

where A(x), P(x), and Q(x) are polynomials containing no common factors. Suppose we want
to solve (10) in some interval containing the point x. If (xo) # 0, then the point x; is called
an ordinary point.

In this case, we can divide equation (8) by A(x) to obtain
y'(x) +p(x)y'(x) + q(x)y(x) = 0 (1)

where p(x) = P(x)/A(x) and q(x) = Q(x)/A(x) are continuous in the neighborhood of x,.
The functions p(x)and g(x)in equation (11) will usually be ratios of polynomials, if
A(x),P(x), and Q(x) are polynomials, in which case they will have series expansions about
the point x, . X, is an ordinary point of equation (11) if p(x)and q(x)are analytic at x;, then
we can actually relax the condition that A(x),P(x),and Q(x) are in equation (10) be
polynomials to the condition that p(x)and g(x)are analytic at x,: that is, they have convergent

series expansion at X.
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A point that is not an ordinary point of a differential equation is called a singular point.
For the case in which A(x), P(x), and Q(x) in equation (10) are polynomials with no common
factors, a singular point is a point at which A(x) = 0. The functions p(x) = P(x)/A(x) and
q(x) = Q(x)/A(x) diverges at a singular point x = x, because A(x) = O[provided that
A(x),P(x), and Q(x) have no common factors involving x,]. The nature of the solution in the
neighborhood of a singular point depends critically upon how strongly p(x)and q(x) diverges
there.

In particular, if p(x)and q(x) diverges at x = x,, but

lim (x - x,) p(x) = finite and lim (x-x, )’ ¢(x) = finite (12)

Then we are able to find solutions. Equation (12) mean that p(x)and q(x) do not diverge more
strongly then 1/x — x4 and 1/(x — x)? , respectively. The point x = X, in this case is called
a regular singular point. If the singular point is not a regular singular point, it is called an
irregular singular point.

Note: 1. The functions P(x), and Q(x) in equation (10) do not necessarily have to be
polynomials. For example consider the equation

x%y" + (sinx) y' + 2(cosx)y =0
In this case, the point x = 0 is a regular singular point because
:I:i_r’r(l}xp(x) = chi_r.t?}s'i% =1 and also J}Ii_r’rg}xzq(x) = Li_r]az Cosx =2
2. We can obtain a series solution about a regular singular point x, by assuming a
solution of the form
y(x) = (x = x0)" =0 Cn (x — x0)"

where r may or may not be a positive integer.

1.5 Solution near Regular Singular Points

A power series method may not work for solution about regular singular point. In this case we

shall assume an expansion of the form

y(x) = Tn=pCn X" (13)

If r happens to be an integer, the equation (13) is just a power series, but often r will not be an
integer. The general series given by equation (13) is called a Frobenius series, and the use of
such a series to find solutions about regular singular points is called the method of Frobenius.
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To determine the coefficients in the Frobenius series, we substitute equation (13) into the
differential equation and equate the coefficients of the various power of x to zero.

1.6 Gama Functions

The expression n! equal to 1.2.3....n, occurs when we enumerate permutations and
combinations of things, such as the number of ways that N molecules can be distributed over n
molecular quantum states. In the 1700s, Euler introduced a function that yields n! when n is a
positive integer, the function is called the gamma function and is defined by the integral

expression,

I'(n) = [, e™x" 'dx when n s positive.

1.6.1 Property of Gamma Functions
I'n+1) =nl'(n)

In order to prove this relation, let us consider the integral

F(n+1)= [ e*x"dx
Integrating it by parts, we get

r(n+1) = f, e*x"dx
= [e~*x™]5 — f(;”e‘x xtdx
=n [ e*x"dx=nl'(n)

Hence I'(n + 1) = nI'(n) (14)

From (14) it is evident that if the value of I'(n) is known for n between two successive positive
integers, the value I'(n) for any positive value of n can be determined by the successive

application of (14).

Now replacing n by n — 1 in (12) we get
r(n)=(Mn-1rn-1)

Similarly T(n—1) = (n — 2)I'(n — 2) e.t.c. hence (10) yields
rn+1)= nn—=1)n- 2)++3.2.1 rq)

But by definition (1) = [;"e ¥ dx =1
Therefore, T(n + 1) =n(n—1)(n - 2)-+-3.2.1 = n! provided that n is a positive integer.

Note: I'(—n) = co whenn =0 ora positive integer.

8
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Chapter 2

Bessel’s Equation and Bessel Functions

2.1 Introduction

Definition 2.1: A differential equation of the form

[} 1 (] 2
y"+iy+(1-F)y=0
or x2y" +xy 4+ (x2 =n*)y =0 (1)

is called Bessel’s equation of order n, where n is non-negative constant. The solution of this
equation is called Bessel function.

Let us show how Bessel’s differential equation is obtained from Laplace’s equation Viu=0
expressed in cylindrical coordinates (p, d,2).

Laplace’s equation in cylindrical coordinates is given by

u  1du 1 d%u

u
Ak g

[f we assume a solution of the form u = P®Z, where P is a function of p, @ is a function of ¢
and Z is a function of z, then (2) becomes

"¢Z+ Lp ¢Z+ Pcb"Z +P®Z" =0 (3)
where the prime denotes derwatwcs wnh respect to the particular independent variable
involved. Dividing equation (3) by P®Z yields

Q" Z
Z4+2=0 )

Since the right side depends on Z while the left side depends on p and ¢, it follows that each
side must be a constant, say —A%. Thus we have

T LTS T,
P+pP+p2¢' A (3)
and er__&i’.Z:




If we now multiply both sides of equation (5) by p? it becomes

B g P W a2 2
prokpokem= =k
Which can be written as

2P o Plian o @
e e =

Since the write side depends only on @ , while the left side depends only on P , it follows that
each side must be a constant, say u? . Thus we have

P2 +p e +A%07 = 4 ©)
and Q"+ utd =0
The equation (6) can be written as

p*P"+pP'+(2%p%-1*)P = 0 (7)
which is Bessel’s differential equation with P instead of y, p instead of x and y instead of n.
If we let Ap = x in equation (7), we get

x%y"+xy'+(x?-u*)y = 0
We have

dP _ dPdx _ dP d
i O ot L ol P

dp  dxdp  dx dx
Where y(x), or briefly y, represents that function of x which P(p) becomes when p = x/A.

