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ABLTRACY

P

The three-dimensional Ising model (301M) has been one af
the unsolived probiems in physics., Polyakov has sugqgested that
it may be possible to soive this model via the string theory
methods, The 3DIM in the critical regime can be assﬁ{%ﬁf;tﬂ

f
correspond to the fermionic¢ string which spans a 2D worid-sheet,

Thg 3DIM also corresponds to the'csnventiaﬂal‘ﬁz aqg_¢éitagrangia
field theories, It can be shown that the scaling dimensions of
these two and three-dimensional fields are proportional., The
constant of proportionality is heuristically identified with

the Hausdorff dimension of the wO?id;éheet. JComputer‘éa1cu}ati0u
of the Hausderff dimension and the scaling dimensions of the 3D
conventional field, the results of whpich a;e available in the
literature, enable numerical evaluation of the critical exponents
s and 8 of the. Ising model. These agree well with experimental

results, 2 T L R AR S S SRR AU ST S =
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The ising mode! first appeared ifi the Thesis of Ernst
Ising in 1925, This model was, of course, one dimensional and,
to is5ing's disappcintment, did not exhibit a phase traﬂsitieﬂ,
The two and three-dimensional Ising models are indeed only two

of statistical models which undergo phase transitiens,

The two-dimensional Ising model was first censideﬁéd by
Peigrls in 1936, In 1541, Kramefsiand,wann%er determined the
critical temperature (the transition point) hy assﬁmihg‘its
existence. The year 1944 could be thought of as the begindgng.
of a new era in the study of the physics of phase transitiﬂns.f;;
In this year, L.0asager p;;seﬁted a paper {ﬁ which it has been
shown rigorously that the two-dimensional Ising medel exhibited

a phase transition.

The pgriitian function for the twowdimens%ona? ising model
was obtained by converting the model into a system of free
 Majorana fermions. This shows that the two-dimensional ISing
model is eguivalent to a free quantum Tield theory of

fermicns,]’z

The model is alse treated by using combinatorial
3 .

methods,

The three~dimensional Ising model {3DIM) still remains
one of the problems in physics for which no exact solutions
have been possible yet. Even if the partition funchion has
not been fouhd'the critica} exponents have been. determined by
the Serie% and renormalisation group methods. The values of

the critical ®xponents obtained in this manner have baean




wompared with those obbtained experimentaliy. Recen. devaiop-
ments in the stving thsory have lad fo The expectation that the
3DIR mignt be scivable in the not too distant future by
techniques that are being developed currently. 1t, however,
apprars that the currvent level of development has not yetﬁ
recched the stage where one could apply the string theovy o
calcutate the pariition funcltion or even the critical exponents,
However, as we shall sce, by a chhin§ticﬁ'af the ideas of the

string theory with the rasuits of reﬁﬁﬁma?isa%ian group studies

~one could predict some of the critical exponents,

This paper is organized as follows:

Chapter 1 1s a rev%ewréf.ths 3016 and its possible
representation by the string theory. chauws§$ nere, we made
use of avnalogy to the two-dimensional Ising model in deriving

the partition function., Polyakov's interpretation is mentioned.

Chapter I1 deals with the bgsonic string. Also, in this
chapter, the supersymmeirised form of the string~— that is.to

say the fermionic siring= i$ considered.

4

Chapter II1 is a discussion of the attempts at the

calculation of thé values of the critical exponent. In Chapter
e~

IV we have a short discussion of the application G¥ithe.

normalization group, o the Ising medel. . .o

A heuristic application of the ideas of the string model
is made to some result of the renormalization group for calcu~
lating the numerical values of the critical exponents. This
is done in Chapter V. Finally, gg»a{gggsstﬁﬁ%§f$y’the-géguiggf

dnd the Futura-pessibititise.

e
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THE I1SING MODEL

e A e e A St R E RS

The two dimensional! 1sing model,

We find it convenient to start with the two-dimensionzld
Ising model (2DIM). The partition funétion for the Z201(H

is given by*

‘ . O |
7 = % 2{plpLT o 0 B Tpey {1.1)

where % is a lattice site and the neighboring sites are

indicated by the unit vector §.

" At Tow temperature (Targe 8) the configuration of the
two-dimensional lattice i3 such that all spins are
rutualiy parailel. WHhen the temperature is increased
stowly "drop" fluctuations (i.e., domain fluctuations)
will appear here and there. A1l srins in a drop have a reversed
direction and hence we get antiparalilel spin pairs along
the periphery:-of {he droé. It is abvious from eé‘ (201)

that there is enerqgy loss only along the periphery of

a cirop: -
(drgp)§§g§§§ ) (gfguﬂd)iﬁgéﬁé = -2l (1.2)
state
we thus write )
7=, 5 o8 1.3)
{drops}

S

* See Appendix A for a brief review of the algebraic

methods,




where L is the perisheral léngth and the summation is
over all possible drops.
In the above sum, eg. (1.3}, are included drops which

touch each other at a point like those shown in the

figure below.

