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Abstract

The concept of Boolean like rings is originally due to A.L.Foster, in
1946. Later, in 1982, V. Swaminathan has extensively studied the geom-
etry of Boolean like rings. Recently in 2011, Venkateswarlu et al intro-
duced the notion of Boolean like semirings by generalizing the concept
of Boolean like rings of Foster. K.Venkateswarlu, B.V.N. Murthy, and
Y. Yitayew have also made an extensive study of Boolean like semirings.

This work is a continued study of the theory of Boolean like semir-
ings by introducing and investigating the notions; Boolean like semir-
ings of fractions and Modules over Boolean like semiring of fractions.
A technique of constructing fractions of Boolean like semirings is intro-
duced and the fractions of Boolean like semirings obtained are precisely
the Boolean like rings of A. L. Foster. In addition, various character-
izations of different classes of ideals (namely, prime, 2-potent prime,
weakly prime, primary, weakly primary, almost primary, semi prime
and 2-absorbing) in Boolean like semiring of fractions are considered
in the sense of extended and contracted ideals in S™'R and in R. In
this case, it has been proved that every ideal of S™'R is an extended
ideal but every ideal of R is not in general contracted. Thus, certain
conditions that amount an ideal of R to be contracted are identified. A
correspondence theorem between certain classes of ideals of R disjoint
from a multiplicative sub set S of R and ideals of S™'R is stated and
proved.

On the other hand, the notion of Modules over Boolean like semirings
is introduced and studied. It is noted that unlike the theory of Modules
in rings, left and right modules structurally found to behave differently
in the sense of getting similar results in both classes. It is shown that
right modules are zero symmetric where as left modules need not be. In
line to this, it is stated and proved that every module over a Boolean
like semiring is a disjoint union of mutually isomorphic zero symmetric
modules. Further, generalizing the results obtained for ideals of R ( in
this dissertation as well as in the works of other authors), certain char-
acterizations of prime and generalized prime sub modules are studied.
Finally, a method of constructing fractions of modules over Boolean like
semirings is introduced and shown that S~'M is a Boolean like semiring
module over ST!R.
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Chapter 1

Introduction

The notion of Boolean rings has been generalized by different au-
thors in many ways. For instance, P-rings of N.H.McCoy, and
D.Montgomery [32], Py - rings introduced by McCoy [31] and by
A.L. Foster [13], Associate rings by I. Sussman [41], P, and P, rings
introduced by N.V Subrahmanyam [40] , Pre P-rings of Abian and
McWorter [1], quasi Boolean rings and generalized quasi Boolean
rings by J.Luh, J.Wang and L.Chung [28], Periodic and quasi pe-
riodic rings studied by H.E.Bell [7] and Boolean like rings of A.L.
Foster [12] are some of the ring theoretic generalizations of Boolean

rings.

Among these , Boolean like rings of A.L. Foster preserve many of
the formal properties of Boolean rings. While many of the ring
theoretic generalizations of Boolean rings are semi simple ( with
out non zer nilpotent element), a Boolean like ring of A.L. Foster is
not semi simple. Foster has also given a method of construction of
Boolean like rings by abstract synthesis of Boolean rings and zero

rings (a ring of characteristic two in which ab = 0 for all elements a
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and b of the ring) using prime ideals of the Boolean ring.

In 1982, V. Swaminathan [42] further studied on the structure of
Boolean like rings and established new results . He came up with a
general method of construction of Boolean like rings which improved
the construction of Boolean like rings by abstract synthesis due to
Foster.

In the sense of axiomatic relations, we observe the following while

comparing the classes of Boolean rings with Boolean like rings;

1. We know that the idempotent property of every element in a
Boolean ring R leads to the identity a+a = 0 for every element
a of R. But , the converse of this implication does not hold true

in general.

2. Also, in a Boolean ring ab(1 — a)(1 — b) = 0 for all elements
a and b of R. In fact this identity is also a consequence of the

idempotent property, but still the converse may not hold.

3. It has been noted in [12] that the axioms ab(1 —a)(1 —b) =0
and a + a = 0 are independent. Moreover, the combination of

the two does not guarantee idempotency.

4. Every Boolean ring is commutative but a commutative ring

need not be Boolean .

5. Foster’s ring axiomatic definition of Boolean like rings general-
izes Boolean rings by replacing the strong condition of idempo-
tency by the weaker axioms ab(1 —a)(1—b) =0and a+a =0

in a commutative ring with unity:.

So, the question of weakening some of the axioms of a Boolean like

ring of Foster [12] to obtain a more general and stronger system

1.0 2



Chapter 1 : Introduction

that might preserve many of the results in a Boolean like ring still
sounds quite reasonable.
In 2011 , K. Venkateswarlu et al introduced the notion of Boolean
like semirings [BLSR] in [44] by generalizing the notion of Boolean
like rings of A.L. Foster [12] . The way Boolean like semirings
are obtained answers the question we posed earlier. Boolean like
semirings have been introduced from Boolean like rings by a method
analogous to the method of generalizing Boolean rings to Boolean
like rings, in [44]. The following observations may give a better
insight;
1. A Boolean like ring is a commutative ring with unity whereas
a near ring (R, +, -) is a system in which (R, +) is only a group
satisfying one side distributive property and (R,-) is a semi
group. It is very easy to see how far general a near ring from

a commutative ring with unity is !

2. In a Boolean like ring, ab(1 — a)(1 —b) = 0 and a +a = 0
hold true independently for all elements a and b. Further, the
axioms ab(1—a)(1—b) = 0 and ab = ab(a+b+ab)are equivalent.

How ever, the later need not imply the former in a near ring.

3. In a near ring, the axioms ab = ab(a + b+ ab) and a +a = 0

are independent.

4. Thus, Venkateswarlu et al in [44] introduced the notion of
Boolean like semirings as a generalization of Boolean like rings
only by making use of the independent axioms ab = ab(a +
b+ ab) and a + a = 0 on a left near ring.In fact, Boolean like

semirings are also special classes of left near rings.

1.0 3



Chapter 1 : Introduction

Further, Venkateswarlu and B.V.N Murthy have extensively studied
on Boolean like semirings in [8] , [9], [45], [46] and in [47].

This dessertation is devoted to a continued study on Boolean like
semirings of Venkateswarlu et al in [8] , [9] [44], [45], [46] and in
[47]. The study focusses on two main problems. The first problem
concentrates on a method of obtaining a quotient structure (frac-
tions ) of Boolean like semirings and study some of it’s properties.
As it is well known, localization has many significances. It serves as
a unifying idea in commutative ring theory, it preserves exactness.
By this, localization plays an important role in homological alge-
bra which in turn is key to modern development. Localization also
preserves the Noetherian property in commutative rings. It is the
generalization of the process in the construction of new rings (ring
of fractions or rings of quotients). The technique is also applied in
proving some important results about unique factorizations.
Keeping this in view, it is meaningful and interesting to move to-
wards a study on localizing structures of generalized systems such
as Boolean like semirings of [44] and our work charters the way.
In this part of the dessertation, we further investigate on the ideal
properties of the quotient Boolean like semiring. In particular, we
study the contraction and extension of ideals in R and in S~'R.
The results obtained in this line affirm that the quotient structure
of R preserves many of the generalized prime ideal structures such
as weakly prime, primary, almost primary, semi prime , 2-potent
and 2-absorbing.

The second problem concentrates on the study of the theory of mod-

1.0 4



Chapter 1 : Introduction

ules over Boolean like semirings and their quotients. The concept
of modules over near rings has been studied by many authors in
different ways such as radical of near ring modules by James C.
Beidlman in [20] and near rings and near modules by D. Scott in
[37] . But their study was on left near modules for right near rings
or right near modules for left near rings. Later in 1988, Gary Ross
introduced the notion of left near modules for left near rings in [16]
where he introduced a new line of research which diversified the
theory of near ring modules.

Imitating the line of thought of Gary Ross, we introduce the notion
of Boolean like semiring modules (left Boolean like semiring mod-
ule over left Boolean like semirings ) in addition to Beidlman’s and
Scott’s approach.

In chapter 2, we present the basic background materials for ready

references in the forth coming chapters.

Chapter 3 investigates a method of constructing Boolean like semir-
ing of fractions. While moving from R to S™!'R, the situation has
been found natural as analogously expected as in the theory of rings
and their fractions. That is, the Boolean like semiring of fractions,
SR, obtained is precisely the Boolean like ring of A.L. Foster in
[12]. In fact, the condition of weak commutativity we assumed is a
necessary condition to obtain the result. To substantiate this, we
have provided with an example of a Boolean like semiring R which
is not weak commutative and it’s quotient S™!R is not a Boolean

like ring of A.L. Foster.

Chapter 4 is devoted for the study of ideals in Boolean like semir-

ing of fractions. Analogous to the theory of rings, the notions of

1.0 )



Chapter 1 : Introduction

extended and contracted ideals are discussed here and a number
of similar results have been established. Further in this sense, cer-
tain characterizations of different classes of prime ideals are studied.
In addition we have proved a correspondance theorem between the

prime ideals of R disjoint fom S and the ideals of S™!R.

In chapter 5, we introduce the notion of modules over Boolean like
semirings and provide various basic properties. In addition, we have
identified various structural differences between left and right mod-
ules over Boolean like semirings which showed the theory of modules
over near rings goes in a more diversified way as compared to that of
modules over rings or semirings. For instance, every right module is
zero symetric. Whereas , the left modules are not zero symmetric in
general. On the other hand, every left module is a disjoint union of
mutually isomorphic zero symmetric left modules. These structural
differences are clearly noted in this part of the study along with

illustrative examples.

In chapter 6, a study on certain classes of generalized prime sub
modules such as prime, weakly prime, primary, semi prime and 2 -
absorbing. This part of our study generalizes the theory of prime
ideals in Boolean like semiring R to the theory of modules over R.
Further we have characterized the relation between these different
classes of sub modules structures. Moreover the notion of quotient

of sub modules is introduced and studied.

The last chapter is devoted for fractions of modules over Boolean like
semirings. In this, a method of constructing modules of fractions is
introduced. Further, certain sub module structures of the module

of fractions are studied.

1.0 6



Chapter 1 : Introduction

Finally, we point out that in the process of producing this thesis,
the following papers were written: [22], [23] and [24] and they form
a basis of the chapters 3,4 and 5.

1.0 7



Chapter 2

Background Materials

In this chapter we collect some background materials on basics of
rings and modules, Boolean like rings , Boolean like semirings and
near rings that are cornerstones for our work in the preceding chap-

ters.

2.1 Rings and Modules

2.1.1 Definitions and properties

Definition 2.1.1. [43] A non empty set with two binary operations,(R, +, ),

15 called a ring if it satisfies the following conditions:
1. (R,+) is an Abelian group;
2. (R,-) is a semigroup;
3. a(b+ ¢) = ab+ ac, for all elements a,b,c of R;

4. (a+b)e =ac+bc , for all elements a,b,c of R;
Definition 2.1.2. [43] A ring R is called commutative if ab = ba

for all elements a and b of R.
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Definition 2.1.3. [/3] A Boolean ring is a ring in which every
element 1s idempotent.

Remark 2.1.1. [t is clear that every Boolean ring is commutative
with characteristic 2.

Definition 2.1.4. [43] Let R be a ring. A (left) R modue is an
additive Abelian group A together with a function f: R X A — A,
mapping (r,a) — ra such that for all ;s € R and a,b € A:

1. r(a+b) =ra+rb;
2. (r+s)a=ra+ sa
3. (rs)a =r(sa)

4. In addition, A is called a unitary R-module if R is unitary and

lra = a,Va € A.

2.1.2 Rings and Modules of fractions

The well- known construction of the field of fractions of a com-
mutative integral domain was generalized to arbitrary commutative
rings. While extending this construction to non-commutative rings,
one finds that this cant be possible always. But, one can give neces-
sary and sufficient conditions for the existence of a ring of fractions.
Such a condition was found by Ore in [35] for the case of a skew-field
of fractions of a domain. The existence of a total ring of fractions
of an arbitrary ring was considered by K. Asano in [5]. General
rings of fractions were studied by Elizarov in [11] , and a systematic
theory of rings and modules of fractions was developed by P.Gabriel

in [14] in connection with his theory of general rings of quotients.

2.1 Rings and Modules 9
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Ring of fractions

Let R be a commutative ring and let S be a subset of R which is
closed under multiplication, with 1 in S. The concept of construct-
ing ring of fractions S™'R by a generalization of the well-known
construction of a field of fractions for an integral domain is as fol-
lows. Consider all pairs (a, s) with a in R, s in S. Put (a, s) ~ (b, t)
if there exists u in S such that u(ta — sb) = 0.

It is a routine matter to verify that ~ is an equivalence relation. Let
% denote the equivalence class containing (a, s). It is then possible

to define
a b_ta+sb ab_ab

st st st st

and this makes S™'R = {¢/a € R,s € S} a commutative ring. We

have the following results;

Definition 2.1.5. [26] A non empty subset of a ring R with 1 is
satd to be multiplicative,if 1 € S and a,b € S implies ab € S.
Example 2.1.1.

1. The set of all elements of a ring R that are not divisors of zero

(whenever exists) form a multiplicative set S ,

2. The set of all non zero elements of an integral domain form a

multiplicative set S,
3. The set of all units of a ring R form a multiplicative set S,

4. If P is a prime ideal of a ring R , then the set S = R\ P is a
multiplicative set

Theorem 2.1.1. [6] Let R be a commutative ring and S be a mul-

tiplicatively closed subset of R. Define a relation ~ on R x S by

(r1,81) ~ (79, s2) if and only if there exists an element s in S such

2.1 Rings and Modules 10
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that sssr; = ssyry . Then ~ is an equivalence relation.
Theorem 2.1.2. [6] Let R be a commutative ring and S be a mul-

tiplicatively closed subset of R. Define the binary operations
jL.aij_taqub ab _ab
‘st st 7 st st

Then the ring of fractions, (STR,+,.) is a commutative ring with

unaty.

Theorem 2.1.3. Let R be a commutative ring, S be a multi-
plicatively closed subset in R and I be an ideal of R.Then the set
ST ={%/a € I,s € S}, called the extension of I , denoted by
I°, is an ideal of S7'R.

Theorem 2.1.4. [6] Let I be an ideal of a commutative ring R and
S be a multiplicative subset of R. Then,

1. I*““=U(l :s) ={r e R/sr €I for some s € S}.

2. 1°=S 'R if and only if INS # @
Theorem 2.1.5. [6] Let R be a commutative ring and S be a mul-
tiplicatively closed subset of R. Then every ideal of SR is an ea-
tended ideal (i.e. 1° =1)
Theorem 2.1.6. [0] Let S be a multiplicative set and R be a com-
mutative ring. Let I and J be ideals of R then,

1. ST I+ J)=8"1+ 5717,

2. S7H1J) = (S~ (S71)

8. STHINJ)= (SN (S71)

4. S7r(I) = r(S7I) , where r(I) is the radical of 1.
Corollary 2.1.1. [6] If N is the nil radical of a commutative ring
R then S™'N s the nil radical of S™'R.

Theorem 2.1.7. [6] Let P be a prime ideal of a commutative ring

2.1 Rings and Modules 11
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R and S be a multiplicative subsetof R such that PN .S = @. Then
pee=pP
Theorem 2.1.8. [6] Let J be a prime ideal of ST'R then

J ={x € R|f(z) € J}

15 a prime ideal of R.

Theorem 2.1.9. [6] Let S be a multiplicative subset of a ring R.
The mapping P — P is a one to one correspondence from the set
of all prime ideals of R disjoint from S to the set of all prime ideals
of ST'R

Modules of fractions

In this we collect certain results on modules of fractions over a
commutative ring of fractions.

Theorem 2.1.10. [6] Let S be a multiplicative set in a ring R and
let M be a left module over R. Define the relation ~ on S X M by ,

(s1,m1) ~ (82, M2)

of and only if there exists s in S such that ssomq = ssymeo. Then ~
18 an equivalence relation.
Theorem 2.1.11. [6] Let S be a multiplicative set in a ring R and

let M be an R-module. Define the binary operations '+’and ™’ as;

+: ST M x STIM — STIM by

mi 4 ma  S2My + 51My
S1 S9 5159
and,
SR STIM — STIM by

2.1 Rings and Modules 12
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rm.o_rm
st st
Then S™1M is an S™'R module.

2.2 Near rings and Near modules

We have the following results on near rings and near modules,

2.2.1 Near Rings - Definition and Properties

Definition 2.2.1. [15] A set R together with the two binary opera-
tions of addition and multiplication (written as (R,+,.)) is called a

near-ring if the following conditions are satisfied,
1. (R,+) is a group,
2. (R,.) is a semi group
3. At least one of the following two distributive conditions hold;
(a) a(b+ c) = ab+ ac

(b) (a+b)c =ac+ be Va,b,c € R.
Remark 2.2.1.

1. If 3(a) holds, then R is called a left near-ring and if 3(b)
holds,then R is called a right near-ring.

2. R is called a near-ring with identity if R has multiplicative
identity.

3. If R is a right near-ring, then it is always true that Or = 0,Vr €

R
If it is also true that 70 = 0 Vr € R, then R is referred to as a

2.2 Near rings and Near modules 13
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zero symmetric right near-ring.

4. If (R, +) is an Abelian group, then R is called an Abelian near-

ring.

Definition 2.2.2. [15] Let N be a (right) near ring.
1. Ny ={n € N | n0 =0} is called the zero symmetric part of N.

2. N.={n e N |nn =n,Vn € N} is called the constant part of
N.
Definition 2.2.3. [17]

1. A near ring N is called zero symmetric if N = Nj.

2. A near ring N is called constant if N = N, , otherwise it is

called a non constant near ring

3. An element of a right near ring N is called distributive if for all

n,n € N,dn+n") =dn+dn
4. Let Ng={d € N | d is distributive },
(a) If N = Ny, N is said to be distributive.

(b) A near ring N with the property that N, generates ( N, +)

is called a distributively generated near ring .

2.2.2 Near Modules

Just like the way a near ring is generalized from a ring, the notion
of a near module (also called an N - group where N is near ring)
is also a generalization of a module over a ring. More specifically,

a near module is defined on an arbitrary group (which need not

2.2 Near rings and Near modules 14
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be Abelian) and required to satisfy atleast one of the distributive
properties.

Definition 2.2.4. [37] Let N be a right near ring . A left R modue
15 an additive group M together with a function f: R X M — M,
mapping (r,a) — ra such that for all r;s € R and for all a € M :

1. (r+s)a=ra+ sa
2. (rs)a = r(sa)

3. In addition, A is called unitary R-module if R is unitary and
lgra = a,Va € A.
Remark 2.2.2. A right module over a right near ring can also be
analogously defined.
Definition 2.2.5. [37] Let M be a left module over a right near ring
N. A sub group B of M is called a sub module if NB C B.

2.3 Boolean like semirings

A Boolean like semiring is a special class of near ring. It is also a
generalization of Boolean like rings of A.L.Foster [12]. As clearly
indicated in Venkateswarlu et al in [44], the structure of a Boolean
like semiring is independent of rings, Boolean semirings of Subrah-

manyam or semiring structures. We recall the following from [12]
and [44]

2.3.1 Definitions and Basic properties

Definition 2.3.1. [12] A commutative ring with unity is called a

Boolean like ring if it is of characteristic two and satisfying the
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condition xy(1 — z)(1 — y) = 0 for all elements x and y of the ring.
Remark 2.3.1.

1. In a Boolean ring R, a(a — 1) = 0 implies a + a = 0 for all
elements of R. But these two are independent in Boolean like
rings.

2. In a Boolean ring, a(1 — a) = 0 implies ab(1 — a)(1 — b) = 0,
but the converse is not true in general.

3. In a Boolean like ring, the conditions ab(1 — a)(1 —b) = 0 and
ab = ab(a + b+ ab), are equivalent.
Theorem 2.3.1. [12] If 1 and 1y are two nilpotent elements of a
Boolean like ming R, then miny = 0.
Definition 2.3.2. [/4] A non empty set R together with two binary
operations + and - satisfying the following conditions is called a

Boolean like semiring;
1. (R,+) is an Abelian group;
2. (R,.) is a semi group;
3. a(b+c) =ab+ ac,Va,b,c € R;
4. a+a=0,Ya € R;

5. ab=ab(a+ b+ ab),Va,b € R.
Remark 2.3.2.

1. A system (R,+,-) satisfying conditions 1, 2 and 3 is called a

left near ring.

2. Conditions 4 and 5 are independent as clearly shown in the

following examples.

Example 2.3.1. Let K = {0,1,2,3} where + and - are defined as

2.3 Boolean like semirings 16
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in the following tables;

+(0/12|3 0123
01011|2]3 0,010(0]0
1111230 11011123
2121301 2101202
31310112 310/112]83

Then, (K,+,-) is a left near ring in which ab = ab(a + b + ab) but
for every a in K, a+ a =0 is not true.

