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Abstract

In this dissertation the energy of the ground and excited state of symmetric and

asymmetric parabolic double quantum wells (DQWs) are investigated by using our

formulated trial wave functions and the Hamiltonian. For symmetric DQWs, calcu-

lation of the frequency corresponding to the ground state energy splitting describes

that tunneling takes place in the duration of short time when the frequency of the

photon is in tera hertz (THz) region. However the tunneling time for excited state

energy splitting is shorter than that of the ground state energy splitting due to the

decrement of barrier width for parabolic DQWs.

The asymmetric DQWs with resonant levels (the ground state energy level in one

well coincides with the first excited state energy in another well) is analyzed. The

splitting of these levels and the tunneling times are calculated. If the typical life

time of the excited state is much smaller than the tunneling time between wells, the

charged particle can radiate as the result of quantum transition from the excited state

to the ground state. In the opposite case, the asymmetric DQWs can be treated as

a metastable excited nano-system regardless of that the dipole transition from the

excited state to the ground state is permitted. The life time of this metastable state

can be considerably reduced by putting it in the resonant cavity. The possibility of

coherent radiation of an ensemble of asymmetric DQWs is discussed.

Moreover the analytical expressions of absorption coefficients and refractive index

changes for parabolic asymmetric DQWs have been determined using the compact

density matrix approach. The calculation shows that at some frequency range the

asymmetric DQWs become left handed media with negative values of total refractive
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index. This behavior of the asymmetric DQWs at some frequency range is of great

importance for metamaterial science.

The low lying energy levels of 3D two electron QDs with parabolic confinement and

rigid confinement (the wave functions vanish at the surface of the QD) are obtained by

the variational method and perturbation techniques. The quantum states of the QD

are divided in to the para- and ortho- states like in the theory of helium atom. Our

numerical calculations show that the energy differences between the ground and first

excited states of the para- dots are practically linear function of the coupling constant

λ. This allows one to propose the phenomenological formulas for the energy levels

as a function of a typical size of QD. The spin function of the para-dot is singlet

with total spin zero. One of the spin function of the ortho-dot is not factorizable

symmetric combination. The two functions relate to the entanglement states, which

are important for quantum information processing.

The lowest transition energy of one and two electron GaAs QDs are calculated

by solving the corresponding Schrödinger equation. For the two electron GaAs QD

we calculated the real and imaginary parts of the dielectric constant, the refractive

index, and the absorption coefficients as functions of the incident photon energy. The

maxima of these quantities show a blue shift comparing with those of the one electron

QD due to the Coulomb and exchange interaction between electrons.

Reducing the size of quantum dots results in blue shift of the maxima of the above

mentioned quantities for both one and two electron QDs. But the blue shift in the

case of two electron QD is larger than that one electron QD due to the energies of

Coulomb and exchange.
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Introduction

The study of confined quantum systems has been an interesting subject of investi-

gation since the beginning of quantum theory. It is about fifty years since Richard

Feyman famously declared that there is plenty of room at the bottom [1]. In his

paper, in 1960 he predicted that the miniaturization of physical systems towards

nanometer length scales would result in the discovery of fundamentally new physics.

The field of semiconductor nanotechnology began in the late 1960’s and early 1970’s.

It received a sudden impulse in the mid seventies due to the advent of new crys-

tal growth technique known as MBE (molecular beam epitaxy) [2] that enabled the

growth of mixed semiconductor crystals with atomic layer precision. For the first

time, this development enabled the growth of high quality quantum well structures

in which electrons and holes show quantization of their energy spectrum predicted by

simple quantum mechanics for particles localized with in rectangular potential. These

effects were first exactly observed in 1975 by R. Dingle using optical absorption mea-

surements [3]. Since then the technology for the growth of semiconductor crystals

and nanostructure fabrication has improved dramatically resulting in a gradual shift

of interest from quantum wells to ”lower dimensional” systems in which carrier mo-

tion is restricted in two (quantum wires) or all three spatial dimensions (quantum

dots). Some of the most milestones in low dimensional systems in III/V, II-VI and
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IV/IV hetrostructures are:ultra high vacuum (UHV) techniques in the growth of sin-

gle crystals of GaAs with Ga and As4 and As2 respectively was introduced in 1968

[4]; first attempts to fabricate quantum well structures and superlattices using III-V

materials was demonstrated in 1970 [5]; a double barrier resonant tunneling struc-

ture was demonstrated in 1972 [6]; first attempts to perform strained layer epitaxy

SiGe hetrostructures in 1975 [7]; experimental discovery of the fractional Hall effect

in 1982 [8]; first demonstration of epitaxial growth of self-assembled quantum dots in

1985 [9]; realization of the first single electron transistor (SET) in the semiconduc-

tor in 1987 [10]; first observation of single electron transport through quantum dots

in 1991 [11]; DNA analysis nanodevice developed in 1992; first attempt to propose

nano-imprinting in 1994; nano-pore DNA sequencing was realized in 1996; nano-alloy

polymer technology invented in 2001; graphene successfully isolated in 2004; iron-

based layered superconductor discovered in 2008; and nowadays it is difficult to find

optical semiconductor component whose operation is not based on quantum structure.

The interest in the study of physical properties of confined systems such as quan-

tum wells, wires and dots has increased with the recent progress in semiconductor

technology [12-14]. In these structures precise engineering enables us to confine the

charge carrier motion in one two or three dimensions, which allows us to control

the physical properties of structures. The controlling of physical properties of these

structures is attractive not only from fundamental scientific point of view but also

for their potential applications in the development of semiconductor optoelectronic

devices. The increasing interest in low-dimensional semiconductor nanostructures is

mainly motivated by the search of materials with tunable optical properties of evi-

dent technological relevance. It is important to emphasize at the outset that quantum
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confinement and layered structures produce not only quantitative but also qualitative

differences in physics from that in bulk structures, which is of course another major

motivation for the interest in them. There are many examples of these differences.

Excitonic effects become much stronger because of the quantum confinement giving

clear absorption resonances even at room temperature. The optical absorption spec-

trum breaks up in to a series of steps associated with a quantum confined electron

and hole levels. The relative importance of direct Coulomb screening and exchange

effects is quite different in quantum dots, wires and wells (the Coulomb screening is

relatively much weaker), giving very different optical saturation behavior. Modula-

tion doping, which is only possible with layered structures, allows high concentration

of electrons with out any impurity scattering leading to the observation of Fermi

level correlation singularities, a phenomenon never clearly observed in bulk semi-

conductors. Electro absorption is totally different from that in bulk semiconductors

because of the confinement of the electrons, resulting in very large shifts of optical

absorption peaks (the quantum confinement Stark effect). Potential semiconductor

nanostructures, in general, porous silicon [15] nano-crystalline silicon [16] GaAs, [17]

and nano-crystalline materials have been the subject of intense studies over the last

decade primarily due to their interesting size dependent electronic and optical prop-

erties. Blue-shift of the optical absorption spectrum, size dependent luminescence,

enhanced oscillator strength; non-linear optical effects are some examples of the in-

teresting properties exhibited by these nano-structures. Nonlinear optical properties

are of major interest for photonic device application such as all optical switching. In-

tensity dependent changes in the optical properties are prominent at high intensities

of pump laser particularly third order nonlinear effects.
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Semiconductor nano-crystals having analogous interior bonding geometries com-

pared to their bulk counter parts exhibit variation in their optical properties with

size variation [18, 19]. Nanostructure semiconductors have large nonlinear response

as compared to bulk semiconductors. In bulk semiconductors the physical origin of

nonlinear absorption and refraction is associated with the optically created high den-

sity many particle system causing screening, band gap re-normalization and band

filling. The mechanism of nonlinearity in low dimensional systems such as quantum

wells, quantum wires and quantum dots is of a basically different kind [20]. With

decreasing size the optical nonlinearity is strongly influenced by quantum confine-

ment. The interband absorption spectrum should change from continuous band to a

set of discrete lines as the size of crystallite is decreased. The quantum confinement

of electronic envelope wave functions over dimensions of the order of the carrier de-

Broglie wavelengths provides a novel means to engineer optical nonlinearities. The

optical properties of nanostructures are strongly affected because of the quantum

confinement of electrical carriers, the huge local electric field enhancement, and the

significantly enhanced surface and interface effects [21].

Quantum wells (QWs) have promised a lot of device applications such as mod-

ulation doped field effect transistors and quantum well lasers [22, 23]. In addition

to this QWs have been found to play a key role in optoelectronics applications such

as infrared detectors, wave guides, fast switching and others. The main difference

between the QW and the bulk semiconductor is that the electrons are confined in

a two dimensional space in the QW and along the growth direction several discrete

energy levels are formed. Theoretical studies show that the optical properties of the

quantum wells mainly depend on the asymmetry of the confining potential. Such an
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asymmetry in the potential profile can be obtained either by applying an electric field

to a symmetric QW or by compositionally grading the QW [24]. In asymmetric QW

structures the changes in the absorption coefficients were predicted theoretically and

confirmed experimentally to be larger than the changes that occur in conventional

surface QWs.

Double quantum wells (DQWs) have attracted a great deal of interest recently be-

cause of their potential application as optoelectronic devices such as photo detectors,

electro optical switches, tera hertz oscillators and for the study of exciton condensa-

tion [25-28]. High mobility double quantum well hetrostructures have been important

for the study of correlated electron states in two dimensional electron systems, and

are potentially important for novel field effect transistors that add functionality by

controlling electron transfer between the quantum wells [29]. DQW structures are

very interesting as far as the device industry is concerned, since by the inter layer

distance between wells and the barrier varies, an improvement in the transport prop-

erties is achieved [30]. Asymmetric double quantum well (ADQW) structures, which

consist of two different size wells coupled by a thin barrier have been commonly used

to investigate electron and hole tunneling [31].

The tera hertz portion of the electromagnetic spectrum spans the frequency range

between microwave and mid infrared (100 GHz -30 THz). In spite of many potential

applications, this frequency range still represents the least exploited region of the

spectrum owing to the very limited availability of suitable sources and detectors [32-

35]. In present times there is an impression for such devices as a relatively long

list of applications has been envisioned for the THz range: wireless communication,

atmospheric sensing, chemical detection, astronomy, biological, and medical imaging
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are among the possible applications for this region. Inter well transfer can also be

promoted by tera hertz photon assisted tunneling, opening the possibility of fast,

voltage tunable tera hertz detectors, inversion doubling of ammonia in the ammonia

maser (molecular physics) and electron tunneling through hetrostuctures (condensed

matter physics) [36, 37].

In symmetric double well the potential of the two wells are separated by the central

barrier. If the barrier were impenetrable, the energy levels would correspond to the

motion of a particle in one of the two wells. But since for a finite barrier, tunneling

is possible, each energy level split in to two and these two levels correspond to the

motion of the particle in one of the two wells at the same time.

When the confining potential V (ξ) tends to infinity on both sides of the central

maximum, that is V (ξ) →∞ as ξ → ±∞, the motion of the particle will be restricted

to a part of the ξ-axis. Depending on the number of maxima of V (ξ), we can have the

eigenvalue problem for a double or multiple well potential. The energy eigenvalues

are almost even in each parity sector, for solution of double well oscillator with the

potential ~ω
2

(|ξ| − ξ0)
2 . As the parameter ξ0 is varied from 0 to ∞, the potential

changes from the limit of single harmonic oscillator well to the other limit of two

separate oscillator wells divided by an infinitely high and broad potential well. In the

first case we have non degenerate energy eigenvalues however; in the second case the

energy levels are doubly degenerate, since the system may occupy an eigenstate of

either the harmonic oscillator well on the left or on the right.

For finite barrier the energy levels form doublets (E1, E2), (E3, E4) which are well

separated from each other. Since each doublet is composed of the states of opposite
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parity, electromagnetic dipole radiation causes transition between them and this al-

lows for accurate measurement of the splitting of the energy levels. The originally

degenerate energy levels in each well mix into symmetric and anti-symmetric combi-

nations due to quantum tunneling [38-40].

Among semiconductor nanostructures, quantum dots (QDs) have gained consid-

erable attention due to their unusual electronic and optical properties. Quantum size

effect in these structures lead to the formation of atomic-like discrete energy levels,

and discrete charges of physical properties of these quasi-zero dimensional structures

[41-43]. Essentially QDs (artificial atoms) are boxes about 100 nm on a side, contained

in a semiconductor, and holding a number of electrons that may be varied at will. As

in real atoms, the electrons are attracted to a positively charged nucleus. In artificial

atoms, electrons are typically trapped in a bowl-like parabolic potential well in which

electrons tend to fall in towards the bottom of the bowl. One can consider the QD as

tiny laboratory in which quantum mechanics and the effect of electron-electron inter-

action can be studied. The typical characteristics of a QD differ considerably from

that of natural atom for one important reason: artificial atoms are typically much

larger than real atoms. The electron orbits do not simply scale with size. A real atom

containing many electrons whose size is continuously variable. As it is made larger,

the Coulomb energy arising from the repulsion, between electrons orbiting around,

the nucleus decreases because the average spacing between electrons increases. How-

ever, there is another energy scale in the problem: the separation in energy of the

different orbits of electrons in the QD. As a QD size increases, the differences in the

orbital energies decrease faster than the coulomb energy. It follows that in a large

QD, the effect of electron-electron interactions are relatively more important than in
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a small QD.

In particular, QDs in which only few electrons are bound at semiconductor inter-

face have been the subject of intense research studies over the last few years. The

electron motion in QDs are confined to a region with dimensions comparable to the

de Broglie wave length of the particle. In two electron QDs the Hamiltonian operator

Ĥ is symmetrical with respect to the two electrons because of their identity. The

wave function Ψ must be antisymmetric with respect to interchange of electrons as

they obey the Pauli principle. As a result there are two possibilities. The first pos-

sibility signifies that the coordinate wavefunction is symmetric and the spin function

is antisymmetric, while the second possibility represents the opposite situation. We

have therefore two classes of wave functions for the possible states of QD namely the

para- and ortho- states. That is the level of the QD with antiparallel spins (singlet

levels) is the para- QD and the QD with parallel spins (triplet levels) is called the

ortho- QD.

For theoretical studies, one of the most important problems is the two electron

QD problem. Although there are only two electrons in the system with a confining

potential, it is not yet possible to find an exact analytical solution due to the presence

of Coulomb interaction. Even though accurate results could easily be obtained by

numerical approaches like exact diagonalization [44, 45], the series expansion method

[46, 47] and the quantum Monte Carlo technique [48, 49], many researchers are in-

terested in finding a simple but accurate analytical method to gain insight into the

competition between the confinement potential and the Coulomb interaction.

This dissertation focuses on theoretical analysis of: (I) the energy doublets and

tunneling properties in symmetric parabolic DQWs with zero electric field; (II) The
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energy doublets and THz radiation under tunneling in parabolic DQWs with ap-

plied electric field; (III) Optical absorption coefficients and refractive index changes

in parabolic DQWs in the presence of electric field ; (IV) Two electron QDs with

parabolic confinement (Low lying para- and ortho- states); and (V) Optical proper-

ties of two-electron quantum dots in low lying para- and ortho- states.
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Chapter 1

The energy doublets in parabolic
double quantum wells with zero
electric field

The energy splitting of the ground and excited state energy levels of symmetric

parabolic DQWs is investigated employing our formulated trial wave functions and

Hamiltonian. Calculation of the frequency corresponding to the ground state energy

splitting reveals that tunneling takes place in the duration of short time when the

frequency is in tera hertz (THz) region. Moreover the tunneling time for excited state

energy splitting is too short to that of ground state energy splitting.

1.1 Introduction

The quantum mechanical tunneling in symmetric DQWs was studied intensively for

last few decades. The originally degenerate energy levels in each well mix into sym-

metric and antisymmetric combinations due to quantum tunneling. Different meth-

ods have been proposed to calculate the energy splitting: the WKB approximation

[50], the numerical methods [51], the instanton method [52], analytical transfer matrix
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method [53], and highly accurate refined spectral method [54]. The WKB approxima-

tion is commonly used for its ease mathematical form. However taking the quadratic

connection formula instead of those related to the Airy functions to modify the WKB

result for the ground state diminishes the accuracy. Instanton method is useful for

understanding the quantum tunneling, which has no classical counterpart. However

the quantitative calculation of the energy splitting in the double well potential by this

method is less accurate because of the Euclidean propagator can be obtained only in

the limit of infinite separation between the potential minima which corresponds to

zero tunneling probability. The refined spectral method or numerical method is rela-

tively accurate as compared to the other methods. However its accuracy depends on

the number of basis elements (usually infinite number of basis functions) and control-

ling the round of errors is difficult. Moreover, the scarcity of sophisticated softwares

to manipulate this matrix limits its application. In this part of thesis the energy

splitting of the ground state as well as excited state is found by simple approach

employing our model Hamiltonian and wave functions.

1.2 Statement of the problem

In this chapter we recall some known results concerning the splitting of the ground

state energy of the symmetrical double well with the Hamiltonian

Ĥ = − ~2

2m∗
d2

dx2
+
m∗ω2

2
(|x| − a)2. (1.2.1)

Here a is a distance between the minima of the two parabolic wells, m∗ is the effective

mass of the particle, ω is the frequency, and x is a coordinate of the particle. It would
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be more convinent to introduce a dimensionless variable ξ =
√

m∗ω
~ x and rewrite

(1.2.1) in a more simple form

Ĥ

~ω
= −1

2

d2

dξ2
+

1

2

(
|ξ| − ξ0

)2

, ξ0 =

√
m∗ω

~
a. (1.2.2)

Further, for the sake of simplicity, we consider the case of ”far separated wells” when

the height of the barrier between wells V (0) = 1
2
m∗ω2a2 is much larger than the level

spacing ~ω. In the dimensionless variables, we obtain the following inequality

2V (0)

~ω
= ξ2

0 >> 1. (1.2.3)

The solution of the Schrödinger equation corresponding to Hamiltonian (1.2.2), we

seek in the form

ψ0 = c1ψ0L(ξ) + c2ψ0R(ξ), (1.2.4)

where {
ψ0L = ( 1

π
)

1
4 exp{−1

2
(ξ + ξ0)

2},
ψ0R = ( 1

π
)

1
4 exp{−1

2
(ξ − ξ0)

2}
(1.2.5)

are the ground state wave functions of the left (L) and right (R) wells with equilibrium

positions at ξ = ±ξ0.

1.3 The ground state energy doublet in parabolic

DQWs

For ”far” separated wells ξ2
0 >> 1, the functions 1.2.5 are practically localized in their

wells and correspond to the ground state energy E0

~ω
= 1

2
. The coefficients c1 and c2
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of the linear combination (1.2.4) satisfy the system of algebraic equations{
c1(H11 − E) + c2(H12 − sE) = 0,

c1(H21 − sE) + c2(H22 − E) = 0,
(1.3.1)

where, 
H11 =

∫
ψ0LHψ0Ldξ

H12 =
∫
ψ0LHψ0Rdξ

H21 =
∫
ψ0RHψ0Ldξ

H22 =
∫
ψ0RHψ0Rdξ

(1.3.2)

H11 =
( 1

π

) 1
2 ∫ 0

−∞
e−

1
2
(ξ+ξ0)2

(
− 1

2

d2

dξ2
+

1

2
(ξ + ξ0)

2
)
e−

1
2
(ξ+ξ0)2dξ

+
( 1

π

) 1
2

∫ ∞

0

e−
1
2
(ξ+ξ0)2

(
− 1

2

d2

dξ2
+

1

2
(ξ − ξ0)

2
)
e−

1
2
(ξ+ξ0)2dξ (1.3.3)

The Hamiltonian H11 can be separated in to kinetic K11 and potential V11 terms as

follows.