Suppose we identify an'intersectianaas shown in fig.la .
The above fi%ure is then equivalent to a set of three
closed paths which could be tracéd piecewise continuously
Hith each path is associated a weighting factor

(“])hg of intersections

. ) ) M/I ) T- . -
_ 5 e rq -——vlfL-—v
1 1 + 1 - 4

B S

(z)
E- [a—. wm-wl:

(b}

Fig, 1. An intersection point and a graphical representati




fiovi, it tnere are vw(p) intersections in s closed path, P
B . . Y .

then we take into account the weight (-1) (p) in

ea, {(.3), Tthe partition function then becomes

7 = 1§ 6“231(9)(ni)v(9)3 (Iof)
(p) ' '

where p labels a closed curve.

With this brief account of the 2DIM we now pass to

the 3DIM.
The three-dimensional Ising model.

The drops in the three-dimensional case are bounded by
two-dimensional surfaces, By going through similar
arguments as in the case of the ZDIM, oﬁe hhas the
following expression for the partition function of the

3D1M:

‘Z = EH?BA(S)('E)Q(S)’ (Isﬁ)

z
S
in which § tabeis a closed surface whose area i1s A(S):

£{S) is the total length of the self-intersection line

for the surface $ in units of the lattice parameter.

‘Eq. (1.8) fAas been interpreted by Polyakov in terms of

the string-theory language. An 9rdinary bosonic string
could be visuaiized as a ca]]ectfon of free bosonic
partons, These partons are joined together and move
transversally to the string. One parton gives a
contribution e & to the partition function whereas the

collection as a whole contributes e“Aa Here L 1is
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identified as the Tength of a path traced cut by a

parton n motion., The moiion of the “collection”

is of course the motion of the string and A is the

area of the surface spanned by the string's motion. In
general, we could have a swarm of strings, their motion
describing topological surfaces. Suppose now the

partons carry spin, This gives them fermionic character
and we may assign a factor (vl)v from each parton whereas
the string, which is now endowed with spin structure,
acquires the factor (-1)£, On the other hand, as we
shall see in the next chapter, the modes of the fermionic

string carry a spin 3},

These are the reasons to believe that the fermionic

ztring theory describes the 3DIH.
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CHAPTER 1

THE STRING THEORY

Among extended objects which are endowed with some
internal structure one is the string. A string could

be vistualized as a one-dimensional extended relativistic
object. It is possible to imagine the motion of this
one-dimensional extended object in a D-dimensional
specetime. One then defines a functional integral

{the action) and studies the dynamics of the string.

We begin with the Nambu-Goto action.
The Nambu-~Goto action

Let us first say a few words about a relativistic (free)
point particle., A free point particlie moving in

spacetime traces out a time-like cure which is known as
a world-1ine., A single variabie, say t, could serve as

a parametér of the world-line and hence the eaquation

e () EERTTORY
describes the position of the particle on the worid-Tine
for each specified value of 1. The relativistic action
s then take% to be proportional to the length of the
path traversed between given initial and fiﬁa? values of

T, That is,

— r; 2 1 *
S = ~mff 42 = —@512 [}gé) ]”df (11.2)
i




wnave (dx/dq)z stands for

The Nambu-Goto action4 is a natural generalization of

the action{IL.2}) to the one-dimensional extended
object-—the string. Consider a fixed background spacetime
with coordinates X", yw = 1,2, ..., D, D being the space-
time dimension {(we do not restrict ourselves to the
Minkowski space), A string which moves in this spacetime
sweeps out a bidimensional surface. As usual, we para-
metrize the bidimensional surface by ga = {1,0), @ = 041.

We call the bidimensional surface a world-sheet.

Let Guvbe a metric for the background spacetime and
3e£ hab be the world~sheet metric. These two metrics,
which are second-rank tensors, are related by the

familiar transformation rule for tensors, i.e.,
habfg) = 3, X“a xV G (X(g)) (IL.S)

The two-dimensional surface spanned between the initial

and final shapes of the string has the area

fdlevm (11 .4)
in which h = det hab' The Nambu760t0 action is then
proportional to this area:4

. 2, =
SN = jd gv/=h (11 .5a)

(IT.5b)

H

d 2
anuf"ﬁ/gm (34" (3% 24
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in ea., (lI.5b) we made use of the transformation rule

S (11.3).

Using the notations

A = X, 3% = X'
at Ao

we rewrite eq. (II.5b) as

I Y —
Sy < e SR NE L (02 (11.5¢)

The constant T = ?%E}is known as the string tension.
The geometrica1 construction of this action is responsible

. . . . 4
for invariance under reparametrization of the world-sheet.