Example 2.3.2. Let R = {0, a,b, ¢} with the two binary operations
defined on R as follows;

+10la|b|c Olalblc
010|al|b]c 0l0{0[0]|0
alal0|c|b al0|lalblc
blblc|0]a b|0la|b|c
clclblal0 cl0lalblc

In this example, a + a = 0 but the identity ab = ab(a + b + ab)
is not true for every element of R. For instance, ac = ¢ # a =
ac(a + c+ ac).

Lemma 2.3.1. [44] Let R be a Boolean like semiring. Then for

every a in R:
1. a0 =0
2. a* = a® , which is called weak idempotent law,
3. a®" = a?, for any positive integer n.

4. a" =aor a®or a® Va € R.
Definition 2.3.3. [44] A Boolean like semiring R is called weak

commutative if abc = acb for all elements a , b and ¢ of R.
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Lemma 2.3.2. [/4] If R is a weak commutative Boolean like semir-

ing, then for any a,b and ¢ in R;
1. Oa =0,
2. (ab)" = a™b" ;
3. (a+b)a=(a+babif a*> =0;

The following are examples of Boolean like semirings,
Example 2.3.3. Let R ={0,a,b,c} with '+’ and ™’ defined by the
following tables.

+10|a|b]|c Ola|b|c
010la|b|c 0/0/0|0]0
alal0]cl|b al0la|0|a
blblc|0]|a bl 00|00
clclblal0 cl0|lc|0|c

Example 2.3.4. Let R = {0,a,b,c,d,e, f,1}. Define '+  and ’ -’
on R by the following tables.

+10la|b|c|d|e| f|1 Ola|blc|d|e| f]1
0|0la|b|lc|d|e| f]|1 0100000000
ala|l0lc|ble|d|l]|f al0|0]0|0|alala)la
b lblc|O|alfl1]d]e bl O|O|blbl0O|0O|b|D
clelblalO|1]fleld cl0|0|blblalalc|c
didle|lfl1|/0]a|b]c d|0|0|0|0|d|d|d|d
di1|flal0]cl|b 0l al0 dlel|d
flfllldjeclblc|O floyoybbd|d|f|f
11| fleld|lc|bla 1/0la|blc|d|e|fl|1
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2.3.2 Ideals in Boolean like semirings

Definition 2.3.4. [/4] A subset I of a Boolean like semiring R is

said to be an ideal if;
1. (I,+) is a subgroup of (R,+);
2. RI C1I;

3. (r+a)s+rselVr,se Racl.
Theorem 2.3.2. [}4] The set , N(R), of all nilpotent elements in
a weak commutative Boolean like semiring form an ideal.
Theorem 2.3.3. [44] If I is an ideal of a weak commutative Boolean

like semiring R, then the radical of I,
r(I) ={x € R|x" € I for some positive integer n}

15 an ideal of R.

Definition 2.3.5. [/4] A non empty subset S of a Boolean like
semiring R is called a sub Boolean like semiring if S itself is Boolean
like semiring.

Remark 2.3.3. [/4] In a Boolean like semiring R, every ideal is a
Sub Boolean like semiring but not conversely.

Theorem 2.3.4. [/4] If R is a Boolean like semiring and I is an
tdeal of R then the set

(R:I)={x € R|re € I Vr € R}

is a left ideal of R and I C (R : 1) . Further (R : 1) is an ideal of
R if R is weak commutative

Theorem 2.3.5. [44] If I and J are ideals of a Boolean like semiring
R then I 4 J is an ideal of R.
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Theorem 2.3.6. [44] If I and J are ideals of a Boolean like semiring
R then I N J is an ideal of R.

Theorem 2.3.7. [/4] If [ and J are ideals of Boolean like semiring
R then,

1. I Cr(I),

2.r(InJ)=rI)Nr(J),

3. 1CJ=r()Cr(J),

4. r(r(I)) = r(I),

5. r(I+J)=r(r(l)+r(J)),

6. r(IJ)=r(INJ).

7. If R is a weak commutative Boolean like semiring with right
unity 1 then r(I) = R if and only if [ = R

Definition 2.3.6. [/4] If R and S are Boolean like semirings ,then
a mapping f : R — S 1s said to be homomorphism of R into S if

1 fla+b) = f(a) + Fb)

2. f(ab) = f(a)f(b) Ya,b € R
Theorem 2.3.8. [44] Let R and S be Boolean like semi rings . Let
I be an ideal of S and let f : R — S be a homomorphism , then
f7YI) is an ideal of R, called the contraction of I and is denoted by
Ic.
Theorem 2.3.9. [44] Let I and J be two ideals of a Boolean like

semiring R then,
1 (I°+ J9) C (I+J),
2. (1) =(I°nJ°,
3. 1¢J° C (1J)°,
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4. (L) C(1°:J%,
5. [r(D)]¢ = r(I°).
Remark 2.3.4. Every homomorphic image of a Boolean like
semiring 18 Boolean like semiring.
Theorem 2.3.10. [44] If I is an ideal of a Boolean like semiring R
then the quotient,
R/I ={x+1/x € R}

1 also Boolean like semiring.
Theorem 2.3.11. [/4] If f : R — S is a homomorphism of

Boolean like semirings then the kernel of f
Kerf={x € R|f(x) =0}

1s an ideal of R.
Definition 2.3.7. [44] Let R be a weak commutative Boolean like
semaring . Let I and J be ideals of R. Then their ideal quotient

denoted by (I : J), is is defined by

(I:J)={xeR/Jx 1}

Theorem 2.3.12. [44] If R is a weak commutative Boolean like
semiring and I, J and K are the ideals of R then the following hold

1. (I:J)={xR/Jx € I} is an ideal of R ,
2. 1C(I:J),
3. ((I:J):K)=(I:JK),

Theorem 2.3.13. [/4] Let R be a weak commutative Boolean like
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semaring and I be an ideal of R. Then the set
Annl ={a € R|sa =0Vs € I}

called the annihilator of I, is an ideal of R.
Definition 2.3.8. [48] A proper ideal P of a Boolean like semi ring
R is called prime if xy € P implies either x € P or y € P.
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Boolean Like Semiring of

Fractions

In this chapter we investigate the theory of Boolean like semirings
by introducing the notion of quotients of Boolean like semiring. We
have proved that the fractions of Boolean like semirings are precisely

the Boolean like rings of A.L. Foster [12] .

3.1 Construction of Boolean like semiring of frac-

tions

Definition 3.1.1. A non empty subset S of a Boolean like semiring

R is called multiplicatively closed whenever a,b € S implies ab €
S Va,b, € R.

We establish the following results which will be used in the sequel.
Theorem 3.1.1. Let R be a weak commutative Boolean like semair-

ing. Then for all a and b in R,
ab? + a®b = ab + (ab)?.
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Proof.

ab* + a*b = abb + aab

= abb + aba by weak commutativity of R,

= ab(b+a) since R is left distributive,
ab(b+ a + ab + ab) since Cha(R) = 2
ab(a + b+ ab) + (ab)®  since R is a BLSR.
= ab+ (ab)?

The following Theorem is a generalization of Theorem 2.3.1 .
Theorem 3.1.2. Let R be a weak commutative Boolean like semair-

ing. Then for all r, a and b in R,
r(a+a?)(b+b*) = 0.

Proof. In [8] and [44] , it has been noted that for any element ’a’ of
R, (a + a?) is nilpotent. Now,

r(a+a?)(b+b*) =r(a+a*)b+r(a+ a*)b?
= rb(a + a*) + rb*(a + a?)
= rba + rba* + rb*a + rb*a?)
= (rba + rb*a®) + (rba® + rb*a)
= r[ba + (ba)?] + r[ba® + b%a]
= r[(ba + (ba)?) + (ba® + b%a)]
=10 by Theorem 3.1.1 and Char(R) = 2.
=0
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In his doctoral dissertation in [8] , B.V.N. Murthy indicated that
the zero symmetric property of Boolean like semirings can be ob-
tained only under the assumption of weak commutativity. But, in
the following Theorem we prove the property holds true in every
Boolean like semiring.

Theorem 3.1.3. Fvery Boolean like semiring is zero symmetric.

Proof. Let r € R. Clearly 70 = 0. To show 0r = 0,

Or = (r0)r since r0 = 0.
= (r0)(r + 0+ r0)
=70 since R is a BLSR

[]

Theorem 3.1.4. Let R be a weak commutative Boolean like semir-
ing and S be a multiplicatively closed sub set of R. Define a relation
~ on R xS by (r1,s1) ~ (r2,s9) if and only if there exists an ele-
ment s € S such that s(syra + sor1) = 0. Then ~ is an equivalence

relation.

Proof. Let (r,s) € R x S. Then for any t € S,

t(sr+ sr) =ts(r+r)=1ts(0) = 0. Hence ~ is reflexive.

To prove ~ is symmetric, let (r1, s1) ~ (72, S2), then there exists t in
S such that ¢(sor1+s172) = 0. Hence ¢(s1724$9r1) = 0. Consequently
we have (79, $9) ~ (71, 1) . Which proves ~ is symmetric.

Finally, let (1, s1) ~ (r2,s2) and (rg, s9) ~ (r3, s3) for ri, 79,73 € R
and sy, s9,53 € S. Then, (ry,s1) ~ (r2,s2) then there exists ¢; € S
such that

t1[827“1 + 817“2] =0 (3.1.1)
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and (79, s2) ~ (73, s3) then there exists to € S such that
t2[837”2 + 827“3] =0 (3.1.2)

Now from 3.1.1 and 3.1.2, we have

t1[sar1 + s1r2) = 0 = ta[sgra + Sor3]

= t1[sor1 + S172]83 = 0 = to[s3ry + sor3]s; by Theorem 3.1.3

= 1183[Sor1 + s172] = 0 = tos1[s372 + s913] by WC of R |

= tot183[So11 + S172] = 0 = t9s1[S372 + Sor3)ty,

applying Theorem 3.1.3 on ¢, and ¢, ,

= tot183[s9r1 + S172] = 0 = tot151[S372 + sor3] , by weak commuta-
tivity of R,

= tot153[s211 + S179) + tatis1[S372 + sar3] = 0

= (tot153)(S2r1) + (tat1s3)(s172) + (tat1s1)(S372) + (tat181)(s213) = 0
= [(tat1s3)(s2r1)+ (tat151)(s2rs)|+[(tat153) (s172)+(tat151)(s37r2)] = 0
= [(tat1s3s2)r1 + (tat1s152)73] + [(tat15351)72 + (tatis1)(s3r2)] =0

[ ) )r2 + (tatis1)(ssr2)] = 0
= [(tat182)(s37r1)+(tat152) (s173)]+[(tat151)(S3r2) + (tat151) (s372)] = 0O
= (tot159)[s3r1 + s173] + (tat151)[s3r2 + s3r2] = 0 by repeatedly ap-

= (t2t182$3)7“1 + (t2t18281 ?”3] + [(t2t18183 ro +

plying weak commutativity and semigroup property of R ,

= (tot189)[s3r1 + s173] + (t2t151)(0) = 0 since charactersitc of R is
2,

= (tot182)[s3r1 + s113] = 0

Thus there exists t = tot;s9 so that (¢)[sgr1 + s173] = 0. There-
fore, ~ is transitive and consequently it is an equivalence relation

on R x S. ]

Notation: From Theorem 3.1.4, we denote the equivalence class

containing (r,s) in R x .S by = and the set of all equivalence classes
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of R x S by S7!R.
The following are basic properties which will be repeatedly used in
the sequel.
Lemma 3.1.1. Let R be a weak commutative Boolean like semiring
and S be a multiplicatively closed subset of R. Then, for all r,r{, o
in R and sq,59,5,5,t in S;

a) If 0 ¢ S and S has no zero divisors, then (r1,s1) ~ (rg, s) if

and only if sor1 = s179,
)Lttt

ts — st ts  st’

/

rs __rs
c) =15,
S S
!/
d) S — S
S 5/7
Tire __ T2
¢) Mz = 1
S S

f) r o __r
8182 82871

g) t= g if and only if there exists t in S such that ¢r = 0.

Proof.

a) Let (r1,s1) ~ (79, s2) then,there exists t in S such that ¢(s9r +
s1r2) = 0 which implies sor; + s179 = 0 since 0 is not in S and
S has no zero divisor. Consequently, sor; = s179 since R is of

characteristic 2.

b) Let ¢ € S. Then, q(tsr+str) = q(ts)r+q(str) = q(st)r+q(str)

( since R is weak commutative) = g(str+ str) = g0 = 0 so that

T = % And the remaining equalities of fractions can be shown

by simillar techniques.

/!

c¢) Let t € S. Then, t(srs) = t(s sr) = t(sr)s = ts(rs ). Hence we

have 8 =I5,
S S
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d) Let t € S. Then, t(s's) = t(ss), since R is weak commutative
= 1(3'5) +1(55) =0 (s,5) ~ (5) = 1= %

e) Let t € S. Then, ts(riry) = ts(rer1), hence the result.

f) Let t € S., then by weak commutativity of R it follows that

t(s9517) = t(sps9r) so that the result follows.

g) Suppose £ = %. Then by Definition, there exists q in S such that
q(sr + s0) = 0. Equivalently, (¢s)r = 0. Thus choose t = ¢s so
that tr = 0. Conversely, let tr = 0 for r in R and t in S. Then,

L= by part b). So, L =2 =0=10

s ts ~ ts s

[]

Theorem 3.1.5. Let S be a multiplicatively closed sub set of a weak
commutative Boolean like semiring R. For r1, 79, € R and sq, s9 € S,

Define the operations + and - on S™'R as follows:

(&1 4 T2 S971 + S172

S1 59 5152

and
r17Te riro

S1 59 S51592 -
Then (S7'R, +,) is a Boolean like semiring.

Proof. First we prove + and - are well defined. For r; € R and
s; € S where ¢ = 1,2,3,4, let 2+ = 2 and 22 = :*. Then to prove +
1 53 S2 S4

Sor1+81T9 __ S4T3+837T4
51852 5384

is well defined, we show . We claim that for some

tin S,

t[(8384)(827“1 + 817“2) + (8182)(847’3 + 837“4)] = 0.

But by Definition of our assumptions, ©+ = = implies there exists
1 53

t1 € S such that t1(s3r1 + s173) = 0 and Z—z = :—i implies there exists
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ty € S such that t2($27“4 + 84?“2) =0
Now consider, (tot1)[(s354)(S2r1 + 5172) + (S182) (8473 + S374)]

:(tgtl)(8384)(827“1) (tztl)(8384 (817“2) (tQtl)(8182)(S4T3)—|—(t2t1)(3182)(837“4)

)
= (tot1)(s354892) 11+ (tot1) (S35451 )9+ (tat1)(S15254) T3+ (tat1)(S15283)74
= (tat1)(s45253)m1+(tat1)(S35154) 2+ (tat1)(S25451) 13+ (tat1)(S153592)T4
= (tot1)(5482)(s371)+(tat1)(s351)(S472)+ (tat1)(s254) (s173)+ (tat1) (S153)(S2rs)
= (tat1)(s254)(s371)+(tat1)(s153)(S472)+(tat1)(s254) (5173)+(tat1)(S153) (S974)
= (tat1)(s254) (8371 + $173) + (tat1)(s153) (8472 + Sory)
= to(s954)[t1 (5371 + s173)] + [t2(S472 + Sora)t1(S153)
= t2(5254)[0] + [0]¢1(5153)
Now, choose t = tot;. Clearly t € S. Hence the claim.
To prove - is well defined, let 2+ = 7'3 which implies there exits t; € S

such that ¢;(ssr + s17r3) = O and let Z—; = ;—i which implies there
exists to € S such that to(sory + s479) = 0

We claim s[(s3s4)(r172) + (s152)(1374)] = 0 for some s € S

= t1(s371 + s173) = 0 = ta(Sory + S479)

= t1(s3r1 + 5173)(S472) = 0 = ta(Sory + S472)(5173)

= t1(s371 + s173)(S472)to = 0 = tyto(sory + S472)(5173)

= t1to(s3r1 + 5173)(S472) = 0 = tito(Sars + S472)(5173)

= t1to(S472) (8371 + $173) = 0 = t1to(s173)(S2rs + S472)

= t1to(S472) (8371 + $173) + t1ta(s173)(Sors + S472) = 0

= t1t2(847’2) (83T1)+t1t2(847’2)(817’3)

+ t1t2(817“3)(827“4) + t1t2(817"3)(847”2) =0

= t1t2(847°283)7’1 + t1t2(847’2)(817’3)

+ t1t2(817“382)7“4 + t1t2(817“3)(847“2) =0
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= t1t2(84837“2)7“1 + t1t2(847’2)(817‘3)

+ t1t2(81827“3)7°4 + t1t2(817’3)(847’2) =0

= t1t2(8483)(7“27“1) + t1t2(84?“2)(817“3)
+ tltz(slsg)(T3T4) + t1t2(847“2)(517“3) =0

= t1t2<8483)<7”17’2) + t1t2(847“2)(817“3)
+ t1t2(8182)(?“37“4) + t1t2(847“2)(817“3) =0

= [t1ta(s453)(r1m2) + t1ta(s152) (1374]

+ [t1ta(s412)(5173) + +t1ta(sar2)(s173)] = O

= [t1t2(s453)(r1r2) + tata(s152)(rsra)] + (0] = 0
= t1to(s453)(r172) + t1ta(s152)(r3rs) =0
)

= tltg[(8483 (7“17’2) (8182)(7’37’4)] =0

Thus , choose s = t;t5. Hence both + and - are well defined. Before

proceeding to the next, we observe the following :

Remark 3.1.1. For 1,22 € SR,

8 79 STr1 + 819

s s $s
s(r1 + 7o)

SS

_nEn (by Lemma 3.1.1)
S

We show S~'R is an Abelian group,
Let &, 22 s ¢ S~1R  Then;

817 827 83
7"1 _|_ [7‘2 ] — T1 + [337“24—527‘3

83 5283
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_ (3283)7“1 + 81(337“2 + 827“3)
N 51(5253)
So(s371) + s1(s372) + s1(8273)
81(8283)
82(83T1) 81(83T2) 81(82T3)

s1(s283)  s1(s2s3)  s1(s283)
SR (by Lemma 3.1.1)
5159 5159 S3
SoT1 + S172 T3
= [ 2
S5159 S3
T T
==+ 2+
S1 82 83
1
=+ 2+
S1 52 S3

. . . . . . —1 O o .
which implies + is associative. And for any £ € ST'R, -+ =1 =

% + =. Hence g is an identity element for S~!'R with respect to +.
rer 0

Moreover since R is of characteristic 2 and ; + - = == = ¢, every
element in S™'R is its own inverse. And ,
roq lr+sq
s t st
sq+tr s (sq+tr /
_ = ( /q ) (s €09)
st s (st)
s(sq+tr) q r
s (ts) t s

Hence we obtain S™'R is an Abelian group.

To show S™!R is a semi group, Let 2, 2 s ¢ §~!R then,

S17 897 83
r ra2T3 1 T2r3
518283 51 5253
7“1(7“27“3)

81(8283)
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(7“17“2)7“3

(8182)83
rire T3

5152 S3
r17Te.T3

5182 S3

Hence, (SR, ) is a semi group. Further,

T f2_+_f§ 1 S3r9 + 11(S2r3
S1 82 S3 51 5253
T1(837”2 + SQT’g)
81(8283)
r1(s3r2) + 11(S273)
81(8233)
ri(ssra) | Ti(s2r3)

81(8283) 51(8283)
rire  Tr3

5152 5183

-1 _ rir _ 0 “1p
Also, for £ € ST'R, 2 + L = = = . Consequently S™'R is of

S

characteristic 2.