Similarly

2p d (dP d dy\ dx d d d?
s -20D5 - L01-r%
dp? dp \dp dx \ dx/dp dx dx dx

Then equation (7) becomes

2 2
(522 Qg -0
or x%y" +xy' + (x?-u?)y =0

hence the equation (1) in the definition of Bessel equation is obtained, for example, from
Laplace’s equation V2u = 0 expressed in cylindrical coordinates (p, ¢, z).

10
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Note: Bessel’s equation depends only on n? and not on n alone, thus if J,(x) is solution then
J_(x) is also a solution. Thus we assume a non-negative constant ni.e.n 2= 0.

2.2 Solution of Bessel’s Equation

Equation (1) is an ordinary differential equation of the second order. The coefficients P(x) = i

2
and Q(x)=(1—:—2) are continuous except at x =0; and also xP(x) =1 and

x2Q(x) = (x? — n?) are both analytic at x = 0 and so x = 0 is a regular singular point of the
differential equation (1); and all other values of x are ordinary points; so we can use Frobenius
method

Let the series solution of (1) be of the form
y = TR o Cu Xkt oD
where the first term is nonzero and k is some arbitrary constant. Then differentiating it we get
y' =32 _ocm (k +m)xktm-1
Y =32 _ocm (k +m)(k +m— 1)xkm2

Then substituting in (1), we get

X’ i ¢, (k+m)(k+m-1) x*"™? +xi ¢, (k+m) x*™"'+(x*-n’ )Y e, x =0
m=0 m=0

m=0

i Cm (k+m)(k+m"l ) inm "+ i C. (k+m) thn +i (;mxk”""+2 _n1 i c, xk'm =()

m=0 m=0 m=0 m=0

i Chn [(k+m)(k+m-1) +(k+m)-n2]x""" + icmkaﬁ? -0

m=0 m=0
icm I:(k+m)l_n2 :| xk+m P> i mekﬂnoE =0 (8)
m=0 m=0

By uniqueness of power series the coefficients of each power of x on the left hand side of
equation(8) must vanish individually, equating to zero the coefficients of the smallest power of

x, namely x¥ of (8) gives the indicial equation
co(k? =n*) =0

Sincecy # 0,k =nand k = —n which is the required indicial roots.

11
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Let as consider two cases
Casel:k=n,n=0
Then from (8) which is equal with
m=olcm[(k +m)? = n?] + cp o} x**™ =0

Thus we have

cml(k +m)2 —=n?]+cpy =0 )
Now since k = n

cpl(n+m)2 —=n?l+cp-2=0

ie.cpm@2n+m)] +cp-2 =0

Hence ¢, = m;(::-‘ﬁ-s (10)

This is a two-term recurrence relation. Putting m = 1, (4) satisfies that ¢; = 0 (since c_, = 0).
Further (10) also shows that ¢z = ¢5 == 0

i.e. all ¢’s with odd subscripts are zero.

To obtain the remaining coefficients, let putm = 2, 4, 6,+-- in (4), then

Cp = —

27 2(2n+2)

o =C2 __ - Co
C4 = Jzn+a) €2 = Ja@zn+2)(2n+d)

- =Cs - =Co
C6 = G(zn+6)  2.4.6(2n+2)(2n+4)(2n+6)

Thus putting this value in y = Y=o Cm xk+m we gets

v = [1 - xz + x‘ _ 16 + » ]
¥ = Cox 22n+2) | 24(2n+2)(2n+4)  2.4.6(2n+2)(2n+4)(2n+6)

which we can also write as

& n 1 x? + x* - x° +]
Y= Gk [ T 2m+1) | 2t12(n+1)(n+2)  26.123.(n+1)(n+2)(n+3)

¢ (*/)° AN X ]
y-—ch“[l—u(nﬂ) 21(n+1)(n+2) 3!(n+1)(n+2)(n+3)+ a1

12



Bessel Function and the MOQlcd BEsstl FUiiLuitiin

On looking at the terms in the last series we note that the denominators contain factorial, i.e.
11,2!,--=also present in these denominator are (n+1),(n+ 1)(n+ 2),--- which would
becomes factorial, i.e. (n + 1)!,(n + 2)!, -+ if we multiply each of them by n!. A particular

solution supplying these factorials and introducing % instead of x in the factor is obtained by

choosing

In which case (5) becomes

y = ({)n [i_ (*/2)" + (*/2)" ol (*/2)° _|_]

2 n!  1l(n+1)!  2/(n+2)! 3!(n+3)!

Now using gamma function to generalize factorials we have

N I ) S ) M /) N ]
y_(z) [F(n+1) 1!F(n+z)+2!l“(n+3) 3!F(n+4)+ (12)

which is solution of Bessel equation for all n > 0, and it is called the Bessel function of the
first kind of order n and let denote it by J,(x) . Thus

Ja(x) = Z,‘i‘;o—EL—(i)mr (13)

1 I (n4r+1) \2
Casell: Ifk=-n,n>0

It is not necessary to repeat all the above steps. Let replace n by -n in (6), then we have

T T . 7 A
]‘“(x)_(z) [F{-n+1) 1!r(—n+2)+21r(—n+3) B!F(—n+4)+ ] (14

or Jon) = Z0 =S — (5 (15)

v (~n+r+1)

Now if n is positive but is not an integer, the solution (15) is not bounded (i.e. J_,(x) will be
infinite), while J,(x) is finite, this is because of /,(x) is contains a positive power of x only,
on the other hand J_,(x) contains a negative power of x. This implies that the two solutions

are linearly independent.
Therefore J,,(x) and J_,(x) are two independent solution of (1) when n is not an integer.

Note: 1.The general solution of Bessel equation when n is not integer is given by
y = cfn(x) + ¢2)—n(x) where ¢; and ¢, are arb itrary constant.