The equations of motion follow from the action SN by
using the principle of least action. It turns out that
a different string action, which we consider in the

following section, gives the same equations of motion,

Polyakov's action and guantization

Quantization becomes manageable if we use the following action

1 2, ab u v A
Sp = our fd%e/<g g Guuaax abX (11.6)

The metric tensor N in Polyakouv's action is taken

to be an indepenaent dynamical variable. The conformal

gauge

Y
9ap(t) = o )hab(t:), (11.7)




where ¢ is arbitrary, connects the two metrics hab and
Tab In the literature the background metric Gpu is
restricted to the flat Minkowski metric, Guv= L for

the sake of simplicity.

The discussion upto now is true fer a bosonic string.

A particularly interesting class of string theories

arise when the string is endowed with spin structure;

the structure of the string is enriched by the polarization
information carried by the spins. As already mentioned

such a string is believed to represent the 3DIH.

For the moment, however, we proceed with the bosonic
string as given by the Polyakov action, eq.(Il.6). The
problem before calcutating the partition function was
the quaniization of the action. The equations of motion
vhich folltow from the action (I1.6) are seen to be
invariant'under the transformation g +e¢g. This is a
conformal invariance which is crucial in st?ing theory.
This symmetry makes it possible for one to work in a
particular conformal gauge, namely

e®(E)g (11.8)

9apl) = ab

The possibility of this gauge can also be seen from
a well=know theorem in differential geometry which
states that for a 20 real manifold the above gauge is

permissible. Polyakov® performed the quantization of




the action (11.6) by using the conformal gauge (I1[.8)} and

integrating out ¥, His result was

=1 2 F 9
St H_Q d ‘EL”’) N Hzeze:»] _ (11.9)

In eg (11.9) » is a constant. The second term is known

to represent the Liouville mode which is an addition to

the free mode. Thus we have a two-dimensional quantum
field theory with the Liouville mode which has not yetl

peen solved,

In order to be able to use the string theory for our

purpose one needs to do the followings:

(i) solve the Liouville theory which is twodimensional
and renormalisabie,

{ii) convert the purely bosonic theory, mentioned above,
1nﬁ0 a fermionic string theory.

Both of the above procedures are, of course, among the

most recent aspects of research in string-theory4 |

We shall briefly indicate them in the following.

It is seen .from eqg. (I1.9) that the effective action

is nonzero for D # 26. For the Ising problem we are
now considering D = 3, so one has to find a way of
treating the Liocuville mode. A recent proposal has
been to attack the problem of the two dimensional field
theory with Liouville mode by casting it in a form

that bears strong resemblance to the two-dimensional
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Wess~Zumino modetG. This model has aiready been solved
and the critical exponent y was calculated by this method

for certain va¥ues of D.

The problem in doing this kind of calculation with a
fermionic theory is considerably more complicated than
that with a bosonic field theory. Since the 3DIM is
believed to be the same as the fermionic theory it is
necessary to convert the bosonic theory into the
fermionic theory, and of course, this conversion has
already been carried out7° The analytic procedure
involved in the conversion is what is known as super-
symmetrisation and by this procedure the equation for
fermions corresponding to eq{l1.9) has been found, The

theory expounded in ref,7 has given the following

result for the string critical exponent:

S0y - Dol /TIRI(9SD)
4
It is easily seen that the above expression gives a
nonsensical result for our case, D = 3, For the time
being, we simply comment that with substantial modifi-
cation of this approach we may yet use this analytic
method forrca!éhiating the critical exponents of the

3DIM,
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CHAPTER I1]

THE MODEL OF TRIANGULATED SURFACES

In our discussion in chapter I we have mentioned) vihen
the temperature is increased from its value T = 0, that
three-dimensional “drops" appear in the spin system.

The surfaces of these drops can be approximated by
triangulated random surfaces, The model of trianquiated
random surfaces may be defind as the collection of
randomly constructed neighboring triangles embedded in

a D-dimensional euclidean space. We have mentioned in

the Introduction that for regular lattices there is
equivalence between the Ising model and Majorana fermion
model{refs. 1,2} It has been‘conjectured that an
equivalence retation between the two models with some

proper definitions occurs for an arbitrary surface.

The triangulated random surface model can be viewed

as a suitable representation of Po1yakov'35 string




model where the integration over metrics is replaced

by summation over triangulations, This summation has
been carried out by a combination of analytic and
numerical methods and has been contfined to "purely”
bosonic surfaces. That is no account has been taken

of the Ising spins on the latiice. The problem with
these bosonic surfaces has been that the worldsheet
hecomes extremely rough and the Hausdorff dimension

dF of the surface spanned by the string has been found

to tend infinity in some early work,

Two approaches have been made to cvé}come this difficulty
in the model of triangqulated random surface.9’10’]l

The approach of refs. 9 and 10 is to take into account

the extrinsic curvature of the surface. It appears that
the inclusion of the extrinsic curvature term improves

the pathological features of a bosonic surface. In refs.
11 and 12 the model of triangulated random surface endowed
with fermionic degrees of freedom has been discussed. In
ref. 11 the partition function of the triangulated surface
contains Ising variables whcih now reside at the vertices
of the triangulated surface. In the same paper the authors
have done numerjca] work to calculate the critical parameters,
A study of table 1 of ref, 11 for the three-dimensional case
can give us some idea of B, y and d% for this model. Here 8

-

and y are the usual critical exponents and dF is the

Hausdorff dimension of the surface. The values of

g and y are not in good agreement with the values




shown in our table 1 (Chapter V).