Finally, if 22,22 € S™'R, , we claim

[7“_17“_2] — [7"1 7“2”7“1 T 7“2 + T1 rg] — [r_lr_g][82r1+81r2+7“1r2]
81 82 81 82 81 82 81 82 8182 )

Now let t € S. Then consider;

tl(s152)(r17r2)(s2r1 + s172 + 1172) + (S152)(5152) (r172)]
= t[(s152)(r172)(s271) + (5152)(r172) (5172) +
(s152)(r17r2)(r1rz) 4 (s152)(s182) (r172)]

= t[(s152)(r172)(r152) + (5182)(r172) (5172) +
(s152)(r1r2)(r172) + (s152)(r1r2)(s152)]
(s182)(r1m2)[(r182 4 s179 + 1172) + (S189)]
(s152)(r1r2)[(r1(s2 + 72) + s1(r2 + 52)]
(s1892)(r172)[(r1(S2 + 1r2) + t(s152)(r179)51(7r2 + $2)]
(s152)(r1r2)[(

S92 + 7'2)7’1 + t(Slsg)(Tng)(TQ + 82)81]
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8182)(7“17“2)(82 + 7”2)(7“1 + 81)

=1
=1 81527“1)7“2(82 + 7'2)(7“1 + 81)
=1

817“1)(827“2)(82 + 7“2)(?”1 + 81)

(

(

(817'132)7“2(82 + 7“2)(7“1 + 81)

(

(817“1)(81 + 7“1)(827“2)(82 + T'g)

I
~ &+

[

=1
=1

817’1)51 + (817’1)7’1(827’2)82 + (827’2)7’2]

sy + s1r3)(s3r9 + s913)] by weak commutativity of R,

(
(st
s17r1 + (s171)?][s272 + (s272)?] (by Theorem 3.1.1 )

=0 (by Theorem 3.1.2)

Thus we have Tlr?:*lrz[rl+rz+r1rg] -
51 82 51 82 S1 82

Theorem 3.1.6. (S"!'R, +,-) is a Boolean like ring .

Proof. Let .2 = ¢ S71R s € S then

s’s’s

rE T rire

51 S92 5152
ST179

5§5152
STaT'1

55951
roT

59251
ro T1

S92 S1
This proves - is commutative over S~!R. And for any ¢t € S,
_rt 1t _t t : - -1
=0 =15.7=17% Asaresult ;,£ €S is the unity of ST R.
Moreover, right distributive property follows from the left distribu-

tive property as well as from the commutative property of ’-’ over
S7IR.
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Finally, for %, Z—z € SR,

™ T9,.51 ™ 31+7“1 SQ‘F’I“Q

R R el

) )]

S1 S2 S1 S1 S92 S92 S1 S92
T’1T2 S1+711.,89 + 19
= [ )( )]
5159 S1 S9
179 (81 + 7”1)(82 + 7“2)

[ ]

S152

]
G

(s1+171)(s2 +12)
(s152)(s182)
s(s182)(r1re)(s1 + 1) (82 + 72)
(8152)(5182)(8182)
s(s189r1)r2(81 + 71) (82 + 72)
s(s182)(s152)(s152)
8(817“1)(827”2>(81 + 7”1)(82 + TQ)
s(s152)(s152)(5152)
s(s171)(s1 4+ 11)(S27r2) (82 + 12)
s(5152)(5182)(8182)

_ sl(s1r1)s1 + (s171)71][(8272) 82 + (S272) 7]
s(5152)(8152)(s152)
_ s[(s3r1) + s17ri][s3ry + sor3]
s(s152)(s152)(5152)
_ sl(s1r1) + (817"1)2] [sor9 + (827“2)2]

8(5182)(5182)(5182)
= S(5152)(5152) (5152) (by Theorem 3.1.2)

(by Theorem 3.1.1 )

= where s3 = 5(5152)(8152)(8182) € S.
3

Therefore we have that (S7'R,+,) is a Boolean like ring. [
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3.2 Examples

In here , we furnish different Examples that can explain the situation
more briefly.

Example 3.2.1. Let R ={0,a,b,c} with '+’ and "’ defined by the
following tables.

+|0|la|b|c Olalblc
010la|b|c 0/0/0]0]0
alal|0]cl|b al0al0

blblc|0]|a bl 00|00
clclblal0 cl0|c|0|c

Clearly (R,+,.) is a weak commutative Boolean like semiring and

if S = {a,c} is a multiplicative sub set of R, STTR={2=0=2—

a

ba_c_ c_ 21 is a 2 element Boolean ring which is a special
c’a C a C

class of a Boolean like ring.

Example 3.2.2. Let R ={0,a,b,c} with '+’ and "’ defined by the
following tables.

+|0|la|b|c Olalblc
010la|b|c 0/0/0|0]0
alal0]cl|b al0|0)|a

blblc|0]|a bl 0| 0|b|Db
clclblal0 clO0lalb|c

In this, (R, +,-) is a Boolean like semiring which is not weak com-

mutative. If S = {c} , we get ST'R={0=2 2% ¢— 1} In this

c’cl’cle
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Example, even if we define a multiplication operation as in Theorem
3.1.5, we observe that S™'R is not a Boolean like ring of Foster [12]

since it is not commutative. For instance,

a ab ba
c cc’ cec

Example 3.2.3. Let R = {0,a,b,c,d,e, f,1}. Define '+  and ’ -’
on R by the following tables.

+|0la|blc|d|e| f|1 Ola|blc|d|e| f]1
0|0la|blc|d|e| f]|1 010,0/0[0[0]0]0]0
ala|l0lc|ble|ld|l]|f al0]0]0|0|alalala
blblc|O|al|f|1]|d]e b1 O|O|b|b|0O|0|Db|D
clclblal0|1]|flel|ld cl0|0|blblalalc|c
didle|lfl1|0]a|b]c d|0|0|0|0|d|d|d|d
d1|fla|0|c|b 0|a|0 dlel|ld
flflildlc|blc|O floyoyb bd|d|f|f
11| fleld|lc|bla 1/0la|lblc|d|e|fl|1

In this Example, (R, +,-) is a Boolean like semiring which is not
weak commutative since 0 = e(da) # e(ad) = a. Moreover , if
S = {e} is a multiplicative sub set of R, S™'R will be the four ele-

mentset{g:é e—1 9:5)%;5}

e’e ele

But , if we define the multiplication operation on S™!'R in the nat-

ural (classical) way as in Theorem 3.1.5, we observe that multipli-

cation will not be well defined. For Example, observe that g = {

ad_ad a?éb C_fg

and 4 — Whereas .
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Remark 3.2.1.

a. Weak commutativity is a necessary condition to construct Boolean

like semiring of fractions.

b. In this method of constructing S~ R, so far , it is an open ques-
tion whether one can get an appropriate Definition for multipli-
cation in the absence of weak commutativity in order that S™'R

would be a Boolean like ring or even a Boolean like semiring.

¢. The commutativity of multiplication we obtained in Theorem

3.1.6 mainly emanates from the weak commutativity of R.
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Ideals in Boolean like semiring of

fractions

In this chapter, we extensively study various characterizations of dif-
ferent classes of ideals in Boolean like semiring of fractions. Namely,
we study the notions of extended and contracted ideals of R and
S~'R. Further, we study on different structures of prime ideals and

establish conditions in which /¢ = [I.

4.1 Extended and Contracted ideals

Theorem 4.1.1. Let R be a weak commutative Boolean like semar-

ing and let S be a multiplicatively closed subset in R. Define a map

f:R— ST'Rby f(r)=",reR,s€S. Then;
1. f is a homomorphism,

2. If0 ¢ S and S contains no zero divisors, then f is a monomor-

phism.
Proof. f is a well defined map since for any ¢, s1,50 € S, and p,q €
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R, with p = q implies p+ ¢ = 0,
= t(s2s1(p+¢q)) =0,
= 18981p = tS251¢,

= 1S89pS1 = t51QSa,

s g
S1 S9
= f(p) = f(a)
Also,
Lflr+q) =500 = = s 8= 2 8 = f(r) + f(g).

And f(pg) = L2 = PO — 22 20 = f(p) f(q).
2. Let x,y € R such that f(z) = f(y) = £ = £ = there exists
t € S such that t(sxs+sys) =0=ts*’(z+y) =0=2+y =0,

since S has no zero divisors and ts?> € S. = x = v.
]

Theorem 4.1.2. Let R be a weak commutative Boolean like semir-
g , S be a multiplicatively closed subset of R and I be an ideal of
R. Then, the set S™'1 = {%|a € I,s € S} is an ideal of S™'R.

Proof. Clearly, g € S7'I and hence S~!J is non empty. Let ¢,y €
S~1I. Which implies we can write ;

ty=7t = %; for x,y € I, and p,q € S.
:>t1+t2:%+%:%65_11 since qr+py €[

=t +1ty € S7'I. Hence, S~'I is a sub group of S™'R.

And, let A € ST'R and f € S7'I sothat A =Z and § = o for
some r € R,x € I,s,q € S, which implies \§ = g% = % c S
since rx € [ and sq € S. As aresult RI C I.

Further, let A\;,\» € ST'R, 3 € S~1I, then

4.1 Extended and Contracted ideals 39



Chapter 4 : Ideals in Boolean like semiring of fractions

A= 2 = g—z,ﬁ = %, for some 1,79 € R,5s1,89,q € S,x € I.

5y
Consequently,
(AL +B)A2 + M)A = (E + E)Q 412

S1 q S22 S152
_ (grit+siz)rs LT
N 514 S2 5182
(gr1 + s12)r9 N 717

51452 5152
_s182[(qr1 + s1x)ra] + [s1gs2(rir2)]
N (81q52)8182
_ (s182)[(qr1 + s12)72] + (5182) (qr1)7T2
B (8152)q$182
_ (s182)[(gqr1 + s12)12 + (qr1)ro)]
a (s152)(gs182)
~ (gri 4 six)ra + (qri)ro

(gs152)

e S,

since (qri + s1z)re + (qr1)r2 € 1, (gs1s2) € S.

As a result, S7'I is an ideal of ST'R. O

Definition 4.1.1. If I is an ideal of a Boolean like semiring R and
f: R — S7'R is a homomorphism, the ideal f(I) = S™1I, denoted
by I¢, is called the extension of I

In view of Theorem 4.1.2, we have the following results;

Lemma 4.1.1. Let I be an ideal of R and S be a multiplicatively
closed subset of R. Then, - € S~ if and only if there exists t € I
such that tr € I, for allr € R,s € S.

Proof. Let % € S = L= %,a € I,qg € S = there exists m € S
such that m[gr + sa = 0] = m(qr) = m(sa) = (ms)a € I , thus
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choose t = mq € S. Conversely, if {r € I for some t € S,r € R, % =
I e S~ follows. O

Theorem 4.1.3. Let S be a multiplicative subset of a weak commu-

tative Boolean like semiring R and I and J be ideals of R then,
1.ICJ=S8"1CcsJ
2. S YU+ J)=S"1tT+81J
8. ST IJ) = (ST (S71T)
4. 871 INnJ)= (SN (S71))
5 S7tr(I) =r(S7I)

Proof. 1. Let { € S7I. Then there exists t in S such that tz €
I1CJ
=treJ
=2 eSSl
=2eS51J
= S~ 1cC SLJ

.Since I C T+ Jand J C I+ J,and I + J is an ideal, we have
ST C S I+ J)and S71J C ST + J). Thus we have ST +
SLyc S Y1+ J).

To prove the other way containment,

letgeS*I(I—l-J):>ta€I—l-J for some t in S .
s

= ta = a; + ay where a; € I and ay, € J
a_ta_a1+a2_a1 a9

s ts  ts  ts  ts

€S I+51J
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3. Let m € S7(1J) . Then,
T

m = for some x € I.J
S

= = Zaibi for some a; € I and b; € J.

i _ b; _
= Y 5 and 2 e 571
S S
Wi Za,bz _Zalbl
:>m_;_ S N S
CLibiS a; bz _ _
:§:§ :EXZMEQGwlnwlﬂ

Hence S~Y(IJ) C (S~ (S71).
Now, let y € (S71I)(S~1J). Then
y = ub for some s S~ and 2— cStJ

i T

a;b;
=y = Z where ¢; = s;n;

4di
Zaibi
=y = where ¢ = | | ¢
p 11
=y e S HIJ)

4. Clearly S™Y I nJ) C (S7'I) N (S7'J). To prove the other way

containment,

Let =€ (SN (S) = S € (ST and ~ € (57))
= dt,th e Stz el tor e J
= (thhx)te € I, t1(tox) € J
= (tity)z € I, (tit)x € J
= (tity)r e INJ

= f e SN InJ)

5. Let £ € S7lr(I) = tx € r(I),t € S. = (tx)" € I for some natural
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number n. = t"z" € [ = ”g—: —
r(S7L)

Pl eSS H=EresS I =Lc

t”s"

The other Way7 let £ € r(S') = [£]* € S for some natural
number k = & ESlljmx € I for some m in S. m*a* € I
81ncellsldeal. = (mz)fel=mrer(l)=22cSr(l)=2c
S=r(I)

]

Lemma 4.1.2. Let I be an ideal of a weak commutative Boolean
like semiring R and S be a multiplicative subset of R. Then, I¢ =
STIR if and only if INS # 0.

Proof. Suppose I¢ = S7'R = 2elfforseS=tsel for somet
inS = INS # Isince ts € S . Conversely, if INS # &, let s € INS
= 2 € [‘and let © € SR = T=22¢€[°since I° is an ideal. [

Theorem 4.1.4. Let J be an ideal of ST'R and f: R — S™'R be
a homomorphism which maps v — 2. Then, the set f~'(J) = {z €
R|f(z) € J} is an ideal of R.

Proof. Clearly, 0 € f~'J and hence f~!(J) is non empty. Let
v,y € f1(J)) = flxr+y) = f(z) + f(y) € J since J is an ideal.
Consequently, z +y € f~1(J) and thus f~1J is a sub group of R.
Nextlet 7 € R,z € f~'J = f(rz) = f(r)f(x) € J since f(z) € J
and J is an ideal = rx € f~1(J). Finally,let z € f~1(J),r,s € R =
fllr+ax)s+rs] = f((r+a)s+f(rs) = (f(r)+f(x) f(s)+f(r)f(s) €
J since J is an ideal and f(z) € J. Hence, f~1(J) is an ideal of
R. []

Definition 4.1.2. The ideal f~(J) is called the contraction of J to
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R and s denoted by J°.

We recall the following definition from Y. Yitayew in [48].
Definition 4.1.3. A proper ideal P of a Boolean like semiring R is
called prime if x € P or y € P whenever xy € P for x,y € R.
Theorem 4.1.5. Let S be a multiplicatively closed subset of a weak
commutative Boolean like semiring R. If P is a prime ideal of R

such that PNS =0, then S™'P is a prime ideal of ST'R.

Proof. Clearly S™'P # S™'R and S™!'P is an ideal of S7'R. Let

t1,t2 € ST'R such that t;t, € S7'P, then t; = %,tg = Z—z, for some

ri,re € R, 81,89 € 5.
LT rir
A2 cgilps 2o
51 52 5152 5189 S

= q[s(r1re) + (s152)a] =0
)

for some a € P,s € S.

| = dl(s182)a] € P

= (qs)(rire) € P

=qs € Porrirye P

= rry € Psince gs€ Sand PNS =10
=nri€Por rpeP.

T T
=~ lecglportesp
S1 59

Thus, S™!'P is a prime ideal of S~ R. ]

Theorem 4.1.6. Let R be a weak commutative Boolean like semir-
ing . If J is a prime ideal of ST'R, then J¢ is a prime ideal of R
with J°N S =0, where S is a multiplicatively closed subset of R.

Proof. By Theorem 4.1.4, it follows that J¢ is an ideal. Next, we

4.1 Extended and Contracted ideals 44



Chapter 4 : Ideals in Boolean like semiring of fractions

claim that J¢ is a proper ideal. For if J¢ is not proper, then

J°=R= f(x) € J,Vx € R.

[ V)

2 2 .
Now,s € S = f(s)eJ=2=2¢cJ= % =2%5=2¢ J which

contradicts to the hypothesis that J is a proper ideal of S~!'R. Now
, suppose x,y € R such that

xy € J°= f(axy) € J

= f(x)f(y) e J
= f(x) € Jor f(y) € J, since J is a prime ideal

=z € Jrye J hence Jis a prime ideal

Finally, for if J°NS # 0, let t €J°NS =t € J°andt € S =
f(t)EJanthS:>t§EJforsomeseSandtseSéfz

ts s

=+ € J, which contradicts the hypothesis that P is prime and hence

proper. ]

4.2 Certain Generalized Prime Ideals

4.2.1 Primary and almost primary ideals in Boolean like

semiring of fractions

We start with the following definitions;

Definition 4.2.1. A proper ideal P of a Boolean like semiring R is
called primary if x € P or y*> € P, whenever xy € P for x,y € R.
Definition 4.2.2. A proper ideal P of a Boolean like semiring R is
called almost primary if x € P or y*> € P, whenever vy € P — P?
for x,y € R.

Remark 4.2.1.
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1. A primary ideal is almost primary, but not conversely.

2. In a Boolean like semiring R , for every element a , a"” = a or
a" = a? or a” = a? for any integer n > 4. Thus, it is appropriate
to define primary and almost primary ideals in in Boolean like
semirings as in the above way than the ordinary definition of
primary or almost primary ideals of rings.

Theorem 4.2.1. Let P be a primary ideal of a Boolean like semiring
R and S be a multiplicative subset of R such that PNS = 0. Then,
S~1P is a primary ideal of ST'R.

Proof. 1t is clear that S~ P is a proper ideal of S™'R.

Now, let §>§ € SR such that gg c S tp.

It £ e S~!P, then we are through. Otherwise, by Lemma 4.1.1 ,
tr ¢ PVt € S. But,

T T
P_TPcg1py m(rp) € P, for some m in S,
sq  Sq

= (mr)p e P

= p2 € P since mr ¢ P, and P is primary

p2

q2

= (g)2 cS'p.

= ecg5lp

Consequently, S~ P is a primary ideal of S7'R. ]
Theorem 4.2.2. If J is a primary ideal of ST'R, then J¢ is a
primary ideal of R with J°N .S = ().

Proof. Let x,y € R such that xy € J°Then, Moreover; forifJ°N
S #0,
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let t €J‘N S

=teJand t €S,

= f(t)eJ andte S,
ts

= —¢c.J forsome s€ 8§ andtse S
S
S ts s
-—=——2¢€J,
S s ts

which contradicts the hypothesis that P is prime and hence proper
[]

Theorem 4.2.3. If ) is a primary ideal of a weak commutative

Boolean like semiring R such that Q is disjoint from a multiplicative

subset S of R, then S71r(Q) is a prime ideal of S™IR

Proof.  First we claim r(Q) is prime. Let zy € r(Q) so that
(xy)" € @Q for some n € N. Since R is a Boolean like semiring,
n e {1,2,3}.

If n=1,then 2y € Q = x € Q or y> € Q since Q is primary so
that z € r(Q) or y € r(Q).

If n=2 then (zy)’ e Q=1 c Q=22 Qory?*= (1) €Q
since Q is primary so that z € r(Q) or y € 7(Q) .

Ifn=3 then (zy)? c Q=132 cQ=22cQory?= (1) cqQ
since Q is primary so that € r(Q) or y € r(Q) .

Hence the radical of a primary ideal is prime.

Now, S~17(Q) = r(S71Q by part 5 of Theorem 4.1.3. So, by Theo-
rem 4.2.1 , we have S™1(Q is primary.

So, that S™!r(Q) is prime by the first part of this proof. O

Theorem 4.2.4. Let P be an almost primary ideal of a Boolean like
semiring R and S be a multiplicative subset of R such that PNS = (.
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Then , S~'P is an almost primary ideal of S™'R.

Proof. Let £, 4 € S™'Rsuch that 24 € ST'P—[S™'P]2. If L € S7'P,
then we are through. Otherwise,mr ¢ P,VYm € S. But,
"Tegtp [s7pP = ecslp [P
st st
= A\(rq) € P, for some A € S and
A(rq) ¢ P? by Lemma 4.1.1;
= \(rq) € P — P?

= (Ar)g € P = ¢* € P since \r ¢ P,
2

L cslp
t2
= [%]2 cS'P,
Thus, S~ P is almost primary. []

Theorem 4.2.5. Let J be an almost primary ideal of S™'R such that
(J2)¢ C (J9)?, then J¢ is an almost primary ideal of R. Moreover
Jns =0.

Proof. In [8], it is shown that (J¢)? C (J?)°. Thus, combining with
the hypothesis we have (J¢)? = (J?)°. Moreover, J¢ is an ideal of
R. Now, let 2,y € R such that zy € J° — (J°)?. Which implies
vy € J¢ and zy ¢ (J9)? = (J?)° so that f(xy) = f(x)f(y) € J
and f(z)f(y) ¢ J*. Consequently we have f(z) € J or (f(y))? =
f(y?) € J since J is almost primary ideal of R. Which implies z € J¢
or y? € J¢. Hence J¢ is an almost primary ideal of R.

The second part of the Theorem follows in the same way to Theorem

4.2.2. []
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4.2.2 Weakly Prime and Weakly primary Ideals in Boolean

like semiring of fractions

Definition 4.2.3. A proper ideal I of a Boolean like semiring R is
called

1. Weakly prime if 0 # xy € I impliesx € [ ory € I forx,y € R.

2. Weakly primary if 0 # xy € I implies x € I or y*> € I for
z,y € R.
Remark 4.2.2. clearly , prime = weakly prime = weakly primary.
But the converse need not be true in general.
Theorem 4.2.6. Let P be a weakly prime ideal of a Boolean like
semiring R disjoint from a multiplicative subset S of R. Then S™'P
is a weakly prime ideal of ST'R.