13
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+n+2r
2.The radius of convergence of the series )., B . A (€ il d b
g ries Y=o T R (2) is easily found by

L | gt
ration test —=I1im ot L Geneea) =l g, S—
= (r4+1)! [ (4n+r+2) e (r41)1(En+r42)

Hence R = oo, and hence equation (13) and (15) converge for all x.

2.3 Relation Between J,,(x) and J_,,(x)

Theorem 1: If n is a non-negative integer /_,(x) = (—=1)"/,(x)

Proof: By definition we have

(-1)" % -n+2r
() =Y2  —— (=
J n( ) =0T (=n4r+1) (2)

Since n > 0, T (—n + r + 1)is infinite forr =0,1,2,+,n— 1. Thus r must be taken form n
to infinite. i.e.

Joa(x) = 2;‘.°=n_ﬂr_ (i)—mzr

i (-n+r+1) \2

(=1)m+n (x)—n+2(m+n)

(m+n)! " (m+1) \2

o (_1)M(_1)n x 2m+n
= LT e &)

m! " (m+n+1) \2

IS N P £

m! [ (m+n+1)

= Em:o

= (=1)"x(x)

Note: 1. The second solution simply reproduced the first, we have failed to construct a second
independent solution for Bessel’s equation by this series technique when n is an

integer
2, Ju(=x) = (-1D)"p(x) forn=0,1,2,-

3 -1)" _ A Nt2r
Proof:- Jo(—x) = X0 — (_x)

1 [ (n+r+1) \ 2

e (-1)"(- 1)n+ar (X)YH'ZT
2

— =0 L T (n+r+2)

= (1 B = (&) = (-1 )

ri 7 (ntr+1) \2

14
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3. Jn iseven if n is even and odd if n is odd.
2.4 Properties of Bessel Function

2.4.1 Graph and Properties of Bessel Function Jo(x) and J 1(x)

Let us now attempt to gain some familiarity with the Bessel function. We can start with the

simplest case when n=0. The Bessel function of the first kind in the case is given by

x4
7242 —_ s

xZ
Jox) =1- P
After laborious calculation we can tabulated the results:
Jo(0) =1, Jo(1) = 0.77, Jo(2) = -0.22, Jo(3) = —0.26, -

We may graph Jo(x) for x = 0 and obtain that shown in Fig 1. The graph for x < 0 is easily
obtained since it is symmetrical to the y-axis. It will be seen that the graph is oscillatory in
character. The graph also reveals that there are roots of the equation

Jo(x) = 0 , also called zeros of Jo(x), obtained as points of intersection of the graph with the
x-axis. Investigation shows that there are infinitely many roots which are all real and positive.

Jn(X)

Figure 1:- Plots of Jo(x), J1(x) and J5(x)

Matimatica Program for the plot of Bessel function Jo(x) ,];(x) and J(x)

Plot[Evaluate/ Table[BesselJ[n,x],{n,0,2}]], {x,-2,1 5}, PlotRange->All,PlotStyle- .
>{{Thickness[0. 009],RGBColor[0,0.75,0.25 J},{Thickness[0.009],RGBColor[1,0. 3,0.2]},{Thic

kness[0.009],RGBColor(1,0.75,0/}}];

15
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Note: The roots of J,(x) = 0 are all real, and that between any two successive positive roots
of J,(x) =0 there is precisely one root of J,4+1(x) = 0. Let us see by table some first few
positive zeros of Jo(x) and J; (x).

Zeros of 1 2 3 4 5
Jo(x) 24048 | 5.5201 8.6537 11.7915 14.9309
Ji(x) |[3.8317 |7.0156 10.1735 | 13.3237 16.4706
J2(x) 5.1356 | 8.4172 11.6198 14.7690 17.9598

Table 1 Positive zeros of some Bessel function

It is of interest that if we take the difference between successive zeros of Jo(x) we obtain
3.1153,3.1336,3.1378, -+, suggesting the conjecture that these difference approach m =
314..- . A similar observation on the difference of successive zeros of J1(x), J2(x),-also
leads to such a conjecture. In general the difference of successive zeros of ], (x) approaches 7.
Since the successive zeros of sin x or cos x differ by m the approximate description of Bessel
function ], (x) as a “damped sine wave” is further warranted.

The wave characteristics of Bessel function seem very much like the shapes of water waves
which could be generated for example by dropping a stone into the middle of a large puddle of
water. The water waves thus generated would resemble the surface of revolution generated by
revolving the curves of figure 1 about the y-axis. Indeed it does turn out that in the theory of
hydrodynamics such waves having the shapes of Bessel function do arise.

2.4.2 Recurrence Relation (Formula) for J,

Let us see some recurrence formula for Jy,

1. dE}-‘-{x“]n(x)} = x"p-1 (%)

L o) = =X "o (9

J50) = Jne1 () = () or 5 () = X1 () = 0Jn ()

Jo(9) = 21 = Jns1 () or X100 = ~XJnea () + na(x)

Ja®) = 200200 = Jns1 (O} or 200 = Jn-2 (0~ Jnea &)
Iy () + Jasr (0 = 2o 6 or 20Jy () = X0n-100 +Jnea ()

N

o v s W

16
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R R —

Proof: 1. By definition of J,,(x) we have
_1\r n+2r
X" () = X" T2 —C— (%)

rt" (r+n+1) \2

rtI (r4n+1) \2

"Ihen-—{x“]n(x)} = < jf__(f

r!I"(r+n+1) 2

._Er . 1)r d (E)ZI‘H‘Z?“

ril (ren41) dx \2

(= 1)"(%)

Ol (r+n+1)

=ynyeo 71 __)
Zr=o rI (n-14r+1) (2

)2n+2r

2n+2r

= Yo

(2n + 2r)x2n+er-1

= X"p-1(x)
2. 1,00} = " o (5"}

r [ (ren+1) \2
(_1}r(1)n+2r
9 I (r4n+1) dx

=3 e

o GO zrr

e rir—1 T (r4n+1)
1 (_1)1* x n+1+2r
— _y-NY¥wo x
o Zr:o(r-l)!r(r+n+1) (2)
"x_n]n+1(x)