K11 = −1

2

( 1

π

) 1
2

∫ ∞

−∞
e−

1
2
(ξ+ξ0)2 d

2

dξ2
(e−

1
2
(ξ+ξ0)2)dξ (1.3.4)

The solution of this integral gives, K11 = 1
4

V11 =
1

2

( 1

π

) 1
2 ∫ 0

−∞
e−

1
2
(ξ+ξ0)2(ξ + ξ0)

2e−
1
2
(ξ+ξ0)2dξ

+
1

2

( 1

π

) 1
2

∫ ∞

0

e−
1
2
(ξ+ξ0)2(ξ − ξ0)

2e−
1
2
(ξ+ξ0)2dξ (1.3.5)

The solution of this integral is, V11 = 1
4
. Combining the solutions of the integral of

kinetic and potential energy terms,

H11 = H22 =
1

2
(1.3.6)
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The matrix element H12 of the Hamiltonian is,

H12 =
( 1

π

) 1
2 ∫ 0

−∞
e−

1
2
(ξ+ξ0)2

(
− 1

2

d2

dξ2
+

1

2
(ξ + ξ0)

2
)
e−

1
2
(ξ−ξ0)2dξ

+
( 1

π

) 1
2

∫ ∞

0

e−
1
2
(ξ+ξ0)2

(
− 1

2

d2

dξ2
+

1

2
(ξ − ξ0)

2
)
e−

1
2
(ξ−ξ0)2dξ (1.3.7)

The kinetic and potential part of this matrix element are,

K12 = −1

2

( 1

π

) 1
2

∫ ∞

−∞
e−

1
2
(ξ+ξ0)2 d

2

dξ2
(e−

1
2
(ξ−ξ0)2)dξ (1.3.8)

V12 =
1

2

( 1

π

) 1
2 ∫ 0

−∞
e−

1
2
(ξ+ξ0)2(ξ + ξ0)

2e−
1
2
(ξ−ξ0)2dξ +

1

2

( 1

π

) 1
2

∫ ∞

0

e−
1
2
(ξ+ξ0)2(ξ − ξ0)

2e−
1
2
(ξ−ξ0)2dξ (1.3.9)

After some manipulation of the integral we obtain,

K12 =
(1

4
− ξ2

0

2

)
e−ξ2

0 (1.3.10)

V12 =
(1

4
− ξ0√

π
+
ξ2
0

2

)
e−ξ2

0 (1.3.11)

Combining equation (1.3.10) and (1.3.11) the matrix element H12 or H21 is

H12 = H21 =
(1

2
− ξ0√

π

)
e−ξ2

0 (1.3.12)

The matrix elements of the Hamiltonian (1.2.2) on the wave functions (1.2.5) and the

overlapping integral s with account of ξ2
0 >> 1 are as follows

H11 = H22 = 1
2
,

H12 = H21 = − ξ0√
π
exp{−ξ2

0}
s =

∫
ψ0Lψ0Rdξ = exp{−ξ2

0}.

(1.3.13)
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The nontrivial solution of (1.3.1) is obtained from the condition of vanishing the

determinant of the system (1.3.1)∣∣∣∣∣H11 − E H12 − sE

H21 − sE H22 − E

∣∣∣∣∣ = 0. (1.3.14)

The solution (1.3.14) gives two energy levels of the ground state energy doublet ap-

pearing as a result of removing the double fold degeneracy of the ground state

Es,a
0 = ~ω

[1

2
± ξ0√

π
exp{−ξ2

0}
]
. (1.3.15)

Here the lower index of energy E stands for the ground state n = 0, the upper indexes

s and a relate to the following symmetrical and antisymmetrical functions

ψs,a =
1√
2

[
ψ0L(ξ)± ψ0R(ξ)

]
, (1.3.16)

where ψ0L(ξ) and ψ0R(ξ) are given by (1.2.5). The ground state energy doublet is

given by

∆E0 = Ea
0 − Es

0 = 2~ω
√

2V0

~ωπ
exp

{
− 2V0

~ω

}
. (1.3.17)

It coincides with limiting case ξ2
0 >> 1 of the known exact solution of the parabolic

double well [55]. Now we obtain the splitting of the ground state level with the help

of the method proposed by Landau [56]. According to this method the splitting ∆E0

is given by the formula

∆E0 =
2~2

m∗ ψs(0)
dψa(x)

dx

∣∣∣
x=0

. (1.3.18)

The usage of (1.3.18) with account of (1.3.16), (1.2.5) and x =
√

~
m∗ω

ξ gives exactly

the same result as (1.3.17). The expression (1.3.17) is the first doublet of energy of

the far separated parabolic double wells V (0)
~ω

>> 1.
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1.4 Tunneling property due to the splitting of ground

state energy level of parabolic DQWs

The frequency corresponding to the ground state energy splitting is, ∆E0

~ = ω
′

=

2ω
√

2V0

~ωπ
e−

2V0
~ω . The time taken for the system to change from its initial state to a

final state is given by, T = π
2ω

√
~ωπ
2V0

e
2V0
~ω and this clearly reveals that the particles

have exchanged in an entirely quantum mechanical fashion. The ratio of the time T

during which the exchange takes place to the period of harmonic oscillator is given

approximately by T ω
2π

= 1
4

√
~ωπ
2V0

e
2V0
~ω . If the barrier V0 is high compared to ~ω, the

tunneling is strongly inhibited by the presence of exponential factor.

The wave functions corresponding to energy E1 and E2 has a symmetric and

antisymmetric combinations of, ψ0L and ψ0R

ψ0(E1) =
1√
2
(ψ0L + ψ0R) (1.4.1)

ψ0(E2) =
1√
2
(ψ0L − ψ0R). (1.4.2)

Let us assume that the system is represented by ψ0(E1) at t = 0. At latter time,the

system has,

ψ0(E1, t0 = 0; t) =
1√
2
(e−

iE1t
~ ψ0L + e−

iE2t
~ ψ0R) (1.4.3)

Solving the above equation gives,

ψ0(E1, t0 = 0; t) =
1

2
√

2
e−

iE1t
~

[
ψ0L + e−

i(E2−E1)t
~ ψ0R + ψ0L + e−

i(E2−E1)t
~ ψ0R

]
(1.4.4)
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ψ0(E1, t0 = 0; t) =

1

2
√

2
e−

iE1t
~

[
ψ0L + ψ0R + e−iω

′
tψ0L + e−iω

′
tψ0R+

ψ0L − ψ0R + e−iω
′
tψ0R − e−iω

′
tψ0L

]
(1.4.5)

ψ0(E1, t0 = 0; t) =

1

2
√

2
e−i

E1t
~ e−i ω

′
t

2

[
(ψ0L + ψ0R)(ei ω

′
t

2 + e−i ω
′
t

2 )

+ (ψ0L − ψ0R)(ei ω
′
t

2 − e−i ω
′
t

2 )
]

(1.4.6)

ψ0(E1, t0 = 0; t) = e−
i(E1+E2)t

2~

[
(ψ0L + ψ0R)cos

ω
′
t

2
+ i(ψ0L − ψ0R)sin

ω
′
t

2

]
(1.4.7)

This clearly shows that the particle oscillates back and forth between states ψ0L +ψ0R

and ψ0L−ψ0R. This oscillatory behavior can also be considered from the view point of

tunneling in quantum mechanics. A particle initially confined to the right hand side

can tunnel through the classically forbidden region to the left hand side, then back to

the right hand side and so on. At time t = π~
E1−E2

the system is found in pure ψ0(E2).

At t = 2π~
E1−E2

the system come back to pure ψ0(E1) and so forth. Thus in general

the system has an oscillation between ψ0(E1) and ψ0(E2) with angular frequency

ω
′

= (E1−E2)
~ . For infinitely high barrier; the states ψ0L and ψ0R are degenerate,

so ψ0(E1) and ψ0(E2) are also energy eigenkets even though they are not parity

eigenkets. Once the system is found in ψ0(E1) it remains so forever (oscillation time

between ψ0L and ψ0R is now ∞). Here calculation for tunneling time is carried

out on typical AlGaAs/GaAs parabolic DQWs for ground state energy splitting.

The material parameters adopted are m∗ = 0.082m0 (m0 is the free electron mass),

ω = 1012s−1, and a = 100 nm. Fig. 1.1 describes the time taken for a particle to
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change a state from its initial state to a final state and the ratio of the time T during

which the exchange takes place to the period of harmonic oscillator for ground state

energy doublet. The tunneling time and the ratio of tunneling time to the period of

harmonic oscillator for the above parameters are (T = 1.333× 10−9s) and T ω
2π

= 209

respectively. The time taken for a particle to change a state depends on the height

or width of the barrier. A slight increase of the barrier height or width elongates the

time taken for a particle to oscillate between the two wells. This reveals that the time

taken to change a state is too large to the period of harmonic oscillator even in THz

regime. At visible frequency regime (1014− 1015)Hz the time taken to change a state

is the super astronomical.
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Figure 1.1: The time taken for the system to change from its initial state to a final
state and the ratio of the time during which the exchange takes place to the period of
harmonic oscillator.
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1.5 The first excited state energy doublet in parabolic

DQWs

Now we consider the splitting of the first excited state energy level. The wave func-

tions related to the left and right wells have the form

{
ψ11 = N1(x+ a)exp{−m∗ω

2~ (x+ a)2},
ψ12 = N1(x− a)exp{−m∗ω

2~ (x− a)2}.
(1.5.1)

with the normalization constant N1 =
(

2√
π

) 1
2
(

mω
~

) 3
4
. Using dimensionless variable,

equation (1.5.1) can be rewritten as ψ1L =
(

2√
π

) 1
2
(ξ + ξ0)exp{−(ξ + ξ0)

2},

ψ1R =
(

2√
π

) 1
2
(ξ − ξ0)exp{−(ξ − ξ0)

2}.
(1.5.2)

The matrix elements of the Hamiltonian for the first excited state are determined in

the same way as we did for the ground state. The matrix elements are,

H11 = 2
( 1

π

) 1
2

∫ 0

−∞
(ξ + ξ0)e−

1
2 (ξ+ξ0)2

(
−

1

2

d2

dξ2
+

1

2
(ξ + ξ0)2

)
(ξ + ξ0)e−

1
2 (ξ+ξ0)2dξ

+ 2
( 1

π

) 1
2

∫ ∞

0
(ξ + ξ0)e−

1
2 (ξ+ξ0)2

(
−

1

2

d2

dξ2
+

1

2
(ξ − ξ0)2

)
(ξ + ξ0)e−

1
2 (ξ+ξ0)2dξ (1.5.3)

This matrix element of the Hamiltonian can be separated in to kinetic and po-

tential terms for simplification. The kinetic part of this Hamiltonian matrix element

is,

K11 = −
( 1

π

) 1
2

∫ ∞

−∞
(ξ + ξ0)e

− 1
2
(ξ+ξ0)2 d

2

dξ2
(ξ + ξ0)(e

− 1
2
(ξ+ξ0)2)dξ (1.5.4)

After integration for we obtain, K11 = 3
4
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The potential term in H11 is,

V11 =
( 1

π

) 1
2 ∫ 0

−∞
(ξ + ξ0)e

− 1
2
(ξ+ξ0)2(ξ + ξ0)

2(ξ + ξ0)e
− 1

2
(ξ+ξ0)2dξ

+
( 1

π

) 1
2

∫ ∞

0

(ξ + ξ0)e
− 1

2
(ξ+ξ0)2(ξ − ξ0)

2(ξ + ξ0)e
− 1

2
(ξ+ξ0)2dξ (1.5.5)

The solution of this integral is, V11 = 3
4

The Hamiltonian matrix H11 is the sum of K11 and V11 and is given by,

H11 = K11 + V11 =
3

2
(1.5.6)

Similarly, the Hamiltonian matrix element H12 for the first excited state is,

H12 = 2
( 1

π

) 1
2

∫ 0

−∞
(ξ + ξ0)e−

1
2 (ξ+ξ0)2

(
−

1

2

d2

dξ2
+

1

2
(ξ + ξ0)2

)
(ξ − ξ0)e−

1
2 (ξ−ξ0)2dξ

+ 2
( 1

π

) 1
2

∫ ∞

0
(ξ + ξ0)e−

1
2 (ξ+ξ0)2

(
−

1

2

d2

dξ2
+

1

2
(ξ − ξ0)2

)
(ξ − ξ0)e−

1
2 (ξ−ξ0)2dξ (1.5.7)

K12 = −
( 1

π

) 1
2

∫ ∞

−∞
(ξ + ξ0)e

− 1
2
(ξ+ξ0)2 d

2

dξ2
(ξ − ξ0)(e

− 1
2
(ξ−ξ0)2)dξ (1.5.8)

After integration in (1.5.8) we get further

K12 =
(3

4
− 3ξ2

0 + ξ4
0

)
e−ξ2

0 . (1.5.9)

V12 =
( 1

π

) 1
2 ∫ 0

−∞
(ξ + ξ0)e

− 1
2
(ξ+ξ0)2(ξ + ξ0)

2)(ξ − ξ0)e
− 1

2
(ξ−ξ0)2dξ

+
( 1

π

) 1
2

∫ ∞

0

(ξ + ξ0)e
− 1

2
(ξ+ξ0)2(ξ − ξ0)

2)(ξ − ξ0)e
− 1

2
(ξ−ξ0)2dξ (1.5.10)

The solution of this integral for this potential term is,

V12 =
(3

4
− 2ξ0√

π
+

2ξ3
0√
π
− ξ4

0

)
e−ξ2

0 (1.5.11)
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The matrix elements of the Hamiltonian H12 or H21 are,

(3

2
− 3ξ2

0 −
2ξ0√
π

+
2ξ3

0√
π

)
e−ξ2

0 (1.5.12)

The matrix elements of the Hamiltonian (1.2.2) on the wave functions (1.5.2) and the

overlapping integral s with account of ξ2
0 >> 1

H11 = H22 = 3
2
,

H12 = H21 = (3
2
− 2 ξ0√

π
− 3ξ2

0 +
2ξ3

0√
π
)exp{−ξ2

0}

s =
∫
ψ1Lψ1Rdξ = [1− 2ξ2

0 ]exp{−ξ2
0}.

(1.5.13)

The nontrivial solution of this system is obtained from the condition of vanishing the

determinant ∣∣∣∣∣∣∣
H11 − E H12 − sE

H21 − sE H22 − E

∣∣∣∣∣∣∣ = 0. (1.5.14)

The solution (1.5.14) gives two energy levels of the excited state energy doublet

appearing as a result of removing the double fold degeneracy of the excited state

Es,a
1 = ~ω

(3

2
∓

(3

2
− 2ξ0√

π
− 3ξ2

0 +
2ξ3

0√
π

)
exp{−ξ2

0}
)
, (1.5.15)

with the above accepted approximation of the ”far” separated wells, the energy split-

ting of the first excited energy level is

∆E1 = Es
1 − Ea

1 = 8V0

√
2V0

~ωπ
exp

{
− 2V0

~ω

}
. (1.5.16)

The symmetric and antisymmetric wave functions describing energy levels of the first

excited state doublet (1.5.16) with account of (1.5.15) are given by

ψ1s,1a =
1√
2

[
ψ1L(x)± ψ1R(x)

]
. (1.5.17)
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It is interesting to compare this result with the splitting of the first excited state

obtained by the Landau method with the help of

∆E1 =
2~2

m∗ ψ1s(0)
dψ1a(x)

dx

∣∣∣
x=0

. (1.5.18)

The calculations according to (1.5.18) gives the same splitting as (1.5.16).

Now we compare splitting of the first excited level and ground state level

∆E1

∆E0

=
4V0

~ω
>> 1.

In the accepted approximation ~ω << V0, the splitting of the first excited level is

much larger then the splitting of the ground state level being exponentially small.

This is understandable because in the case of parabolic oscillator the width of the

barrier decreases with the number of level. In the case of arbitrary symmetric well,

we can see this from the known formula [56]

∆En =
~ωn

π
exp

(
− 1

~

∫ a

−a

|p(x)|dx
)
, (1.5.19)

where |p(x)| =
√

2m∗[V (x)− En], ωn is a frequency of the classical periodic motion

in the potential well V (x) for the energy En, ±a/2 is a turning points corresponding

to energy En (See Fig 1.2). It is clear that |p| decreases with the number of the level

and provides increasing in ∆En. Application of (1.5.19) to calculation of the splitting

∆E0 of the parabolic potential double well gives

∆E0 =
2~ω√
π

√
2V0

~ωπ
exp

{
− 2V0

~ω

}
.

This result differs from (1.3.17) by a factor 1√
π
∼ 1. For the excited levels the splitting

obtained with the help of (1.5.19) is ∆E1 = 2
3
√

3π
8V0

√
2V0

~ωπ
exp(−2V0

~ω
) and differs from

(1.5.16) by a factor 2
3
√

3π
. The ratio of the excited state energy splitting to the ground

state energy splitting is ' 1.5396( V0

~ω
) and greater than unity. So this result is also

approximately true.
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Figure 1.2: Potential of symmetric DQWs.

1.6 Tunneling between excited states and energy

splitting of parabolic DQWs

The frequency corresponding to excited state energy splitting is ω
′′

= 8V0

~

√
2V0

~ωπ
e
−2V0

~ω .

For the system to change from its initial excited state to final state; it takes a time

T
′ ≈ π~

8V0

√
~ωπ
2V0

e
2V0
~ω . Moreover the ratio of the time T

′
during which the exchange

takes place to the period of harmonic oscillator is given by ω
2π
T
′ ≈ ~ω

16V0

√
~ωπ
2V0

e
2V0
~ω .

The ratio of the frequency corresponding to excited state energy splitting to the

ground state energy splitting is, ω
′′

ω
′ = 4V0

~ω
⇒ ω

′′
= 4V0

~ω
ω
′
. This clearly shows the

frequency corresponding to the excited state energy splitting is slightly greater than

the frequency of ground state energy splitting. For the parameters adopted above the

tunneling time and the ratio of tunneling time to the period of harmonic oscillator
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of the excited state energy splitting are (T
′

= 9.194 × 10−11s) and T
′ ω
2π

= 14.64

respectively. The calculation reveals that the tunneling time for ground state energy

splitting is larger than the excited state energy splitting as it is expected. Fig.1.3

describes the time taken for a particle to change a state from its initial state to a

final state and the ratio of the time T
′
during which the exchange takes place to the

period of harmonic oscillator for excited state energy splitting.
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Figure 1.3: The time taken for the system to change from its initial state to a final
state and the ratio of the time during which the exchange takes place to the period of
harmonic oscillator.