Proof. Clearly S™'P is a proper ideal of S~'R. Let P be a weakly
prime ideal of R such that 0 # {122 € P°. So, s[riro] € P for some
s € S and t(ryr) # 0 Vt € S. Which implies, 0 # [sr]ry € P .
Hence sry € P or ro € P.If sry € P then = =21 ¢ S7'P and

S

if 5 € P, then 22 € S™'P. In any case, the result holds. O

Theorem 4.2.7. Let S be a multiplicative subset of R such that S
has no zero divisor. If J is a a weakly prime ideal of S~'R, then J¢

is a weakly prime ideal of R. Moreover J°NS = ().

Proof. Let z,y € R such that 0 # xzy € J¢ Then, since S has no
zero divisor, t(xy) # 0 for all t in S.Now,
0#£zye J = flzy) € J
= 0# fl)fly) e
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since f is a monomorphism by Theorem 4.1.1 = f(z) € Jor f(y) € J
since J is weakly prime ideal,

= x € J°ory € J° hence the result.

Further, for if JNS #Q, lett € JNS = f(t)e Jandt € S =
% cJ= % = %t% € J which contradicts to the hypothesis that J is
weakly prime and hence proper.Consequently J°N S = () ]
Theorem 4.2.8. Let P be a weakly primary ideal of a Boolean like
semiring R disjoint from a multiplicative subset S of R. Then S™'P

is a weakly primary ideal of ST'R.

Proof. Clearly S™'P is a proper ideal of S~'R. Let P be a weakly
primary ideal of R such that 0 # 2 € S~IP. So, s[rire] € P for
some s € S and t(ryr2) # 0 Vt € S . Which implies, 0 # [sri]re € P
. Hence sr1 € P or r5 € P.If sry € P then o= e S-1p
and if (ry)* € P, then [2]* = % € S7IP. In any case, the result
holds. H
Theorem 4.2.9. Let S be a multiplicative subset of R such that S
has no zero dwisor.If J is a weakly primary ideal of ST'R, then J¢

is a weakly primary ideal of R. Moreover J°N S = .

Proof. Let z,y € R such that 0 # xy € J¢ Then, since S has no
zero divisor, t(xy) # 0 for all t in S.Now,
0F£zxyeJ = flay) € J
= 0# f(x)f(y) € J

since f is a monomorphism by Theorem 4.1.1
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= fx) e Jor [f(W)] = f)fy) = fy*) € J

since J is weakly primary ideal,

=z € Jor y* € J°, hence the result.

Further, for if JNS # @, lett € JNS = f(t)e Jandt € S =
% cJ= % = %t% € J which contradicts to the hypothesis that J is
weakly primary and hence proper.Consequently J°N S = () ]

4.2.3 Semiprime and 2-absorbing Ideals of Boolean like

semiring of fractions

Definition 4.2.4. A proper ideal I of a Boolean like semiring is
called

1. semiprime if x € I whenever x> € IVx € R.

2. quasi prime if x € I whenever x® € IVx € R.
Lemma 4.2.1. In Boolean like semiring, an ideal is semiprime if

and only if it is quasi prime.

Proof. Let P be a semiprime ideal of a Boolean like semiring R
such that 2 € P for some x in R. Then 2% = (23)(23) = 25 =
p?xt = 2?2 = 22 € P =x € P (since P is semiprime) Hence P is
quasi prime. The other way, let P be a quasi prime ideal such that
x? € P. Thus, 2° = x.2> € P (since P is an ideal) Hence v € P

(since P is quasi prime). Therefore, P is semiprime. ]

Theorem 4.2.10. If [ is a semiprime ideal of a weak commutative
Boolean like semiring R disjoint from a multiplicative subset S of

R, then I¢ is a semiprime ideal of S™'R
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Proof. Let I be a semiprime ideal and £ € S™'R such that £ ¢ I°.
Then tr ¢ IVt € S so that (tr)? = t*r E ¢ I since I is semiprime.

t22 2

Thus, 55 ¢ I°. Therefore, 5 = [£]* ¢ I°. O

Theorem 4.2.11. If J is a semiprime ideal of STIR, then J¢ is a
semiprime ideal of R. Moreover, J°(S = 0.

Proof. Let x be in R such that 2? € J¢. Thus, f(z?) € J which
implies f(x)f(z) € J. So, [f(x)]?> € J . Hence, f(x) € J since J is
semiprime Thus, x € J¢

Further, forifJCﬂS#Q) lette J°NS= f(t)e Jandt € S =
% cJ= % = t t2 € J which contradicts to the hypothesis that J is
semiprime and hence proper.Consequently J°N S = () [

Definition 4.2.5. A proper ideal I of R is called 2-absorbing if
ab € I orbc €1 orac € I for all a,b and c in R, whenever abc € 1.
Theorem 4.2.12. Let P be a 2-absorbing ideal of R and S be a
multiplicatively closed subset of R such that P(\S = 0. Then S™1P
is a 2-absorbing ideal of STIR.

Proof. Let &, 22 % ¢ S71R such that 222 te ST 1p,

Ss17 897 s3
rirors

cstp
5159283

= t(ryrors) € P for some t in S
= (try)rors € P for some t in S

= t(r1)ry € P, or 7’27’3 € P or tryry € P.

r
= ecglpor e 'Por 2 es!p
5152 8283 5153

Hence in any case the result holds. ]

Theorem 4.2.13. If J is a 2-absorbing ideal of SR, then J¢ is a
2-absorbing ideal of R. Moreover, J°(\S = 0.
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Proof. Let a,b and ¢ be elements of R such that abc € J¢ and J be
a 2-absorbing ideal of S'R.

= flabe) = f(a)F(D)f(c) € T
= f(ab) = J(a)f(B) € J or flac) = f(a)f(c) € J, or f(be) = [(B)(c) € J.

=abe J°orace Jor be e JC,

so that J¢ is a 2-absorbing ideal of R.

Further, for if JNS #Q, lett € JNS= f(t)e Jandt € S =
% cJ= % = %t% € J which contradicts to the hypothesis that J is
2-absorbing and hence proper.Consequently J°N S =0 ]

4.3 Structure of Ideals in R and in S™'R.

Theorem 4.3.1. Let S be a multiplicative subset of a weak com-
mutative Boolean like semiring. Then, every ideal of ST'R is an

extended ideal.

Proof. Let J be an ideal of S™'R and let J¢ = I. Then we claim
J = I°. That is J = (J°)° = Je.

Let y € I°. Then there exists x € I = J such that f(z) = y. Which
implies, y = f(x) € J. Consequently we have I¢ C J.

To prove the other way containment, let * € J. Then consider

2 2 . . .
fr) =% =% =% € Jsince J is an ideal. Thus we have

f(r) € J. Which means r € J° = I. So that £ € I°. Therefore,
J CI°

So we get I¢ = (J°¢ = J and hence every ideal of ST!R is an
extended ideal. O
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Now we ask if every ideal of R is a contracted ideal of S™'R. But,
in the following we observe that this is not always possible and the
next two Theorems are devoted to show this.

Theorem 4.3.2. Let I be an ideal of a weak commutative Boolean
like semiring R and S be a multiplicative subset of R. Then the set
Uses(L 2 s) ={r € R|sr € I,s € S} is an ideal of R.

Proof. Clearly 0 € U(I : s) and hence U(I : s) # (). Let x,y €
U(I : s) then there exists t1,to € S such that tyx € I,toy € I =
tito(x +y) = titox + titey € I = x+y € U(I : s) (since each
summand belongs to I and I is an ideal). Moreover, r € R,z €
U(I : s) = s(rz) = s(zr) = (sx)r € I for some s corresponding to
x. = rx € U(I @ s). Finally, if v € U(] : s),p,q¢ € R with sz € I,
sl(p+x)q+pq)] = (sp+sx)q+s(pq) = (sp+sx)q+(sp)q € I, since
I is an ideal of R. As a result U(] : s) is an ideal of R. O
Theorem 4.3.3. Let I be an ideal of a weak commutative Boolean

like semiring R and s be an element of a multiplicative subset S of

R. Then, I*“ = J,.q(I : s) = {r € R|sr € I for some s € S}.

Proof. Let r € I*. Then f(r) = &= € I¢ for some s € S. Then,
t(rs) € I for some t € S. Hence (ts)r € I since R is weak
commutative. So, r € U(I : s) since ts € S. To prove the other
way, let r € U(I : s) so that sr € I for some s. And f(r) = € I°

as a result, r € I°°. Consequently, we have [°“ = Uscg(1 : s).

Remark 4.3.1. In Theorem 4.3.3 we proved that 1°“ = Ugeg(1 : s),
and clearly I C Ugeg(I : s). Further, we observe that the other
way containment need not hold in general. For instance, refering

Example 3.2.2, if we take the zero ideal I, then Useg(1 : s) = {0,a}
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which affirms equality need not hold.

So, with this motivation, it will be quite interesting to ask in what
conditions would equality of the containment be established? In

the next section, we will answer this question by characterizing the
ideal T of R.

4.4 Conditions for which I¢“ =1

Definition 4.4.1. A proper ideal I of a Boolean like semiring R is
called 2-potent prime if v € I ory € I whenever xy € I?> Vx,y € R.

We have the following results;

Theorem 4.4.1. Let P be a 2-potent prime ideal of a weak commu-

tative Boolean like semiring R and S be a multiplicative subset of R

such that PN S = &. Then P = P.

Proof. Clearly P C P*. Let y € P*. So, ty € P for some t € S.
Hence, [ty]? € P? which implies t?y? € P? so that t> € P or y?> € P
(since P is 2-potent prime) as a result, 3> € P (since ¢ is not in P

Hence, (y?)? = y* € P? .Therefore, y € P. O

Remark 4.4.1. Observe that Theorem 4.4.1 may not hold true for
a 2-potent prime ideal of a ring. The property of weak idempotency,
which is a consequence of the axiom ab = ab(a+b+ ab) of a Boolean

like semiring, breaks the tie in this proof.

Corollary 4.4.1. P = P for every prime ideal P of R disjoint

from a multiplicative subset S.
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Proof. Follows from Theorem 4.4.1 since every prime ideal is 2-

potent prime. ]

Theorem 4.4.2. Let P be a weakly primary ideal of a Boolean like
semiring R such that PN S = @. If P s semiprime and S has no

zero divisors, then P = P.

Proof. Clearly, P C P* and let y € P®. Then there exists some t
in S such that ty € P. If 0 # ty, then y?> € P sincet ¢ P and y € P
since P is semiprime. If 0 = ty, then 0 = y € P since S has no zero

divisor. In any case P = P. ]

Corollary 4.4.2. Let P be a weakly prime ideal of a Boolean like
semiring R such that PN S = @. If S has no zero divisors, then
P« =P.

Proof. The result follows from Theorem 4.4.2 since every weakly

prime ideal is weakly primary. ]

Theorem 4.4.3. Let P be a primary ideal of a Boolean like semiring
R such that PN S = @&. Then P = P if P is semiprime.

Proof. Clearly P C P*. Let y € P .Which implies, sy € P for
some s € S .Hence, s € P or y*> € P (since I is primary ).
So, y*> € P, since s is not in P. Therefore, y € P (since P is
semiprime). O
Lemma 4.4.1. If () is a primary tdeal of a Boolean like semiring

R disjoint from S, then [r(Q)]* = r(Q)

Proof. Since the radical of a primary ideal is prime and every prime

ideal is 2-potent prime, the result follows by Theorem 4.4.1. [
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Theorem 4.4.4. [Correspondence Theorem/] Let S be a multi-

plicatively closed subset of a weak commutative Boolean like semir-
ing R. Then,

1.

There is a one - to - one correspondence between the 2-potent
prime ideals of S™'R and the 2-potent prime ideals of R disjoint

from S.

There is a one - to - one correspondence between the prime

ideals of S7'R and the prime ideals of R disjoint from S.

If S has no zero divisor, there is a one - to - one correspondence
between the weakly primary ideals of S™'R and the weakly

primary ideals of R disjoint from S.

If S has no zero divisor, there is a one - to - one correspondence
between the weakly prime ideals of S~'R and the weakly prime
ideals of R disjoint from S.

There is a one - to - one correspondence between the primary
ideals of S™'R and the primary ideals of R that are semiprime

and disjoint from S.

Proof. If we define a mapping from the set of 2-potent ,prime

, weakly prime , weakly primary or primary ideals of R disjoint

from S to the set of respectively 2-potent , prime, weakly prime |,

weakly primary or primary ideals of S~!R | such a map will be onto

by Theorem 4.3.3. Moreover, the one to oneness of the map for

each of the statments in order from 1 - 5 follows respectively from
Theorem 4.4.1, Corrolary 4.4.1, Theorem 4.4.2, Corrolary 4.4.2 and
from Theorem 4.4.3. Consequently the result is true. H
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Boolean like semiring Modules

The theory of modules over near rings has been studied by many
authors in many ways. Their study was left neaR-modules for right
near rings or right neaR-modules for left near rings. But in [16],
Gary Ross has introduced the notion of left neaR-modules for left
near rings in which he introduced a new line of research that diver-
sified the theory of near ring modules. Imitating the line of thought
of Gary Ross, we introduce the notion of left and right modules over

Boolean like semirings.

In modules over rings, there is a duality between right and left
modules in the sense that one can obtain a similar result in both
classes of a module. But, in this study we observe that such a duality
can not be obtained in general between the left and right modules.
Rather, we observe certain structural differences between left and
right modules over Boolean like semirings. Thus, this chapter is
devoted to point out some of these structural differences by studying
various properties of a left and right modules that can seldom be

dually obtained in the other class of module.

o8
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Throughout this chapter, where no confusion can arise , we refer by
a left (right) R-module we meant to say a left(right) Boolean like

semiring module.

5.1 Structure of left and right modules

Definition 5.1.1. Let R be a Boolean like semiring and (M,+) be
an Abelian group. Then M is called ;

1. A left R-module if, for all m;, ms € M and r, s € R ,there exists
a map -R x M — M such that;

(a) r(m1 + mg) = rmy + rms, and
(b) (rs)m =r(sm).

2. A right R-module if, for all m € M and r,s € R , there exists
amap -: M x R — M such that,

(a) m(r 4+ s) = mr + ms, and
(b) m(rs) = (mr)s.

3. A subgroup N of a left (right) R-module M is called a submodule
of Mif RM C N(MR C N).

4. A subgroup N of a right R-module M is called an R-ideal of M
if (m+n)r—mr e N,VYme M,ne€ N,r € R.

5. A left R-module M is called zero symmetric if 703, = 037 = Ogm.

5.1.1 Basic properties

We begin with the following,
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Lemma 5.1.1. Let M be a right R-module. Then ,
1. mOp = 0y, Vm € M;
2. Opr = 0y, Vr € R;
3. Every R-ideal of M is a submodule of M.

Proof. 1. mOR:m(OR+OR) =m0g +m0gr = m0g =0y
2. 0pr = (mOgp)r = m(0pr) = mOr = Oy

3. Let N be an R-ideal of M. Then, Yn € Nym € M,r € R, (m +
n)r —mr € N. In particular for m =0, (m +n)r —mr =nr €
N,Yn € N,r € R . Consequentlyy, NR C N. Hence N is a
submodule of M.

Remark 5.1.1.

1. The first two properties of Lemma 5.1.1 imitate the zero sym-
metric nature of Boolean like semirings, and hence we say that
a right R-module is zero symmetric. But, in general, the class

of left R-modules is not zero symmetric.

2. The notion of an R - ideal coincides with a submodule in the
case of left R-modules. However, they do not coincide in general
on left near ring modules mainly because the modules need not

be Abelian groups.

Definition 5.1.2. An R-module M is called of characteristic 2 if
m+m=0Vme M.

Lemma 5.1.2. For a right R-module M and m € M, the set mR =
{mr/r € R} = N is a submodule of M with characteristic 2.
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Proof. Clearly N is non empty subgroup of M and (mr)R C mR =
N. And for n = mr € N for somer in R, we have n+n = mr+mr =

m(r+r) =m0 = 0. Hence N is a submodule of characteristic 2. []

To substantiate the given definitions and the indicated properties of

left and right R-modules, we provide the following Examples;
Example 5.1.1. Every Boolean like semiring is a module over itself.

Example 5.1.2. Let R ={0,a,b,c} and define '+ and "." by the
following first two tables,and take M = {0,1,2,3} and define "+’
on M to be addition modulo four and a map pu: R x M — M by
the last table,

+10|a|b]|c Olalb]|c w0123
0(010|0]0 0/0/0|0]|0 0101123
alal0|cl|b al0]0]|a al0|1]2]8
blblc|0]a bl 0| 0|b|Db bl0|1]|2]3
clclblal0 clO0lalblc cl0]1]2]3

Thus we obtain a left module M over the Boolean like semiring R

and we have the following observations,

1. For every non zero m in M, Om # 0. Thus, Example 5.1.2

illustrates that all left R-modules need not be zero symmetric.

2. Observe that characteristic of M is not equal to 2 since 14+ 1 =
3+ 3 = 2 # 0 which indicates all R-modules need not be of

characterstic 2.

3. In Lemma 5.1.2 above we have shown that in any right R-

module, we can always get a structure of submodule with char-
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acterstic 2. Where as in this Example of a left module, observe
that the set N = {Rm, m € M} is not even a subgroup because
if m =3, Rm = {3} but 3+ 3 =2 ¢ R3. Further, characterstic
of Rm is not equal to 2 since 0 # a3 + a3 = 2 = al +al. As
a result, in the class of left modules it is not always possible to
get a submodule structure of the type N = Rm; which in turn
evidences the absence of duality of properties in left and right

module structures over R.

4. We also note that the structure of R- modules is distinct from
the structure of semi modules (modules over semirings). For
instance, in this Example , one of the properties of a left semi
module (a+b)m = am-+bm is not true in this case and therefore
not all R-modules are semi modules. Moreover a semi module
need not be an Abelian group and hence not an R-module in

general.
Example 5.1.3. Let R = {0,a,b,c} and define '+’ and °." as in
Ezxample 5.1.2 , and define '+’ on M to be addition modulo four and
amap i : Rx M — M by the following table;

wlol1)2) 3
0ololol oo
al 00 0]0
blol2|2 o
clol2 2o

In this Example, we see that M is a zero symmetric left R-module.

Example 5.1.4. Let R = {0,a,b,c} be the Boolean like semiring
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defined in the Example 5.1.2. Let M = {0,1,2,3} in which '+ and
p M x R — M are defined in the following tables as;

+lol112(8] |p|0lalblc
010123 ololo|olo
111(03]0 110lo| 2|2
2123|0]1 2100022
31310/1|0 31000 3|3

Clearly M is a zero symmetric right R-module.

In Remark 5.1.1 we have noted that left R-modules are not in general
zero symmetric. This indicates that unlike to the theory of mod-
ules over rings, left and right modules over Boolean like semirings
lack duality . With this motivation, we have further investigated
if there are sub structures of left R-modules that possess the dual-
ity of right R-modules in the sense of zero symmetry and obtained
an affirmative result. The following subsection is devoted to this

investigation.

5.1.2 Compatible sets in left Boolean like semiring mod-

ules

Definition 5.1.3. A left (right) Boolean like semiring module M is
said to be of :

1. Type I if and only if Og M # 03(03 R # Opf)
2. Type 11 if and only if 0 M = 03;(03 R = 0ypy).

Remark 5.1.2.
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1. By Lemma 5.1.1, every right module over a Boolean like semir-

ing is of type II,

2. Example 5.1.2 substantiates there are are left Boolean like semir-

ing modules that are not of type II.

Definition 5.1.4. A subset N of a left R module M 1is called com-
patible set if Ony = 0ngy , Vni,ng € S.

Lemma 5.1.3. Let M be a left Boolean like semiring module. Define
a relation ~ on M by my ~ mq if and only if Om; = O0mso. Then ~

18 an equivalence relation.
Proof. The proof is straightforward. []

Now consider an equivalence class N of M determined by ~. Then,

there exists n € M such that On; =n ,Vn; € N.
Remark 5.1.3.

1. n € N since On = 0(0n;) = (00)n; = On; = n,

2. For anyr € R, rn =r(0n;) = (r0)n; = On; = n,

3. For any r € R,a € N,0(ra) = (0r)a = 0a = n which implies
ra € N. Consequently RN C N.
But, N need not be closed with '+’. That is,
0(n +n) = On + On = On need not hold in general for any left
R-module..
So, we cant find a subgroup structure with the induced opera-
tion '+’ and hence we look for an appropriate operation to be

defined on N so that we can get a subgroup structure of R.
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Now, define an operation x on N by axb=a+ b —n. Then,

O(a+b—n)=0a+0b—0n
=n+n-—n

=N

Which implies that a +b —n € N and clearly x is well defined.