3. From recurrence formula (1), i.e. ad;[x“],,(x)] = X106

nx" 1, (%) + x"Jp (%) = x"Jn-1 (%)
Jn () = Ja-100 = ZJn (%)

4. From recurrence formula (2), i.e. d% {x"n(x)} = =Xx""ps1(x)

—nx ") + x7"p(X) = =X "ne1 (x)
];‘l(x) = E}n(x) = ]n+1(x)

17
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e ——— e e e

];‘I(x) = ]n—l(x) i Ejn(x)
Ja() = 2Ja () = Jns1(x)

207 = I 1 (%) = Jns1 (%)

8 () = 3 0n-1(9 = Jsa (0))

5. From recurrence formula (3) and (4) i.e. [

Ja() = Jn-1(0) = 2Ja(®)
Jn(x) = E]n(x) = Jn+1(%)

6. From recurrence formula (3) and (4) i.e. [

2n

0==Ja(%) = Ja-1(x) = Jn41(x)

Hence Jn-1 (%) + Jne1 () = =) (%)

Based on this recursion formula let do some example:
Example 2.1: Prove that

i, §XIn(X) =+ Dlns1(x) = (0 + 3)ps3(x) + (0 + 5)Jn4s(x) + -
i Ja00 =2 [31n00 = (0 + 2)Jnsz(0) + (0 + Dl () — -]

Solution: i. Recurrence relation (6) is 2n],(x) = x{Jp-1(X) + Jns1 ()}

Replacing n by n + 1 in this relation we have

2(n+ 1) Jns1 (%) = xX{n41-1(X) + Jnsa1 41 (X))}

ie. 2xJn(X) = (0 + Dlnsa (%) = 5 X)ns2 () (16)
again replacing n by n + 2 in (16) we have

2 XJns2(X) = (0 + 34300 = 3 ¥nsa () (17)
Putting the value of %x}m.z(x) from (17) in (16) we get

200 (®) = (0 + Dlns1 () = (04 Dne3() + 33n0s () (18)
Replacing n by n + 4 in (17) we have

2 ¥nsa () = (0 + 5)ns5(0) = 3 Xnes ()
Thus (18) becomes,

Liga(®) = (0 + Dlnsa () = (04 D360 + (0 + 5y () = -
18



Bessel Function and the Modified Bessel Function

ii. From recurrence formula (3), i.e. xJ4(x) = xJp_1 (%) — nJ,,(x)
2 () = 2 (=1Ja () + XJn-1 ()} = Jner () = 21a ()
But from result (i) for n — 1 we have
In-100 = 2 () (X) = (0 + 2Jns2 () + (0 + B)pa() =+ )
Then we get
600 = =210 + 2 [WJn () = (0 + 24200 + (0 + DJna () =]

Example 2.2: Prove that [ t{],(t)}? dt = %xzm (%) = Jno1 ()Jns1 ()}

Solution: = [£ (12 (©) = Jas D1 (D] = t02 O = Jncs Olnsa (O3 + 5 2 a0 (0 -
|:1+1(t) ]n+1(t) Gl ]n—1(t)l;|+1(t)}

= t02 () = Jaes Olsr O3 + 5 {210 2 Jnca O = J12 O]
10 T2 Jaoa© = a1 ) = T2 O {Jn(® FJnsa )
= t J2 (t) Using recurrence formula (3), (4) and (5)
e )2 (1) = S [S 03 ® = Jnoa Oha (0]
Integrating both side w.r.t. X’ from 0 to x we get
(02 @0 dt = [S020 = o Olin @]
= 2x202 () = Jn-1 I+ (9}

2.4.3 Integration and Recurrence Relation
Problem 2.1: If n > —1, show that f; t" J,(Odt = x"*1 |41 (%)

Solution: From recurrence formula %[t" J,(©)] = t" J,_1(t) by substituting n by n+1, we

fave 52 [t7*1 ]2 (©)] = t"*? ], (t) then integrating w.r.t. ‘%" from 0 to x we get
i +1
[ 1@ de = [ 1 O =X s 0
0

19
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Problem 2.2: Show that

o PR 1
: t)dt = —-x™0
1 Ig Jn+1(t) T BtD X" ],(x) for n>1

i, [t t)dt = — A |
ii. f, Jns1(D) o forn > -1/,

Solution: i. From recurrence formula

(" Ja(©) = =t Jga (1) (19)

Integrating (19) w.r.t. ‘x” from 0 to x, we have

[t Jn(Do = = f; ™ T (D dt

X7 Ja () = lim {7 a9} = = [7t7" Jora (D dt (20)
But lim {t™ ], ()} = ltl_l}gti l"(t:n) [1 ~ 2_2_(‘:+1) + ] = m
Thus (20) becomes

XM~ e =~k U @t
Le. [0 Insa ()t = s = X7 (%)

ii. Integrating (19) w.r.t. ‘x’ from 0 to co, we have

[t Ja(®O)20 = - fgw t™" Jnsa (D) dt
lim (" Ja ()} = lim (7" Ja ()} = = Jy £ Insa (D)t 1)

But we know that for larger interval of x the approximate value of J(x) is

1

(9~ () " co fx-(+1)3} >,
Hence

lim [t_rl ]n(t)} =0

=pm

Thus (21) becomes

f;: = |n+1(t)dt = forn > - 1/2

2n [ (n+1)

Remark: An integration of the form [ x™ J(x)dx for m +n 2 0 can be completely integrated
if m+ n is odd integer, while if m +n is even, then the integral can be put in the terms of

flg(x)dx.
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2.5 Bessel Function of Non-integer Order

In our development of Bessel function of integer order, we had in (13) ay = 2“1n
! 1 ;
2n [ (n+1) 2a¢[" (a+1)’
Following exactly the same procedure as for the integer order, we find the non-integer order
Bessel function is given by

can write as @y = . This suggest that for non-integer a, we choose @y =

= S O

m! " (m+a+1) \2
In fact this formula can be used for both integer and non-integer a.