1.7 Conclusion

Calculation of the frequency corresponding to the ground state energy splitting reveals

that tunneling takes place in the duration of short time when the frequency is in the

THz regime. Moreover the tunneling time for the excited state energy splitting is

too short to that of ground state energy splitting at THz regime. As a result the
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frequency corresponding to the excited state energy splitting is slightly larger than

the frequency of the ground state energy splitting. This is understandable because for

parabolic quantum double wells the barrier width becomes narrower for the excited

state energy levels.
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Chapter 2

The energy doublets in asymmetric
parabolic double quantum wells

In an asymmetric double well, the low lying energy levels related to the separate wells

usually do not coincide and there is no tunneling. By changing the parameters of the

double well, it is possible to organize a resonant levels with equal energies. In this case,

the tunneling considerably differs comparing to the tunneling between ground states

of the symmetric double well. This section is devoted to an analysis of tunneling and

radiation of a charged particle in a symmetric parabolic quantum double well with

a constant tuned electric field that makes it asymmetrical and arranges equal energy

levels in individual wells. Particularly, it is considered the case when the ground

state energy in one well coincides with the first excited state energy in another well.

If the typical life time of the excited state is much smaller than the tunneling time

between wells, the charged particle can radiate as a result of the quantum transition

from the excited state to the ground state. In the opposite case, the asymmetric

DQWs can be treated as a metastable excited nanosystem regardless of that the

dipole transition from the excited state to ground state is permitted. The lifetime of

this metastable state can be considerably reduced by putting the double well into a
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resonant cavity. The possibility of coherent radiation of an ensemble of asymmetric

DQWS is discussed.

2.1 Introduction

In this chapter, we consider the tunneling of a charged particle in an asymmetric dou-

ble well. Such a well can be formed by applying the gate voltage to the symmetrical

double well. For the sake of simplicity, we chose a parabolic double well. By tuning

the electric field it is possible to obtain coincidence of the ground state energy in one

well and the first excited state energy in other well and organize quantum tunneling

between these states. This tunneling differs from the tunneling between ground state

levels in a symmetric double well. In the asymmetric double well under consideration

the tunneling particle may execute a quantum transition from the excited state to

the ground one radiating the quanta of the electromagnetic energy with the frequency

much larger than the frequency of transitions between the doublet levels. Recently,

an efficient THz generation within multiple quantum wells has been reported in [57].

The quantum mechanical tunneling in symmetric double quantum wells is accompa-

nied by quantum transitions between the split levels, which is used in masers [58, 59].

The solution of the Schrödinger equation for the asymmetric double quantum wells

and finding the energy level splitting to such systems are more complex than the

symmetric ones.

Spontaneous emission from a two level atom tunneling in double well potential is

studied recently [60]. Below we analyze the peculiarities of the tunneling.
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2.2 Statement of the problem

Here, we consider a model problem. Let a particle possessing a charge e and an

effective mass m∗ be in the symmetric parabolic double well with an applied external

constant electric field F . The Schrödinger equation for this problem is

− ~2

2m
ψ
′′

+ [
m∗ω2

2
(|x| − a)2 − eFx]ψ = Eψ. (2.2.1)

Using dimensionless variable ξ =
√

m∗ω
~ x, we can rewrite (2.2.1) as follows ψ

′′
+ [ε− 2VL(ξ)]ψ = 0, −∞ < ξ ≤ 0,

ψ
′′

+ [ε− 2VR(ξ)]ψ = 0, 0 ≤ ξ <∞.
(2.2.2)

Here we introduced the potential energies of the left and right wells (see Fig 2.1)

 VL(ξ) = 1
2
[(ξ + ξ0 − b)2 + b(2ξ0 − b)],

VR(ξ) = 1
2
[(ξ − ξ0 − b)2 − b(2ξ0 + b)].

(2.2.3)

and the denotations ε = 2E
~ω

, b = eF
~ω

√
~

m∗ω
, ξ0 =

√
m∗ω

~ a.

2.3 The splitting of resonant levels of parabolic

DQWs with external electric field

From (2.2.3) one can see that electric field does not change the frequency of the

harmonic oscillators. It changes the positions of minima of the potential wells. New

positions of minima are −ξL = ξ0 − b and ξR = ξ0 + b, but the distance between

minima remains the same 2ξ0. At ξ = 0, the potential energy of the wells coincides

VL(0) = VR(0) ≡ V0 =
ξ2
0

2
as for the symmetric parabolic double well. Moreover, the
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Figure 2.1: Asymmetric double well (equation (3)). The low lying energy levels in the
left and right wells (equation (4)) do not coincide at arbitrary electric field. There is
no tunneling in this case.

right well, as a whole, goes down by b
2
(2ξ0 + b) and the left well is lifted by b

2
(2ξ0− b)

. This means that energy levels (which are equally spaced) of the left well are shifted

by 2bξ0 and do not coincide at arbitrary electric field as in the symmetric double well.

For the far separated left and right wells ξ0 >> 1, neglecting the tunneling between

the wells, we obtain the following system of the low lying energy levels with wave

functions localized in left and right wells:

 EL = (nL + 1
2
) + b

2
(2ξ0 − b),

ER = (nR + 1
2
)− b

2
(2ξ0 + b).

(2.3.1)

Here integers nL, nR = 0, 1, ... cannot be large and are restricted by the inequality

nL, nR <<
V (0)

~ω
. (2.3.2)
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Energy levels (2.3.1) relate to the separate left and right wells and does not coincide

even at very small electric fields. Therefore, the applied electric field violates the

tunneling condition. However, the tunneling between these new wells can be restored

by tuning the electric field in such a way that some energy levels coincide EL = ER

(see Fig. 2.2). This resonance condition specifies the electric field, which provides

the tunneling between two particular levels. For example, the tunneling between the

ground state energy level of the left well and the first excited energy level of the right

well is possible at b = 1
2ξ0

. The necessary electric field is given by the formula

F =
~ω
2ea

. (2.3.3)

Figure 2.2: The asymmetric double well with resonant levels: the ground state energy
of the left well coincides with the first excited state of the right well. The electron
captured by the left well tunneling in the right well.
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Now we calculate splitting of these coinciding levels. The normalized wave func-

tions related to them are given by the following expressions.

 ψL = ( 1
π
)

1
4 exp{−1

2
(ξ + ξL)2}, ξL = −ξ0 + 1

2ξ0
,

ψR = ( 2√
π
)

1
2 (ξ − ξR)exp{−1

2
(ξ − ξR)2}, ξR = ξ0 + 1

2ξ0
.

(2.3.4)

The functions (2.3.4) describe levels with the same energy ground state nL = 0 in the

left well and the first excited state nR = 1 in the right well provided that the electric

field is given by (2.3.3).

The wave functions of the Schrödinger equation (2.2.1), we will seek as the linear

combination of functions (2.3.4)

ψ = c1ψL + c2ψR. (2.3.5)

It is convenient to write down the Hamiltonian of Schrödinger equation (2.2.2)

Ĥψ = Eψ, Ĥ = −1

2

d2

dξ2
+

 VL(ξ) −∞ < ξ ≤ 0

VR(ξ) 0 ≤ ξ <∞
(2.3.6)

Multiplying the Schrödinger equation (2.3.6) by ψL and ψR according (2.3.4) and

integrating over dξ we obtain a system of two linear algebraic equations. c1(HLL − E) + c2(HLR − sE) = 0,

c1(HRL − sE) + c2(HRR − E) = 0,
(2.3.7)

were the matrix elements of the Hamiltonian (2.3.7) with respect to wave functions

(2.3.4) are 

HLL =
∫
ψLĤψLdξ

HLR =
∫
ψLĤψRdξ

HRL =
∫
ψRĤψLdξ

HRR =
∫
ψRĤψRdξ.

(2.3.8)
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HLL =
( 1√

π

)
∫ 0

−∞
e−

1
2
(ξ+ξL)2

(
− 1

2

d2

dξ2
+

1

2
(ξ + ξL)2 +

b

2
(2ξ0 − b)

)
e−

1
2
(ξ+ξL)2dξ

+
( 1

π

) 1
2

∫ ∞

0

e−
1
2
(ξ+ξL)2

(
− 1

2

d2

dξ2
+

1

2
(ξ − ξL)2

− b

2
(2ξ0 + b)

)
e−

1
2
(ξ+ξL)2dξ (2.3.9)

The integral of the kinetic term of this Hamiltonian is

KLL =
(
− 1

2

1√
π

) ∫ ∞

−∞
e−

1
2
(ξ+ξL)2 d

2

dξ2
e−

1
2
(ξ+ξL)2dξ (2.3.10)

Its solution is KLL = 1
4
.

The integral of the potential term for ξ2
0 >> 1 is

VLL =
(1

2

1√
π

) ∫ ∞

−∞
(ξ + ξL)2e−(ξ+ξL)2dξ +

1√
π

(
b

2
(2ξ0 − b)

∫ ∞

−∞
e−(ξ+ξL)2dξ. (2.3.11)

After some manipulation the solution of this integral is VLL = 1
4

+ b
2
(2ξ0 − b).

Combining the solutions of the integral of the kinetic and potential energy terms,

we obtain

HLL =
1

2
+
b

2
(2ξ0 − b) (2.3.12)

HRR =
( 2√

π

)
∫ 0

−∞
(ξ − ξR)e−

1
2
(ξ−ξR)2

(
− 1

2

d2

dξ2
+

1

2
(ξ + ξL)2

+
b

2
(2ξ0 − b)

)
(ξ − ξR)e−

1
2
(ξ−ξR)2dξ

+
( 2

π

) 1
2

∫ ∞

0

(ξ − ξR)e−
1
2
(ξ−ξR)2

(
− 1

2

d2

dξ2
+

1

2
(ξ − ξR)2

− b

2
(2ξ0 + b)

)
(ξ − ξR)e−

1
2
(ξ−ξR)2dξ (2.3.13)
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The integral of the kinetic term of this Hamiltonian is

KRR =
(
− 1√

π

) ∫ ∞

−∞
(ξ − ξR)e−

1
2
(ξ−ξR)2 d

2

dξ2
(ξ − ξR)e−

1
2
(ξ−ξR)2dξ (2.3.14)

Its solution is KRR = 3
2
.

The integral of the potential term for ξ2
0 >> 1 is

VRR =
( 1√

π

)
∫ ∞

−∞
(ξ − ξR)3e−(ξ−ξR)2dξ +

2√
π

(− b
2
(2ξ0 + b)

∫ ∞

−∞

(ξ − ξR)2e−(ξ−ξR)2dξ. (2.3.15)

Its solution is VRR = − b
2
(2ξ0 + b).

HRR is the sum of KRR and VRR and is given by

HLL =
3

2
− b

2
(2ξ0 + b). (2.3.16)

HLR =
−1

2

√
2

π

∫ ∞

−∞
ψL

d2

dξ2
ψRdξ

+
1

2

√
2

π

∫ 0

−∞
(ξ + ξL)2ψLψRdξ

+
1

2

√
2

π

∫ ∞

0

(ξ − ξR)2ψLψRdξ

+

√
2

π

b

2
(2ξ0 − b)

∫ 0

−∞
ψLψRdξ

−
√

2

π

b

2
(2ξ0 + b)

∫ ∞

0

ψLψRdξ, (2.3.17)

where ψLψR = e−ξ2
0(ξ − ξR)e−(ξ−b)2 .

KLR = −1

2

√
2

π

∫ ∞

−∞
ψL

d2

dξ2
ψRdξ. (2.3.18)
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Using integration by parts,

KLR =
1√
2π

∫ ∞

−∞

dψR

dξ

dψL

dξ
dξ =

1√
2π
e−ξ2

0

∫ ∞

−∞
(ξ + ξL)(ξ − ξR)2e−(ξ−b)2dξ (2.3.19)

, and solving this integral we obtain

KLR =
1√
2
e−ξ2

0

(3b

2
+ b2 − ξ0

2
− ξ0b

2 − bξ2
0 + ξ3

0

)
(2.3.20)

For ξ2
0 >> 1, taking only the leading terms

KLR = KRL =
1√
2
e−ξ2

0

(
ξ3
0 −

ξ0
2

)
(2.3.21)

The potential part of the Hamiltonian is

VLR =
1√
2π

∫ 0

−∞
(ξ + ξL)2ψLψRdξ

+
1√
2π

∫ ∞

0

(ξ − ξR)2ψLψRdξ

+
b

2
(2ξ0 − b)

√
2

π

∫ 0

−∞
ψLψRdξ

− b

2
(2ξ0 + b)

√
2

π

∫ ∞

0

ψLψRdξ (2.3.22)

Solving the integral and only taking the leading terms,

VLR = VRL =
1√
2
e−ξ2

0

(
− ξ0

2
− ξ3

0

)
(2.3.23)

The Hamiltonian (HLR) is both the sum of potential and kinetic energy terms and

given by

HLR = HRL = − ξ0√
2
e−ξ2

0 . (2.3.24)

Finally, the matrix elements of the Hamiltonian (2.2.2) and the overlapping integral
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are given by 

HLL = 1
2

+ b
2
(2ξ0 − b) = 1− 1

8ξ2
0
,

HRR == 3
2
− b

2
(2ξ0 + b) = 1− 1

8ξ2
0
,

HLR = HRL = − ξ0√
2
exp{−ξ2

0},

s =
∫
ψLψRdξ = −

√
2ξ0e

−ξ2
0 ..

(2.3.25)

In formulas (2.3.25), we used the ”tuned” electric field b = 1
2ξ0

. The solution of

these system can be determined by equating the determinant to zero. As it was

already discussed in chapter (1) the nontrivial solution of (2.3.7) is obtained from

the condition of vanishing determinant of system (2.3.7). Acting similarly as it was

solved for the ground and excited state of the symmetric double quantum well in the

previous chapters, we obtain the energies of the doublet of the asymmetric double

well with resonance condition b = 1
2ξ0

E1,2 = ~ω
(
1− 1

8ξ2
0

∓ ξ0√
2
exp{−ξ2

0}
)
. (2.3.26)

The energy splitting of the coinciding levels due to an appropriate applied constant

electric field is

∆E = E2 − E1 = 2~ω
√
V0

~ω
exp

{
− 2V0

~ω

}
. (2.3.27)

This result shows that splitting of the resonant levels ∆E/~ω ∼ exp(−ξ2
0) is exponen-

tially small. It is interesting to compare this result with the splitting of the ground

state level of the symmetric harmonic double well obtained by the different method

in [55, 56]. A comparison gives ∆E/∆E0 =
√
π/2 ' 1.25. The splitting (1.3.17) can

be obtained acting in same manner as above with the Hamiltonian of the symmetric

double well (no external electric field). This can be considered as a confirmation

of the result (2.3.27) obtained with the help of the known wave functions of ”far”

separated wells.

40



2.3.1 Tunneling and radiation in asymmetric DQWs with

resonant levels

In this section we show an analysis of tunneling and radiation of a charged particle in

a symmetric parabolic quantum double well with a constant tuned electric field that

makes the potential well asymmetric and arranges resonant levels with equal energy

in individual wells. The case when the ground state energy in one well coincides

with the first excited state energy in another well is considered. The splitting of

these resonant levels and the tunneling time are calculated. If the typical life time

of the excited state is much greater than the tunneling time, the asymmetric double

well can be treated as a metastable excited nanosystem regardless that the dipole

transition from the excited state to ground state is permitted. The lifetime of this

metastable state can be considerably reduced by putting it in to a resonant cavity.

The possibility of coherent radiation of an ensemble of asymmetric quantum double

well is discussed.

The time dependent wave functions, which describe the above obtained doublet

(2.3.27), may be written in the form

ψ(ξ, t) =
1√
2

[
e−

i
~ E1tψ1(ξ) + e−

i
~ E2tψ2(ξ)

]
, (2.3.28)

where E1 and E2 are the lower and upper energies of the doublet, ψ1 and ψ2 are the

wave functions of these energy levels . It is known that wave function (2.3.28)can be

rewritten as [55],

ψ(ξ, t) = e−
i(E1+E2)t

2~

[
ψL(ξ)cos

∆E

2~
t± iψR(ξ)sin

∆E

2~
t
]
, (2.3.29)

where ∆E is the splitting given by (2.3.27). This writing shows that the charged

particle in the asymmetric double well oscillates back and forth between the resonant
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states ψL and ψR with a frequency ω = ∆E/2~ in the left and right wells, respectively.

This oscillatory ”motion” can also be considered as a quantum mechanical tunneling.

The frequency corresponding to asymmetric energy doublet is ω
′′

= 2ω
√

V0

~ω
e
−2V0

~ω . For

the system to change from its initial state say (right well) to final state (left well);

it takes a time T
′′ ≈ π

2ω

√
~ω
2V0
e

2V0
~ω . Moreover, the ratio of the time T

′′
during which

the exchange takes place to the period of harmonic oscillator is given by ω
2π
T
′′ ≈

1
4

√
~ω
V0
e

2V0
~ω . For the parameters adopted above the tunneling time and the ratio of

tunneling time to the period of harmonic oscillator of an asymmetric energy doublet

are (T
′′

= 1.048 × 10−9s) and T
′′ ω

2π
= 166.8 respectively. This clearly shows the

tunneling time for asymmetric energy doublet is approximately comparable to the

ground state energy splitting.

Now it would be relevant to discuss how to realize the state of the asymmetric

double well with the tunneling electron. Let us consider the symmetric double well

that obtained if the electric field in (2.2.1) is set to be zero. The ground state of

this problem is the energy doublet (1.3.17) with the electron tunneling between the

wells. If we switch on a very weak but finite electric field, the resonance of the ground

state levels will be violated. The exponentially small splitting disappears. The level

in the left well will be slightly higher and the level in the right well will be slightly

lower comparing with the ground state energy at F = 0. The electron is captured

by the left or the right well with a probability 1/2. Increasing the electric field up

to the value (2.3.3), we meet the resonance condition of the ground state level in the

left well and the first excited state in the right well. If the electron was in the left

well, it will be in the tunneling regime. If it was in the right well, it will stay on the

ground state level. The probability of realization of these states is 1/2. If we have an
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ensemble of N � 1, half of them will be in the tunneling regime and can be treated

as excited states. Below we deal with this states.

The typical time of this motion is τt = 4π~/(∆E). With the help of (2.3.27), we

get

τt =
23/2π

ω

√
~ω
2V0

exp
{2V0

~ω

}
(2.3.30)

Relation (2.3.30) allows one to evaluate how much time the particle spends in one

of the wells. The particle ”sitting” in the right well may return back to the left well

but it may also perform a spontaneous quantum transition to the ground state of

the right quantum well with radiation of a quant ~ω (see Fig.2.3). Such a transition

occurs if the average life time of the first state of harmonic oscillator is much less

then τt. The average life time of the first state of a harmonic oscillator is known [61]

τ =
3c3~

4ω3d2
10

, (2.3.31)

where the d10 = e
√

~
m∗ω

is the matrix element of dipole transition of the harmonic

oscillator. Keeping in mind that 1/τt and 1/τ are the probabilities per unit time

of tunneling and spontaneous radiation, respectively, we introduce the probability of

tunneling

wt =
1/τt

1/τt + 1/τ
(2.3.32)

and the probability of spontaneous radiation

wr =
1/τ

1/τt + 1/τ
. (2.3.33)

The spontaneous radiation of the asymmetric parabolic double well takes place if

wr � wt or the following inequality holds true τt � τ . It is convenient to present the

last inequality in the form√
~ω
2V0

exp
{2V0

~ω

}
� 3

8
√

2π

c3m∗

e2ω
. (2.3.34)
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To solve the above inequality, it would be convenient to introduce ω = ω0 × 1013 Hz

and a = a0 × 10−6 cm. This means that we measure the frequency in 10 THz and

the length in 10 nm. Substituting the numerical values of the physical constants and

value of the typical effective mass of electron m∗ = 0.1me (me is the mass of a free

electron) as for GaAs, we obtain the simplified inequality

exp[x− 16.12] �
√
x, (2.3.35)

where x = ω0 × a2
0. It satisfies with x ≥ 20 and allows us to find the frequency ω

for a given a or vice versa. For example, exploiting the terra Hz frequency range,

we obtain that for 10 THz, a ≈ 45 nm and for 1 THz, a ≈ 140 nm. We can see

that realization of the above proposed mechanism of radiation of the resonant levels

requires the nanoscale DQWs.