Theorem 5.1.1. The structure (N, *) is an Abelian group.

Proof. Since M # (), N contains at least a single element and hence
N # (). Also from part 3 of Remark 5.1.3, we have that (N, ) is a
subgroup. Next,

1. Let a,b,c € N Then,

(axb)xc=(a+b—n)x*c
=(a+b—n)+c—n
=a+(b+c—n)—n
=a+ (bxc)—n

=ax* (bx*c)

2. Let a € N be any element. Then, a*xn =a+n—n =a =

n+a—n=nx*a Hence n is the zero of N.

3. For every a € N there exists (n +n —a) € N such that ,

ax(n+n—a)=a+Mn+n—a)—n
=n=Mn+n—a)+a—n

=(n+n—a)*a.

Thus (n +n — a) is the inverse of a in N.
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4. Forany aand bin N;axb=(a+b—n)=(b+a—n)=bxa
Thus (N, *) is an Abelian group. O]

Theorem 5.1.2. N is a type II left R-module.

Proof. Let y: Rx N — N with (r,a) — ra be the induced map.
Then, for rin R and ain N, 0(ra) = (0r)a = Oa = n implies ra € N.
Moreover, if ;s € R and a,b € N, then,

r(axb)=r(a+b—mn)
=ra+rb—rmrn
=ra+rb—n

=ra*rb

and (rs)a = r(sa) follows from (3) of Remark 5.1.3 . Hence (N,*) is
a module over R.

Further, since Oa = n, ( which is the zero of N) for all a in N,

ON = n and hence N is of type II. ]

Theorem 5.1.3. The equivalence classes of M determined by ~ are

mutually isomorphic.

Proof. Let N and P be two classes of M determined by ~ with
corresponding zero elements n and p respectively.

Define a map T': N — P by T(a) = a — n + p. Since
0(a —n+p) =0a—0n+ Op
=n—n-+p

=P
whch implies a —n+p € P.
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Moreover, if a; = as, T'(a1) = T(as) follows from the definition of
T. Further,

1. Let a,b € N. Then,

T(axb)=T(a+b—n)
=(a+b—n)—n+p
=(a—n+p)+b—n
=(@a=n+p)+(O—n+p)—p

T(a) +T(b) = p
T(a)*T(b)

And if r € R and a € N, then

T(ra)=ra—n+p
=ra—rn+rp (by (2) of Remark 5.1.3)
=r(a—n+p)
=rT(a).

Hence T is a module homomorphism.

2. To prove T is one to one, let T'(a) = T(b) = a—n+p =
b—n+p=a=0b.

3. Let y € P be any element. Then there exists y —p+n € N
such that T(y —p+n)=(y—p+n)—n+p=y.

As a result, T is onto and hence an isomorphism.
Therefore, any two classes of M determined by ~ are mutually

isomorphic.
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Theorem 5.1.4. Every left module over a Boolean like semiring is

a disjoint union of mutually isomorphic R-modules of type I1.

Proof. Follows from Lemma 5.1.2 and Theorems 5.1.1, 5.1.2, 5.1.3.
]

Corollary 5.1.1. Every R-module is a disjoint union of mutually

1somorphic R-modules of type I1.

Proof. If M is a left R-module of type I, then the result follows
by Theorem 5.1.4. If M is a right R-module, the result follows by
Remark 5.1.2. ]

5.2 Congruence relations and Annihilators

5.2.1 Congruence relation

Let ~ be a relation on the left R-module M with respect to the
subgroup N of M. Define ~ on M by my ~ mo if and only if
my1 —my € N. Then, ~ is an equivalence relation.

Definition 5.2.1. Let M be a left R-module. A congruence relation

0 on M is an equivalence relation on M satisfying; (m,m/) €=

(m4+n,m 4+n) €6 and (rm,rm’) € Ovm,m’',n € M and Vr € R
The following theormem guarantees the existance of a submodule
structure in an R-module M.

Theorem 5.2.1. Let 0 be an equivalence relation ~ on a unitary R-
module M and © = {(m,m’) € M x M such that (m,m’) € 0}. If 6

15 a congruence relation on M, then © is an R submodule of M x M
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and the maps; py and py : © — M defined by py(m,m’) = m and

pa(m,m’) =m’ are homomorphisms of R submodules.

Proof. Clearly M x M is a module over R. Since f is an equivalence
relation, © contains the pair (0,0) and hence it is non empty. And
let © = (my, my) and y = (ms,my) be elements of ©.

Then by the congruence relation, (my + ms,mg + m3) € O and
(mg + mg,mg + my) € © = (M1 +msz,me+my) =z +y € O since
O is a congruence relation. Hence © is a subgroup.

Next, let 7 € R,x = (my,my) € ©. Since O is a congruence rela-
tion, (rmy,rmg) € © = rx € O so that © is an R submodule of
M x M.

Clearly, p1, po are well defined maps. To show pi, ps are homomor-

phisms; let x = (mqy,ms),y = (M3, my) € ©. Then,

pi(z +y) = p1((my + mg, ma + my))

=mi +ms

= p1((m1,ma)) + p1((m3, ma)).

And forr € R,z = (mqy,m2) € O, we have py(rz) = p1((rmy,rms)) =
rmy = rp1((my,mg)) = rpi(x). Hence p; is a module homomor-

phism. Similarly , ps is also a module homomorphism. ]

Thus we observe that there is a one to one correspondence between
a congruence relation on a set M due to a subgroup N and the

partition p of M. In this direction, we have the following result.

Theorem 5.2.2. Let M be an R-module. Let ~ be an equivalence

relation on M and M/ ~ be the associated partition on M. Then,
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1. If ~ is a congruence relation on M then M/ ~ is an R-module

bym+m =m—+m and M = T

2. If M/ ~ is an R-module, and the canonical map, f : M —>
M/ ~ with m — m is a homomorphism of R-modules, then ~

18 a congruence relation.

Proof. To prove the the Theorem, we first show that + and . are

well defined. Let m; = m_/1 and my = @ , then

= m} + may by the congruence relation

And, let Ty = E and r; = ro. Then,

rimi = rim

= r1my by the congruence relation

= rgm/l
= TQE.
Thus both operations are well defined.

Clearly, M/ ~ is an Abelian group. Now,

r(Ty + Ma) = rmy + my
= rmy +rms
=Tmy +Tms

= rmy + 17

—

and (rs)m = (rs)m = r(sm) = (rsm) = r[sm

R-module.

. Hence M/ ~ is an
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To prove the second part, let my ~ my,m € M, so that m; =

mz and which implies f(m;) = f(mg). Then,

mi +m = f(mi +m)

= f(m1) + f(m)
= f(m2) + f(m)
= f(ma+m)
=my+m
and;
rmy = f(rmy) = rf(my) = rmy = rmg = Ty ]

5.2.2 Annihilators

In this section we provide certain results that follow from annihilat-

ing sets of an R-module M. We start with the following.

Definition 5.2.2. Let M a right R-module . The annihilating set of
M, denoted by A(M), is defined as; A(M) = {r € Rlmr =0 Vm €
M,}

Simalarly, the annihilating set of an element m of an R module M

is defined as, A(m) ={r € Rlmr =0,m € M}

Remark 5.2.1.  Note that A(0) = R, which is not the case in
general for a right neaR-module. This result is true for a Boolean
like semiring module because of the zero symmetric property of
Boolean like semirings which in turn emanates from the axiom ab =

ab(a + b+ ab) for all a and b in R.

We have the following results,
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Lemma 5.2.1. Let M be a right R-module . Then the set A(M) is
a right ideal of R.

Proof. Clearly A(M) contains 0 and hence it is non empty. Let
m € M and z,y € A(M) hence mx + my = 0. Since M is an R-
module we have m(z + y) = 0 which implies z +y € A(M). Hence
A(M)is a subgroup of R. Next , let m € M,z € A(M) and r,s € R,
then

m[(r + x)s + rs] = m(r + z)s + m(rs)

= (mr +max)s + m(rs)
=m(rs) +m(rs)
=m(rs+rs)
=m0 =20
= (r+x)s+rsec AM).

Thus A(M) is a right ideal of R.

Remark 5.2.2.

1. If a Boolean like semiring R satisfies the condition abc = bac Va, b, c €
R which is called the left weak commutative property, then
A(M) becomes a left ideal and hence an ideal of R.

Proof. Let x € A(M) and r € R. Then

m(rz) = m[rz(r + x + ra

r) +m(rex) + m(rere)

m(rx
m(xrr) + m(zrx) + m(xrrx)

(max)rr + (mx)re + (ma)rra

= 0rr + Orz + Orrz = 0 hence rx € A(M).
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]

2. A right R-module M is called unitary if R is unitary with the
right unity element 1 and m1 =m,Vm € M. If M is a unitary
R-module and R is a weak commutative ,then A(M) is also a

left ideal and hence an ideal of R.

Proof. Let x € A(M) and r € R, then m(rzx) = (ml)rx =
m(lrx) = m(ler) = (ml)ar = m(xr) = (mz)r = Or = 0.
Hence rz € A(M) O

3. If M is a left R-module, Ann(M) may be empty. Also, let alone

to be an ideal, it may not have a subgroup structure.

Example 5.2.1. In Example 5.1.2 above, A(M) = ()
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Chapter 6

Certain classes of generalized

prime submodules

Many authors such as [2, 3, 29, 38] have generalized the concepts
of prime, primary, weakly prime, and 2-absorbing generalized prime
ideals of commutative rings (also some authors for arbitrary rings)
to prime, primary, weakly prime and 2-absorbing modules and sub-
modules over commutative rings or rings. Similar generalizations
have also been given in [17, 21, 36] for semi modules of semirings.
But, in this line very few has been done on prime and primary mod-
ules by S. Juglal and N. J. Groenewald in [39] on modules over near
rings. So, in this chapter, we will provide our findings on certain
generalized prime sub modules over Boolean like semirings in line

to the authors such as [36, 39].

6.1 Prime and Weakly Prime submodules

We start with identifying certain ideal structures due to submodules.

Definition 6.1.1. Let M be a right R module and N be a submodule
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of M. Then the quotient of M to N, denoted by (M : N), is defined
by the set (N : M) ={r € R|Mr C N}.

Lemma 6.1.1. If N is a submodule of a right R - module M, then
(N : M) is a right subgroup of R.

Proof. Clearly 0 € (N : M) and hence (N : M) # (). Let r,s € (N :
M)

= mr,ms € N,Vm € M.
=m(r+s)=mr+mseN
=r+se(N:M).

Andlet r € R,z € (N : M)

= Mx CN
= Mxr C Nr CN
= Mxr CN
=ar e (N: M)
]
Lemma 6.1.2. If N is a submodule of a right R - module M, then

(N : M) is a left ideal of R.

Proof. Clearly (N : M) is a subgroup of R. Let x € (N : M) and
r€ R. Now, Mr C M = Mre C Mz CN=rzec(N:M)=
R(N:M)C (N :M) O

Lemma 6.1.3. If N is an R-ideal of a right R module M, then
(N : M) is an ideal of R.
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Proof. Here we prove only the third axiom of an ideal of R. Let
r €(N:M). Then, for r,s € R,m € M,m[(r + z)s +rs| = (mr +
mx)s +m(rs) = (mr +max)s + (mr)s € N since N is an R-ideal of
M. Which implies (r + x)s +rs € (N : M) O
Definition 6.1.2. A proper submodule N of M is called prime if for
everyr € R and m € M such that mr € N implies either Mr C N
(equivalently r € (N : M)) orm € N and M itself is called prime if

0 is a prime submodule of M.

Remark 6.1.1. If M is a prime R module, then every submodule
of M will be prime.

Example 6.1.1. A prime ideal of a Boolean like semiring R is

prime submodule of R.

Example 6.1.2. Let R ={0,a,b,c} and define '+ and "." by the
following tables,

+10la|b|c Ola|lblc
010,000 0l0{0[0]|0
ala|0|c|b a| 0|0 a

blblc|0]a b1 0| 0|b|Db
clclblal0 cl0lalblc

Clearly (R,+,.) is a Boolean like semiring. Take M = {0,1,2,3}
and define '+’ on M to be addition modulo four and a map p :
M x R — M by the following table;
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wl0lalb|ec
010|000
110(0|2|2
2101022
3100[0|0

In this example, the submodule N = {0,2} of M is a prime submod-

ule.

Example 6.1.3. Let R = {0,a,b,c} be the Boolean like semiring
defined in example 6.1.2. Let M = {0,1,2,3} be a module over R
in which '+ and p' are defined as in the following tables ;

+10|1]28 wl0lalblc
010123 0101000
1111050 1101022
2121301 2101022
31310110 310[03|3

The submodule N' = {0,2} is not prime submodule since, 1b =2 €
N' but neither 1 € N' nor Mb = {0,2,3} is contained in N .

Theorem 6.1.1. If N is a prime R - ideal of an R - module M, the
set (N : M) is also a prime ideal of R.

Proof. Clearly , (N : M) is an ideal of R. Let x,y € R such that
xy € (N : M) = m(zy) € NVm e M. = (mx)y € N = mx € N
ory € (N : M).(since N is a prime submodule of M). If y € (N : M),
then we are done. Otherwise, mz € N = Mx C N = z € (N :
M). O

Remark 6.1.2. The converse of this Theorem is not true in general.
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Example 6.1.4. Let R and M be as in example 6.1.3 above. Then
clearly M x M 1s a module over R by component wise addition and
multiplication. And if we consider N = {(0,0),(2,2)} which is a
submodule of M x M, then (N : M x M) = {0,a} which is a Prime
wdeal of R. Where as, N is not a prime submodule of M x M since
(2,1)b=(2,2) € N but neither (2,1) € N norbe (N : M x M)

Lemma 6.1.4. If N is a prime R-ideal of an R - module R, then
KJCN=KOCN orJ C(N:M) for any submodule K of M
and any ideal J of R.

Proof. Let ke K,je J=kje KJCN=kje N=keN or
jeE(N:M)=KCNorJC(N:M) O

Definition 6.1.3. A module M over a Boolean like semiring R is

called multiplication module if for every submodule N of M, there
exists an ideal I of R such that N = M1

Example 6.1.5. Referring back to examples 6.1.2 and 6.1.3, the
module defined in example 6.1.2 is multiplication whereas the module

in example 6.1.3 is not multiplication since we cant find an ideal for

the submodule N = {0,3} such that N = M.

Remark 6.1.3. If M is multiplication module such that N = M1
for an R -ideal N of M, then N = MI C M(N :I) C N = N =
M(N : M)

Theorem 6.1.2. Let M be a multiplication module and N be an
R-ideal of M. Then N is prime if and only if (N : M) is prime.

Proof. The forward statement holds by Theorem 6.1.1. To prove
conversely, let K be any submodule of M and J be any ideal of R
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such that K'J C N. Since M is multiplication, there exists an ideal I
of R such that K = MI. Which implies, M (IJ) = KJ C N so that
IJC(N:M). So, I C(N:M)orJC(N:M). It JC(N:M)
then we are through. Otherwise, I C (N : M) = MI C M(N :
M)=N ]
Remark 6.1.4. If N is a prime R - ideal M, and R is weak com-
mutative, then /(N : M) is a prime ideal of R.

Lemma 6.1.5. If M is a prime R- module, for any m € M, (0 :
m) = (0: M)

Proof. Since M is a prime module, 0 is a prime submodule of M.
That is, ne =0=m=0orz € (0: M).

Clearly, (0: M) C (0:m). Letye (0: m)=my=0=m=0or
y € (0: M) In any case, (0:m) C (0: M) O
Theorem 6.1.3. N is a prime submodule of an R module M if and
only if N x M s a prime R submodule of M x M.

Proof. (=) Let mi,my € M,r € R such that (my,me)r € N x M

= (myr,mar) € N x M

= mqr € N

=my €N orre (N:M)

=mi €N or MrCN

= my €N or MrxMrCNxNOCNXxXM
= (M x M)rCNxM
=re(NxM:MxM)
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(<) Let m € M,r € R such that mr € N

= (mr,m'r) € N x M for any m € M

= (m,m)r € N x M

= (m,m)eNxMorre (NxDM:Mx M)
= méeNorrMCN

=me&Norre(N:M)

]

Remark 6.1.5. The following is an easy consequence of Theorem
6.1.3 for an R module M and a prime submodule N hence given with

out proof;
Corollary 6.1.1. M x N 1is a prime R submodule of M x M.

Theorem 6.1.4. Let Ny and Ny be submodules of an R module M
. Then, N1 and Ns are prime submodules of M whenever N; X Ny

15 prime submodule of M x M.

Proof. 1. Let my,mo € M;r, s € R such that mir € Ny, maos € N».
Then, (myr,ner) = (mq,ng)r € Ni X Ny for any ny € No.
So, by primeness of Ny X No, we get (mq,m2) € Ny X Ny or
r € (N1xXNy: MxM). Consequently ,m; € Nyorr € (N : M)
which implies Nj is prime. Similarly, we get N, is prime.
Corollary 6.1.2. N is a prime submodule of M if and only if
N x N is a prime submodule of M x M.

Proof. (=) Suppose N is prime and let (mj,ms)r € N x N,
for my,mo € M and r € R. Then we have mir € N and
mor € N so that m; € N orr € (N : M) and my € N or

6.1 Prime and Weakly Prime submodules 80



Chapter 6 : Certain classes of generalized prime submodules

re€ (N :M).If m,mge€ Norre (N:M)we are through.
Also in any of the remaining cases at least r € (N : M) and
hence r € (N X N : M x M) as required. Hence N x N is prime.

The converse follows from Theorem 6.1.4. ]

Definition 6.1.4. A proper submodule N of an R - module M
is called weakly prime if form € M and r € R, 0 # mr € N
implies m € N orr € (N : M)

Example 6.1.6. The zero submodule of any module over a
Boolean like semiring is weakly prime.

Remark 6.1.6. Every prime submodule is weakly prime.
Definition 6.1.5. An element m of an R module M is called
torsion free if ann(m) = {0} and M is called torsion free if
every element of M is tosion free.

Theorem 6.1.5. If M is a torsion free R-module, a submodule

N is weakly prime if and only if N is prime.

Proof. (=) Suppose N is a weakly prime submodule of M such
that mx € Nym € M,z € R. If maz # 0 then we are done.
Otherwise, max = 0 implies x = 0 follows by the hypothesis
that M is torsion free. Which implies = € (N : M), hence the
result.

(«<=) The converse is always true since every prime submodule

is weakly prime. [l

6.2 Semiprime and Primary Submodules

Definition 6.2.1. A submodule N of an R module M is called

semiprime if mr € N whenever mr> € N form € M,r € R
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Remark 6.2.1. Every prime submodule is semiprime but not
conversly.
Example 6.2.1. In ezample 6.1.3, N' = {0,2} is semiprime

but not prime.

The following are easy consequences of Definition 6.2.1.
Theorem 6.2.1. If N is a semiprime R-ideal of M. Then (N :
M) is a semiprime ideal of R.

Remark 6.2.2. The converse of Theorem 6.2.1 is not true in
general. The following example illustrates this.

Example 6.2.2. Consider R = {0,a,b,c} in which addition
and multiplication are defined as; Let R = {0, a,b,c} and define
'+ and .7 by the following tables,

+10|a|b]|c Ola|b|c
0101000 0/0/0]|0]0
alal0|cl|b al0(0]0]0
blblc|0]a b1 0| 0|b|Db
clcliblal0 cl0]0b|b

Clearly (R,+,-) is a Boolean like semiring. And take M as a
module over itself. Consider the ideal I = {0} which is not
semiprime since a> =0 € [ buta ¢ I. But, (I: R) = (0: R) =
{0,a} is a semiprime ideal of R.

Lemma 6.2.1. If N is a semiprime R-ideal of M and R is weak
commutative, then \/m is a semiprime ideal of R.
Theorem 6.2.2. Ny and Ny are semiprime submodules of M if
and only if N1 X Ny is semiprime submodule of M x M.

Proof. (=) Let (my,my) € M x M and r € R such that
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(m1, mg)r? € N1 x Ny

= (myr?, mor?) € Ny x Ny

= myr? € Nl,m27“2 e Ny

= myr € N1, mor € Ny since N and Ny are semiprime,
= (myr,mar) € Ny X Ny

= (mq1,ma2)r € N; X Ny. Hence Ny x Ny is semiprime.

(«<=) Let my, ms € M and ry, 79 € R such that mlfr% € Ny, and

mgT’g e Ny

= (mir?,nr?) € Ny x Ny for some n € N

= (my,n)r; € Ny x Ny

= (my,n)r; € Ny x Ny since Ny x Ny is semiprime,
= (myry,nry) € Ny X Ny

= mqr € N;. Hence Ny is semiprime. Similarly, Ny is semiprime.