. 2.5.1 Bessel Equation of Half-integer Order
For n = 1/2, equation (1) yields

X2y +xy' +(x2=1/,)y=0 (22)

Substituting in y = Zx’“m , we obtain
mi

icm[(k +m)(k+m—1)+ (k+m) =1/, ]x*¥*m + Y cuxtm2 =0
o i)

(k2 = D) coxt + (ke +1)2 - 3) eax**1 + S ([t +m2 =Y em + ez} + M =0 @3)
m2

The roots of the indicial equation are k = 1/zand k = "1/2; hence the roots differ by an

integer. The recurrence relation is
[k +m)? =1/ lem = —cmz form =2 (24)

Now for k = 1/2, we find the coefficient of x¥*1 in (23) that ¢; = 0. Hence from (24) we

obtain that ¢z = €5 = *** = Cam+1""* = 0.

Further

= —m-2 =246,
Cm = mme1) form

Or letting m = 2r

Ther=2_
B r= 123,
E2r = 2r(2r+1) for

kil _Co

Thus €3 =5 iy
= 0 o £0
Ca = 54 =5

21
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Hence, taking ¢, = 1, we obtain

) ='h[1 2, G2

= —1/ o0 (_l)rx2r+1
WA i [1 + Zr:()w] x>0 (25)
We recognize the sum in equation (25) as Taylor series expansion of sin x. The Bessel

. - 1
function of the first kind of order one-half, denoted by J1 / is defined as (3) /2 ¥:. Thus
2 n

1
h/z(x) = (-2—) /2 sinx for x > 0.

mx

Or in short

Jyy, () = Egﬂﬂi‘L‘?) (5)2r+§

rl’ (r+~2- ‘
1

mX.

1
sAT2 |
=(— sinx
nx

Similarly for k = —1/2, we obtain

1
]—1/2(30 = (l) /2 cosx forx > 0.

X

Note: 1. The general solution of equation (22) is y = ¢1/1 /s (x) + cp)-1 /s (x) where ¢, and

c, are arbitrary constants.

2. Using the recurrence relations,
n n
o1 = ;.'/n —Jn and oy = ;jn +Jn’

We can find Jn+1 v for any integer n.

22
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Example 2.3: Express /3 /s (x) in terms of sin x and cos x.

Solution: From the above recursion formula forn = 1/ 2, we have
()= L2 '
]3/2 X)= Th/z (x) _jl/z (x)

- ! (.2_)1/2 sinx — (—1/2) (%)1/2 x_3/2 sinx + ( )1/2 coS X

2
x \nx nx

-1 =1/ =3/ i = =
=2 /2[1: lax 2 sinx +m V2x Yasink —m 1/2c05x]

= (%)1/2 x 2 sinx - (%)1/2 x V2 cosx

= (-3)1/2 (x_s/z sinx —x_ /2 cos x)

2 (sinx
= |— (—' — COS x)
mx \ x

. 2.6 Bessel Functions of the First Kind of Order n

Definition 2.2: Bessel function of the first kind of order n is a function defined by

- (-1)" o 2r+n
Er:(} 18 (-2—)
ril (n+r+1)

and denoted by J,(x) where n is any non-negative constant.

Remark: When there is no confusion regarding the variable, we shall write J,, for J,(x) and

Ju for £ Un(2)) .
2.6.1 Generating Function for J,,(x)

1 Her : .
Now consider the function exp {%x(t —;)} or ez(' t), we can expand this function in a

Laurent series in power of t,

exp{tx(t =)} = Eiee @)

23



Bessel Function and the Modified Bessel Function

Let show this result:

e {éx (t & %)} = "2t = "2 x ¢ ¥/t
[ @43 3 -2 -]
EETNTER
Q2o ]

-+ 5 e+ oy @ e )0

The coefficients of t" in product (26) is obtained by multiplying the coefficients of
t" t"*1 ..in the 1™ bracket with the coefficient of t0, ¢4, t7% - in the 2™ bracket
respectively and is thus

2 s Q) el -

Tl (_l)r Z(_ 2r+n
= Er=0 ri(n+r)! (2)

m & )" X 2r+n
— Ty e | = —] x
Er‘—oﬂr(n”_'_}} (2) jn( )

Again the coefficient of ™™ in the product (26) is obtained by multiplying the coefficient of
¢, ¢~(+D ... of the second bracket with the coefficient of t9,t1,t%-+in the first bracket

respectively and is thus

) o) o T
n n+2 n+4
= (-1)" [(g) ;1.;_ G) (n-:l)! * G) (n+:)!2! . ]

= (-1)"a ()

Thus the coefficients of t™" = (—1D)"a(x)
Therefore J, (x)=(—1)" X the coefficients of t ™"

Finally, in the product (26) the coefficient of t° is obtained by multiplying the coefficients of
£0 ¢1 ¢2 ... in the first bracket with the coefficient of t2,¢ ™%, ¢72, ++in the second bracket and

is thus
24
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=1-(%)" + (%)’ (zl)z - (1) (31)2 L
L x2/2 + x4/2242 — o= Jo(x)

We observe that the coefficients of t° (t—t1),(t? —t72), -, (t" +(=1)"t™") are
Jo(x),J1(x), -+, Jn (x), -+ respectively. Then (26) gives

exp{2x(t=3)} = Jo(@) + [t = 7 (0) + o+ [(E" + (DY) +
=¥ ot (1) 8s ] (x) = (1)), ()"
Or we can show as
o) = e

1 X e
= E?“,:O( /z:t) EI?:O( ':! )
k+r

k

(-1)¥(1/,x -k
= Xr=o Zk=0 ( r2!k3

= {_1)k(x/z)l1+2k 2
= Yn=-0 =K=0  (n+k)k! :
= z?=—m ln(x)tn
Note: The function exp {%x (t - %)} is the generating function for Bessel function of the first

kind.
7.6.2 The Bessel Function Satisfies Bessel’s Equation
Problem 2.3 Use the generating function exp {%x(t —-%)} =3 _,t"),(x) to show that

Jqsatisfies Bessel’s equation
x2y" +xy' + (x2-n?)y =0
Solution: We must show that
v " () +xjn () + (6 = n®)E ()" =0

To get the appropriate terms in the sum we will differentiate the generating function with

respect to x and t. Now differentiating w.r.t X

%(t - -t-) exp {%x (t - %)} =32 _ot"n'(*)

%(t o 1)2 exp {%x (t - %)} = ) o0 th,"(x)

t

25
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Also differentiating w.r.t t
%x (1 + 1/t2) exp {%x (t - %)} gmaF ot ()

(e +Domfin(e- ) = 28emh)

Then,
tr(1-B)embx (- D)2 (e4) em G (- D2 = e a0
Le(e-Demfir(e-D}r 2 e+ e D £ wen)
Then,

S o[ X2 () +xJ5 (x) + (2 = D)™, (0]
O O e R GO ) B G IR
Thus, x2J (x)+x/5(x) + (x2 = n®)t"], () = 0
Hence J,, satisfies Bessel equation.