With the help of (2.2.1) and above obtained ω and a one can estimate the gate

voltage U and corresponding strength of the electric field F required for formation

of the resonant levels in the DQWs. The results read: for 10 THz, a ≈ 45 nm,

U = 3.28 × 10−3 V and F = 729 V/cm; for 1THz, a ≈ 140 nm, U = 3.28 × 10−4 V

and F = 23.4 V/cm. These fields can be easily obtained in laboratory. It is necessary

to remember that formation of the resonant levels requires the fine tuning of the gate

voltage.

On the basis of the above reported, we can claim that the asymmetric quantum

double well with resonant levels: the ground state in one well and the excited one in

other well may be a source of spontaneous radiation in a THz frequency range. After

emission of the quantum ~ω from the right well, the electron stays in the ground state

of the right well. If we change the direction of the electric field, the system will be

again in the excited state during the time ∼ τ .
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Now we consider the case when inequality (2.3.34) is reversed. In the THz fre-

quency range for the accepted model it requires that a distance a between the wells

be smaller than (45 nm for ω = 1013/s and 140 nm for ω = 1012/s). In this case, the

electron ”tunnels” between the wells so fast that it has no time to make a quantum

transition in the right well from the first excited state to the ground state. In other

words, the system will be in the excited state with the electron tunneling between

the wells. We consider this state as a metastable nanosystem.

It is possible to force the system to emit the quantum ~ω if we put the asymmetric

quantum double well into a resonator with the electromagnetic radiation. In this case

the life time of the excited state radiation decreases and may be written in the form

[61]

τst = τr
ρ0(ω)

ρ0(ω) + ρ(ω)
, (2.3.36)

where τst is a typical time of the stimulated emission, ρ0(ω) = ~ω3/(π2c3) and ρ(ω)

is a density of the external radiation of a frequency ~ω. It is seen from (2.3.36) that

at ρ(ω) � ρ0(ω), the life time of the system with respect to stimulated radiation τst

can be made much smaller than the tunneling time τt (2.3.30).

It is necessary to note that a low lying energy levels of a harmonic oscillator

are equidistant with spacing ~ω. The splitting of resonant levels, which depend

on a number of a level, violets this equidistance. However, the other models of

asymmetrical quantum double wells (for example, rectangular quantum double well

with a gate voltage) do not poses the equidistant resonant levels and the problem of

reabsorption will be removed.

The possibility of the generation of the THz radiation in resonant tunneling struc-

tures with several quantum wells was discussed in [62]. Moreover, it is claimed in [63]
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that the combined effects of the static electric field and the THz coherent radiation

field can be useful in designing new optoelectronic devices.

2.3.2 Conclusion

In this paper, we obtained the condition of formation of the resonant levels for a

model a charged particle in a parabolic quantum double well with an applied electric

field. The tuned electric field provides the coincidence of the energies of the ground

state in one well with the energy of the first excited state in another well.

The account of degeneracy of the quantum states in the wells results in the splitting

of the two-fold degenerate level and in the tunneling of the particle between the wells.

The typical time of tunneling τt or the time being in one of the wells is calculated.

But unlike the tunneling of the particle in the ground state of a symmetric parabolic

quantum well now it may execute also a spontaneous quantum transition from the

excited state of the well with radiation of a quantum ~ω provided that τt is much

larger than the typical life time of the excited state τ . In the opposite case τt � t, the

asymmetric quantum double well under consideration may be treated as an metastable

nanosystem.

The radiation time τst of the asymmetric quantum double well with parameters

τt � τ placed into a resonator of the frequency ω may be made smaller than τ . At

large enough density of the stimulated radiation it is possible to get τst � τt. This

means that the metastable state of the nanosystem can be transformed in the dipole

radiating state.
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Chapter 3

Optical absorption coefficients and
refractive index in parabolic
asymmetric double quantum wells

The change in optical absorption coefficients and refractive index in GaAs/AlGaAs

parabolic double quantum wells (DQWs) with applied electric field are studied in

detail. Analytical expressions for the linear and nonlinear intersubband absorption

coefficients and refractive index changes are obtained by using compact density ma-

trix approach. Moreover, the calculated results show the incident optical intensity,

the frequencies of the confined potentials of the parabolic DQWs, the magnitude of

transition dipole moment and the applied electric field greatly change the absorption

coefficient and the refractive index of the system.

3.1 Introduction

In the past few years, theoretical analysis on changes in the absorption and refractive

index for intersubband optical transitions in single quantum wells, and semi parabolic

quantum well structures have been reported [64-66]. Linear changes in the absorption
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coefficients and refractive index in parabolic quantum well was discussed by S.L.

Chung and D. Ahn [67]. However according to our knowledge these optical properties

in parabolic DQWs were not studied in detail.

Asymmetric DQWs are used to the design of THz devices because their energies

can be tuned so that the intersubband transitions in the conduction band lie in the

THz range. In addition to that, the value of these transitions can be tailored by

changing the geometry of the well and also by introducing a constant electric field in

the growth direction of the layers.

We discuss the intersubband nonlinear absorption and refraction of asymmetric

DQWs designed for the THz range. The dependence of absorption on various pa-

rameters of the DQWs is studied. In particular different confinement frequencies

and intensities are considered. The linear and third order nonlinear absorption coef-

ficients are obtained by using perturbative calculation of the linear and third order

nonlinear susceptibility within density matrix approach. The intersubband linear and

nonlinear absorption coefficients and refraction index of an asymmetric DQWs can be

changed by the strength of resonant electric field which controls the asymmetry in the

structure and the width of the barrier between the wells that controls the coupling.

In this chapter the change in linear and nonlinear absorption coefficients and

refractive index changes are being studied theoretically in parabolic DQWs in the

presence of electric field. This chapter is organized as follows: in section 3.2 the ana-

lytical expressions of the three lowest transitions coming from the ground and excited

state of the right well and the ground state of the left well at resonance condition are

studied. Moreover the transition dipole moments for these three lowest transitions

among the energy levels are described. The optical absorption coefficients and the
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change in refractive index for conduction intrsubband transitions are presented in sec-

tion 3.3. Numerical calculations and detailed discussions for a typical GaAs/AlGaAs

DQWs are given in section 3.4. Finally a brief summary is given in section 3.5.

3.2 Statement of the problem

As it was briefly discussed in chapter 2 the energy doublets of asymmetric DQWS due

to tunneling at resonant condition are given by 2.3.26. The energy splitting of the

coinciding levels due to an appropriate applied constant electric field is also described

in 2.3.27. At resonance condition, when the small probability of tunneling is taken

into account the energy level E splits into two levels E1 and E2. The three lowest

transitions are demonstrated in Fig 3.1 with transition energy of
∆E01 = ~ω0

(
1−

√
V0

~ω0
exp{− 2V0

~ω0
}
)
,

∆E02 = ~ω0

(
1 +

√
V0

~ω0
exp{− 2V0

~ω0
}
)
,

∆E21 = 2~ω0

√
V0

~ω0
exp

{
− 2V0

~ω0

}
.

(3.2.1)

The linear and nonlinear intersubband optical properties of asymmetric DQWs

depend on the transition dipole matrix element between the relevant quantized states.

The dipole moment operator is µ̂ = −ex̂, and the transition dipole moment between

the two different energy levels i and j with (i = 0, 1) and (j = 1, 2) is given by

µij = 〈ψL(Ei)| − ex̂|ψR(Ej)〉, where (i 6= j). Solving for this matrix element yields

the result, 
µ01 = −e

√
~

m∗ω0

(
1
2

+ ξ0√
2
exp{−b2}

)
,

µ02 = −e
√

~
m∗ω0

(
− 1

2
+ ξ0√

2
exp{−b2}

)
,

µ12 = eb
√

~
m∗ω0

= e~
2m∗ω0a

= e
2ξ0

√
~

m∗ω0
.

(3.2.2)

where e the charge of electron and m∗ the effective mass of the particle.
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Figure 3.1: Potential profile of parabolic DQWs with constant electric field for possible
transitions at resonance condition .

3.3 The refractive index and absorption coefficient

Employing the density matrix approach and the iterative procedure the absorption

coefficients and index of refraction are calculated based on the first order χ(1) and

third order χ(3) optical susceptibilities. The system is excited by the electric field

ε̃(t) = εeiωt. The Hamiltonian Ĥ is decomposed in to two parts, the unperturbed

Hamiltonian Ĥ0 for one electron in the quantum well and the time dependent inter-

action potential V̂ (t) representing the perturbation.

Ĥ = Ĥ0 + V̂ (t) (3.3.1)

where V̂ (t) = −µ̂.ε̃(t).
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The density matrix is defined as

ρ̂ = |ψ〉〈ψ|. (3.3.2)

Including the phenomenological damping terms the time evolution for the density

matrix is

ρ̇nm =
−i
~

[Ĥ, ρ̂]nm − γnm(ρnm − ρeq
nm), (3.3.3)

where ρ̇nm is the nm element of ρ̇, ρeq
nm is the equilibrium value of ρnm, and γnm is

the decay rate of ρnm. The perturbation solution of this equation is found in [68-70].

The electric polarization of the quantum system due to Ẽ(t) can be expressed as,

~P (t) ≈ ε0χ
(1)(ω)ε(iωt) + ε0χ

(3)(ω)ε(iωt), (3.3.4)

where χ(1) and χ(3) are the linear and third-order nonlinear susceptibilities respec-

tively. Analytical expressions of the linear and nonlinear susceptibilities for a two

level quantum system are given as follows [71-73]. For the linear term,

ε0χ
(1)(ω) =

N |µij|2

∆Eij − ~ω − i~γij

. (3.3.5)

For the third-order term,

ε0χ(3)(ω) =
N |µij |2|E|2

∆Eij − ~ω − i~γij

[ 4|µij |2

(Eij − ~ω)2 + (~ω)2
−

(µjj − µii)
2

(∆Eij − i~γij)(∆Eij − ~ω − i~γij)

]
. (3.3.6)

where N is the number of carriers per unit surface. The change in refractive index

is related to the susceptibility

∆n(ω)

nr

= Re
χ(ω)

2n2
r

, (3.3.7)

where nr is the refractive index.
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By using equations (3.3.5)-(3.3.7),

∆n(1)(ω)

nr

=
N |µij|2

2n2
rε0

[ ∆Eij − ~ω
(∆Eij − ~ω)2 + (~γij)2

]
, (3.3.8)

∆n(3)(ω)

nr
=

−
µ

4n3
rε0

|µij |2
NI

[(∆Eij − ~ω)2 + (~γij)2]2

×
[
4(∆Eij − ~ω)|µij |2 −

(µjj − µii)
2

(∆Eij)2 + (~γij)2
{(∆Eij − ~ω)

× [∆Eij(∆Eij − ~ω)− (~γij)
2]− (~γij)

2(2∆Eij − ~ω)}
]
, (3.3.9)

where ∆Eij = Ej − Ei is the energy interval of two different electronic states, µij is

the dipole matrix element, µ permeability of the system and c is the speed of light in

vacuum. I is the incident optical intensity and defined as,

I = 2nr

µc
|ε(ω)|2.

The total refractive index change is written as,

∆n(ω)

nr

=
∆n(1)(ω)

nr

+
∆n(3)(ω)

nr

. (3.3.10)

Moreover, the absorption coefficient β(ω) is related to the susceptibility by,

β1(ω) =
ω

nr

√
µ

ε0

|µij|2N~γij

(∆Eij − ~ω)2 + (~γij)2
. (3.3.11)

β3(ω, I) = −
( Iω

ε20n2
rc2

)
×

|µij |2N~γij

[(∆Eij − ~ω)2 + (~γij)2]2

×
[
4|µij |2 −

|µjj − µii|2[∆E2
ij + 2∆Eij~γij − ~ω(∆Eij + ~γij)− ~2γ2

ij ]

∆E2
ij − (~γij)2

]
. (3.3.12)

And the total absorption coefficient is,

β(ω, I) = β1(ω) + β3(ω, I). (3.3.13)
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3.4 Results and discussions

In this section the change in refractive index and the absorption coefficients of three

lowest transitions are calculated numerically for GaAs/AlGaAs parabolic DQWs with

applied constant electric field at resonance condition. The parameters adopted in

this calculation are: the phenomenological damping constant γij = 5 × 1011/s, N =

1.0×1022m−3, the confinement frequency of the system (ω0=1 THz, 2 THz and 3THz),

the constant electric field with respect to the above frequencies, (ε = 2060 V
cm

, ε =

4121.2 V
cm

and ε = 6181.9 V
cm

), the transition energies and dipole moments for ω0 =1

THz are (∆E12 = 3.9052× 10−22J, ∆E01 = 4.6414× 10−22J, ∆E02 = 8.5466× 10−22J,

µ12 = 2.2157×10−27c-m, µ01 = −1.3314×10−27c-m and µ02 = 1.3314×10−27c-m); for

ω0 =2 THz are (∆E12 = 7.6982× 10−22J, ∆E01 = 9.3389× 10−22J, ∆E02 = 1.7037×

10−21J), µ12 = 1.1079 × 10−27c-m, µ01 = −9.4143 × 10−28c-m and µ02 = 9.4143 ×

10−28c-m); and for ω0 =3 THz are (∆E12 = 9.8565×10−22J, ∆E01 = 1.4854×10−21J,

∆E02 = 2.471×10−21J, µ12 = 7.3858×10−28c-m, µ01 = −7.6868×10−28c-m and µ02 =

7.6868×10−28c-m), m∗ = 0.1m0 (m0 is the free electron mass), the oscillation distance

between the wells a = 10nm, the potential barrier (V0 = 1
2
m∗ω2

0a
2) where ω0 is the

confinement frequency, the intensity (I = 7.1893×104W/cm2, I = 2.8757×105W/cm2

and I = 6.4704× 105W/cm2) for the above frequencies respectively and the medium

index of refraction nr = 3.2.

In Fig. 3.2, the change in linear index of refraction ∆n(1)(ω)
nr

, the change in third

order index of refraction ∆n(3)(ω)
nr

and the total change in index of refraction ∆n(ω)
nr

are plotted as a function of radiation energy for an incident optical intensity I =

7.1893 × 104W/cm2, confinement frequency ω0=1 THz, change in transition energy

∆E12 = 3.9052× 10−22J and the transition dipole moment µ12 = 2.2157× 10−27c-m.
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It can be observed that n(1)(ω) and n(3)(ω) as a function of ~ω are opposite in sign

and this behavior dominates the magnitude of the total change in index of refraction

greatly. For this transition the third order nonlinear refractive index has a very large

variation and is dominant over the linear refractive index as shown in Fig 3.2. This

greatly altered both the magnitude and sign of the total refractive index change.
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Figure 3.2: The change in linear and third order nonlinear index of refraction versus
photon energy with transition frequency(ω12 = ∆E12

~ = 9.387× 1012/s) .

In Fig 3.3 the change in linear index of refraction ∆n(1)(ω)
nr

, the change in third

order index of refraction ∆n(3)(ω)
nr

and the total change in index of refraction ∆n(ω)
nr

are shown as a function of radiation energy for an incident optical intensity I =

7.1893 × 104W/cm2, confinement frequency ω0=1 THz, change in energy ∆E01 =

4.6414×10−22J and the transition dipole moment µ01 = −1.3314×10−27c-m. Similarly

for this transition the total change in index of refraction is largely depend on large
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magnitude of the change in third order index of refraction as shown in Fig 3.3. More

over the total change in index of refraction for this transition is smaller than the

transition explained in Fig 3.3. This is due to large magnitude of a transition dipole

moment between the split states.
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Figure 3.3: The change in linear and third order nonlinear index of refraction versus
photon energy with transition frequency(ω01 = ∆E01

~ = 1.4146× 1013/s)

Similarly in Fig 3.4 the change in linear index of refraction ∆n(1)(ω)
nr

, the change

in third order index of refraction ∆n(3)(ω)
nr

and the total change in index of refraction

∆n(ω)
nr

are plotted as a function of radiation energy for an incident optical intensity

I = 7.1893×104W/cm2, confinement frequency ω0=1 THz, change in energy ∆E02 =

8.5466 × 10−22J and the transition dipole moment µ02 = 1.3314 × 10−27c-m. This

transition is almost the same as the transition described in Fig. 3.3 due to the same

magnitude of a transition dipole moment.
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Figure 3.4: The change in linear and third order nonlinear index of refraction versus
photon energy with transition frequency(ω02 = ∆E02

~ = 2.3534× 1013/s)

In Fig. 3.5, the change in linear absorption coefficient ∆β(1)(ω), the change in third

order nonlinear absorption coefficient ∆β(3)(ω) and the total absorption coefficient

∆β(ω) are plotted as a function of photon energy for an incident optical intensity

I = 7.1893×104W/cm2, confinement frequency ω0=1 THz, change in energy ∆E12 =

3.9052× 10−22J and the transition dipole moment µ12 = 2.215× 10−27c-m. It can be

observed that β(1)(ω) and β(3)(ω) as a function ~ω have a peak at the same position

due to the one photon resonance enhancement. Moreover linear change in absorption

coefficient produced by the imaginary part of χ(1) is opposite in sign to the nonlinear

change produced by the third order nonlinear susceptibility. The third order nonlinear

absorption coefficient at this frequency is three order larger than the linear absorption

coefficient. The total absorption coefficient is comparable to the third order nonlinear
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absorption coefficient. Aa a result the total change in absorption coefficient is large

in magnitude and negative in sign.
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Figure 3.5: The change in linear, third order nonlinear and total absorption coefficient
versus photon energy with transition frequency(ω12 = ∆E12

~ = 9.387× 1012/s).

Fig. 3.6 shows the change in linear absorption coefficient ∆β(1)(ω), the change in

third order nonlinear absorption coefficient ∆β(3)(ω) and the change in total absorp-

tion coefficient ∆β(ω) as a function of photon energy for the same incident optical

intensity I = 7.1893× 104W/cm2 and confinement frequency ω0=1 THz with change

in energy for optical transition ∆E01 = 4.6414 × 10−22J and the transition dipole

moment µ01 = −1.3314 × 10−27c-m. For this transition the third order non linear

absorption coefficient is five order greater than the linear absorption coefficient.

In Fig. 3.7 the change in linear absorption coefficient ∆β(1)(ω), the change in third

order nonlinear absorption coefficient ∆β(3)(ω) and the change in total absorption

57



 

0 1 2  3 4 5 6 7 8

x 10-22

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5
x 1014 

Photon energy hv (J)

C
ha

ng
e 

in
  a

bs
or

pt
io

n 
co

ef
fic

ie
nt

s 
(Δ
β)

 

 

)1(βΔ
)3(βΔ

βΔ

Figure 3.6: The change in linear, third order nonlinear and total absorption coefficient
versus photon energy for transition frequency(ω01 = ∆E01

~ = 1.4146× 1013/s).

coefficient ∆β(ω) are plotted as a function of photon energy for the same incident

optical intensity I = 7.1893× 104W/cm2 and confinement frequency ω0=1 THz with

change in energy for optical transition ∆E02 = 8.5466 × 10−22J and the transition

dipole moment µ02 = 1.3314 × 10−27c-m. For this transition the third order non

linear absorption coefficient is five order greater than the linear absorption coefficient.