[]

Definition 6.2.2. A proper submodule N of an R - module M is
called primary if m € N or x € /(N : M) whenever mx € N
foranym e M,z € R

Theorem 6.2.3. If N is a primary R-ideal of M, then (N:M)

is a primary ideal of R.

Proof. Let zy € (N : M) = m(zy) € N = (mzx)y € N =
mz e Norye\(N:M)=ye(N:M)orzxe(N:M)Iln

any case , we are through. []

Remark 6.2.3. (a) Every prime submodule is primary but not

conversely. There are examples of primary ideals that are
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not prime and they can be considered as submodules of R as

a module over itself.

(b) The converse of Theorem 6.2.3 is not true in general.
Example 6.2.3. In example 6.1.4, (N : M) is primary but
N is not primary since (2,1)b € N but neither (2,1) € N
norbe (N: M x M.)={0,a}.

Lemma 6.2.2. N is primary if and only if r* € (N : M) when-

evermr € N andm € M \ N.

Proof. (=) Let mr € N = r € /(N: M) = ™ € (N :
M),n € {1,2,3} since every element r of R has such a form.
=rec(N:M)orr? e (N:M)orr®e (N:M). In any case

the result holds and the converse statement holds trivially. [

From example 6.1.4 above, we observe that N is not semiprime
even if (N : M) is semiprime, ideal N of M. Thus we give the
following characterizations of N .

Theorem 6.2.4. Let N be an R-ideal of an R module M. If
(N : M) is semiprime ideal of R, then N is prime if and only if

N s primary.

Proof. The forward proof is trivial. To prove the converse, let
mr € N for some m € M,r € R. If m € N, we are done.
Otherwise, r* € (N : M) = r € (N : M) (since (N : M) is
semiprime). Hence the result. O
Corollary 6.2.1. If N is a semiprime submodule, then N is
prime if and only if N is primary.

Theorem 6.2.5. If N is primary R-ideal then, N is prime if
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and only if (N : M) is semiprime.

Proof. The forward implication always holds true. To prove the
converse, suppose mr € N, which implies m € N or r? € (N :
M) so that m € N or r € (N : M) since (NN : M) is semiprime.

Hence N is prime. []

The following are consequences of Theorem 6.2.5.
Corollary 6.2.2. (a) If N is primary R-ideal then, N is prime
if and only if (N : M) is prime.

(b) If N is primary R-ideal then, N is prime if and only if N is

semiprime.

6.3 2-absorbing submodules

Definition 6.3.1. A proper submodule N of M is called 2-
absorbing if for r,s € R,m € M such that m(rs) € N implies
rs € (N : M) ormr e N orms e N.

Remark 6.3.1. Fvery prime submodule is 2-absorbing but not
conversely For instance;

Example 6.3.1. Take R and M as in FExample 6.1.3 and con-
sider the submodule N = {0,2} which is a 2- absorbing submod-
ule but not prime.

Theorem 6.3.1. If N is a 2-absorbing R-ideal of M, then (N :
M) is also a 2 - absorbing ideal of R.

Proof. Let x,y,z € R such that xyz € (N : M). Then for
m € M,m(xyz)inN = (mx)yz € N = yz € (N : M) or
m(xy) € N.orm(xz) € N (since N is 2-absorbing.) If yz € (N :
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M) then we are done. Otherwise, m(zy) € N or m(xz) € N.
=xy € (N: M)orzze (N:M). O

Corollary 6.3.1. If N is a 2-absorbing R-ideal of a weak com-
mutative R - module M, then /(N : M) is also a 2-absorbing
ideal of an R .

Proof. Let zyz € /(N : M) = (zyz)" € (N : M) for some
n € {1,2,3}, since every element a in a Boolean like semiring
is in the form of a or a® or a.

If n =1, the result follows since (N : M) is 2-absorbing. Let
(zyz)? € (N : M) = 2*y*22 € (N : M)

= z%y? € (N : M) or y*2> € (N: M) or 2%2* € (N : M),

= (zy)? € (N : M) or (z2)*>€ (N:M) or (yz)>€ (N: M)
iajyé\/m or xze\/m or yzE\/m
For n=3, (zyz)> € (N : M) = (zy2)* = (zy2)* = (2yz)3(2yz) €
(N : M) since (N : M) is an ideal of R. Hence the result follows
by the case n = 2. ]

Theorem 6.3.2. Let Ny, Ny be submodules of an R module
M . If N1, Ny are prime submodules then, Ny X Ny will be 2-

absorbing.

Proof. Let (my, mo)rs € Ny X Ny where my,mo € M;r,s € R.
Then, (myrs, mors) € Ny x Ny so that myrs € Ny and mars €
Ns. Which implies, my € Ny or rs € (Ny : M) and mg € Ny or
rs € (Ny : M) (by primness of N7 and Ny) Thus, we obtain the

following cases ;

(a) my € Ny and my € Ny; or
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(b) my € Ny and rs € (Ny : M); or
(¢) rs € (N7 : M) and mg € My; or
(d) rs € (N1 : M) and rs € (Ng : M). For the first and last

cases, the result follows trivially. From the second case it
follows that, my € Ny and r € (Ny : M) or s € (Ny : M)
since (Ny : M) is a prime ideal. Hence we have myr €
Ny and mor € Ny or mys € Ny and mos € Ny. Thus
(m1,m2)r € Ny X Ny or (mq,ms)s € Ny X Ny. Therefore
N7 x Ny is 2-absorbing submodule of M x M. And similarly,
the result also holds for the third case.
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Modules of Fractions

In this chapter we introduce a method of constructing mod-
ules of fractions for a left Boolean like semiring module M and
study structures of submodules of the fractions. Even though
we imitate the method followed to construct modules of frac-
tions over commutative rings, due to the lack of commutative
property as well as right distributive property in Boolean like
semirings, much of the results demanded a different technique
and additional identities.

On the other hand, we have observed that a similar method can
not lead to get right modules of fractions. This is mainly due
to the lack of right distributive property of R. We begin with
the following,

7.1 Construction of Modules of Fractions

Theorem 7.1.1. Let S be a multiplicative subset of a weak com-
mutative Boolean like semiring R. Define a relation ~ on S xX M

by; (s1,m1) ~ (82, m2) if and only if t|somy] = t[syms] for some
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tin S. Then ~ 1s an equivalence relation.

Proof. Clearly ~ is reflexive and symmetric. To prove ~ is tran-
sitive, let (s1,m1) ~ (S2,m9) and (s2,mg) ~ (s3,ms3). Which
implies t1[somq]| = t1[s1ms] and, to[sgme] = to[sams] forsome t1,ts €
S. We claim there exists some t in S such that ¢t[sgm;] = t[s1m3)]

If we choose t = t3tys9 € S, then,

(ngl) t t2$2)(53m1)

(
(t1t1ta)(s283m1), by associativity of R;
11

)
= t1(tat1)(s359m1) = (t1tass)(t1samq), by WC of R;
= (t1t283)(t1s1m2), by hypothesis;
= t1(tas3)(t151m2)
= (t1t151)(t2s3m2)

(t
(t2s1)(t259m3), by hypothesis;
(tt252)(s1m3)

t

t
(s1ms3)

[]

We denote the equivalence class containing (s,m) by ** and the
set of all equivalence classes by S™'M. The following are easy
consequences of the above theorem and we have stated all with-
out proof.

Lemma 7.1.1. Let M be a left Boolean like semiring mod-

ule,then

(a) = = SS/,TZ forallme M,s,se€ S

()™ =5m Yme Ms ses
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(c) = =2 Vm € M,s,se€S

(@) sdm — (2s0m gy e A5 sy € S

S

(¢) === Vme M, s;,s€ 8

S251

(f) gzg—, Vs,se S
(9) % = g—, if and only if tm = 0 for some t in S.
(h) For allr € Randm e M, r(—m)=r(0—m) =70—rm =

—rm

Theorem 7.1.2. Let S be a multiplicative set in a weak com-
mutative Boolean like semiring R and M be a left R-module .
Define the operations '+’: ST'M x S™'M — S™'M and .7 :
STIRx S7'M — S~IM by; = W; L=
Then S™'M is an S™'R module .

Proof. we prove in two steps as follows;

/

(a) First we prove '+’ is well defined. Let 2 = S, ! and =12
1 52
Which implies ¢;(s;m1) = t1(sym;) and ty(syms) = t2(32m2)

for some t1,ty € S. We clajm S2mitsime — SMfsmy

5152 5189
Now choose t = 3ty € S then,

t(sy55)[s2m1 + s1m)

= (t3t2) (5152) (s2mn) + (t11)(5155) (s1m2)
(t1t2)(t151)(8232)m1 + 15 (t25,) (s951)ms

= t1(tasy52)t1 (5ym1) + 11(5151)ta(s5m2)

( )(5132)( ) (t1t2)(3152)(51m2)

= (tit2) (s159)[(s9my) + (51m5)

t(Slsg)[Sle + slmQ]
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With the given definition of '+’, we have

Remark 7.1.1. % + % — ml‘;mz

To prove '+’ is associative, let %1, %2 "4 € S~1M, then

mi mg M3 mi 53Mg + SoM3
s EECEY |
S1 52 S3 S1 5253

S983M1 + S183M9 + 515913

515253
§983M1 + S153M2 n §182m3

515253 515253
SS9y +‘817nq n ms

5152 53
mq mo ms
=[—+—=]+

S1 59 53

Moreover, %,s € S7'M is the identity element , and for
every element = € S ~IM, there is a corresponding element
= ¢ S~'M, such that =2 + 2 = 9. Hence every element is

invertible. Further,

W11_+»an S9211q +-317n2

S1 59 5152
S1Mo + S9Mmy

5152
5112 S911
+

5152 51852
mo mq

S92 S1
Hence, (S™tM,+) is an Abelian group.

(b) Next we prove S71M | is an S™'R module. To show ' is
well defined, Let ;—1 = Z—z and = = TZ—,/ for some ry,ry €
R, m,m € M and s,s1,50,5s € S. As a result, there
exist elements t1,to € S such that t;(sery) = t1(s172) and

ta(s'm) = ty(sm).
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Now choose t = 3ty € S then,

t[(SQS/)T’lm] = (t%tQ)(SQS/)(Tlm)
= t1(tas ) [t1(s21)]m

tQS
tas )|t (517”2)]7”

= 1
t (
= t1[t1(s172)]ta(s )m
[t (s172)Jta(sm)

Tha(s1r2) (sm)

(75 ts)(515)(ram)
= t[(s15)(rzm)].
Hence ’.” is well defined. Next;

i let T €S5™ 'R and ™ ™2 ¢ §~1)/ then

S1 7 89
r.omip Mo T .SoMmq + S11My
g[s— +—]=- ]
1 S9 S S159
r[somy + s1mo]

$5159
S21Mq S11M9
+

55152 5§5152
rmaq rme

S$51 559
rmi rmo
- ——
S 51 S S§9
Ty T2 1 -1 rirelm __ ri[ram
ii. Foranys,s €S Rand 2 €S M’[EE]?_E[E?'

Thus S™'M is a module over the Boolean like semiring

STIR.
Consider the following example.

Example 7.1.1. Let R = {0,a,b, c} with '+ and -’ defined by
the following tables.
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+10la|b|c Ola|lb|c
010|al|b]c 010|0[0]|0
alal0|c|b al0|a|0

blblc|0]a bl 00|00
clclblal0 cl0|c|0|c

Clearly (R, +, ) is a weak commutative Boolean like semiring.
And let M = {0,1,2,3} in which '+’ is defined by addition
modulo four and i/ : R x M — M is defined by the following
table,

w0123
01011123

0/1]2]3
bi0]1]2]3
c|0]1]2]3

Then M is a left R modue. If we take S = {c} then, S™IM =
0123y

Remark 7.1.2.
(a) Even though S™!'R is a Boolean like ring, S™'M is only

a Boolean like semiring module over S~'R. For instance

observe in example 7.1.1 that,

a b1 1
L=
whereas,
al bl 2
- + - =

ce cc ¢
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and the two classes are distinct, which shows that left dis-

tributive property still fails to hold.
(b) S™'M is a unitary R-module.

(¢) As compared to the theory of modules over rings, we observe

the following differences,

i. If M is a unitary module over a ring R of characterstic 2,
then Ch(M) = 2. But in this case as shown in example
7.1.1, even if S™'M is a unitary module over a Boolean

like semiring , it is not of characterstic 2. For example,

3 3 3+3

C C C

2 0
:—%—
C C

ii. In modules over a ring, the right and left modules of
fractions exist together. But in our case , even if it hap-
pens to know the right and left modules of fractions exist
, both may not exist together under the same circum-

stances.

Notation: We use the following notations: S™'M = M,, S™'R :

Ry and % =1y, 7 = my

7.2 Structure of submodules in S~'M

The following Lemma is an easy consequence of definitions and

hence stated with out proof.

Lemma 7.2.1. Let N be a submodule of a Boolean like semiring

module M. Then,
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(a) Ns is a submodule of Mj,
(b) ms € Ny if and only if tm € N for somet € S,
(¢) If NN S # 0 then, Ny = M.

Lemma 7.2.2. Let M and N be submodules of an R-module ,
then

(a) M NN is a submodule and (M N N)s = Mg N Ny
(b) (A(M))s = A(Ms).
Proof. (a) Clearly M N N is a submodule of R. Now, Let u, €

(MNN)s < tue MNN, for some tin S. < tu € M, tu €
N < us € Mg, us € Ny < ug € (Ng N M)

(b) (C) Let ry € (A(M))s

= (tr)m =0Vm e M
= t(rm) =0

= (rm)s = O

= rsmg = 0O

= ry € A(Mj)
(D) Let ry € A(Mj)
= ryms = Oy
= (rm)s = O

= t(rm) =0 for some t € S.

= (tr)m =0
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= tr € A(M)
= (tr)ss € (A(M))s
=1y € (A(M))s

[]

Lemma 7.2.3. Let M be a left R-module of type II and N be a
submodule of M. Then, (N : M)s = (N : Mj).

Proof. Suppose

rs€(N: M)s<tre(N: M)
& (tr)M C N
& (tr)sMs € Ny
& rg € (Ng @ M)

]

Theorem 7.2.1. Let M be an R-module and N be a submodule
of M.Then,

(a) If N is a prime such that N NS = () then so is N; .
(b) If N is primary such that N NS = () then so is Nj.
Proof. (a) Suppose for any m in M and r in R, rymys € Ny =

t(rm) € N for some t € S. = (tr)me N = (tr)M C N
orm €€ N = r,M, C Ny or mg € N.

(b) Suppose N is a primary submodule of M and rymg € Ny for
any rs € Ry and mg € M. = t(rm) € N for some t in S.
= (trym € N = (tr)*M C N or m € N. If (tr)>M C N,

then t?>r2M C N follows from weak commutativity of R.
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= (t*r*)psMy, C Ny, = 72M, C N, and if m € N, then,
ms € Ni. ]

Theorem 7.2.2. If N is a 2- absorbing submodule of a module
M such that SON = 0, then N, is also a 2-absorbing submodule
of Mj.

Proof. Let ms € My, rs,,qs, € Rs such that (rgm)ss,s, € Ns. =
dteS>(rgq¢gyme N=rme N or (¢¢ym € N or r(qt) € (N :
M) (Since N is 2 - absorbing.)= (rm)ss, € Ns or (gtm)ss,y =
(gm)ss, € N or 7(qt)s (spt) = (7q)s15, € (Ns 1 M). In any case,
the result holds.
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Future Plan

Some emanating Questions

We pose the following questions that can arise from the works

in this dissertation;

[Question 1]

[Question 2]

[Question 3]

Imitating Swaminathans method of constructing Boolean
Like rings by abstract synthesis as in [42] from product of a
Boolean Ring and a unitary module over the Boolean ring,
is it possible to abstractly synthesize Boolean like semirings
of Venkateswarlu et al [44], that is not a Boolean like ring,
from product of a Boolean like ring and a unitary module
over it?

(OR): In any way possible, can we abstractly synthesize a

Boolean like semiring?

Is it possible to imitate Ore’s method of construction of ring
of fractions as in [35] inorder to get Boolean like semiring of
fractions? And if possible, how would the result we obtained

in chapter 3 be compared to the new one?

If S; and Sy are distinct multiplicative sets of a weak com-

mutative Boolean like semiring, is S; ' R isomorphic to S; 'R
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?

[Question 4] Can we further characterize different generalized classes of
prime sub module and settle converse statments of certain
theorems in chapter 6 or produce counter examples to show

the the converses fail to hold.
[Question 5] Is it possible to construct right modules of fractions ?

[Question 6] Can we generalize the notion of extended and contracted

ideals to the class of sub modules 7

[Question 7] Can we generalize the correspondence theorem in theorem

4.4.4 to different classes of prime sub modules?

[Question 8] Which of the existing theories in rings and modules can be
extended to the theory of Boolean like semirings and mod-

ules over Boolean like semirings?
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ABSTRACT

In this paper we construct the fractions of a Boolean like semi ring and establish that Boolean like semi ring of
fraction is Boolean like ring of Foster [1].

Key words: Boolean like semi ring, Boolean like ring, ring of fractions.

Mathematics Subject Classification: 16Y30, 16 Y 60.

INTRODUCTION

The concept of Boolean like rings is originally due to Foster A.L. [1]. Later Swarminathan [6, 7] has extensively
studied the geometry of Boolean like rings. Recently Venkateswarlu et al [8] introduced the notion of Boolean like
semi rings by generalizing the concept of Boolean like rings of Foster. Venkateswarlu and Murthy [8, 9,10 & 11] have
made an extensive study of Boolean like semi rings to name some:ideals, Prime ideals, Maximal ideals, nil radical and
Jacobson radical of Boolean like semi rings. Further they have generalized most of the concepts of commutative theory
of rings to the class of Boolean like semi rings. In fact it is observed in [8] that Boolean like semi rings are special
classes of left near rings. In this paper we further investigate the theory of Boolean like semi rings by introducing the
notion of fractions of Boolean like semi rings and prove that fractions of Boolean like semi rings are precisely the
Boolean like rings of Foster [1]. This paper is divided into two sections. The first section is devoted to collect certain
definition and results concerning Boolean like semi rings from [8]. In section 2 we introduce the notion of fractions of
Boolean like rings and prove that every Boolean like semi ring of fractions is a Boolean like ring of Foster (see
Theorem 2.9)

1. PRELIMINARIES
Here, we recall certain definitions and results on Boolean like semi rings from [8].

Definition 1.1: A non empty set R together with two binary operations + and -satisfying the following conditions is
called Boolean like semi ring;

(R, +) is an abelian group;

(R, - ) is a semi group;
a-(b+c)=ab+acg;

a+a =0forallainR;
ab(a+b+ab)=ab foralla, b,ceR.

apLdE

Lemma 1.2: Let R be a Boolean like semi ring. Then a.0 =0 for all ain R.
Definition 1.3: A Boolean like semi ring R is said to be weak commutative if abc = acb for all a, band c € R.
Lemma 1.4: Let R be weak commutative Boolean like semi ring. Then 0. a=0 for all a € R.

Lemma 1.5: Let R be weak commutative Boolean like semi ring and let m and n be integers. Then, (i) a™a™ = a™ "
@ii)(@™)r =a™ (iii) (@ab)™ = a™b"

*Corresponding author: K. Venkateswarlu*, *E-mail: *drkvenkateswarlu@gmail.com
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2. CONSTRUCTION OF BOOLEAN LIKE SEMI RING OF FRACTIONS

Here we introduce the construction of S~'R from a Boolean like semi ring R.

Definition2.1: A non empty subset S of R is called multiplicatively closed whenever a, b €S implies ab €S
Now we prove the following two lemmas which we use in the sequel.

Lemma 2.2: LetR be a weak commutative Boolean like semi ring. Then ba?+ b?a = ba + (ba)? Va,b€ R.

Proof: ba?+ b%a=bhaa+bba =baa+ bab (by 3 of def 1.1)
=bha(a+h) (by 3 of def 1.1)
=ba(b+a) (by 1 of def 1.1)
=ba(b+a+ba+bha) (by 4 of def 1.1)

= bab + baa + baba + baba  (by 3 of def 1.1)
=ba(bo+a+ba)+(ba)> (bylofdef1.1andlemma 1.5)
=ba + (ba)?

Lemma 2.3: Let R be a weak commutative Boolean like semi ring. Then

c(@+a®)(b+ b?)=0Va,b,ceR.