2.6.3 Equations Reducible to Bessel’s equation

In many problems, we come across differential equation, which by means or a suitable
substitution can be reduced to Bessel’s equation. Consider the differential equation

Xty +1—2axy’ +§B2y4xY + (@ =n?y?)y =0 (27)
where a, B,y and n are real constants.

On changing the dependent variable y and the independent variable x by means of the

substitution
y = ux®and t = t, we get

2
:2%+ t%‘:—+ (B2 —-n*)u=0 (28)

Now substituting z = Bt in (28), it reduces to

pdPu o du 2 2y =0 29
7t n). (29)
Which is Bessel’s equation, and has for its solution
u = ¢Jn(2) + €2J-n(2) when n is non-integer.
Replacing z by Bt in the above solution, we get the solution of (28) as
(30)

u = c/n (L) + Cﬂ-—n(ﬁt)
26
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Finally, replacing u by yx™% and t by x" in (30), we get
y = xcyn(BxY) + € Yn (Bx")]

Which is the a solution of (27)

Example 2.4: Solve the equation

x2y" +xy' +i(x = nz)y = ( in terms of Bessel function.

Solution: Let use the substitution x = t#, then comparing with the equation (27), we get

a=0!ﬁ=1’y=%

Hence, the solution become

Y= Cdn(\/’_c) + o) -n(VX) ory = cn(VX) + c2Yn (V)

depending on n being a non-negative or an integer.

2.7 Bessel’s Function of the Second Kind of Order n

When n is an integer, J,, and J_, are not linearly independent. To determine the second linearly
independent solution of the Bessel equation, let define

Jn(X) cos(nt)—J—n(x)

sin(nm) when n is not an integer 31
Valx) = li 1,09 cos(wm)—J_, () when n is an integer )
y_TT sin(pm)

The function Y, is called the Bessel function of the second kind of order n. It is also known as

the Neumann function.

Now. when n is a non-integer Yy is clearly a solution of the Bessel equation, since it is a
linearly combination of two linearly independent solutions /,,(x) and J,(x).

For integer , 4 = n and n=0,1,2,...., equation (25) becomes

: (nm)=J-p (%)
FoGe) = lim O

p—n Sin(ﬂ“)

The limit is indeterminate form of 0/0, since cos(nm) = (=1)", sin(nm) =0 and

Ja(®) = (=D)"Jn ().

27
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Then by L’ Hospital rule
)
32 1n (%) cos(um) =, (x)
Y. (x) = lim I u)

won - Ssin(um)

7 cos(pum)

S K-n sin(um) Jp(X)+c05(uﬂ)a%fy(X)—%f-p(x)]
u=n

_1[2 Lif=1382

= [l - O]

Let now show that ¥, (x) so defined is a solution of the Bessel’s equation. By definition, /, and
], respectively, satisfies the following differential equation:

221" () + 2],/ () + (% = u)],(x) = 0
X2 (%) + x)-" (%) + (2 = p?)] () = 0

Differentiating w.r.t. u we have

() 1 2() -~

x? 2 (k) g (B2) + (0 - Bt~ 2y =

dx? \ du au
Multiplying the second equation by (—1)" and substituting it from the first equation, we have
Im
xz_‘_iz_(if_# (= 1)na»’- ) ( - s l)na»J “)+(x2 )[J';
d
(-2 - 260, = (D) =0

Taking the limit - n , the last term drops out because J, — (=1)"/_n = 0.

Clearly the Neumann function expressed in (28) satisfies the Bessel’s equation.

Neumann function has a logarithm term, since

U _ 3 [euye __(_-_1_32_.(5)2’]
au = du =0 pir(r+u+1) \2
2r (-1) %\ 2
(-1) x SR, e JE| 1
Zl’ 0r1r(r+#+1)( ) +x E!" =0 'r(?’+ﬂ+1}( )

and
237 . 2 [gpinx] = etn¥ nx = x¥Inx
au
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thus ¥, (") contains a term J, (X)(lnx). The first three order of Neumann function are shown

in figure 1

Y,(x)
1

0.75
0.5

0.25 |

-0.25
-0:5

-0.75

Rt ey, Ty L bR, e T A T A (T TN S ) S b S __]:r;-qY
Mathematical p m e plot of Bessel { ion of the second kind

" Plot[Evaluate[ Table[Bessel Y[n,x],{n,0,2}]],{x,0,10} PlotRange->{-1,.55}, PlotStyle->
( { Thickness[0.016],RGBColor[0,0.75,0.25]} J{ Thickness[0.016],RGBColor[1,0.75,01},
{ Thickness[0.016],RGBColor[1,0.1,0.1]} } |;

Problem 4: Show that J, (x) and ¥, (x) are linearly independent for all n.