This transition has almost the same magnitude of absorption coefficients with that

demonstrated in Fig. 3.4. At this frequency the third order nonlinear absorption

coefficient is too large.

In Fig. 3.8 the linear and the third order nonlinear refractive index changes

n(1)(ω) (Fig 3.8A) and n(3)(ω) (Fig 3.8B) are plotted as a function of photon energy

~ω for three confinement frequencies ω0= 1 THz, 2 THz and 3 THz respectively,
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Figure 3.7: The change in linear, third order nonlinear and total absorption coefficient
versus photon energy for transition frequency(ω02 = ∆E02

~ = 2.3534× 1013/s).

for the transition energy of (∆E12 = 3.9052× 10−22J, 7.6982× 10−22J, and 9.8565×

10−22J), the electric dipole moment µ12 = 2.2157×10−27 c-m, 1.1079×10−27 c-m and,

7.3858×10−28 c-m respectively, the resonant electric field (ε = 2060 V
cm

, 4121.2 V
cm

and

6181.9 V
cm

)and intensity (I = 7.1893× 104 W
cm2 , 2.8757× 105 W

cm2 and 6.4704× 105 W
cm2 )

with respect to the above given frequencies. This figure reveals that the change in

linear refractive index, the change in third order nonlinear refractive index, and in

turn the change in total index of refraction depend on the confinement frequency

of parabolic quantum double well. As a confinement frequency ω0 increased, the

resonant peak will shift to the right of the curve and as a result a strong confinement

creates a blue shift. The magnitude of linear and nonlinear refractive index in such a

system decrease by increasing the confinement frequency.
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Figure 3.8: The linear and third order refractive index versus photon energy for three
different values of ω0 = 1 THz, 2 THz and 3 THz.

In Fig. 3.9 the linear and the third order nonlinear absorption coefficients n(1)(ω)

(Fig 3.9A) and n(3)(ω) (Fig 3.9B) are plotted as a function of photon energy ~ω

for three confinement frequencies ω0= 1 THz, 2 THz and 3 THz respectively, for

the transition energy of (∆E12 = 3.9052 × 10−22J, 7.6982 × 10−22J, and 9.8565 ×

10−22J), the electric dipole moment µ12 = 2.2157×10−27 c-m, 1.1079×10−27 c-m and,

7.3858×10−28 c-m respectively, the resonant electric field (ε = 2060 V
cm

, 4121.2 V
cm

and

6181.9 V
cm

)and intensity (I = 7.1893× 104 W
cm2 , 2.8757× 105 W

cm2 and 6.4704× 105 W
cm2 )

with respect to the above given frequencies. This figure shows that the change in

absorption coefficient, the change in third order nonlinear absorption coefficient, and

in turn the change in total absorption coefficient depend on the confinement frequency

of parabolic quantum double wells. Increasing a confinement frequency ω0 creates a
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blue shift. However the magnitude of linear and nonlinear absorption coefficient

decrease by increasing the confinement frequency.
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Figure 3.9: The linear and third order nonlinear absorption coefficients versus photon
energy for three different values of ω0 = 1 THz, 2 THz and 3 THz.

In Fig. 3.10 the linear and the third order nonlinear refractive index changes

n(1)(ω) (Fig 3.10A) and n(3)(ω) (Fig 3.10B) are plotted as a function of photon energy

~ω for three confinement frequencies ω0= 1 THz, 2 THz and 3 THz respectively, for the

transition energy of (∆E01 = 4.6414× 10−22J, 9.3389× 10−22J, and 1.4854× 10−21J),

the electric dipole moment µ01 = −1.3314 × 10−27 c-m, −9.4143 × 10−28 c-m and,

−7.6868 × 10−28 c-m respectively, the resonant electric field (ε = 2060 V
cm

, 4121.2 V
cm

and 6181.9 V
cm

)and intensity (I = 7.1893×104 W
cm2 , 2.8757×105 W

cm2 and 6.4704×105 W
cm2 )

with respect to the above given frequencies. This figure reveals that the change in

linear refractive index, third order nonlinear refractive index, and in turn the total
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index of refraction depend on the confinement frequency of parabolic DQWs. As

a confinement frequency ω0 increased, the resonant peak will shift to the right of

the curve and as a result a strong confinement creates a blue shift. Fig. 10 reveals

that magnitude of linear refractive index decreases with increment of confinement

frequency. However the third order refractive index in such system remains constant

with increment of the confinement frequency.
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Figure 3.10: The linear and third order refractive index versus photon energy for three
different values of ω0 = 1 THz, 2 THz and 3 THz.

In Fig. 3.11 the linear and the third order nonlinear absorption coefficients n(1)(ω)

(Fig 3.11A) and n(3)(ω) (Fig 3.11B) are plotted as a function of photon energy ~ω

for three confinement frequencies ω0= 1 THz, 2 THz and 3 THz respectively, for the

transition energy of (∆E01 = 4.6414× 10−22J, 9.3389× 10−22J, and 1.4854× 10−21J),

the electric dipole moment µ01 = −1.3314 × 10−27 c-m, −9.4143 × 10−28 c-m and,
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−7.6868 × 10−28 c-m respectively,the resonant electric field (ε = 2060 V
cm

, 4121.2 V
cm

and 6181.9 V
cm

)and intensity (I = 7.1893 × 104 W
cm2 , 2.8757 × 105 W

cm2 and 6.4704 ×

105 W
cm2 ) with respect to the above given frequencies. This figure shows that the change

in absorption coefficient, the change in third order nonlinear absorption coefficient,

and in turn the change in total absorption coefficient depend on the confinement

frequency of parabolic quantum double wells. Increasing a confinement frequency ω0

creates a blue shift. However, increasing the confinement frequency does not affect

the magnitude linear and third order absorption coefficients.
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Figure 3.11: The linear and third order nonlinear absorption coefficients versus photon
energy for three different values of ω0 = 1 THz, 2 THz and 3 THz.

In Fig. 3.12 the linear and the third order nonlinear refractive index changes

n(1)(ω) (Fig 3.12A) and n(3)(ω) (Fig 3.12B) are plotted as a function of photon energy

~ω for three confinement frequencies ω0= 1 THz, 2 THz and 3 THz respectively, for the
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transition energy of (∆E02 = 8.5466×10−22J, 1.7037×10−21J, and 2.471×10−21J),the

electric dipole moment µ01 = 1.3314×10−27 c-m, 9.4143×10−28 c-m and, 7.6868×10−28

c-m respectively, the resonant electric field (ε = 2060 V
cm

, 4121.2 V
cm

and 6181.9 V
cm

)and

intensity (I = 7.1893×104 W
cm2 , 2.8757×105 W

cm2 and 6.4704×105 W
cm2 ) with respect to the

above given frequencies. This figure reveals that the change in linear refractive index,

third order nonlinear refractive index, and in turn the total index of refraction depend

on the confinement frequency of parabolic DQWs. As a confinement frequency ω0

increases, the resonant peak will shift to the right of the curve and as a result a strong

confinement creates a blue shift. The magnitude of linear refractive index in such a

system decrease by increasing the confinement frequency. However the magnitude of

third order nonlinear refractive index is not affected.
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Figure 3.12: The linear and third order refractive index versus photon energy for three
different values of ω0 = 1 THz, 2 THz and 3 THz.
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In Fig. 3.13 the linear and the third order nonlinear absorption coefficients n(1)(ω)

(Fig 3.13A) and n(3)(ω) (Fig 3.13B) are plotted as a function of photon energy ~ω

for three confinement frequencies ω0= 1 THz, 2 THz and 3 THz respectively, for the

transition energy of (∆E02 = 8.5466×10−22J, 1.7037×10−21J, and 2.471×10−21J), the

electric dipole moment µ12 = 1.3314×10−27 c-m, 9.4143×10−28 c-m and, 7.6868×10−28

c-m respectively,the resonant electric field (ε = 2060 V
cm

, 4121.2 V
cm

and 6181.9 V
cm

)and

intensity (I = 7.1893 × 104 W
cm2 , 2.8757 × 105 W

cm2 and 6.4704 × 105 W
cm2 ) with respect

to the above given frequencies. This figure shows that the change in absorption

coefficient, the change in third order nonlinear absorption coefficient, and in turn

the change in total absorption coefficient depend on the confinement frequency of

parabolic quantum double wells. Increasing a confinement frequency ω0 creates a

blue shift. However, the magnitude of linear and nonlinear absorption coefficients are

not affected by increasing the confinement frequency.

3.5 Conclusion

In this chapter we have derived the energy splitting due to quantum tunneling in

asymmetric parabolic DQWs as a result of constant applied electric field at resonant

condition. At resonant condition the ground state energy level of the left well coin-

cides with the excited state energy level of the right well and energy splitting takes

place due to tunneling. As the result three possible transitions takes place among the

ground state energy level and the two split state energy levels due to anti crossing

effect. We calculated the transition dipole moments (µ12, µ01 and µ02) between the

ground state in the right well and the two split states of the excited energy level in the
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Figure 3.13: The linear and third order nonlinear absorption coefficients versus photon
energy for three different values of ω0 = 1 THz, 2 THz and 3 THz.

left and right well due to tunneling. We also calculated the change in transition ener-

gies (∆E12, ∆E01 and ∆E02) for possible transitions. At the confinement frequency

ω0 = 1 THz, the calculated transition frequencies are ω12 = 0.592 THz, ω01 = 0.704

THz and ω02 = 1.296 THz. Moreover we have determined the analytical expressions

of absorption coefficients and refractive index changes for parabolic DQWs using the

compact density matrix approach. The calculation shows that a very large magni-

tude of change in third order nonlinear refraction index and absorption coefficients

are produced for all possible transitions. Due to this effect the magnitude of change

in total refractive index and absorption coefficients are negative in sign. As a confine-

ment frequency increases the maximum change in the index of refraction will move

to the right of the curve which predicts that a strong confinement induces blue shift
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of the resonant absorption in DQWs. These features make it a very good candidate

for nonlinear optical material. The total changes in absorption coefficients and index

of refraction are greatly influenced by third order nonlinear terms. Moreover, it is

observed that the variation of change in linear, nonlinear and total index of refrac-

tion and absorbtion coefficients extremely depend on the magnitude of the transition

dipole moment and transition energy between two different states. This result may

make a contribution to experimental studies and provide direction for practical ap-

plications such as tera hertz (THz) detectors, electro optical modulators and electro

optical switches. After all Figs. 3.2-3.4, 3.8, 3.10 and 3.12 indicate that it is possible

to achieve, with in some frequency ranges, negative values of the refractive index,

that is the media with asymmetric DQWs become left handed. This result is of great

importance for metamaterials science and can contribute substantially to the present

search for simple and inexpensive left handed media. However, to put this result in

the experimental context, further investigation of the same effects at realistic field

intensities would be necessary.
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Chapter 4

Two electron quantum dots with
parabolic confinement (low lying
para- and ortho- states)

Three low lying energy levels of 3D two-electron quantum dot (QD) with parabolic

confinement are obtained by the variational method. The proposed interpolation

formulas of the variation parameters allow one to recover the energy levels in the

wide range of the Coulomb interaction coupling constant. The quantum states of the

QD are divided into the para- and ortho- states like in the theory of helium atom. The

quantum transitions from the ortho- state to the para- state are possible only with

account of the spin-orbit interaction. At low temperatures an ensemble of the two-

electron QDs contains dots in the ground para- state and in the first excited ortho-

state, which are metastable. These QDs have the entangled spin wave functions that

relate to the EPR states desirable for the quantum information protocol.
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4.1 Introduction

The models of quantum wells and quantum dots (QDs) with one electron are widely

used in the nano physics [74, 75]. The modern technology provides possibility to

create QDs with two and more electrons where the Coulomb interaction between

them must be taken in to account [76]. Due to the nano scale localization of the

electrons the Coulomb interaction can exceed the average kinetic energy of electrons

that considerably complicates the analytic solution of the Schrodinger equation.

In this chapter, we consider three low lying states of the two-electron spherically

symmetric QDs with parabolic confinement. The Coulomb interaction in the typical

10 nm semiconductor QD cannot be treated as a small and the problem is solved

with the help of the variational method. The two-electron trial functions are chosen

on the bases of one-electron wave functions of the QD with parabolic confinement.

We calculated the energies of the first three states and carried out the classification

of the corresponding spectral terms.

At low temperatures T , (much smaller than the distance between the ground and

first excited states) the ensemble of QDs consists of dots in the para- and ortho- states.

The singlet spin wave functions correspond to the para- states. The triplet spin wave

functions correspond to the ortho- states. The lowest ortho- state is metastable.

The singlet spin wave function of the ground state and one of the triplet spin wave

functions associated with the lowest ortho- state relate to Einstein-Podolskii-Rosen

(EPR) states desirable for the quantum information protocols [86-89].

The Chapter is organized as follows. In Section 4.2, we introduce the variational

wave functions and explain the peculiarities of calculation of the variation parameters.

Sections 4.3 and 4.4 are devoted to calculation of the variation parameters and the
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energy levels of the QD. Section 4.5 discusses the para- and ortho- states of the

two-electron quantum dot. The Conclusion summarizes the results obtained and

discusses the hypothetic many-electron quantum dots manufactured from materials

with gigantic dielectric constants.

4.2 Statement of the problem

Two interacting electrons in 3D spherically symmetric quantum dot with the parabolic

confinement potential are described by the following dimensionless Hamiltonian

Ĥ = −1

2
∇2

1 −
1

2
∇2

2 +
1

2
(r2

1 + r2
2) +

λ

|~r1 − ~r2|
. (4.2.1)

Here the dimensionless coordinates of the first and second electrons r1 and r2 are

measured in units
√

~/(m∗ω) (m∗ is the effective mass of electron and ω is a frequency

of the confinement potential), λ = 1
ε

√
(Ry/~ω)m∗/m is the constant characterizing

the Coulomb interaction between electrons, ε is the dielectric constant of the quantum

dot. Keeping in mind that the Rydberg constant Ry = me4/~2 = 27.2 eV and setting

ω ≈ 10 THz, we obtain λ ' 20/ε. If we assume that ε ' 10 (GaAs) then λ ' 2.

This means that the Schrodinger equation corresponding to the Hamiltonian (4.2.1)

for the semiconductor QD cannot be solved with the help of the perturbation theory.

It requires variational or numerical methods. In this chapter we use the variational

method, which allows us to obtain analytic formulas.

The classification of the states of the two-electron QD is convenient to perform

with the help of the quantum numbers for noninteracting electrons. Due to the

symmetry of the problem we use the spherical coordinate system. The one-electron

wave functions are known [81]. The energy of the two-electron QD with noninteracting
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electrons can be written as

EN1N2 = N1 +N2 + 3 = 2(n1 + n2) + l1 + l2 + 3, (4.2.2)

where Ni = 2ni + li with ni = 0, 1, 2..., are the radial quantum numbers, li = 0, 1, 2...,

are the orbital quantum numbers, and mi = 0,±1,±2... ± li are magnetic quantum

numbers (i = 1, 2). The energy levels (4.2.2) are described by the symmetrized combi-

nations of products of the one-electron wave functions ψn1l1m1(r1, θ1, φ1)ψn2l2m2(r2, θ2, φ2).

The one-electron wave functions are presented in the standard form Rnl(r)Ylm(θ, φ).

The ground state of the QD corresponds to a set of quantum numbers {n1 = n2 =

0, l1 = l2 = 0,m1 = m2 = 0}. We choose the normalized ground state trial wave

function of the two-electron QD in the form

ψ0(~r1, ~r2) =
(α
π

) 3
2
exp{−α

2
(r2

1 + r2
2)}, (4.2.3)

where α is a variational parameter.

The following two sets of quantum numbers {n1 = n2 = 0, l1 = 1,m1 = 0,±1, l2 =

0,m2 = 0} and {n1 = n2 = 0, l1 = 0,m1 = 0, l2 = 1,m2 = 0,±1} correspond to

the first excited state. Below for the sake of simplicity, we consider only states with

m = 0.

The wave function of the first excited state is given by the symmetrized combina-

tion  ψs,a
1 (~r1, ~r2) = 1√

2
{ψ010(~r1)ψ000(~r2)± ψ010(~r2)ψ000(~r1)},

ψ010(r1)ψ000(r2) = N0 exp{−1
2
(βr2

1 + αr2
2)}r1cosθ1.

(4.2.4)

Here s and a stand for the symmetric and antisymmetric combinations, respec-

tively, N0 =
√

2α3/4β5/4

π3/2 is the normalization constant; β is one more variational pa-

rameter. It appears because the electrons are in different states.
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The following five sets of quantum numbers {n1 = n2 = 0, l1 = l2 = 1}; {n1 =

1, n2 = 0, l1 = l2 = 0}; {n1 = 0, n2 = 1, l1 = l2 = 0}; {n1 = 0, n2 = 0, l1 = 2, l2 =

0}; {n1 = 0, n2 = 0, l1 = 0, l2 = 2} correspond to the second excited state of the QD.

The trial wave function corresponding to the first set is

ψ
(1)
2 (~r1, ~r2) =

2β
5
2

π
3
2

e−
β
2
(r2

1+r2
2)r1cosθ1r2cosθ2. (4.2.5)

with the same variational parameter β as in (4.2.4). Four more trial wave functions

corresponding to the second, third, fourth and fifth sets of the quantum numbers are

 ψ
(2)s,a
2 (~r1, ~r2) = 1√

2
{ψ100(~r1)ψ000(~r2)± ψ100(~r2)ψ000(~r1)},

ψ100(~r1)ψ000(~r2) = N1

(
3

α+γ
− r2

1

)
e−

1
2
(γr2

1+αr2
2),

(4.2.6)

and  ψ
(3)s,a
2 (~r1, ~r2) = 1√

2
{ψ020(~r1)ψ000(~r2)± ψ020(~r2)ψ000(~r1)},

ψ020(~r1)ψ000(~r2) = N2e
− 1

2
(ηr2

1+αr2
2)r2

1(3cos
2θ1 − 1).

(4.2.7)

N1 =
[

4α
3
2 γ

7
2 (α+γ)2

3π3(5α2−2αγ+5γ2)

] 1
2

and N2 =
[

α
3
2 η

7
2

3π3

] 1
2

are the normalization constants.

The variational parameters α and β will be obtained after calculation of the ground

and second excited state energies with the help of wave functions (4.2.3) and (4.2.5),

respectively. The variational parameters γ and η will be obtained after calculating

the average of the Hamiltonian (4.2.1) with the help of the following wave functions

ψ
(1)
3 (~r1, ~r2) = N

(1)
3

2∏
i=1

( 3

α+ γ
− r2

i

)
e−

γ
2
r2
i , (4.2.8)

ψ
(2)
3 (~r1, ~r2) = N

(2)
3

2∏
i=1

e−
η
2
r2
i (3cos2θi − 1), (4.2.9)
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where N
(1)
3 = 4γ

7
2 (α+γ)2

3π
3
2 (5α2−2αγ+5γ2)

and N
(2)
3 = η

7
2

3π
3
2

are the normalization constants.