Fhe numerical evaluation of the Hausdorff dimension dF
gives us a handle to evaluate the critical exnonents
independently by using results from renormalisation
group calculations and heuristic notions about the string

theory.
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CHAPTLR IV

THE RENORMALISATION GROUY

The renormalisation group theory is app1i&ab§e to such
areas of physics as the relativistic fieid theory and
critical phenomena 1in statistical mechanics. ipdeed,
in statistical mechanics the theory has been eminently
successful in calculating numerically the critical
exponents by making use of the scaling icieas-.]3 Also,
in its field theory incarnation,the renormalisation
group has been used to study critical phenomena. i It
was early pointed out by ¥.Wilson, who advanced the
renormalisation group tneory, that both the ¢2 and ¢4
theories can be used to represent the Ising model in
the continuum Timit, Strong arguments have been given
which indicate that the long-distance properties of
physicai systems such as ferromagnets, fluids, binary
mivtures in the neighborhood of a second order phase

transition can be described by a continuous tuclidean

field theory.

Systems which we meet both in statistical mechanics and
quantum field theory consist of infinite degrees of
freedom This is understood because in the former case
systems like the Ising model are treated in the
thermodynamic limit where their size is very large,

and in the latter the fields ¢(x) assume values at each

spacetime point soO that even in a very small region of
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Spacelime there are infinite degrees of freedow . 1In
both cases standard techniques of Green function,
Feynman diagrams etc are used fhese techniques may

be derived from functional integrals with weight exn{is)
in quantum field theory and exp (-gH) in statistical
mechanics., For instance, consider a scalar field theory
described by the Lagrangian density

A0 07 v | (v 1)

One can see that Feynman rules can be derived from the
positive weight
2
expi- fa*x( f 100 )% ¢ vien} . (1V.2)

u
p=l

several properties of quantum field theory may be
understood through this connection, but it is near

the critical point that we expect the similarities to
be more apparent. let us consider a periodic lattice
with lattice spacing 4. At each ltattice site n we have

a discrete variable Spo

(In Chapter I we have indicated Lattice sites by x.

Here we prefer to use n). A spin at a given site interacts
with its immediate neighbors., The range of correlation
between spins increases when we approach the critical

point, (Mathematically, the critical %egime is charécterize
by the singularities of the thermodynamic functions such

as specific heat and magnetic succeptibility). Infact,




a system a4t the critical point has an infinite correiation
length,a fact suvported by the scaling hypothesis, HNear
the critical point the corretation length, denoted by {1}
is pot infinite but i¢ much much larger than the lattice
spacing. In this case detailed microscopic interactions,
whose scale is of the order of the lattice spacing, are
irrelevant in a correct explanation of critical phenomena,
and we can replace the discrete variables by éontinuous
ones (the equivalent of a field in QFT) by averaging over
regions whose size is very small compared to & but still

Jarge with respect to the Jattice spacing 4.

1t has been pointed out that the observed critical

characters are large scale phenowmena. This means that

the fluctuations near the critical point involve wave-

lengths which are at least of the order of a. To put

it in a different way, one needs to consider only those

spin fluctuations S(k) whose wave number k is less than
' ]

a certain cut-off value A. The minimum length A~ is a

basic element of the renormalisation group.

We start from the ¢4 theory and see how the cut-off A is

introduced in the renormalisation procedure.

As already mentioned we can represent the Ising model
in the c¢ritical regime by the ¢2and @4 theory. In
eq. (IV.1) we can write the function V{¢) explicitly and

have

{(x)» (1V.3)
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where the coupling constant » describes the seif-
interaction., We try to understand how the repormwatisation

i
rocedure s applied via the Feynman rules.
t

In gquantum tield theory the Green Function in coordinate
space is given by the vacuum expectation value of the time
ordered product of field operators ¢(x}. The Fourier

transform of this Green function is

AURNTIN DU SIS

n-1
JTTaxg expCizpyx)<0lTlalxy) oo lx, ) (@) 10> (1V.4)

where the p's are momenta of particles involved in the

interaction.

If G(n) is expanded in powers of the coupling constant

x, the rule is to write down all possible connected graphs
with n external lines and any number of internal Tines,
called p%opagators, joined together by four-noint vertlice
The variocus ltines have momenta assigned to them by ltetiin
the external tines carry the momenta Py and insisting
that momentum be conserved at each vertex. This Jeaves

a certain number of internal Toop momenta which must be
integrated over. Further the integration over internal
momenta must cover only truely independent configurations
Below are given graphical elements and their mathematical
equivalent according to Feynman rules.