Proof’ let see the Wronskian

. J,(x)cos(nz)-J, (x)ese(nz)
W[']n’}’:r = 1 1 i
J'J,"(x)cot(nm)-J, (x)esc(nr)
Jn Jﬂ Jﬂ J'ﬂ
= cot(n7) oo —csc(nr) oo

= -csc(mr) - %Sin(mr]

=—_g¢0
X

Hence, the function J, (x) and Y, (x) are linearly independent.
Note: The general solution of the Bessel Equation can be written as
yn (X) = CIJH (I) + clKr (X)
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2.8 Integral Representation of Bessel Function
A particular useful and powerful way of treating Bessel function employs integral

1

representations. We now that ez*(¢"1/9) = R t“}n(x)

If we substitute t = e‘®

We get eixsinB — E?f:—oo}n(x) einé

= J, 00 + X1, ()™ + ] _ (x)e~]
=Jo(x) + i}n(x)[cos(ne) + isin(nf)] + i (=)™, (x)[cos(nB) + isin(nd)]

= J,(2) + 2[1,(x) cos26 + ], (x)cos46 + -] + 2i[J, (x) sin(6) +J;(x) sin(36) + o] |
Since e*sin8 = cos(xsin 0) + isin(xsin 6)

cos(xsin 8) = Jo(x) + 2[J2(x) cos26 + J4(x)cos46 + ] (32)
and

sin(xsin 0) = 2[J;(x) sin(8) + J3(x) sin(36) + | (33)
The coefficients J, (x) can be readily obtained as follow:

We shall use

) : n/2 ifm=n
J, cosm® cosnf db = f;sm m# sinnf do = [0 ifmEn (34)

Multiplying both sides of (32) by cos (n@) and integrating w.r.t. 6 from 0 to m and using (34),
we obtain

nj (x) if niseven
f;cos(xsin f) cosnf df = { 0" if nis odd

: . . - d
Similarly, multiplying both sides (32) by sin (nf) and integrating w.r.t. § from 0 to 7 an

using (34), we obtain

0 if niseven
fon sin(xsin 8) sinnf df = [ﬂjn(x) if nis odd
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Adding these equations, we obtain
] (x) = J'L:r [cos(xsin 8) cosn@ + sin(xsin 8) sinnd] do |
= J'O" cos(xsin 6 — n6) do ‘
or J,(x) = ifon cos(xsin @ — n6) d@

[et now see the case when =0 ;

Problem 2.5: Show that Jo(x) = = [ cos(xsin 8) d6 = * [* cos(xcos 6) df

Solution: Integrating (33) w.rt. ‘@’ between the limits 0 to m and using the result

f; cos n@ d@ = 0, if n is even integer, we have that |
Jy cos(xsin 8) df = Jy(x) f, d0 +0+0+ - = J,(X)m

ie. JoG)m = [ cos(xsin 6) d6 ‘

also replacing 6 by (9 - g) in (33) and integrating w.r.t. 6’ between the limits 0 to  we get 1
_]’0rr cos(xcos ) d6 = J(x)t—0—0— -
or J3(x) = % ID“ cos(xcos 6) d6
2.9 Bessel Function as Eigenfunction of Sturm-Liouville Problems

2.9.1 Boundary Conditions of Bessel’s Equation

By itself Bessel’s equation is not a Sturm-Liouville equation. There is no way for it to satisfy
any given boundary condition. However, the closely related equation

2 x Dy (x? -ty =0 )

dx?
is a Sturm- Liouville equation. It can be shown that

y(x) = Jn(4x)
is a solution of this equation. Let z = Ax, then

dy _ dJn(2) E{ =1 dJn(2)
Ec- = dz dx dz

dly @ [A dn(@)] _ 32 L@

dx? -a; dz de
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Then equation (35) becomes |

, d°Jx(2) d/n(2) 2 Pn(@) | dJn(2) 5 |

2 e 242 _ -
PR XA 4 (B i)y (2) = 2 42 4 (2~ n)(2) = O

d? d
Hence 22 :252) +z 122(2} + (22 -n?)J(2) =0

which is the regular Bessel’s equation. Thus J,(z) is a solution of this equation implies that
J.(Ax) is a solution of equation (35).

We can rewrite equation (35) as |

& [xd—”] - (Azx - g)y = (36)

dx dx

Equation (36) together with a boundary condition at x =¢ constitute a Sturm-Liouville
problem in the interval of 0 < x < c . The general boundary condition is of the form

Ay(c)+By'(c)=0

where A and B are two constants. If B = 0, it is known as the Dirichlet condition. If A = 0,itis
known as the Neumann condition.

This means that only those values of A that satisfy the equation

dJn(Ax) o
Alp(c) - B2 =0

xX=c

are acceptable. Since Bessel functions have oscillatory character, there are infinite numbers of
A that satisfy this equation. These values of 2 are the Eigenvalues of the problem. For example,
ifB = 0,n=0,¢ = Z,then

10(2/1) =0 |

The j'h root of this equation, labeled A¢; , can be founded from the table of zeros of J,(x) as

5.5201 _
hor =252 = 12924 A = = 2.7601, e.c.

2.9.2 Orthogonality of Bessel Functions

{Anj}, the Eigenfunction are {Jn(Anjx)}. These

Corresponding to the set of Eigenvalue
her with respect to the

Eigenfunction form a complete set and they are orthogonal to each ot

weight function s, that is

I Ja Qi) (Anies)sds = 0 if Ani # Ank
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Let proof this result; |
Since J,,(x) is a solution of the Bessel’s equation |

d?y . 1dy n?
E+——+(1—;;)y=0 (37) l

X dx

therefore putting x = A,;s and calling y = u we get

1 d*w 1 1.du n? ) o ;

Multiplying throughout by Am-ZSZ |
2 d%u du 2.2 AN |
SE?+Sax+('1""s n?)u =0 (38) l

Similarly putting X = A and calling y = v in equation (38), we have |

dzv dv 2.2 2 =
SZE-S?+SE;+(/1“,¢S -—n)v—O (39) |

If we multiply (38) by E , and (39), by E and subtract we get
a? d? d dv . 2 F
s (vt - suld) + (v~ ug) + (i’ = A Jsuv =0
d 2 »
or —ds-{s (v j—: —-u d—:)} + (Am-z — Ak )suv =0 (40)

Now, U = J,,(A,;s) and v = J(An,s) and then integrating (40) between the limits 0 to ¢, we

get

${Un oSV’ i) i = I GV Grie$)Anic)} o = fﬂc(flmz = A V(i) (An$)s = 0
since [ (Anx€) = 0, Jn(Anic) = 0, we have that
(Ani® = Anc”) Iy InAniS)n(AneS)s = O
since A,; # Ank, we have that

f:jn(lnis)jn(/lnkS)SdS =0
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Chapter 3

The Modified Bessel Function

3.1 The Modified Bessel’s Equation \

Bessel’s differential equation of n" order is given by |

d?y | 1dy n? |
el (1-F)y=0 M |
|
Now, putting x = it or t = —ix, we have
dx t 1
— l P —— -
dt d i
PE dy 1dy
Thus — =-——
dx 1 dt {
aty _ _dy
dx? dt?
Thus (1) becomes
2 2 |
aty _1dy )y =0or &2 1y _(14%)y=0 |
_Eﬁd:dt+(1+?y_00rdtz+tdt )Y

which we call it the modified Bessel's equation.