One can easily check that all these functions are mutually orthogonal. It is nec-

essary to note that ψ
(1)
3 (~r1, ~r2) contains two variational parameters α and γ. The

average energy calculated on this function E
(1)
3 (α, γ) depends on these parameters

as well. We take α from the calculations of the ground state energy and minimize

E
(1)
3 (α, γ) only with respect to γ.

For noninteracting electrons (λ = 0, γ = η = 1) wave functions (4.2.8) and (4.2.9)

relate to the fourth excited state of the QD. With account of the Coulomb interaction

(λ 6= 0) they describe different energies. In this paper, we use the trial functions with

one variational parameter. Such approach definitely gives good results for the ground

state of the QD. For the higher states the quantitative reliability of this approach

decreases. One can also argue that the style of the trial functions can change with

increasing of the interaction parameter λ. The limiting λ, after which the style of

the wave function changes considerably can be specified only by numeric solution of

the Schrodinger equation. It would be relevant to refer paper [82], where the ground

state energy of the 2D electron QD have been obtained with the help of one- two- and

three parameter variation functions and compared with the exact numerical solution.

It happened to be that for λ < 2 all these energies practically coincide. We use the

same Gaussian type of trial wave functions that allows us to hope our results are

reliable for the ground state and satisfactory for the first low lying levels for λ ' 2.

In the next sections we obtain the variational parameters α, β, γ, and η from the

minimization of the corresponding energies.
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4.3 Ground state of two-electron QD

The ground state of the two-electron QD is described by the symmetric wave function

(4.2.3). Calculating the average of the Hamiltonian (4.2.1) with this wave function

we obtain

E0(λ) =
3

2
(α+

1

α
) +K0. (4.3.1)

The first term represents the kinetic and potential energy of the non interacting

electrons in the parabolic potential well. The second term is the Coulomb interaction

of electrons in the ground state

K0 =

∫
ψ∗0(~r1, ~r2)

λ

r12
ψ0(~r1, ~r2)dv1dv2. (4.3.2)

For calculation of K0 we use the formula

1

r12

=
1

r1

∞∑
l=0

(r2
r1

)l

Pl(cosθ), r1 > r2,
1

r12
=

1

r2

∞∑
l=0

(r1
r2

)l

Pl(cosθ), r1 < r2,

(4.3.3)

where Pl(cosθ) is the Legendre polynomial, θ is the angle between ~r1 and ~r2. Accord-

ing to the addition theorem for spherical harmonics [83, 84]

Pl(cosθ) = Pl(cosθ1)Pl(cosθ2) + 2
l∑

m=1

(l −m)!

(l +m)!
Pm

l (cosθ1)P
m
l (cosθ2)cos m(φ1 − φ2),

(4.3.4)

where θ1, φ1 and θ2, φ2 are the polar angles of the vectors ~r1 and ~r2, respectively.

When the above formulas are substituted into (4.3.2) and integrated with respect to

φ1, φ2 and θ1, θ2, we obtain that the second term of (4.3.4) vanishes and contribution

into the integral comes out of P0(cosθ1) = P0(cosθ2) = 1. With usage of the wave

function (4.2.2), we obtain

K0 = λ
(α
π

)3

(4π)2

∫ ∞

0

[ ∫ r1

0

1

r1
e−α(r2

1+r2
2)r2

2dr2 +

∫ ∞

r1

1

r2
e−α(r2

1+r2
2)r2

2dr2

]
r2
1dr1.

(4.3.5)
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Table 4.1: The ground state energy E0 and variational parameter α for different λ.

λ 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
α 1.000 0.938 0.883 0.834 0.791 0.752 0.718 0.686 0.658

E0(λ) 3.000 3.393 3.773 4.143 4.502 4.852 5.194 5.529 5.855

Performing integration in (4.3.5), we get

K0 = λ

√
2α

π
. (4.3.6)

The variational parameter α, which provides the minimum of energy (4.3.1), is

obtained from the condition dE0(α)
dα

= 0. With account (4.3.5) it gives the following

equation

α2 +
λ

3

√
2

π
α

3
2 − 1 = 0. (4.3.7)

In the case λ = 0, the equation (4.3.7) has the solution α = 1. For λ� 1, (4.3.7) can

be solved with the help of expansion by small parameter (α = 1 + λα1 + λ2α2 + ...).

The result is

α = 1− λ

3
√

2π
+

λ2

18π
, λ� 1. (4.3.8)

Substituting (4.3.8) in (4.3.1) with account (4.3.6), we obtain the ground state energy

with the same accuracy

E0(λ) = 3 + λ

√
2

π
− λ2

12π
, λ� 1. (4.3.9)

If λ, is not small the equation (4.3.7) can be solved numerically. In Table 4.1, we

present the calculated ground state energy E0 and variational parameter α for differ-

ent λ.

With the help of equation (4.3.1) and numerical values α calculated for different
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λ we can propose the following interpolation formulas for the variational parameter

α(λ) =
1

1 + λ
3
√

2π

. (4.3.10)

One can check the ground state energy E0(λ) (4.3.1) of the two-electron QD with α

given by (4.3.10) is in excellent agreement with the data of Table 1.

4.4 First and second excited states

The first excited state wave functions (4.2.4) contain of the already calculated varia-

tional parameter α and still unknown variational parameter β. As it was mentioned

before, we find it with the help of wave function (4.2.5). The calculation of the aver-

age Hamiltonian (4.2.1) with the help of the wave function (4.2.5) gives the following

result

E
(1)
2 (λ) =

5

2
(β +

1

β
) +K

(1)
2 . (4.4.1)

The first term in this equation is the kinetic and potential energy of two noninteracting

electrons in the second excited state. The Coulomb interaction of two-electrons K
(1)
2

is given by the integral

K
(1)
2 =

∫
ψ

(1)∗
2 (~r1, ~r2)

λ

r12
ψ

(1)
2 (~r1, ~r2)dv1dv2. (4.4.2)

To calculate this integral we use (4.2.5), (4.3.3), (4.3.4) and the relation cos2θ1,2 =

1
3
[P0 + 2P2(cos θ1,2)]. The integration with respect to dφ1dφ2 kills the sum over m in

(4.3.4) and integration with respect to dθ1dθ2 gives a contribution from the Legendre

polynomials with l = 0, l = 2 only. The final result of integration in (4.4.2) is

K
(1)
2 =

49λ
√
β

30
√

2π
. (4.4.3)
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Table 4.2: The excited state energy E
(1)
2 and variational parameter α for different λ

when two electrons are in the state n = 0, l = 1,m = 0.

λ 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
β 1.000 0.968 0.939 0.911 0.885 0.860 0.837 0.815 0.794

E
(1)
2 (λ) 5.000 5.323 5.641 5.955 6.263 6.568 6.868 7.164 7.456

The variational parameter β is found from the condition
dE

(1)
2 (λ)

dβ
= 0 with the help of

(4.4.1) and (4.4.3). We obtain the following equation for β

β2 +
49λ

150
√

2π
β

3
2 − 1 = 0. (4.4.4)

At λ = 0, the equation (4.4.4) has the solution β = 1. For λ� 1 it can be solved by

expansion with respect to small parameter. The result is

β = 1− 49λ

300
√

2π
+

( 49

300

)2 λ2

2π
, λ� 1. (4.4.5)

The energy of the second excited state, which corresponds to the symmetric wave

function (5), with the same accuracy is

E
(1)
2 (λ) = 5 +

49λ

30
√

2π
− (49)2λ2

(300)28π
, λ� 1. (4.4.6)

In Table 4.2 we present the calculated excited state energy E
(1)
2 and variational pa-

rameter β for different values of λ.

For arbitrary λ, we can propose the following interpolation formula

β(λ) =
1

1 + 49λ
300

√
2π

. (4.4.7)

One can check the second excited state energy E
(1)
2 (λ) (4.4.1), (4.4.3) of the two-

electron QD with β given by (4.4.7) is in excellent agreement with the data of Table

2.
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Now we consider the first excited state of our QD, which correspond to the state

when one electron is in the ground state with n = 0, l = 0,m = 0 and the second

one is in the first excited state with n = 0, l = 1,m = 0 represented by symmetrized

wave function (4.2.4). The variation parameters α and β are given by the relations

(4.3.10) and (4.4.7), respectively. The calculation of the average Hamiltonian (4.2.1)

with the help of wave functions (4.2.4), polynomials expansions (4.3.3), and (4.3.4)

gives the following result

E
(s,a)
1 (λ) =

3

4
(α+

1

α
) +

5

4
(β +

1

β
) +K1 ± A1. (4.4.8)

K1 =

∫
|ψ010(~r1)|2

λ

r12
|ψ000(~r2)|2dv1dv2. (4.4.9)

A1 =

∫
ψ010(~r1)ψ000(~r1)

λ

r12
ψ010(~r2)ψ000(~r2)dv1dv2. (4.4.10)

After integration we get

K1 =
2λ

3
√
π

[√αβ(2α+ 3β)

(α+ β)
3
2

]
(4.4.11)

the energy of the Coulomb interaction between electrons and

A1 =
λ

3
√
π

( 8α
3
2β

5
2

(α+ β)
7
2

)
(4.4.12)

the exchange energy. In Table 4.3, we present the calculated energies E
(s)
1 (λ), E

(a)
1 (λ),

the Coulomb interaction energy K1, and the exchange energy A1, respectively, for

different λ using the calculated values of variational parameters α and β.

The second excited state of the two-electron QD can also be organized by putting

either one electron in the ground state with the energy 3/2 (n1 = 0, l1 = 0,m1 = 0)
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Table 4.3: The first excited state energies E
(s)
1 (λ), E

(a)
1 (λ), the Coulomb interaction

energy K1, and the exchange energy A1 for different λ using the values of variational
parameters α and β.

λ K1 A1 E
(s)
1 (λ) E

(a)
1 (λ)

0.5 0.326 0.066 4.396 4.264
1.0 0.638 0.131 4.785 4.524
1.5 0.939 0.194 5.1685 4.781
2.0 1.229 0.256 5.545 5.033
2.5 1.509 0.316 5.915 5.282
3.0 1.780 0.375 6.278 5.528
3.5 2.043 0.433 6.636 5.770
4.0 2.298 0.489 6.988 6.009

and another one in the excited state with the energy 7/2 (n2 = 1, l2 = 0,m2 = 0)

represented by a wave function (4.2.6) or putting one electron in the ground state

with the energy 3/2 (n1 = 0, l1 = 0,m1 = 0) and the other in the excited state with

the energy 7/2 (n2 = 0, l2 = 2,m2 = 0) described with the wave function (4.2.7). For

the noninteracting electrons its energy is 5. The variational parameters γ and η can

be determined from the wave functions (4.2.8) and (4.2.9) respectively.

The unknown variational parameter γ will be used below along with the already

known parameter α for constructing the second excited state variational wave function

of the two-electron QD. The calculation of the average Hamiltonian (4.2.1) with the

help of the wave function (4.2.8) gives the following result

E
(1)
3 (γ) =

1

2(5α2 − 2αγ + 5γ2)

[
γδ +

σ

γ

]
+K

(1)
3 , (4.4.13)

where δ = 11α2 + 10αγ + 35γ2 and σ = 35α2 + 10αγ + 11γ2. The first term in this

equation is the kinetic and potential energy of two noninteracting electrons in the

fourth excited state. The Coulomb interaction of two-electrons K
(1)
3 is given by the
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Table 4.4: The excited state energy E
(1)
3 (α, γ) and variational parameters α and γ

for different values of λ when two-electrons are in the state n = 1, l = 0, and m = 0.

λ 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
α 1.000 0.938 0.883 0.834 0.791 0.752 0.0.718 0.0.686 0.658
γ 1.000 0.974 0.947 0.920 0.894 0.869 0.844 0.820 0.798

E
(1)
3 (λ) 7.000 7.270 7.539 7.807 8.074 8.340 8.606 8.872 9.137

integral

K
(1)
3 =

∫
ψ

(1)∗
3 (~r1, ~r2)

λ

r12
ψ

(1)
3 (~r1, ~r2)dv1dv2, (4.4.14)

where ψ
(1)
3 (~r1, ~r2) is given by (4.2.8). To calculate this integral we use (4.3.3), (4.3.4),

(4.4.14) and the final result is

K
(1)
3 = λ

√
γ(755α4 − 868α3γ + 2178α2γ2 − 1540αγ3 + 1571γ4)

24
√

2π(5α2 − 2αγ + 5γ2)2
. (4.4.15)

The variational parameter γ is found from the condition
dE

(1)
3 (α,γ)

dγ
= 0 with the

help of (4.4.13) and (4.4.15). In Table 4.4, we present the calculated E
(1)
3 (α, γ) and

variational parameters α and γ for different λ.

For not very large λ (λ < 10) we can propose the following interpolation formulas

for γ(λ) and E
(1)
3 (λ)

γ(λ) = 1− 0.0531λ− 0.00053λ2 + 0.0003λ3, (4.4.16)

E
(1)
3 (λ) = 7 + 0.54183λ− 0.003λ2 + 0.0003λ3. (4.4.17)

Similarly the variational parameter η can also be used along with the already known

parameter α for constructing the second excited state variational wave function of the

two-electron QD. The calculation of the average Hamiltonian (4.2.1) with the help of
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Table 4.5: The excited state energy E
(2)
3 (λ) and variational parameter η for different

λ when two-electrons are in the state n = 0, l = 2,m = 0.

λ 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
η 1.000 0.945 0.896 0.852 0.812 0.776 0.743 0.713 0.686

E
(2)
3 (λ) 7.000 7.804 8.586 9.349 10.093 10.819 11.530 12.226 12.908

wave function (4.2.9) gives the following result.

E
(2)
3 (η) =

7

2
(η +

1

η
) +K

(2)
3 . (4.4.18)

The first term in this equation is the kinetic and potential energy of two noninteracting

electrons in the considered excited state. The Coulomb interaction of two-electrons

K
(2)
3 is given by the integral

K
(2)
3 =

∫
ψ

(2)∗
3 (~r1, ~r2)

λ

r12
ψ

(2)
3 (~r1, ~r2)dv1dv2, (4.4.19)

where ψ
(2)
3 (~r1, ~r2) is given by equation (4.2.9). With the help of (4.3.3), (4.3.4) and

(4.4.19) we obtain

K
(2)
3 = λ

229
√
η

56
√

2π
. (4.4.20)

The variational parameter η is found using (4.4.18) and (4.4.20) from the condition

∂E
(2)
3 (η)

∂η
= 0. It gives the following equation for η

η2 + λ
229

392
√

2π
η

3
2 − 1 = 0. (4.4.21)

In Table 4.5 we present the calculated excited state energy E
(2)
3 (λ) and variational

parameter η for different λ.
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For arbitrary λ we can propose the following interpolation formula for the varia-

tional parameter η.

η =
1

1 + λ 229
784

√
2π

. (4.4.22)

It is possible to check that the fourth excited state energy E
(2)
3 (λ) (4.4.18), (4.4.20)

of the two electron QD with η given by (4.4.22) is also in excellent agreement with

data of Table (4.5).

Now we consider the second excited state of our QD, which corresponds to the

state when one-electron in the ground state with n1 = 0, l1 = 0,m1 = 0 and the second

one in the excited state with n2 = 1, l2 = 0,m2 = 0 as described with symmetrized

wave function (4.2.6). The calculation of the average Hamiltonian (4.2.1) with the

help of wave functions (4.2.6) and Legendre polynomial expansions (4.3.3), (4.3.4)

gives the following result

E
(2)s,a
2 (λ) =

1

4

{
3α+

3

α
+

1

5α2 + 2αγ + 5γ2

[
γ(11α2 + 10αγ + 35γ2)

+
11γ2 + 10αγ + 35α2

γ

]}
+K2

2 ± A2
2. (4.4.23)

K
(2)
2 =

∫
|ψ100(~r1)|2

λ

r12
|ψ000(~r2)|2dv1dv2. (4.4.24)

A
(2)
2 =

∫
ψ100(~r1)ψ000(~r1)

λ

r12
ψ100(~r2)ψ000(~r2)dv1dv2. (4.4.25)

After integration we get the energy of the Coulomb interaction between electrons

K
(2)
2 = λ

2
√
αγ(8α2 − 4αγ + 15γ2)

3
√
π
√
α+ γ(5α2 − 2αγ + 5γ2)

, (4.4.26)
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Table 4.6: The excited state energies E
(2)s
2 (λ), E

(2)a
2 (λ), the Coulomb interaction

energy K
(2)
2 , and the exchange energy A

(2)
2 for different λ using the calculated values

of variational parameters α and γ.

λ K
(2)
2 A

(2)
2 E

(2)s
2 (λ) E

(2)a
2 (λ)

0.5 0.313 0.0505 5.387 5.286
1.0 0.619 0.102 5.769 5.565
1.5 0.918 0.153 6.145 5.839
2.0 1.209 0.204 6.560 6.152
2.5 1.492 0.254 6.932 6.425
3.0 1.767 0.303 7.298 6.692
3.5 2.034 0.351 7.656 6.955
4.0 2.294 0.398 8.008 7.213

and the exchange energy

A
(2)
2 = λ

8α
3
2γ

7
2

√
π(α+ γ)

5
2 (5α2 − 2αγ + 5γ2)

. (4.4.27)

In Table 4.6, we present the calculated energies E
(2)s
2 (λ), E

(2)a
2 (λ), the Coulomb

interaction energyK
(2)
2 , and the exchange energy A

(2)
2 , respectively, for different values

of λ using the values of variational parameters α and γ.

Finally, we consider the second excited state of our QD, which correspond to the

state when one electron is in the ground state with n1 = 0, l1 = 0,m1 = 0 and the

second one in the excited state with n2 = 0, l2 = 2,m2 = 0. The wave functions of this

state is given by (4.2.7). The variation parameters α and η are given by the relations

(4.3.10) and (4.4.22), respectively. The calculation of the average Hamiltonian (4.2.1)

with the help of wave functions (4.2.7) and expansions (4.3.3) and (4.3.4) gives the

following result

E
(3)s,a
2 (λ) =

3

4
(α+

1

α
) +

7

4
(η +

1

η
) +K3

2 ± A3
2. (4.4.28)
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K
(3)
2 =

∫
|ψ020(~r1)|2

λ

r12
|ψ000(~r2)|2dv1dv2, (4.4.29)

A
(3)
2 =

∫
ψ020(~r1)ψ000(~r1)

λ

r12
ψ020(~r2)

×ψ000(~r2)dv1dv2. (4.4.30)

After integration we get the energy of the Coulomb interaction between electrons

K
(3)
2 = λ

2α
3
2
√
η(15(α+ η)2 − 7α(α+ η)− 3αη)

15
√
πα(α+ η)

5
2

(4.4.31)

and the exchange energy

A
(3)
2 = λ

2α
3
2η

7
2

5
√
π(α+ η)

9
2

. (4.4.32)

In Table 5.7, we present the calculated energies E
(3)s
2 (λ) for the para-state with

total spin zero and E
(3)a
2 (λ) for the ortho-state with the total spin unit, the Coulomb

interaction energy K
(3)
2 , and the exchange energy A

(3)
2 , respectively, for different λ

using the calculated values of variational parameters α and η.

4.5 Para- and ortho- states of two-electron QD

with parabolic confinement

The total wave functions of the two-electron QD including spin variables must be

antisymmetric to permutation of electrons. In Section 4.2 we introduced the varia-

tion coordinate wave functions of our QD. The ground state wave function (4.2.3) is

symmetric with respect to interchange of the electron coordinates and requires the
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Table 4.7: The excited state energies E
(3)s
2 (λ), E

(3)a
2 (λ), the Coulomb interaction

energy K
(3)
2 , and the exchange energy A

(3)
2 for different λ using the calculated values

of variational parameters α and η.