Propagator: i

L = et
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Vertex: - -1 X

loup integration: . 5 d'p
It is convenient to introduce the notion of a one-particle
Green function r(n) corresponding to G(n) by throwing

away all graphs which decompose into two disconnected
pieces on cutting one internal propagator and then

removing the external propagator from what remains,

He try to understand why some renormalisation procedure

is needed to make sense of the above rules. Llet a
particular graph of r(n) have n external lines, [ internal
%1nes and p vertices. Then the number of independent

internal momenta, K;, which must be integrated over 1is
L =1T-p+ 1. (IvV.5)

One then writes the general form of r(n) as

4

JL 4K, ]_IT( 1 - (IV.6)
4 .

{21 (2;[ 3:1 ,. + ¢

In eq. (1V.6) each zj is a linear combination of the
external momenta and the loop momenta. The naive over-all

degree of divergence of this integral is

D(1) = 4L - 21 (IV.7)




It has been shown that this integral or its subintegral
diverges for n = 2, 4, ... . The problem is to make

some sense of these divergent integralis.

in ¢4 theory it is known that the over-all degree of
divergence of F(n) is positive for finite n and is a
function of the external lines and not of the order in

A. The spacetime dimensionality of a theory also
determines whether the theory ié renormalisable or not,

In order to obtain the renormalisation group equation

vie have to learn how to define the renormalization points,
the points where the divergences are subtracted out.

One method is the so called multiplicative renormalisation,
Here one proceeds in two steps First, the propagators
are modified so as to make them vanish so rapidly at
infinity so that all loop integrations are explicitly

convergent, for instance, one might make the replacement

= R —— - PEEE -

02- 2 02 g 02 mle 42

(- n?) (02~ n2-1?)

In the limit A -» =, the divergent expression for the
Feynman graph is recovered, On the other hand, it is

argued that since the divergences are associated with




. .. . . . 4
Just a finite number of Green functions in ¢ theory,
they might be removed by adding counter terms to the

original Lagrangian density, 1. e.,

L » L + &L,

where L 15 given by eq. IV.3 and

2 2 4
- bdmTeT - 8A ¢, (1V.8)
4

2
st = 82 (a9)

v

It is imagined that &8Z, &m,8x all diverge as A » o in
such a way that the divergences due to loop integrations
are precisely cancelled. Since L + &L has the same form
as L the divergence analysis remains the same, We expect
the divergence cancellation scheme to be self consistent.
If we combine like terms in eqs. (IV.3) and (IV.8) and

rescale the field we get

2 2 o ¢t '
L= 3 (2,6 )% - 4 47 - o LN (1V.9)
We note here that any arbitrary rescaling of the field

¢ in the kinetic term is inconsequential, The quantities
do 0 M and r, are referred to as -the bare field, bare mass

and bare coupling constant, respectively. They are

given by

‘(mz + smeYZ,

=
H

B
1

(2 + &x)2°,



The Green functions

calculated from the Lagrangian (iV.9) are related to the

finite Green functions
(M (pia, m)
of finite parameters by

Moy <z M 0, my. (1V.10)

G
e omitted the momenta p for simplicity.

e now introduce the cut-off A explicitiy. 0f course,
the bare parameters Acand m as well as the parameter 2
are fA-dependent and diverge when A » =, The finite

parameters are precisely defined in theory,

Fq.{IV.10} can be rewritten explicitly as

y 2O G, (V.11

o]

PG, ) s AL
0 |

where, for simplicity, we ignore the renormalisation of
mass. The new parameter p introduced in eq. {(IV.11)}, 1s
called the renormalisation point. The coupling constant

» depends on the renormalization point:




When the limit A » « is taken, A is supposed to approach

a4 function of u alone which is called the running coupliing
constant A{u). The entire content of eq.(IV.11) rests on
the choice of arguments in the various functions and the
assertion that F¢") and o, m approach finite limits as

A > » while F(n), Z, and AO, m, may diverge.We note that
the right-hand side of eq. (IV.11) does not depend on the
parameter p, and taking the derivative with respect to u
gives

%ﬁ[zn/Z(ﬁj AU)F(ﬂ) (A’ u)] -

or

npn/2 1 dZ F(n) +
2 7 dy

SN TANRS VAZE
3y A

Y
@ far
=
=
+

which, after multiplying by u and cancelling Zn/2

14

becomes

n d 2 3A 3 ={n
( » PR L PRl O Fn) g (tv.12)

We introduce two dimensionless factors g and n yia

the definitions

it

B(x(u)) u%;' ME s o)

n( (u))

it

d A,
i InZ (5 Ao)

We now write the renormalisation group equation in terms

of £ and i:




vop e e Dy P, ) 0 (1v.13)

and w, the exponent that governs the leading correction

to scaling theory,is defined by

By furtheyr analysis,numerical and otherwise, the critical
exponents have been calcuiated for ¢? and ¢q theories,.