Proof: Consider ¢ (a+a?)(b + b?) =c (a+a®)b + ¢ (a+a?) b? (by 3 of def 1.1)
=cbh (a+a?) + ¢ b? (a+a?) (by def 1.3)
=c [b (a+a?) + b? (a+a?) ] (by 3of def 1.1)
=c[ba + ba? + b%a +b%a?) | (by 3 of def 1.1)

=c[ (ba +b%a?) + (ba’+ b?a) ]

=c[ (ba+(ba)? ) + (ba®+ b?a) ]  (by lemma 1.5)

=c[ ba+(ba)? +(ba+ (ba)?)]  (bylemma 2.2)

=c0 (by 4 of def 1.1)

=0 (by lemmal.2)
Remark 2.4: In [8], it is observed that a + a? is a nilpotent element in a Boolean like semi ring R.
Theorem 2.5: Let R be a weak commutative Boolean like semi ring and S be a multiplicatively closed subset of R.
Define a relation ~ on R x S by (ry, s1) ~ (2, Sp) if and only if 3 s€ S such that s(s; r, + Sr;)) = 0. Then ~ is an
equivalence relation.~
Proof: Let (r,s) € Rx S. Then for any tin S, from 4 of definition 1.1 and lemma 1.2 we have that t (sr +sr)=1t0=0.
Hence (r, s) ~ (r, s).Thus ~ is reflexive.
Now suppose (r1, S1) ~ (2, S2). Then t (sr2+ sor;) =0 for sometin S.

= t(Saritsir) =0

= (r, S2) ~ (ry, S1). Thus ~ is symmetric.
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Finally let (ry, s1),(r>, S2) and (r3, S5) € R x S such that (ry, 51) ~ (r2, S2) and (1, S5) ~ (3, S3). Then t[sir+s,r1]=0=1t
[Sarstssrz] for sometandt’ inS

= t[sar+Sr]ss = 0=t [Spr3+S51]s: (by lemma 1.4)
= tS[Siro+Sor] = 0= t'sy[Sy 15 + S312] (by def 1.3)
= t'tSg[S1ro+Sore] = 0= t'sq[S, 13 + S3 1]t (by def 2.3 & lemma 1.4)

=t'tSg(S1ro)+ t't S(Sart) +t tS(Syrs) + ¢ t51(Sar2) =0

=[t'tsi(Sara)+ t t S1(S3r2)] + [t tSa(Sars) + t tsy(Ssr)] = 0

=t'ts, (Sar1) + t tS5(S1r3) = 0

=t'tsy[Saf1 +51r3] = 0 (by def 1.3)

= t'ts, [Sirs+ssri] =0 (by 1 of def 1.1 where tt's, isin S.)
Hence we have some t'ts, € S such that (ry, s1) ~ (r3, S3). Thus ~ is an equivalence relation.

Remark 2.6: From the preceding theorem we denote the equivalence class containing (r, s) in R X S byf and the set of
all equivalence classes by S™IR.

Lemma 2.7: Let R be a weak commutative Boolean like semi ring and S be a multiplicatively closed subset of R.
Then

(i) If 0¢ S and R has no zero divisors, then (ry, s1) ~(r2, S;) ifand only if siro= S,1p
(i =S=Z=ZforallrinRandforalls tinS
N st st ts
iii)==2-for all rin Rand for all s, s’ in S.
(iii) — =~
(iv) E :z—,for all's,s"inS.

(v) If 0 € S, then S~IR contains exactly one element.
Proof: Routine.

Theorem 2.8: Let S be a multiplicatively closed subset in a weak commutative Boolean like semi ring R. Define binary
operations + and - on SR as follows:

r ry _ Sari+sir rq rp _rqrz
L4221 L2 gpg 2. 2122
S1 S2 S152 S1 S2 S152

Then (S7IR, +, - ) is a Boolean like semi ring.

' ’
mn r 2

Proof: To prove + and - are well defined let :—1 =, =T This implies
1 1 2 2
t[syri+s;r1]1 =0=t [synr,+s,1,] for somet, t ,in S. [*]
_ . SO . ,
First we prove that 222172 = 21772 [je L4 22— 1L 4 2
$152 s1 S2 S1 Sy

Consider t't [s;5,(s,71 + 5173) + 5155(S571 + 8173 )]
= tH(s152)(s2m) + EH(s152)(5172) + EH(51852)(5p71) + € H(s15,)(s172)  (by 3 of def1.1)
= t't(s252)(s1m1) + £ t(s151)(5272) + t H(535,)(s171) + € t(sy51)(s,7,)  (by def 1.3)
= (t'1) (5252)[(s171) +(s171) 1+ (£'1) (s15)[(5272) + (5273)]

=t (s252)tl(5171) +(s111) 1+ ¢ [(5272) + (5272)] ts151) (by def 1.3)
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=t'(5,52)(0) + (0) t (s151) (by [*] above)
=0+0 (by lemmas 1.2 & 1.4)
=0

Hence + is well defined. Next we prove, s[(s;s;)rir2+ $1S; (1173)] = 0 for some s in S.

Now, 2 = 2 22 = Zimplies,
51 S1 52 S2

t[s;r+ 5] =0=t'[syr,+5s,1;] for sometandt inS.

= t[syri+si71] 5312 = 0 =t [syro + Sy1y 18177 (by lemma 1.4)
= tt'[syr+ Si77] Spr2 = 0 = tt [syra+ Sory [sury (by lemma 1.2 & 1.4)
= tt (syr2) [syra+ simy ]+ tt (s177) [sara+ Sy ] =0 (by def 1.3)

=t (spr) [syr] +tt (pr) [S171] + tt (s17y) [Spra] + tt (s111) [S2r2] =0 (by 3 of def 1.1)
= tt'(sy5,) [rira] + tt' [s171] (5512) + tt (s171)[s,12] + tt [$:18,](ri73) =0 (by def 1.3)

= tt'(s5,) [ ro] + tt'[$:52](ri75) = 0 (by 4 of def 1.1)
= tt' [(s152) [rara] + [:82](r172) 1= 0

Thus choose s = tt which is also in S. Hence multiplication is also well defined. We observe the following trivial
fact, before proceeding to the next.

Before proceeding to the next,

442 @ for any r;, 7, in Rand s in S (from lemma 2.7 and theorem 2.8)

N N

Now we claim that (S~'R, +) is an abelian group.

A. +isassociative. Let =, 2 = e s~1R. Then,

r
S1 S2 83

rq ry gy _TI1 312 +53r3, _ (5253)rq 4+ S1(s3r2 +5213)
e L e B
s1 sz s3 s1 $253 s1(s2s3)
(s2r1ys3 + (s1r2)s3+ (s1syr3 _ (sarp (s1rp)s3 | (s1s)r3
e Lo o 2 B8 2L D2 (hy lemma 2.7)
(s1s2)s3 (s1s2)s3  (s1s2)s3  (s1S2)s3

_ (52r1+51r2)53 + (s152)r3 _ S2T1+sqrp + r3
(s152)s3 (s152)s3 $152 s3

(by lemma 2.7)

= [ + -2] + -2 Hence associative.
S1 s s3

B. Existence of additive identity (zero element)

. 0 +0
Forany-ins™'R, =+ -=—

S S

(by remark 3.4)

0+ 0
=£=_r = -+

S S S S

[Bal

Hence g is the additive identity for any s in S.
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C. +iscommutative.

Let &L 2 5-IR, then 42 =Ztourz _2m2 B8 958 gef 1.1)
S1 ,Sz ! S1 S2 S1S2 S1S2 ’

+ .
SHGLPRLASD) (by lemma 2.7 for any s in S)
s(s1s2)
_s(sqrp +spr1) _ sqrp +spry
s(s2s1) $281

(by def 1.3)

r r
S2 S1

D. Existence of additive inverse:

_r+r _0

TpeinS! Tpr_ror_2
LetsbemS R.Thens+s— — == (by #)

_ s(sira +sarq1) _ syrz +sary
s(s2s1) $251

(by def 1.3)

r r
S2 S1

Hence (SR, +) is an abelian group.

E. (S7'R,-)isasemigroup.

Let 2,2 2 esIR, then . [2. 2] =Tl 203 = D020 - (U (hy 5 of def 1.1)
3 1

1
s1 s2 sz s3 s1 " s283”  s1(s2s3)  (s1S2)s3

:[ﬂ]fﬁ:[r_l. 2.3

S1S27 S3 S1 S2 S3
F. (\)isdistributive over +

Let 2,2 =2 eS7IR, then
S1 S2 S3

r1 [r_z + r_3] _m [53r2 +szr3] _ri(sarz +sgrzy _ r1(s3rg) +r1(sar3) _ r1(rasg) +r1 (13s2)
s1 S22 S3 s1 5253 s1(s253) s1(s2s3) (s152)s3

_ (rirgysg +(rirzysz

by def 1.3

s1(s2s3) ( y )

_ (1’11’2)53 (rirgysz  _ (riry) (rir3)
(s1s2)s3  (s1s3)s2 (s1s2)  (s1s3)

Sz piis
=050 ]

G. Characteristic of S™IR is 2.

LetZbein SIR, then S +% =22 =2
S s s s s

r r _ r r r r r r r r
H. Let =,2€S™'R. Then 2. 2= . 2[2+24-1.2]
S1 S2 S1 S2 S1 S2 S1 S2 S1 S2

. T1T2 _T1T2 (Spr1tsiretrire
Claim; —= = —=[—————]

$152 $152 $152

Let teS be any element. Then consider;

t[(s152) (ryr2)(sory + 8117 + 1413) + (5187 (5152)(1112)]
=t[(s152) (o) (5211 + 5175 + 1y13) + (5152))(1112) (5152)] (by def 1.3)
=t (s152) (rr2)[(so11 + 81712 + 113) + (5157)]
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=1t(s152)(rir2)[rysy + 5117 + 1115 + 515;]
= t(s152)(ryr2)[ry (s +12)+ 51(r2 + 5]
= 1(s152)(rr2) (114 81y (17 + 52)

=1t(s1r)(s2r2) (81 +11)(S2 +13)

=t(s1r) (51 +11)(s212) (52 +12)
=t(symy + (5111)%) (S212 + (5212)%)
-0

riry _1nr [szr1+51r2+r1r2
152 $152 5152

] which proves 5 of defl.1

(by def 1.3)

(by 3 of def 1.1)

(by def 1.3)

(by def 1.3)

(by lemma 2.2).

Thus (S7IR, +, - ) is a Boolean like semi ring.
Now we recall the following definition of A. L. Foster [1] regarding Boolean like ring

Definition [1]: A Boolean like ring R is a commutative ring with unity and is of characterstic 2 in which ab(1+a)(1+b)
=0 foralla,binR

Theorem 2.9: (SR, +, .) is a Boolean like ring.

rir s(rir
Proof: Let +,2 € S™!R. Then=.2="1L%2= )
s1 . s2 s1 sz s1s2 s(s1sp)

(by lemma 2.7)

_s(raryy  (raryy

(by lemma 2.7)

s(s2s1) - (s251)

_Tarp _rz rp

$281 S22 S1
Thus - is commutative.

Hence left distributive property also holds from commutative property of - and F of theorem 2.8

i. Multiplicative identity,

Let = be any element. Then,

-->===- (bylemma2.7)

SS S

===>.- (by lemma 2.7). Hence - is the multiplicative identity.

SS

ii. Let 2,2 e S™IR. Then,
s1 ' sy

1

Iy ra [S_1+r_1][5_z +r_z] — (r1r2)(s1+4r1)(s2 +r2)
S1 Sz S1 S1” S2 82 (s1s2)(s152)

(by lemma 2.7)

— S(s152)(r1r2)(s1+r1)(s2+12) (by lemma 2.7)

s(s1s2)(s152)(s152)

— 8(s1r1)(s1+71)(5272) (52 472)
s(s152)(s152)(s152)

:53, where s’ = 5(5;5,)(515,)(s;5;) (by lemma 2.3)
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ABSTRACT

In this paper we introduce the notions of Extended, Primary and Almost Primary ideals of Boolean like semi ring of
fractions. Further we obtain certain properties regarding extended ideals in this class. Also we prove that the
contraction of an almost primary (and hence primary and prime) ideal is also almost primary (primary and prime
respectively) in a Boolean like semi ring (a special class of near ring).

Key words: Boolean like semi ring of fractions, Extended ideal, Contracted ideal, Almost Primary ideal.

Mathematics Subject Classification: 16Y30, 16 Y 60.

INTRODUCTION

Foster A.L. [2] introduced the notion of Boolean like ring R as a commutative ring with unity and is of characteristic 2
in which ab (1+ a) (1+b) = 0 for all a, b € R. Later in [4] Venkateswarlu et al generalized the notion of Boolean like

ring by introducing the concept of Boolean like semi ring. Boolean like semi ring is a special class of near ring.
Venkateswarlu and Murthy [1, 5, 7] made an extensive study of the class of Boolean like semi rings and also have
studied certain properties of contraction of ideals in [8].

Recently the present authors have introduced the notion Boolean like semi ring of fractions in [4] and it was proved that
every Boolean like semi ring of fraction is a Boolean like ring. However there are many interesting facts about the class
of Boolean like semi ring of fractions which do not subsume the properties of Boolean like rings.

This paper is divided into 3 sections of which the first sections is devoted for recollecting certain definitions and results
concerning Boolean like semi rings and as well as Boolean like semi ring of fractions. In section 2, we introduce the
concept of extended ideal in a Boolean like semi ring of fractions and prove that S™I is an ideal of SR .Further, pre
image of any ideal of SR is also an ideal in the Boolean like semi ring R (see definition 2.3). Also we observe in
theorem 2.4 that S'P is a prime ideal of S'R whenever P is a prime ideal in R which is disjoint from S. In theorem 2.8

we prove 1(J) is a prime ideal of R and f*(J) NS = @ provided J is a prime ideal in S'R with right unity.

In section 3, we introduce the notions of primary and almost primary ideal in Boolean like semi ring of fractions and
further we prove that S™P is a almost primary (hence primary) ideal of S'R whenever P is almost primary (respectively
primary) in R (3.5 & 3.7). Finally we establish in theorems 3.6 & 3.8 that the contraction of an ideal J is almost primary
(hence primary) in a Boolean like semi ring R whenever J is almost primary (primary) ideal of S™'R.

1. PRELIMINARIES.

In this, we recall certain definitions and results on Boolean like semi rings and Boolean like semi ring of fractions from
[2], [4] and [6]

Definition 1.1 A non empty set R together with two binary operations + and - satisfying the following conditions is
called Boolean like semi ring;

1. (R, +)isan abelian group.
2. (R, -)isasemigroup.
3. a-(btc)=ab+ac

Corresponding author: K. Venkateswarlu*, Department of Mathematics, Addis Ababa University, Faculty of
Natural Sciences, P.O. Box 1176, Addis Ababa, Ethiopia
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4. a+a=0forallaeRr.
5. ab(a+b+ab)=ab foralla b,ceR.

Lemma 1.2 Let R be a Boolean like semi ring. Then a.0 =0 for all ain R.

Definition 1.3 A Boolean like semi ring R is said to be weak commutative if abc = acb for alla, band c € R.
Lemma 1.4 Let R be weak commutative Boolean like semi ring and let m and n be integers. Then

(I) aman — am+?‘!

(”) (amj?'! - amn

(i) (@b)™ =a"b™ foralla, b €R
Definition 1.5. A non empty subset | of R is said to be an ideal if

1(l,+)isasubgroup of (R, +),i.e,fora,hbeER=>a+beR
2.raeRforallael,reR,ieRIcl
3.(r+ta)s+rselforallr,seR,a€l

Definition 1.6 A non empty subset S of a Boolean like semi ring R is called multiplicatively closed whenever a, b € S
implies ab €S.

Lemma 1.7 Let R be a weak commutative Boolean like semi ring and S be a multiplicatively closed subset of R. Then

¢ T tr tr

l-=—=—=—forallrinRandforall s,tin S
st st tz

(a3 . -
2.—=—forallrin Rand for all s,s"in S.
=
Sn’
ro.
=—foralls,s inS.
=

Theorem 1.8. Let S be a multiplicatively closed sub set in a weak commutative Boolean like semi ring R. Define
binary operations + and - on 5 'R as follows:

r s3ry + 5
no,n_untanp o .0n R2_nn
=9 2 5157 51 57 = ]

fors4,%; €Sandry,T5; eR

Then (5'1R, +, - ) is a Boolean like semi ring.

Definition 1.9. If R and R’ are Boolean like semi rings a mapping f: R—R' is said to be a Boolean like semi ring
homomorphism (or simply homomorphism) of R into R " if

f(a + b) =f(a) + f (b) and f (ab) = f(a)f(b) for alla, b € R.

Definition 1.10. Let R and S be two Boolean like semi rings. If | is an ideal of Sand f: RS is  a homomorphism
then f (1) is an ideal of R, called the contraction of | and is denoted by I°

2. EXTENDED IDEALS IN BOOLEAN LIKE SEMI RING OF FRACTIONS
We begin with the following

Theorem 2.1 Let R be a weak commutative Boolean like semi ring and let S be a multiplicatively closed subset in R.
Define f: R »5 'R by f(r) = ? where sES. Then

1. fis a homomorphism.

2. If 02S and S contain no divisors of zero then f is a monomorphism.

Proof. To prove 1, Letr, t € R. By repeated application of 1 of lemma 1.7, we have

f(r+t)= "’"Zﬂs _slree) _ ’;—3 +Z—3 =1f(r) f(t) and f(rt) = re)e 00 e B f(r) £(t).

= = == s =
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Hence f is a homomorphism.

Now let r, t ER sul.1lch that f(r) = f(t). Then % :Z_—s

= there exists m € S such that m[s(rs) + s(ts)] = 0 and hence ms®[r +t] =0
= r+t=0since ms’ € S and S doesn’t contain (non zero) zero divisors. Thus r=t.

Hence f is a monomorphism.

Theorem 2.2. Let R be a weak commutative Boolean like semi ring, S be a multiplicatively closed subset in R and | be
an ideal of R. Let $71 = {E /a €l sE 5}. Then S I isan ideal of S™R,

0 _
Proof. Since 0 € 1, itis clear that - € S 1| and hence S 1 is non empty.

— a, 4.

Lett, t, S 1. Then t = B—‘ , = B—“ for some a;, a,€ I and s, s, E8S.
1 z

8y E5.8,tE,8,;

a,
=>nL+t = ;= +— =

€S Msince s,a; + sqa, €1,
1 Bz EyBg

Further let . €S~ 'R and p € S™*L Then k=§and[3 =§for somer ERandaE I ands s €S
Thus Ap====—€S7'L,
E E EE

Finally, Let A1, 1,€ S~ R and BE S, then iy ::—" y A2 ::—“ and B :Efor somery, r's ER, a€ lands,s,q,
1 Iz

5, £ S. By using the definitions of 1.1, 1.5 and lemma 1.7, we have

=1

Eg B, E = By Bg

ry, a.rg
M1+ BIA2+ Mh, = [:"’ -I=

E "Eg

+I!'_a_ll"_g_ sr._+s._a]r_g_+ﬂ
E
g, 5pler, + 5 alrg (2 2l (rorg)
(E,E)E,(EsB )
[z, = l[ery + 5ya lrg + (Bry drg) ]
= [z, Ea) elE,8.)
_ [er,+ 5,8 lr,# (er,dr, ] cg-1]

E(E, 8,

Since by the definition 1.5, we have that [sry + sja]r, + (srq)r; ] €l
Hence S 'lisan ideal of S™'R.

In view of the above theorem , we have the following

Definition 2.3. If | is an ideal of R and f: R —S*R is a homomorphism then f (1) = S isan ideal of SR, called the
Extension of | and is denoted by 1°.

Theorem 2.4. Let P be a prime ideal of a weak commutative Boolean like semi ring R such that PNS = @ then S™*P
is a prime ideal of 'R,

Proof. Firstwe show S™*P # S™'R. Suppose S™'P= S™'R

Theni € S7Psince E £ S7IR

:>§=:—,for somea € Pands' €.

= m[sa+5's] =0 for somem £ S.

= ms's = msaand msa € P since aEP.

—ms'sEPNS
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= PNS # @ contradiction to our supposition. Hence S~ 'P = S7'R.

It is clear from the above theorem 2.2, that S~ 1P is an ideal of S~ R.

-1 f'._ f':
Next, suppose t; t, € 5~ ~R such that tyt, EP. Then t; = = and t,= -

a

. =-forsomeain PandsinS.
18z E

-
= §'(818;a +sryr;) =0 for some s’ in S.

= (s's)(ryry) = (s'818;)a € P

=ssEPorryr, EP . Buts's € Pfor PN S=@ ands's €S. HenceryT5 EP.
=T, EPor Iy EP.

=€ 87'Por 2 € S7P,

=t€ S"'Por, € STIP.

Hence S™'P isa prime ideal of S~ R.