λ K
(3)
2 A

(3)
2 E

(3)s
2 (λ) E

(3)a
2 (λ)

0.5 0.277 0.005 5.291 5.282
1.0 0.541 0.010 5.583 5.564
1.5 0.790 0.014 5.874 5.846
2.0 1.028 0.018 6.164 6.127
2.5 1.256 0.022 6.453 6.408
3.0 1.475 0.026 6.738 6.687
3.5 1.684 0.030 7.024 6.963
4.0 1.887 0.034 7.307 7.238

antisymmetric spin function

S
(a)
ent =

1√
2
(|↑1↓2〉− |↓1↑2〉). (4.5.1)

It is the entangled singlet state and (a) indicates ”antisymmetric”. Therefore, the

total ground state wave function is Ψ0(1, 2) = ψ0(~r1, ~r2)S
(a)
ent (1 and 2 denote the space

and spin variables of the first and second electrons, respectively). In agreement with

the theory of helium atom we call it para-state of the two-electron [85] QD.

All symmetric combinations of coordinate wave functions (4.2.4), (4.2.6), (4.2.7)

including function (4.2.5) require the antisymmetric spin functions (4.5.1). Those are

the singlet states with spin zero relating to the para states of the QD.

The antisymmetric combinations of the coordinate wave functions (4.2.4), (4.2.6),

(4.2.7) require the symmetric spin wave functions that organize the following triplet

S1 =|↑1〉 |↑2〉, S2 =|↓1〉 |↓2〉, (4.5.2)

S
(s)
ent =

1√
2
(|↑1↓2〉+ |↓1↑2〉). (4.5.3)
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The spin functions S1 and S2 corresponds to projections of spin ±1, respectively.

The spin function (4.5.3) is the symmetric entangled state corresponding to the spin

projection 0. The states (4.2.4), (4.2.6), (4.2.7) relate to the ortho-states.

The system of energy levels of the two-electron QD splits into two classes - singlet

(para-) and triplet (ortho-) accordingly to the symmetry of the spin functions like

in a helium atom. The transitions between the para- and ortho- states are possible

only with account of the spin-orbit interaction. The probability of such transitions is

very small. This allows us to claim that there are two ”modifications” of two-electron

QDs: para- and ortho-dots. In agreement with the spectroscopic nomenclature, we

can introduce the following spectral terms. Para states: ground state 1S0(ψ0 (3)),

first excited state 1P1(ψ
(s)
1 (4)), the second excited states: 1D2(ψ

1
2(5);

1S0(ψ
(2)s
2 (6));

1D2(ψ
(2)s
2 (7)). Ortho- states: lowest state 3P2(ψ

(a)
1 (4)) (metastable), the second ex-

cited states: 3S1(ψ
(2)a
2 (6)); 3D3(ψ

(2)a
2 (7)). These spectral terms do not coincide with

the ones of helium atom because in our case, the radial and orbital quantum numbers

n and l are independent. The energy levels of the two-electron QD schematically

depicted in Fig.4.1.

The most interesting characteristic of the energy levels of the two-electron QD

is that they are very close to linear functions of the parameter λ as it can be seen

from Fig.4.2. The familiar behavior was found for the ground state energy of 2D

two-electron QD in [82].

The calculated energies E0, E
(s)
1 , E

(a)
1 , E

(2)s
2 and E

(2)a
2 ) as a function of λ are

shown in Figure 5.2. Let us focuss on the lowest energy levels of the QD. For λ ≤ 1

the distance between the ground and first excited states ~ω with the typical ω = 1013

is order of T = 100K. At T � ~ω, the transition from ortho- state 3P2 to the
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Figure 4.1: Energy levels of para- and ortho- states of QD with λ = 1 (para- and
ortho- states are denoted by green and red lines, respectively).

ground para state 1S0 has very small probability and the ortho state can be treated

as metastable one. The ensemble of the two-electron QD at T � 100K contains ”para

dots” and ”ortho dots”. They posses the entangled spin functions S
(a,s)
ent = 1√

2
(|↑1↓2

〉∓ |↓1↑2〉) for a long enough time.

From Fig. 4.2, one can see that the energy levels of the ground- and the lowest

ortho- states getting closer with increment in λ. According to Section two for the

typical QDs λ < 2 that allows us to hope that the presented variational calculations

are reliable. As it was stated above the ensemble of two electron QDs according to our

theory contains para- and ortho- dots. We considered the parabolic potential with

the infinite confinement. The more realistic situation corresponds when the potential

barrier has a finite height U0. If ~ω � U0 then the low lying energy levels of the
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Figure 4.2: Energy of para- and ortho- states of QD versus λ.

two-electron QDs calculated above will be slightly affected due to the finite barrier

height. It is clear that at very low temperatures the ionization potential of the para-

dot is given by Ipara = U0−E0(λ) . At the same time, the ionization potential of the

ortho-dot is given by Iortho = U0 − Ea
1 (λ). The values of E0(λ) and Ea

1 (λ) are given

in Table1 and Table 3 ( see also Fig. 4.2). The ionization potential of the para-dot

is larger than the one of the ortho-dot. Their difference is ∆I = Ea
1 (λ)− E0(λ). For

example, using a typical value of λ = 2, we get ∆I = 5.3 THz.

These considerations remain true for any shape of the confining potential of QDs.

The measurements of the ionization potential of the QDs can confirm existence of two-

electron QDs with para- and ortho-states. As it was stated above the ensemble of two

electron QDs according to our theory contains para- and ortho- dots. We considered

the parabolic potential with the infinite confinement. The more realistic situation
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corresponds when the potential barrier has a finite height U0. If ~ω � U0 then

the low lying energy levels of the two-electron QDs calculated above will be slightly

affected due to the finite barrier height. It is clear that at very low temperatures the

ionization potential of the para- dot is given by Ipara = U0 − E0(λ) . At the same

time, the ionization potential of the ortho-dot is given by Iortho = U0 − Ea
1 (λ). The

values of E0(λ) and Ea
1 (λ) are given in Table1 and Table 3 ( see also Fig.4.2). The

ionization potential of the para-dot is larger than the one of the ortho-dot. Their

difference is ∆I = Ea
1 (λ)−E0(λ). For example, using a typical value of λ = 2 we get

∆I = 5.3 THz.

These considerations remain true for any shape of the confining potential of QDs.

The measurements of the ionization potential of the QDs can confirm existence of

two-electron QDs with para- and ortho-states.

4.6 Conclusion

We have calculated the first three energy levels of the two-electron QD with the

parabolic confinement by using the variational functions. The analysis of our nu-

meric calculations allowed us to propose the interpolation formulas for the variational

parameters that recover the energy levels for the typical parameters of the QDs.

There are two classes of the electron states in the two electron QDs: para- states

with total spin zero and ortho- states with total spin unit. The lowest energy level of

the ortho-state is metastable. We claim that experimental realization of the quantum

transition of the two-electron QDs will give para- and ortho- QDs. The lowest energy

state of the QD has the symmetric coordinate wave function and antisymmetric singlet

spin wave function 1S0 and relates to the para state. All para- states have total spin
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zero and should not manifest a multiple structure. These QDs must be related to

the para- QDs. The ortho- QDs have energy levels that form close triplets with the

total spin unit. The lowest energy state of the ortho-dot 3P2 is metastable. The only

transition from this state is 3P2 −→1 S0 with change of spin direction of one electron.

At low temperatures T � ~ω such a transition has low probability and we deal with

two types of the entangled spin states with S = 0 and S = 1.

It would be interesting to mention about the hypothetic QDs manufactured from

the materials with gigantic dielectric constant ε ∼ 103 [86]. The Coulomb interaction

in this case is practically negligible. The energy levels and wave functions of a such

many-electron system are well known that considerably simplify description of the

physical properties of such QDs.
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Chapter 5

Optical properties of two - electron

quantum dots with rigid

confinement

Two low lying energy levels of 3D two-electron quantum dot (QD) with rigid confine-

ment (the wave functions vanish at the surface of a QD) are obtained by the variational

method. Moreover, these energy levels for rigid confinement were computed, through

perturbation method. Similar to the parabolic confinement the quantum states of

the QD with rigid confinement are divided into the para- and ortho- states like in

the theory of helium atom. The optical properties of two electron QD are analyzed.

The absolute strength of the optical constants such as the real and imaginary part

of the dielectric constant, the index of refraction and the absorption coefficients for

two electron QD are comparable to that of one electron QD. However, blue shift is

observed in two electron QD.
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5.1 Introduction

A large number of theoretical and experimental work has been devoted to the study of

optical properties in low dimensional semiconductor microstructure with carrier con-

fined in one direction (quantum wells), and two dimensions (quantum wires) [87]. The

remarkable advancement in micro fabrication technology has now made it possible

to realize structures particularly with quantum confinement in all three dimensions

(quantum dots) [88, 89]. Some basic linear optical properties of QD’s are already

understood theoretically. The interband absorption spectrum should change from

continuous band to a set of discrete lines, as a size of crystallite is decreased [90].

The study of optical property in such QD structures is therefore considered to be

a subject of fundamental interest and significant attention has been developed to it

since last decade [91, 92]. A system of electrons fully confined in all three dimensions

will have discrete charge and electronic states, as do atoms and molecules [93]. As

we make semiconductor crystal smaller the physical properties change in many ways.

In a large crystal the overall shape and size of the crystal make little or no difference

to its internal properties [94]. As a crystal becomes smaller, however, the effect of

the surface becomes increasingly important. The most extreme consequence is that

as a fraction of atoms at the surface becomes larger, the arrangement of the nuclei

changes in order to relax the energy of the system as a whole [95]. In the case of

strong confinement the image force effects are very small and can be neglected since

the effects are not large enough to distort the wave functions significantly. So it is

very simple to calculate the single particle energy levels of the quantum dot. The

quantum confinement will split the bulk conduction and valence bands in to a series

of discrete energy shells in spherical quantum dot.
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QDs have been the subject of intense research studies over the last years. The

interest in these structures is motivated by the physical effects and the potential

device applications [101].

The two electron QD is an essential component for the preparation of entan-

gled electronic states and this entanglement has a potential use to secure quantum

communications protocol, quantum information processing and fundamental tests of

quantum mechanics. These new physical properties are due to the size quantization

effect of charge carriers [102, 103].

In this Chapter, we consider the low lying states of one and two-electron spherically

symmetric QDs with rigid confinement where the wave function is set to be zero on

the QD surface. The Coulomb interaction in the typical 10 nm semiconductor QDs

cannot be treated as a small. We solved the problem with the help of the variational

method and perturbation technique for hypothetic semiconductor QDs with large

dielectric constant.

Under experimental realization of the two-electron quantum dots one will obtain

two modifications of dots in the para and ortho states. But the strong Coulomb

interaction between electrons in the typical semiconductor quantum QDs can create

problems in tailoring such systems. It is worth attention to the materials with gigantic

dielectric functions [104]. The electrostatic interaction of electrons in quantum dots

made from this dielectrics can be very small. In this case, the two electron problem

can be treated with the help of the perturbation theory and clarify the influence of

the confinement on the structure of the wave functions.

This Chapter is organized as follows. In Section 5.2, we introduce the variational

wave functions and the peculiarities of calculation of the variation parameters. We
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also introduce the exact wave functions which, are used to determine the energies

through perturbation techniques. Section 5.3 and 5.4 are devoted to calculation of

the variation parameters and the energy levels of the QD. Moreover the energies

calculated by perturbation technique and variational method are compared. Section

5.5 discusses the para- and ortho- states of the two-electron quantum dot. Section

5.6 is devoted to the study of optical properties of the two electron GaAs QD and

comparing them with the known ones of the one electron GaAs QD.The Conclusion

summarizes the results obtained and discusses the hypothetic many-electron quantum

dots manufactured from materials with gigantic dielectric constants.

5.2 Statement of the problem

Two interacting electrons in 3D spherically symmetric quantum dot with the rigid con-

finement potential of a radius a are described by the following dimensionless Hamil-

tonian

Ĥ = −1

2
∇2

1 −
1

2
∇2

2 +
λ

|~r1 − ~r2|
. (5.2.1)

The dimensionless coordinates of the first and second electrons r1 and r2 are measured

in units of the radius of QD a, λ = 1
ε

e2m∗a
~2 is a coupling constant, and the energy is

measured in ~2

m∗a2 . Here m∗ is an effective mass of electron, e is its charge, ε is the

dielectric constant. In this model, the wave function must vanish on the surface of

the shpere. This type of confinement is called a rigid confinement.

Let us evaluate λ for a typical semiconductor. Using the following parameters

m∗ = 0.067m (m is the mass of free electron), ε = 10, we obtain λ = 1.5438× 106a.

For a = 10 nm =10−6 cm, λ = 1.5438. This means that the perturbation theory to
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the semiconductor two-dimension QD can be applied if a � 10 nm. For QD with

a ≈ 10 nm one has to use the numeric calculations or the variational method. It

requires variational or numerical methods. In this chapter we use the variational

method, which allows us to obtain analytic formulas.

The trial wave function when two electrons are in the ground state may be chosen

as

ψ0(~r1, ~r2) = Nn(1− rα
1 )(1− rα

2 ), (5.2.2)

where Nn = 6α2+27α+27
2α2 is the normalization constant and α is a variational parameter.

The wave function (5.2.2) vanishes on the surface of the QD when r1 = 1, r2 = 1.

This style of the wave function is dictated by the exact ground state wave function

of the one-electron QD [81]

ψ0 ∼
sinπr

r
. (5.2.3)

This function is nonzero at r → 0 and zero on the surface of the QD at r = 1. The

exact wave function of noninteracting electrons is

ψ0(~r1, ~r2) =
1

2π

sinπr1
r1

· sinπr2
r2

. (5.2.4)

The wave function of the first excited state is given by the symmetrized combina-

tion

ψ1(~r1, ~r2)
(s,a) =

1√
2
{ψ0(~r1)ψ1(~r2)± ψ0(~r2)ψ1(~r1)}, (5.2.5)

where, ψ0(~r1)ψ1(~r2) = Nl(1−rα
1 )r2(1−rβ

2 )cosθ2 withNl =
√

3
4π

(
6α2+27α+27

2α2

) 1
2
(

5(5+β)(5+2β)
2β2

) 1
2
.

Here s and a stand for the symmetric and antisymmetric combinations, respectively.

The exact function of the first excited state for rigid confinement when one electron

is in the ground state and the other electron is in the excited state. The corresponding
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wave function for small coupling constant λ is:

ψ1(~r1, ~r2) =
1√
2
[ψ0(~r1)ψ1(~r2))± ψ0(~r2)ψ1(~r1))]. (5.2.6)

Where ψ0(~r1) = N0
sinπr1

r1
, ψ1(~r2) = N1[

sinkr2

(kr2)2
− coskr2

kr2
]cosθ2 are the ground and first

excited states wave functions, respectively, N0 = 1√
2π

, N1 = 6.51011
√

3
4π

are the

normalization constants and k = 4.49341 is the second root of the spherical Bessel

function. These wave functions vanish at the surface of the quantum dot (ψ0(1) =

ψ1(1) = 0).

The trial wave function for the second excited state is chosen as

ψ(~r1, ~r2) = Nmr1(1− rβ
1 )r2(1− rβ

2 )cosθ1cosθ2, (5.2.7)

where Nm = 3
4π

5(5+β)(5+2β)
2β2 and β is the variational parameter.

5.3 Ground state of two-electron QD

Calculating the average of the Hamiltonian (5.2.1) with wave function (5.2.2), we

obtain the variation energy of the ground state Ev
0

Ev
0 = T +K0, (5.3.1)

where the first term is the average kinetic energy of electrons

T =
Nnα

2

2α+ 1
, (5.3.2)

the second term is the average energy of the Coulomb interaction

K0 = λ
8

3

α4N2
n(12α2 + 89α+ 124)

(3 + α)(3 + 2α)
∏4

j=0(5 + jα)
(5.3.3)
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where
∏

j stands for product with respect to j. For obtaining (5.2.6), we have to

calculate the integral

K0 =

∫
ψ∗0(~r1, ~r2)

λ

r12
ψ0(~r1, ~r2)dv1dv2, r12 = |~r1 − ~r2| (5.3.4)

with the wave function (5.2.2) and usage of the known Legendre polynomial expansion

1

r12

=
1

r1

∞∑
l=0

(r2
r1

)l

Pl(cosθ), r1 > r2,=
1

r2

∞∑
l=0

(r1
r2

)l

Pl(cosθ), r1 < r2.

(5.3.5)

Here θ is the angle between ~r1 and ~r2. According to the addition theorem for spherical

harmonics [83, 84] and

Pl(cosθ) = Pl(cosθ1)Pl(cosθ2) + 2
l∑

m=1

(l −m)!

(l +m)!
×Pm

l (cosθ1)P
m
l (cosθ2)cos m(φ1− φ2),

(5.3.6)

where θ1, φ1 and θ2, φ2 are the polar angles of the vectors ~r1 and ~r2, respectively.

When the above formulas are substituted into (5.3.4) and integrated with respect to

φ1, φ2 and θ1, θ2, we obtain that the second term of (5.3.6) vanishes and contribution

into the integral comes out of P0(cosθ1) = P0(cosθ2) = 1. With this in mind, we

obtain

K0 =

∫ 1

0

[ ∫ r1

0

1

r1
ψ2

0(~r1, ~r2)r
2
2dr2 +

∫ 1

r1

ψ2
0(~r1, ~r2)r2dr2

]
r2
1dr1. (5.3.7)

Performing the integration, we get (5.3.3).

The minimum of energy (5.3.1) is obtained from the condition
dEv

0 (α)

dα
= 0. In Table

6.1 we present the calculated values of the variational parameter α and the variational

ground state energy Ev
0 for different values of λ. It is interesting to note that the

trial function (5.2.2) gives ground state energy of two non interacting electrons Ev
0 =
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Table 5.1: The ground state energy Ev
0 and variational parameter α for different λ

λ 0 0.5 1 1.5 2 2.5 3 3.5 4
α 1.081 1.135 1.189 1.244 1.299 1.356 1.413 1.471 1.529

Ev
0 (λ) 9.993 10.875 11.752 12.623 13.490 14.352 15.209 16.062 16.910

9.99342. The exact wave function (5.2.4) of noninteracting electrons gives the ground

state energy E0 = π2. For interacting electrons it gives

E0(λ) = π2 ~2

m∗a2
+ 1.78607

e2

εa
. (5.3.8)

This yields the ground state energy which is below the energy calculated employing

the variational method below. The accuracy of the variational calculations with the

trial function (5.2.2) gives only 1.3% deviation from the exact value.