We however restrict ourselves in the following to an
investigation of how by using the ideas of string the

with some input from the renormalisation group the critical

axponents can be calculated.
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1.

CHAPTER Y

CALCULATION OF CRITICAL EXPONENTS

We have seen in Chaptor [I that for D=3 the critical
exponents can not be calculated at the present Jevel

of development of the string theory. As mentioned in
Chapter 111 the inclusion of the extrinsic curvature
term in the fermionic string theory is possibly one way
to proceed in this matier, We shall, however, content
ourselves by doing calculations less rigorousiy and by

apptying heuristically ideas from the previous chapters,

Before we go directly to the calculations, we find it
appropriate to review some important aspecis of critical

behavior. We do this in the following section,

Review of critical phenomena and scaling hypothesis

There are many materials whose statistical feature can
be explained by studying the Ising model Let us, for
instance, consider a ferromagnetic sample. At a parti-
cutar temperature T:TC, calied the critical temperature,
the sample undergoes a phase transition, i.e., its state
changes from ferromagnetic to paramagnetic or vice versa
according as T is below or above Te. Below TC there

is a spontaneous magnetization, but above TC there is
not. 25 mentioned in Chapter TV, the phase transition 1is

characterized by the singularities of some observable




thermodynamic quantities at the critical temperature.
A1l divergences occuring at TsTC are c¢ritical behaviors

and are explained by the theory of critical phenomena.

The amount of ordering which is built up in the regime
of T:TC is measured by the order parameter which, id the
case of ferromagnets, is the spontaneous magnetization

M,(T). Very near the critical point M, (T) behaves like

MO(T) ~ itIB as t » 0 .

where t = f:jgf, and B is one of the critical exponents-

te
Such a power~law behavior stems from the idea of scaling.
Let us see the critical hehaviors of some other quantities.
The magnetic susceptibilitly

_aM(H,T " ‘ .
x(t) = ””%H“"llH =g {[tIY as t » 0

the prime over y distinguishes exponents below and above
T . Similarly, the critical exponent « characterizes

the specific heat at constant volume near TC

-0 . L ot
CV(T) %{t GS, t » 0
[}~ as t » 0,

A very important quantity in ¢ritical phenomena is the
correlation length (7}, Its critical behavior is

governed by the critical exponent v, i.e

L
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A

¢ as t » 0
e(T) {m as t 0 0

{We have already seen tne symbol g as worlid-sheet

£V 1

parameter, The difference is understood.)

In addition to the ahove critical exponents we have two
more, namely the critical exponents for magnetization 3§,
and for correlation function n. Totally, there are nine
critical exporents. These exponents are not all indepen-
dent: the scaling hypothesis predicts certain retations

between them. Ve simply write down the scaling predic~

tions. {For the derivation see Appendix B)

Vs asl) Ly sy
2 = a+ 28 +ty'y, a=a,
v o= (2-n)v v,
Dv = 2~a,

vhere D is the dimensionality of the system,

Calculations

Bilal and Ger'vaiS]5 tried to connect critical behaviors
in two and three dimensions. Here their approach is of
help to us. As before we consider a two-dimensional
world~sheet embe&ded in a three-dimensional space. Then,
the basic idea in this approach is that, due to quantum
fluctuations of the string position operators Xu’ the
corresponding two~-dimensional worlid-sheet embedded in

the three-~dimensional space is certainly very irregular
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for the mosi imporiant string configurations‘l Such an
irregular stying surface may possibily have a nontrivial
Hausdorff dimension in the large distance limit, How
imagine measuring the distance between two points in the
vorld-sheet, The three-dimensional distance-and the
parameter-space distance are related through the general

forn

i

e

3 2 5
<g§1 X(gy) - X”(iz)] 5 [(g} - E,) ]fi’; (V.1)

where'§, and t,are the parameters of the world-sheet,

dF the Hausdort{ dimension of the worlid-sheet, The lTeft-
hand side of eq. (V.1) is the square of the euclidean
norm in three dimensions., The fluctuations have been
smoothed out by taking some quantum average over the

X - field., Similarly, the right-hand side contains tre
square of the two-dimensional euclidean norm. Hereafter,
we shall denote the norms simply by vertical bars.

Let us consider the c¢ritical features of the 3DIM in term

4
of the ¢ Tield theory in three dimensions, 1i.e., ve
take the field operators

o = (XM,
where XY is a point in the three-dimensional euclidean
space, We now take the following large distance behaviory

Pix, 42 4% X~ X -2 d ) (V.2
< 9 1I6E 2} > ™ 1 2! v.2)




wineve d 1s defined to be the Wilson sCaling dimension
of ¢D which are the scaling operators of the three-
dimensional theory, and p, appearing on the left-hand
side, is an integer. Th three-dimensional fermionic
string theory may be regarded formally as defining an
embedding of the two-dimensional world-sheet into the

three-dimensional space, that is, we have the mapping
!