Theorem 2.5 Let J be an ideal of S™2R. Let f: R — SR be the homomorphism given by f(r) = ?

Then £1(J) = {xER / f(x) € J} is an ideal of R.

Proof. Since f (0) = 0 € J, we have 0 € f*(J). Hence f*(J) is non empty.

Let x, y € (), then f(x+y) = f(x) + f(y) € J. Hence x + y € f*(J). Also let r € R and x € f* (J).
Then f(rx) = f(r) f(x) € J since f(x) € J. Thus rx € £1(J) .Finally letr, s € R and x €*(J). Then

f[(r+X)s +rs] = fl(r+x)s] + f(rs) = [f(r) +f(X)]f(s) + f(r)f(s) lies in J since J is an ideal of S™'R.

Hence f*J is an ideal of R.

Definition 2.6. The ideal f'J is called the contraction of J to R and denoted by J°.

Definition 2.7. Let R be a Boolean like semi ring. The element 1 in R is called right unity if al = a for all a €R.

Theorem 2.8 Let R be a weak commutative Boolean like semi ring with right unity. Let J be a prime ideal of STIR.
Then £*(J) is a prime ideal of R and f*(J) NS =@

Proof. By theorem 2.5, f*(J) is an ideal of R. Now claim f(J) is proper in R.
Suppose f*(J) is not proper in R. Then !(J) = R. Hence f(x) €J forall xER.

1= =1
= f(1) :?EJ :>:E J(bylemmal7)
= i = J which contradicts that J is prime.
Now let t; t, ER 3 t;t,€ £1(J)
= f(tity) € J = f(ty) f(t,) EJ

= f(t;) €J or f(t,) €J since J is a prime ideal of STR
=t; € f1(J) or t, € £1(J). Hence f*(J) is a prime ideal of R.
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Finally, for if f*(J) NS # @ let s€ £1(J) NS

= s& f*(J) and s€S and hence f(s) € Jand SES

r L
58 = .
= — == € Jand s€S for some 5'in Sand 5" =s5".
= -3

' ¥
:>§ = (i—, :7 = J, for all s S and since J is an ideal. But this contradicts the hypothesis that J is prime. Hence the

theorem.
3. PRIMARY AND ALMOST PRIMARY IDEALS IN BOOLEAN LIKE SEMI RING OF FRACTIONS

We recall from [ 5] with the following

Definition 3.1[5]. A proper ideal p of a Boolean like semi ring R is called primary if x € P or y* € P whenever xy € P
for every x, ¥ £ R.

Definition 3.2 A proper ideal p of a Boolean like semi ring R is called almost primary if x € P or y2 £ P whenever
xy EP-P?foreveryx, ¥ €ER.

Remark 3.3.

(a). It is clear that every primary ideal is almost primary but not conversely.

(b). In a Boolean like semiring R, a" = a or a’ or a® for any n > 1.Hence in definition 3.1 and 3.2, it is appropriate to
define primary and almost primary in the above fashion instead of defining the usual way as in the case of rings.

Theorem 3.4. Let S be a multiplicative set and | be an ideal in a Boolean like semi ring R. Then for all
rER,sES EE S7 < mrE | forsomemES.

Proof. Letg € ST Then E = % for some aEl and t£S.Then n[tr +sa] = 0 for some n in S. Hence (nt)r = (ns)a € 1.
Hence choose m =ntin S.

m

. .. . r r —_
Conversely, if mr is in | for some min S, we have— = — € S71I.
B mes

Theorem 3.5 Let P be a primary ideal of a Boolean like semi ring R and S be a multiplicative subset of R such that
PNS = @. Then S™Pis a primary ideal of S'R.

Proof. By theorem 2.2 we have that S™P is an ideal of S'R. And it is routine to verify that S'P is a proper ideal.

Now let % :—‘ be in SR such that :" :‘ € S'P. Then if:—" € S'P we are done. Otherwise, by theorem 3.4, mr, ¢P for
o } ryFy 1p ; r.__r; a . ;
allmin S. ButE= N ES°P |mpI|esB N :;forsomealn PandsinS.

172 173

= t[srir,] = t[s:5,a] = (ts1Sz)a € P since Pisan ideal anda € P
= (tsr)r, P
= r§ £ Psince ts; S, mry ¢ P for all m € S |, hence tsry¢P and P is primary.

= :—: € S'P. Hence S*P is a primary ideal in S'R.

Theorem 3.6 Let J be a primary ideal of S'R. Then J° = {r € R/ f(r) € J} is also a primary ideal of R. Moreover
rns =0,

Proof. Clearly J® is a proper ideal of R. Now let rir, € R such that ryr, € J°.
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= f(rir) € J
> fr)f(n)EJd. =>f(r)EJor f(r%) = [f(rp)]* € J since f is homomorphism and J is primary.

=&l or r§ € J°. Hence J° is primary. Now suppose that J° 1 S # @. Then there exists
i ¥ v

Ly ¥
s EJNS. Lettings'' = ss' then E;—, = 2i, =f(s) € J. Thus j—, = (E;—,)(:T] € J, which is a contradiction to the fact

that J is primary and hence proper.

Theorem 3.7. Let P be an almost primary ideal of a Boolean like semi ring R and S be a multiplicative subset of R
such that PNS = @. Then S™P is an almost primary ideal of S™R.

Proof. Clearly S™'P is a proper ideal of S'R.

r

I+

B

Let t,, t, € SR such that t, € S'P — (SP)? . Then t=—* t, =

_TaTz 1 1572 P R TR |
Then tltz-E= . £ STP-(S7P)". Now, ift; = . lies in S™P we are done.

Otherwise Iet% ¢ S™P. Hence by theorem 3.4 we have mr; £ P for every min S.

Finally we end this by the following

Theorem 3.8 Let J be an almost primary ideal of S'R. Then J* = {r € R/ f(r) € J} is also an almost primary ideal of R.
Moreover J'NS =@,

Proof. in the similar lines of the above theorem and by the definition of almost primary ideal.
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ABSTRACT. In this paper, we introduce the notions of semiprime
ideals, 2-potent prime ideals, weakly prime ideals and weakly pri-
mary ideals in a Boolean like semiring of fractions. Further, we
obtain various results concerning the notions.
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1. INTRODUCTION

The concept of Boolean like ring R was introduced by Foster in [3].
It is defined as a commutative ring with unity and of characteristic 2 in
which ab(14a)(1+b) = 0 for every a,b € R. Later in [7] Venkateswarlu
et. al. introduced the concept of Boolean like semirings by generalizing
the concept of Boolean like ring of Foster. In fact, Boolean like semirings
are special classes of near rings [4]. Venkateswarlu et al have made an
extensive study of the class of Boolean like semirings in [8 ,9].
Recently in [5], Ketsela et al have introduced the notion of Boolean like
semiring of fractions and proved that every Boolean like semiring of frac-
tion is a Boolean like ring of Foster. However there are many interesting
facts about the class of ideals in Boolean like semiring of fractions which
do not subsume the properties of ideals in commutative rings. Some of
the facts have been established in [6]. Now, in this paper we study the
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properties of special classes of ideals in Boolean like semiring of fractions.

This paper is divided into two sections of which the first section is
devoted for collecting certain definitions and results concerning Boolean
like semirings and as well as Boolean like semiring of fractions. In section
2, we introduce the notions of 2-potent prime, weakly prime , weakly pri-
mary, quasi primary and almost primary ideals of a Boolean like semir-
ing of fractions. Also, we prove that S~'I is semiprime (resp., 2-potent
prime, weakly prime, weakly primary, quasi prime) if I is semiprime
(resp., 2-potent prime, weakly prime, weakly primary, quasi prime).

2. PRELIMINARIES

In this section, we we recall certain definitions and results concerning
Boolean like semirings from [5], [6], [7] and [8].

Definition 2.1. A non empty set R together with two binary opera-
tions 4 and - satisfying the following conditions is called a Boolean like
semiring;

(1) (R,+) is an abelian group;

(2) (R,-) is a semi group;

(3) a(b+c¢) = a.b+ a.c

(4) a+a=0;

(5) ab(a+ b+ ab) = ab for all a,b,c € R.

Theorem 2.2. Let R be a Boolean like semiring. Then a.0 = 0 for
every a € R.

Definition 2.3. A Boolean like semiring R is said to be weak commu-
tative if abc = acb for every a,b,c € R.

Lemma 2.4. Let R be weak commutative Boolean like semiring and let
m and n be two integers. Then,

(1) a™a™ = a™™ ;

(2) (@) = am;

(3) (ab)™ = a™b™ for every a,b € R.
Definition 2.5. Let R be a weak commutative Boolean like semiring.

A nonempty subset S of R is called multiplicatively closed whenever
a,b € S implies ab € S.

Theorem 2.6. Let R be a weak commutative Boolean like semiring
and S o multiplicatively closed subset of R. Define a relation ~ on
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R x S by (r1,s1) ~ (r2,82) if and only if there exists s € S such that
s(s1ra + sar1) = 0. Then ~ is an equivalence relation.

Lemma 2.7. Let R be a weak commutative Boolean like semiring and
S a multiplicatively closed subset of R. Then, for every r € R and
s,s',t € S we have;

_rt _ tr _ tr.
1) f=n=t=1t
(2)%_/7

s
3) £= %,

s _1rs_ .
Theorem 2.8. Let S be a multiplicatively closed subset in a weak com-
mutative Boolean like semiring R. Define binary operations '+’ and .’

on SR as follows:

TL 4 T2 _s2ri+siro TIT2 _ T1T2
Frae and

s182 S1 82 s182”

Then (S™'R,+,.) is a Boolean like ring.

Definition 2.9. A Boolean like ring R is a commutative ring with unity
and is of characteristic 2 in which ab(1+a)(1+b) = 0 for every a,b € R.

Theorem 2.10. (S7'R,+,.) in Theorem 3 is a Boolean like ring.

Definition 2.11. A subset I of a Boolean like semiring R is said to be
an ideal of R if;

(1) (I,+) is a subgroup of (R, +);

(2) ra € R for every a € I,r € R;

(3) (r+a)s+rselforeveryr,s € Rya €.

Definition 2.12. If R and R’ are Boolean like semirings, a mapping
f: R — R is said to be a homomorphism of R into R if f(a +b) =
f(a) + f(b) and f(ab) = f(a)f(b) for all @ and b in R.

Definition 2.13. Let R and R’ be two Boolean like semirings. If I is
an ideal of R and f : R — R is a homomorphism, then f~'(I) is an
ideal of R, called the contraction of I and is denoted by I¢

Theorem 2.14. Let R be a weak commutative Boolean like semiring,
S a multiplicatively closed subset of R and I an ideal of R. Let S™'I =
{%a € 1,s €S} Then S7'I, called the extension of I and denoted by
I¢, is an ideal of ST'R.
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Theorem 2.15. Let P be a prime ideal of a weak commutative Boolean
like semiring R such that PN S = @. Then S™'P is a prime ideal of
STIR.

Theorem 2.16. Let R be a weak commutative Boolean like semiring
with right unity and let J be a prime ideal of STYR. Then J¢ is a prime
ideal of R and J°NS =@

Definition 2.17. A proper ideal P of a Boolean like semiring R is called
primary if z € P or 32 € P whenever xy € P for every z,y € R.

Definition 2.18. A proper ideal P of a Boolean like semiring R is
called almost primary if z € P or y" € P whenever zy € P\ P? for
every x,y € R.

2

Remark 2.19. In a Boolean like semiring R, a™ = a or a? or a® for evert

a € R.

Theorem 2.20. Let S be a multiplicatively closed subset and I an ideal
in a Boolean like semiring R. Then T,7 € R,s € S; is in S if and
only if mr € I for somem € S

Theorem 2.21. Let P be a primary ideal of a Boolean like semiring R
and S be a multiplicatively closed subset of R such that PNS = (. Then
S™IP is a primary ideal of ST'R.

Theorem 2.22. Let J be a primary ideal of ST'R. Then J¢ is also a
primary ideal of R. Moreover JN S = 0.

Theorem 2.23. Let P be an almost primary ideal of a Boolean like
semiring R and S a multiplicatively closed subset of R such that PN.S =
(). Then S~'P is an almost primary ideal of ST'R

Theorem 2.24. Let J be an almost primary ideal of ST'R. Then J¢
s also an almost primary ideal of R. Moreover J°NS =@ .

Definition 2.25. An ideal I of a Boolean like semiring R is called
semiprime if « € I whenever z? € I for every x € R.

Definition 2.26. A proper ideal P of a Boolean like semiring R is called
weakly prime if 0 # zy € P implies x € P or y € P for every z,y € R.

Definition 2.27. A proper ideal P of a Boolean like semiring R is called
weakly primary if 0 # 2y € P implies x € P or y? € P for every z,y € R.
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3. SPECIAL CLASSES OF IDEALS

In this section, we study certain generalizations of prime ideals namely
primary, almost primary, weakly prime, weakly primary ,semiprime,
quasi prime and 2-potent ideals of Boolean like semiring of fractions.
We begin with the following result.

Theorem 3.1. Let I be an ideal of a weak commutative Boolean like
semiring R and S be a multiplicatively closed subset of R. Then,

(1) I** =U(I : s) = {r € R|sr € I for some s € S}.

(2) I° = ST R if and only if IN S # @.

Proof. 1. Let r € I°°. Then f(r) = &> € I® for some s € S. Then,
t(rs) € I for some t € S. Hence (ts)r € I since R is weak
commutative. So, r € U(I : s) since ts € S. To prove the other
way, let r € U(I : s) so that sr € I for some s. And f(r) = *F
€ I° as a result, r € I°¢

2. Suppose I¢ = ST!'R which implies 2 € I° for s € S. Hence
ts € I for some t in S so that NS # @ since ts € S Conversely,
fINS#@,letselnNsS. Thus,ieleandletgesfleo
that T = £2 € I° since I° is an ideal.

O

Now we study certain characterizations in which I¢¢ = I.

Definition 3.2. A proper ideal I of a Boolean like semiring is 2-potent
prime if 2 € I or y € I whenever xy € I? for every z,y € R.

Theorem 3.3. Let P be a 2-potent prime ideal of a weak commutative
Boolean like semiring R and S a multiplicatively closed subset of R such
that PN S = @. Then P* = P.

Proof. Clearly P C P¢¢. Let y € P°. So, ty € P for some t € S. Hence,
[ty]?> € P? which implies t?y? € P?; so that t* € P or y? € P (since P
is 2-potent prime). As a result, y> € P (since t? is not in P). Hence,
(y*)? = y* € P2. Therefore, y € P. O

Remark 3.4. P = P for every prime ideal P of R disjoint from S since
every prime ideal is 2-potent prime.

Now we introduce the notion of quasi prime ideals in Boolean like
semirings. We begin with the following.

Definition 3.5. An ideal I of a Boolean like semiring R is called quasi
prime if € I whenever 2 € I for every x € R.
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Lemma 3.6. In Boolean like semiring, an ideal is semiprime if and
only if it is quasi prime.

Proof. Let P be a semiprime ideal of a Boolean like semiring R such
that 2> € P for some z in R. Then 22 = (23)(23) = 25 = 222* =
2?2? = 22 € P implies z € P (since P is semiprime). Hence P is quasi
prime. Conversely, let P be a quasi prime ideal such that 22 € P. Thus,
23 = z.22 € P. Hence x € P (since P is quasi prime). Therefore, P is
semiprime. O

Corollary 3.7. Let P be a primary ideal of a Boolean like semiring R
such that PNS = @. Then P = P if P is semiprime or quasi prime.

Proof. Clearly P C P¢. Let y € P°¢. Then, sy € P for some s € S.
Hence, s € P or 4> € P (since I is primary). So, y?> € P since s is not
in P. Thus, y € P. ([

Theorem 3.8. If I is a semiprime ideal of a weak commutative Boolean
like semiring R and S is a multiplicatively closed subset of R, then I¢ is
a semiprime ideal of ST'R.

Proof. Let I be a semiprime ideal and % € S~'R such that s
Then tr ¢ I Vt € S so that (tr)? = t?72 ¢ I since I is semiprime.
Thus, % ¢ I¢. Therefore, ;—; ¢ I°. O

Theorem 3.9. If J is a semiprime ideal of ST'R, then J¢ is a semiprime
ideal of R.

Proof. Let x be in R such that 22 € J¢ . Thus, f(x?) € J which implies
f(x)f(z) € J. So, [f(x)]> € J . Hence, f(x) € J since J is semiprime
Thus, x € J°. O

Remark 3.10.
a) Every 2-potent prime ideal is semiprime.
b) I¢is a 2-potent prime ideal of S™'R if I is a 2-potent prime ideal of
R.
c) J¢is a 2-potent prime ideal of R if J is a 2-potent prime ideal of S~!R.
d) ¢ is a semiprime ideal of R if I is a semiprime.

Theorem 3.11. Let P be a weakly primary ideal of a Boolean like semir-
ing R and S be a multiplicative subset of R. Then P¢ is a weakly primary
ideal of ST'R.

Proof. Let P be a weakly primary ideal of R such that 0 # 022 ¢ Pe.

5152

So, s[rire] € P and s(rira) # 0 Vs € S . Which implies, [sri|ro € P
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. Hence sty € P or 13 € P.If sri € P then ™ =21 ¢ P° and if
2

(r2)% € P, then [22]?> =2 € P¢. In any case, the result holds. O
52

52

Remark 3.12.

i) P¢ is a weakly prime ideal of S™!R whenever P is weakly prime.

ii) The contraction of a weakly primary (and hence weakly prime) ideal
of a Boolean like semiring R is weakly primary (weakly prime) if R is a
domain.

Theorem 3.13. If Q is a primary ideal of a Boolean like semiring R
such that P = r(Q) and Q is disjoint from a multiplicative subset S of
R, then ST'P is a prime ideal of ST'R

Proof. Since the radical of a primary ideal is prime, P is prime. Thus
the extension S™!'P of a prime ideal is also prime in S™'R. O

Lemma 3.14. If Q is a primary ideal of a Boolean like semiring R
disjoint from S, then [r(Q)]* = r(Q).

Proof. The proof is straightforward. O

Lemma 3.15. Let I and J be ideals of a Boolean like semiring R. Then
S—I C S7YJ if I C J and the converse will be true if J is a 2-potent
prime ideal of R disjoint from S.

Theorem 3.16. Let S be a multiplicatively closed subset of a Boolean
like semiring R and I and J be ideals of R. Then,

a) STII+J)=8"+S51J

b) S 1(U) (S7H)(S71)

c) S (I NJ)=(S~t)n(s—tJ)

d) S7'r(I) =r(S7)

Proof. a) Since  CI+Jand J C I+ J,and I + J is an ideal, we
have S~ C S~} (I+J) and S~'J C S~Y(I +J). Thus we have
ST+ ST C STHI + J). Conversely, let 2 € S™HI + J).
Then we have, ta € I+ J for some t in S. So, ta = aj + az where
ap € I and ay € J. Andhence,%:;‘;—Z:‘”ljifu:sf;—f—a2 €
S™I+ 571,

b) Let m € S™!(IJ). So that m = £ for some = € I.J. Hence,
xr = ) a;b; for some a; in I and b; in J. So, % € S~ and

b% ¢ §-1J. Thus, m = & Zg’b’ :Z%@zzals—bgs:

S

> (%).(%s) € (S*ID(S*IJi Hence STHIT) S (STH)(S7H).
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To show that (S~1I)(S71J) C S=Y(IJ), lety € (S7LI)(S~LT).
Then y = S %% for some ‘;—z € S~ and % e S7'J. So

S; N
Yy = Zag—fi where ¢; = s;n;. Thus, y = % where ¢ = [] ¢.
As a result, y € S7Y(1J).

c) Clearly S~1(INJ) C (STX)N(S71J). Let £ € (S~'T)N(S~1J).
Then, £ € (S7'I) and 2 € (S™'J). This implies, 3t1,t2 €
S 3 tix € I,tex € J. Hence, (t12)ta € I,t1(tox) € J since T
and J are ideals. So, (tite)r € I, (tite)x € J since R is weak
commutative. Thus,(¢t1t2)x € INJ . Asaresult, £ € S~1(INJ).

d) Let £ € S~'r(I). Then, tx € r(I),t € S. So that, (tz)" € I
for some natural number n. Hence, t"x™ € I so that ’s”—n' =
QZ‘;’Z € S7'I. Thus, [Z]" € S—1I. Consequently, e r(ST).
Conversely, let £ € r(S7'I). So that [£]¥ € S™'I for some
natural number k. Hence, ﬁ—: € S7'I = ma* € I for some m
in S. mFa* € I since I is ideal. As a result, (mz)* € I. So,
mx € r(I). Thus, 7% € S~1r(I). Consequently, e S=lr(I).

O
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