Definition 3.1: A differential equation of the form

d%y
dt?

2
+1/c%"(1 g /tz)}’=0

is called the modified Bessel equation.

Since y = ¢1Jp(x) + ¢2Yn(x) (Where ¢4
the Bessel equation, therefore the solution

putting x = it, 1.e,

We know that

and ¢, are arbitrary constant) is the general solution of
of the modified Bessel equation 1S obtained by

y = cun(it) + c2¥n(it)

s oo (_1)?‘
Jn(0) = Zr=o 1T (n4r+1)

(x)zr"‘n
2
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Now putting x = it

Ll = e, et (i_t)z”n

nl (n+r+1) \2

o (i)n E;?:O; (£)2r+n

r1T (n+r+1) \2

B . & 1 t 2r+n
r iy *L.(it) = = ‘-—(—)
Y @ ]n( ) Er 01r'!r(n+t'+1) 2
Let denote I,(t) = (i)7™/n(it) which is known as the modified function of the first kind of
order n. thus replacing t by x, we get

L) = (@) = Eozo——(2)

0= O =Trazres 0

= & T=0T (n4r+1) \2

Note: Since J, and J_nare linearly independent solution when n is not an integer, /,, and
|_,are linearly independent solution to the modified Bessel equation when n is not an integer,
this is because

L
W“naf—n] = i

n
i e

RIORACIRNOFENCY
~ i@ ™) 10" -n(ix)

Jn(ix)  J-n(ix)
Jn(ix)  J-n(ix)

=1

o T =2 4
= — = —Ssin\nmn
L(irrx) sin(nm) —si (nm)

Thus I,and I_,are linearly independent.

. ; : : i the
In order to have a second linearly independent solution when n is an Integer, we define

modified Bessel function of the second kind as

7 [1_n(X)~In(¥)] when n is not an integer
2 sin(nm)
K.(x) = I glf-n(x}-fu(")l when n is an integer

m :
p—n 2 SIH(A“")
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m

Ii(x)

aluate[ Table[Bessell[n.x],{n,0,3}]],{x.- . o o
Il)l::[ Ii\u;i:Lf.la::)[el—>Traditi<malForm/@ {x,Bessell[nx]} ,PlotSry'ie—){ {m%ﬂT;{g‘géﬁ.}]or[o_lm
r[.g) 07*\ 0 75]}.{Thickness[O.Ol6],RGBC010r[1,0.?5,0]},{Th1ckness[0. ; |
.0,I]}.{Thickness[O.Ol6],1_(68_(3_910}[1,0.?1,0.5_]}}]

Ku(x)

- X
3 - 5

: K x),andK‘(x).
Fi 3. Modified Bessel equation of the second kind K, (). K, (x ). K (
igure 3.
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e plot of Modified Besse

€ssel equation of

Mathematica program for

1l
e

Plot[Evaluate[ Table[BesselK[n,x],{n,0,2}]],{x,0,5} PlotRange->{0,10} PlotStyle->
{ Thickness[0.016].RGBColor{0,0.75,0.25]}{Thickness[0.016,RGBColor{1,0.75,0]},{ Thick
ness]O‘OI6].RGBC010r[1,0.1,0_1]}}]; ; |

Problem 3.1: I, and K, are linearly independent for all n.

I K
WL, Kn | = n :1
proof: W Iy, Kn ] K,
I 7 [In(X)=In(x)]
| 2 sin(m)
Ty @6l
LI sin(nm)
_T ]‘rt Ln In ‘,n
_;csc(nn)[rn r_ I, f'n]

-2\ . -1
= Ecsc(nn) (?) sin(nm) = = 0
Hence the general solution of the modified Bessel equation is y = ¢;[5(x) + ¢, K, (x), where

¢, and ¢, are arbitrary constant.

3.2 Recursion Formula for the Modified Bessel Equation

L Any = Ania =S An

2. A’n=3An ¥ At

3. Ay =%(An—1 + Ans1)

4. Ap=A451— EAn
Where A stands for either / or K.

n
Proof: 1. Let A stands for I, then we want to show In—y = Ins1 =7 In

Consider the recurrence formula
2n
]n-—i(x) + ]n+1(x) = T]Il (X)
Replacing x by ix we obtain
I 2n "
Ja—1(ix) + 42 (iX) = 'x_]n (ix)
By definition I, (x) = (i™)Ja(ix) or Ja(iX) = (i")1n (), thus
2ni . n—-1
(i“*l)ln+1(x) & -—}-‘—l"ln(X) =] ln(X)
Dividing by i"**then we get

2n
In-1(x) — In+1(X) = ';'[n(x)
37



Bessel Function and the Modified Bessel Function

m

Problem 3.2: Show that

2 .
fl,.’z(x) = J; sinh x
= fi
f_lfz (x) = - cosh x

Solution: Since we know that I,(x) = (i)™"/,(ix)

Thus /1 (x) = i‘1/2/1,2(ix) = i‘I’ZJ%sinh(ix) = Jgsinhx

From the recursion formula (4) we have that I', = I,,_, — i‘.;n
; g & 10 E =21 |2,-3/2 2 Al
s -3/, = 1 = 213,09 = 2 [P/ sinh+ [Zeoshx +2 [Zsinha

’2
= [—coshx
nXx

Problem 3.3: Find Kl/zand K“l/z'

Solution: Since Kl),z(x) = 'E(f_l/z(x) - h/z(X))

T s
.—_E[ ‘icoshx— ’—smhxl= ’—e e
2 |\ mx nx 2x
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