£ N XU ( g ) -

We have mentioned ¢p(x} as the scaling operators in
three«dimensiongﬁ theory. The inverse of the mapping

Just mentioned may be assumed to convert these operators
into primary fields in the worlid-sheet. Thus under this
assumption ¢p(g} is as much a field in the two-dimensional
wortd-sheet as X{&) is. If this assumption is correct

and further if ¢p(g) are considered as primary fields

in two dimensional quantum field theory, then we also

have

Ma g
<¢p(xll(61))¢p(xp(£2)) P e < ¢p(§]}¢p(52)>

ey g, TE (V.3)

where & is by definition one of the scaling dimensions of

the two-dimensional field theory, By combining eqgs.

{(¥.1),{¥.2) and {V.3) we get




T (V.4)

As mentioned in Chapter 111, the value of the Hausdorff
dimension d. for the fermionic surface calculated
numerically is in the range 7.3 % 0.2 to 8.3 + 0.4.
Since the Hausdorff dimension for a purely bosonic
surface has been found to be 8.3 % 0.1, it appears
probable that the actual dF for the fermionic surface
is closer to 7.3 than to 8.3. For calculating the
critical exponents we prefer to take dF = 7.3. We also
have the values of d, the Wilson scaling dimen%ion,
ca]cu1a{ed]6 for the ¢2 and ¢4 theories by Brezip and

Coworkers]4,

d(¢%) = 0 + w and d(s?) = D - L (V.5)

for a general spacetime dimension D, Here w gives the
correction to scaling and v is a critical exponent.

Numerical calculations for D = 3 by the same methods give
w = 0.81 and v = 0.631%.

Using these values in eqs. (V.5), together with D = 3,

we obtain

d(67) = 3.81, d(s?) = 1.415 (V.6)

Now using eq.(V.4) we obtain two values of & for

dF = 7.3:




;= 1,410
(V.7)
= 0.5237

fo]
1}

fog]
i

As we nave already mentioned, 6} and 52 can be identified
with the scaling dimensions of éhe two-dimensional
conformal quantum field theory. [t is interesting that
the almost heuristic arguments given above enables us

to obtain from the three-dimensional scaling dimensions

the two-dimensional scaling dimensions via the string

picture,
. . . 16, 17
e use now the standard scaling relations
8
o = 2281 . 2 (V.3)
D‘-ﬁ! D"‘G]

In the above relations o and g are, respectively, the
specific heat and spontaneous magnetization critical
exponents!:

in the origﬁnal work of F‘isher]6

53 and P are, respectivs’
the scaling dimensions of the enerqgy density and magneti-
zation fields. 1In eq. (V.7) above we have derived &7 and
5, as the scaling dimensions of the 2D ¢4~ and ¢2 - field
theories respectively. By this indentification we have

4 and ¢2 theories to correspond to

tacitly assumed the ¢
the enerqy density and magnetizatioh fields, respectively.
In the discussions that were given by wi1son]3 regardina

the correspondence between the Ising model and the Lagrangian

field theories ¢° - field was identified with the Ising




model in the continuum limit. At a higher level of approx-
imation ¢hu theory was also identified with the Ising model,.
It is, however, obvious that while ¢2m theory contains only
the Kinetic¢ energy term, the ¢q— theory contains a self-
interaction term. Thus, an identification of the ¢2- theovy
with only the magnetization field and of the ¢4~ theory with
the energy density field appears physically reasonable. Tha:

is what we have done in calculating a and B by using egs.

(V.7) and {V.8).

a = 0.113, g = 0.329

We have also calculated the values of o and 8 using

dF = 8,3 just for the sake of comporison. As we have
mentioned before in Chapter 111 early work on the bosonic
surface gave very large Hausdorff dimensions while the
tatest work (ref.11) gave the above value of dp.  Of the
two sets of results available for the fermionic surface

in ref.11 the higher one coincides with the above value
while the lower one is 7.3. Considering this circumstance
and in agreement with the gdeneral beiief that the Hausdorsry
dimension of the fermionic surface should be Tess than
that bosonic surface, we expect 7.3 to be the more correct

value and of interest to us,

The values of « and 8 calcutated with dF = 8.3 are

e = 0,212, 8 = 0.293. As shgwn in-Table 1 the agreement

“With other known values is Tess satisfactory than that

with dF = 7.3.
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The table below compares our results with results obtained by

other methods,

Source: H.Eyring, Statistical Mechaniecs and dynamics, 2d ed.,
l#iley Interscience, New York, 1982. P.475 |,

L.E.Reichl, A Modern Course in Statistical Physics, University
of Texas Press, Austin, 1980,P. 344.

The other exponents could be calculated by using the scaling
retations wmentioned previously.

in conclusion, we have calculated the critical exponents o and

B by using heuristi notions of the string theory. Of course,
these exponents have been calculated before by other methods
with great accuracy, eq., series expansion and rengrmalisation
group. However, these methods are not capable of calculating
the free enerqgy. There is a hope that the free energy can
eventually be calculated by the string theory approach. 1If that
becomes possible, it will be a great achievement of this theory.

Table 1

I e e U —

Critical Expt. 3b1M o mode? Our resultis

exponent o [’

series RG b = 3 dF = 7.3 dF = 8,3
o _exp . -
o 0 - 0.2 0.1254 0,081 0.17 0.113 0.212
‘HO.S - 0.4 : DHB?ii 0,34 0.33 3;3?9 0“%3i




APPENDIX A

THE TWO-DIMERSTONAL 1SING MODEL

In this appendix we briefly review the analytic methods

used to scive the 2DIM in the absence of an external magnetic

field.

(a)

The partition function in terms of the Ising variables.
consider an N X M square Tattice. At each lattice site
we have an Ising spin interacting with its nearest

neighbors., The Hamiltonian of the spin system is then

Hloqgy, o) = 7997 9nfiit,m 7927 an%n,mel,  (AL1)

where the cnm‘s are the Ising variables each taking the
values %1, J1 and J2 are, respectively, the vertical and
horizontal interaction strengths., Ye now write the

partition function:

Z = z ere I eXD{”BH(cH ..u,oNM)} (A, 2)

Transformation to Pauli spin matrices

A vital observation shows that the partition function
{(A.2) is the trace of the Nth powér of a transfer matrix
V. The transfer matrix can conveniently be expressed in
terms of Pauli spin matrices: Tx,Ty,TZ, and the unit

matrix I, There are ZM possible configurations in a

given row as it contains M spins. e need, therefore,
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zh X ZM matrix to describe this state of affairs.

e define
AT I I SE S S S SIS G N

RN TS O 15 S T A0 SIS 3 O

in terms of these direct-product matrices we can write

the generalized matrices V] and V? as

(2 sinh EKI)M/Z

-3
B

*
X
exp K]ETm,

Vs

1]

Exp KZET:]'[;_'_] .

*
vihere K1= sJ], K2= BJZ and K1 is defined by

*

tanh K1 = exp(-ZK]).
The partition functioé is then

Z - tr(v1v2)" =!tr N, (A.5

I
fntroduction of fermipn operators through the Jordan-iig
transformation.,

The direct-product magrices Tn obey the same commutation

relations as the Paulji matrices. One then constructs

.. N . + .
*raising' and 'lowering' operators, Tpe P the usual
manner: .

(A, ¢

These spin raising and lowering operators obey mixed

commutation-anticommutation rules which are neither bosi
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nor fermionic in character. put this is not a serious
~problem as one could introduce a transformation (called
ihe Jordan-Wigner transformation) to fermion operators
which obey anticommutation yules only. penoting the
fermion operators by Cm for. the mth gite in a given rov,
we write the JH transformation as

‘ m-1 - -
Cm = {exp(ni % TZTL)}Tm s

m-1
+ . PR
Co” {exp(Hi E TZTZ)}Tms

and the anticommutation rules are

- + + =

{Cm’Cn} {Cm, Cn} 0,
+ -

{Cm,cn} = Sun

The number operator N ts given by

I PO
No= Gl ™ Tn'o, (A.8)

with eigenvalues 0 or 1.

After considerable algebra, the matrices V1 and V2 in
equation (A.4) can pe expressed in terms of the fermion
operators G 6;0 (The interested reader may consuit

]

refs. 1 and 2},

The partition function is calculated by classifying the

states of the system according to the eigenvalues of

the total number operator N =L cte. . v, are bilinear
nom m 1

in the fermion operators and states of even or odd n
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may be considered separately.
Figeavalues of the transfer matrix

the next step is to diagonalize the transfer matrix V., One might

think of a linear transformation to new fermion operatons of the type

- N + |
z:q = rﬁ(ﬂqmtm + qu Cm) (A-9)

such that V attains the simplest form

+
V o exp(-2 + const.
p( ; €a8qtq )
where € are the single-fermion ‘energies' and are defined by

*

*
Cosh €q = Cosh 2K2 Cosh ZK1 - sinh 2K2 sinh 2}(1 Cos q.

This could be achieved by introducing running wave operators which is
perinissible due to translational symmetry. (Again one can see the

details in ref. 1)

The thermodynamic properties of the 2DIM are all contained in %he

~partition function is just the Nih power of the largest eigenvalue

of ¥ in the Timit M, N » o,

This eigenvalue is given by
1

- . M/2 M \
Aoy © (2 sioh 2K)) exp(znj‘ cqda)- (A.17
-1t
The free energy per spin is
F = - EEI InZ , as M, N» =
M I
, . 1 1
- KT []n (2 sinh 2K, )* +4-ﬁ~f eqdq] (A.12)
-1

which is the final result,