The analysis of the numerical data from Table 5.1 allows one to propose the

interpolation formula for calculation of the ground state energy of the two electron

QD with rigid confinement for 0 ≤ λ ≤ 4

Ev
0 = 9.9944

~2

m∗a2
+ 1.76049

e2

εa
. (5.3.9)

5.4 First excited state

The trial wave function for the state when both non interacting electrons are in the

first excited state may be chosen as

ψ(~r1, ~r2) = Nmr1(1− rβ
1 )r2(1− rβ

2 )cosθ1cosθ2, (5.4.1)
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Table 5.2: The excited state energy Ev
2 and variational parameter β for different λ

λ 0 0.5 1 1.5 2 2.5 3 3.5 4
β 0.371 0.392 0.413 0.434 0.456 0.477 0.499 0.521 0.543

Ev
2 (λ) 20.604 21.424 22.243 23.061 23.880 24.694 25.510 26.321 27.134

whereNm = 3
4π

5(5+β)(5+2β)
2β2 and β is the variational parameter. Calculating the average

of the Hamiltonian (5.2.1) with wave function (5.4.1) we obtain

Ev
2 = (5 + β)(5 + 2β)

[ 5

2(3 + 2β)
+

λ
∑4

n=0 anβ
n∏2

i=0(7 + iβ)
∏4

j=1(9 + jβ)

]
, (5.4.2)

where a0 = 152020, a1 = 129810, a2 = 39046, a3 = 4836 and a4 = 208. The minimum

of energy (5.4.2) is obtained from the condition
dEv

2 (β)

dβ
= 0. In table 6.2 we present

the variational parameter β and the calculated excited state energy Ev
2 for different

values of λ. It is interesting to note that the trial function (5.4.1) gives excited state

energy of two non interacting electrons Ev
2 = 20.604. The exact wave function for non

interacting electrons gives the energy Ep
2 = 20.25. The accuracy of the variational

calculations with the trial function (5.4.1) gives only 1.72% deviation from the exact

value.

Keeping in mind the above obtained variational parameters α and β (tables 3 and

4) the symmetrized first excited state wave function of the two electron quantum dot

can be written as

ψ(~r1, ~r2)
(s,a) =

1√
2
{ψ0(~r1)ψ1(~r2)± ψ0(~r2)ψ1(~r1)}, (5.4.3)

where, ψ0(~r1)ψ1(~r2) = Nl(1−rα
1 )r2(1−rβ

2 )cosθ2 withNl =
√

3
4π

(
6α2+27α+27

2α2

) 1
2
(

5(5+β)(5+2β)
2β2

) 1
2
.

The variation parameters α and β relates to the ground and excited state wave func-

tions and are the roots of equations
dEv

0 (λ)

dα
= 0 (with Ev

0 given by (5.3.1) and
dEv

2 (λ)

dβ
= 0
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(with Ev
2 given by (5.4.2).

Calculating the average of the Hamiltonian (5.2.1) with the help of trial wave

function (5.4.3) and expanding 1/r12 in spherical harmonics as (5.3.5) we obtain the

energy of the first excited state of the two electron quantum dot.

The calculation of the average Hamiltonian (5.2.1) with the help of the sym-

metrized wave function (5.2.2) gives the following result

Ev
1 (α, β) =

(α+ 1)(6α2 + 27α+ 27)

4(2α2 + 3α+ 1)
+

5(5 + β)(5 + 2β)

4(3 + 2β)
+K1 ± A1, (5.4.4)

K1 =

∫
|ψ1(~r1)|2

λ

r12
|ψ0(~r2)|2dv1dv2, (5.4.5)

A1 =

∫
ψ1(~r1)ψ0(~r1)

λ

r12
ψ1(~r2)× ψ0(~r2)dv1dv2. (5.4.6)

After integration we get

K1 =
3λ

16α2β2
Nk(C +D + E), (5.4.7)

with

C =
32

21
+

7 + 3α∏2
i=1(7 + iα)

− 15(1 + α)∏2
i=1(3 + iα)

, (5.4.8)

D =
10(7 + 3β)

3
∏2

i=1(7 + iβ)
− 40

6 + 5α+ α2

( 7 + α+ 3β∏2
i=1(7 + α+ iβ)

)
, (5.4.9)

E =
10

3 + 5α+ 2α2

( 7 + 2α+ 3β∏2
i=1(7 + 2α+ iβ)

)
− 10α2(5 + 3β)

(2 + 3α+ α2)
∏2

i=1(5 + iβ)
. (5.4.10)

The energy of exchange interaction A is given by

A =
5λ

4α2β2
Nk(F +G+H), (5.4.11)
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Table 5.3: The excited state energy E
(s)
1 , and E

(a)
1 variational parameters α and β,

the normal Coulomb interaction energy K1, and the exchange energy A1 for different
λ
λ K1 A1 E

(s)v
1 (λ) E

(a)v
1 (λ)

0 0 0 15.299 15.299
0.5 0.798 0.176 16.275 15.922
1 1.591 0.353 17.249 16.543

1.5 2.380 0.530 18.223 17.163
2 3.164 0.707 19.195 17.780

2.5 3.944 0.885 20.165 18.396
3 4.719 1.062 21.134 19.009

3.5 5.491 1.240 22.101 19.621
4 6.258 1.418 23.067 20.230

with

F =
2α2(17 + 2α)

35(5 + α)
∏2

i=1(7 + iα)
− 5α(α− 1)

3(α− 3)(2 + α)(5 + β)
, (5.4.12)

G =
203 + 38β

15
∏2

i=1(7 + iβ)
+

4

21 + 6α+ 6β
+

α(5 + α)

3(6 + 5α+ α2)(5 + α+ β)
, (5.4.13)

H =
6(7 + α+ β)− 3(20 + α(7 + α)(7 + 2α+ β))

(2 + α)(5 + α)
∏2

i=1(7 + β + iα)
+

24

(−9 + α2)(7 + α+ 2β)
,

(5.4.14)

Nk =
2∏

i=1

(3 + iα)
2∏

j=1

(5 + jβ). (5.4.15)

Now we consider the energy of the exact first excited state (5.2.6) for rigid con-

finement when one electron is in the ground state and the other electron is in the

excited state. For solving the problem we have to use the general formula (5.3.5) to

expand 1/r12 in spherical harmonics. The expectation value of the normal interaction

energy between electrons (5.4.5) and expanding 1/r12 in spherical harmonics (5.3.5)
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becomes

K = 84.76λ

∫ 1

0

{ sin2πr1

r3
1

∫ r1

0

( sinkr2

(kr2)2
−

coskr2

kr2

)2
r2
2dr2 +

sin2πr1

r2
1

∫ 1

r1

( sinkr2

(kr2)2
−

coskr2

kr2

)2
r2dr2

}
r2
1dr1 (5.4.16)

Integration in (5.4.16)is performed with the help of Mathematica and yields

K = 1.62159
e2

εa
. (5.4.17)

Similarly when the two states ψ0(~r1) and ψ1(~r2) relate to electrons in the ground and

first excited state, the exchange energy can also be found by employing equations

(5.4.11) and (5.2.5) and (5.4.16). The result is

A = 0.359655
e2

εa
. (5.4.18)

The calculation of the Hamiltonian (5.2.1) with the help of symmetrized wave function

(5.2.6) yields

E1 =
(π2

2
+

4.52

2

) ~2

m∗a2
+ 1.62159

e2

εa
± 0.359655

e2

εa
. (5.4.19)

In table 6.4. the ground state energies (5.3.9) and (5.4.1) and excited state energies

(5.4.5) and (5.4.19), which are obtained by employing the variational method with

trial wave functions (5.2.2) and (5.2.5) and perturbation technique with exact wave

functions (5.2.4) and (5.2.6) are compared, respectively.

5.5 Para- and ortho- states of two-electron QD

The total wave functions of the two-electron QD including spin variables must be

antisymmetric to permutation of electrons. In Section 2 we introduced the variation

coordinate wave functions of our QD. The ground state wave function (5.2.2) or (5.2.3)
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Table 5.4: Comparison of the ground state energies (5.3.9), (5.4.1) and excited state
energies (5.4.5) and (5.4.19) obtained by variational method and perturbation tech-
nique.

λ Ep
0 EV

0 E
(s)p
1 E

(a)p
1 E

(s)v
1 (λ) E

(a)v
1 (λ)

0 9.899 9.993 15.059 15.059 15.298 15.298
0.5 10.763 10.875 16.054 15.691 16.275 15.922
1 11.656 11.752 17.041 16.322 17.249 16.543

1.5 12.549 12.623 18.032 16.953 18.223 17.163
2 13.442 13.490 19.022 17.584 19.195 17.780

2.5 14.335 14.352 20.013 18.215 20.165 18.396
3 15.228 15.209 21.004 18.846 21.134 19.009

3.5 16.121 16.061 21.994 19.477 22.101 19.621
4 17.014 16.910 22.985 20.108 23.067 20.230

is symmetric with respect to interchange of the electron coordinates and requires the

antisymmetric spin function 4.5.1. Therefore, the total ground state wave function is

Ψ0(1, 2) = ψ0(~r1, ~r2)S
(a)
ent (1 and 2 denote the space and spin variables of the first and

second electrons, respectively). It belongs to para-state of the two-electron QD.

All symmetric combinations of coordinate wave functions; (5.2.5) and (5.2.6) re-

quire the antisymmetric spin functions (4.5.1). Those are the singlet states with spin

zero relating to the para states of the QD.

The antisymmetric combinations of the coordinate wave functions variational wave

functions (5.2.5) and exact wave functions (5.2.6) require the symmetric spin wave

functions that organize the triplet described in (4.5.2) and (4.5.3).

The spin function (4.5.3) is the symmetric entangled state corresponding to the

spin projection 0. The states (5.2.5)and (5.2.6) relate to the ortho-states.

Similar to the parabolic confinement the system of energy levels of the two-electron

QD in rigid confinement splits into two classes - singlet (para-) and triplet (ortho-)
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accordingly to the symmetry of the spin functions like in a helium atom. Only under

the condition of the spin-orbit interaction the transition between these two different

states is possible. The probability of such transition is very small. This confirms that

there are two ”modifications” of two-electron QDs: para- and ortho-dots.

The most interesting characteristic of the energy levels of the two-electron QD is

that they are very close to linear functions of the parameter λ as it is seen from Fig.5.1.

The familiar behavior was found for the ground state energy of 2D two-electron QD

in [82]. Moreover, for large dielectric constant (ε ≥ 102) the perturbation technique

gives a good result as compared to the variational method. This is understandable

since the perturbation technique is more applicable when the coupling constant is

very small (λ� 1) and the variation function does not coincides with the exact one

at λ→ 0.

The calculated energies E0, E
(s)
1 , and E

(a)
1 as a function of λ are shown in Figure

5.1. Let us focuss on the lowest energy levels of the QD. For λ ≤ 1 the distance

between the ground and first excited states ~ω with the typical ω = 1013 is order of

T = 100K. At T � ~ω, the transition from ortho- state to the ground para state

has very small probability and the ortho state can be treated as metastable one. The

ensemble of the two-electron QD at T � 100K contains ”para dots” and ”ortho

dots”. They posses the entangled spin functions S
(a,s)
ent = 1√

2
(|↑1↓2〉∓ |↓1↑2〉) for a

long enough time.

From Fig. 5.1 one can see that the energy levels of the ground- and the lowest

ortho- states getting closer with increment in λ. According to Section two for the

typical QDs λ < 2 that allows us to hope that the presented variational calculations

are reliable.
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Figure 5.1: Energy of para- and ortho- states of QD versus λ.

5.6 Linear optical properties of GaAs QD with two

electrons

If the QD with energy levels is subjected to an oscillating electric field, the perturbing

Hamiltonian Ĥ(t) = Hpe
iωpt, induces a transition from the initial state i of energy Ei

to the final state f of energy Ef . Using Fermi’s golden rule, the transition probability

for the QD [100] is

W (ω) =
2π

~
e2A2

0

m∗2c2
|Pcv|2

1

V
ρ0D, (5.6.1)

where, A0 is the amplitude of the vector potential, Pcv is the moment matrix element

between the valence and conduction band, V is the volume of the QD and ρ0D is the

joint density of states for a spherical quantum dot. The moment matrix element is
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described as [88]

|Pcv|2 =
3m2

eEx(Ex + ∆x0)

2(3Ex + 2∆x0)

( 1

m∗
e

− 1

me

)
, (5.6.2)

where, Ex is the band gap of the QD, ∆x0 the spin- orbit splitting of valence bands,

m∗
e is the electron effective mass, and me is the electron mass. For 2.8 nm radius

of spherical GaAs quantum dot with one electron Ex = 2.16 eV. For a QD with

two electrons the energy difference between the ground and the first excited para-

state is Ex = 2.1962 eV including the Coulomb interaction and the exchange energy.

We assume that ∆x0 = 0.34 eV is the same for one and two electron QDs and

m∗
e = 0.067me.

The optical absorption coefficient α(ω) is proportional to a number of optical

transitions per unit volume and time. It is given by the absorbed energy per unit

time ~ωW (ω) divided by the energy flux
A2

0ω

λ
=

A2
0ω2n(ω)

2πc
, α(ω) = ~ωW (ω)

A2
0ω2n(ω)

2πc or

α(ω) =
1

V

4π2e2

m∗2ωn(ω)c
|Pcv|2ρ0D, (5.6.3)

where n(ω) is the real part of refractive index, which depends on frequency. The

optical absorption coefficient relates to the imaginary part of the susceptibility χ(ω)

can also be written as

α(ω) =
4πω

cn(ω)
Imχ. (5.6.4)

Relating equation (5.6.3) and (5.6.4) we obtain,

Imχ =
f

V

∑
n,l

(2l + 1)δ(E − Ee
nl − Eh

nl), (5.6.5)

where Ee
nl and Eh

nl are energy levels of electrons and holes, f = 2πe2~2

m∗2E2 |Pcv|2.

In the vicinity of the resonance the dielectric constant (ε = ε1 + iε2) for the

quantum dot is [88],

ε = ε∞ +
β(δ + i)

1 + δ2
, (5.6.6)
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where β = 4πf
~ΓxV

and δ = ~Ω−~ω
~Γx

with ~ω being the photon energy, ~Ω = Ex being the

lowest transition energy, ~Γx = Eb being the broadening, and ε∞ the back ground

dielectric constant. The real and imaginary parts of the dielectric constant for a

quantum dot are given by

ε1 − ε∞ =
(9πe2~2Ex(Ex + ∆x0)

EbR3E2(3Ex + ∆x0)

)(me −m∗
e

mem∗
e

)( (Ex − E)/Eb

1 + ((Ex − E)/Eb)2

)
, (5.6.7)

ε2 =
(9πe2~2Ex(Ex + ∆x0)

EbR3E2(3Ex + ∆x0)

)(me −m∗
e

mem∗
e

)( 1

1 + ((Ex − E)/Eb)2

)
. (5.6.8)

The refractive index and the absorption coefficient can be written as

nr(ω) =
(1

2
ε1(ω) +

1

2

{
[ε1(ω)]2 + [ε2(ω)]2

} 1
2
) 1

2
, (5.6.9)

α(ω) =
ωε2(ω)

c
(

1
2
ε1(ω) + 1

2

{
[ε1(ω)]2 + [ε2(ω)]2

} 1
2
) 1

2

. (5.6.10)

The graphs in Fig. 5.2 are drawn according to (5.6.7) and (5.6.8) for two electron

QDs, with Ex = 2.1962 eV, Eb = 0.5 meV, ε∞ = 10, ∆x0 = 0.34 eV and the radius

of QD R = 2.8 nm. They show the real and imaginary part of the dielectric constant.

There is a blue shift in energy by ∆E = 0.0362 eV as compared to the energy of one

electron QD due to the Coulomb interaction and exchange energy of two electrons.

The absolute values of the refractive index and the absorption coefficient for

two electron QD are practically the same as for one electron QD. Figures 3A and

3B demonstrate the refractive index and absorption coefficient respectively. These

graphes are drawn according to (5.6.9) and (5.6.10).

One can see from Fig. 5.3 that both nr(ω) and α(ω) are considerably large at

the resonant frequency and may be utilized for intensive application in designing of
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Figure 5.2: Real and imaginary part of dielectric constant for GaAs QD with two
electrons versus to photon energy

optoelectronic devices. There are practically no difference between these quantities

for one and two electron QDs. From Fig. 5.4 follows that reducing the size of the

dot increases the energy gap and results in blue shift for both one and two electron

QDs. Energy difference between the ground and excited states show that a blue shift

in the case of two electron QD is larger than that of one electron QD. This is due

to the increment of the coupling constant λ with radius of the QD. This behavior is

illustrated in Fig. 5.4A and Fig. 5.4B
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Figure 5.3: Refractive index (A) and absorption coefficient (B) versus photon energy
for GaAs quantum dot with two electrons

5.7 Conclusion

We have calculated the first two energy levels of the two-electron QD with the rigid

confinement by using the variational method (λ is not small) and perturbation tech-

nique (λ� 1).

There are two classes of the electron states in the two electron QDs: para- states

with total spin zero and ortho- states with total spin unit. The lowest energy level of

the ortho-state is metastable. We claim that experimental realization of the quantum

transition of the two-electron QDs will give para- and ortho- QDs. The lowest energy

state of the QD has the symmetric coordinate wave function and antisymmetric singlet

spin wave function 1S0 and relates to the para state. All para- states have total spin

zero and should not manifest a multiple structure. These QDs must be related to
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the para- QDs. The ortho- QDs have energy levels that form close triplets with the

total spin unit. The lowest energy state of the ortho-dot 3P2 is metastable. The only

transition from this state is 3P2 −→1 S0 with change of spin direction of one electron.

At low temperatures T � ~ω such a transition has low probability and we deal with

two types of the entangled spin states with S = 0 and S = 1.

The linear absorption spectrum will be rigorously a series of lines. The change

in absorption coefficient and index of refraction could be very large. Blue shift ex-

hibited in the case of two electron QD is larger than that of one electron QD. This

enhancement comes from the Coulomb interaction energy. Reducing the size of a QD

induces a blue shift for both one and two electron QDs. But the blue shift in the

case of two electron QD is larger than that one electron QD due to the interaction

between electrons.
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Chapter 6

Summary and Outlook

In this dissertation we have described the asymmetric DQWs with resonant levels.

The splitting of these levels and tunneling times were calculated. When the tunneling

time is much smaller than the average life time of the excited state, a charged particle

makes a quantum transition from the excited state to the ground state by emitting a

photon energy ~ω. However for the reverse process the particle tunnels between the

wells so fast that it has no time to make a quantum transition from the excited state to

the ground state. In such a case we consider the system as a metastable nanosystem.

The stimulated radiation time τst of asymmetric DQWs with parameters τt � τ

placed into resonator of the frequency ω may be made considerably smaller than the

tunneling time τt. In such a case the metastable state of the nanosystem can be

transformed into the dipole radiating state.

We have also determined the change in linear and third order refractive index and

absorption coefficients using density matrix approach. In the given THz frequency

range the total change in refractive index and absorption coefficients has a negative

value. This indicate that it is possible to achieve, within some frequency range,
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negative values of refractive index. As a result the media with asymmetric DQWs

become left handed. This finding is of great importance for metamaterials science

and can contribute substantially to the present search for simple and inexpensive left

handed media.

Moreover we considered three and two low lying energy levels of 3D 2EQD with

parabolic confinement and rigid confinement respectively using variational method

and perturbation technique. The analysis of our numerical calculation allowed us

propose interpolation formulas for the variational parameters that recover the energy

levels for the typical parameters of the QDs. The calculation shows that there are

two classes of electron states in the 2eQDs: para-states with the total spin equal to

zero and ortho-states with the total spin equal to unit. The lowest energy level of

the ortho-state is metastable. All para-states have the total spin equal to zero and

should not manifest multiplet structure. The experimental realization of an ensemble

of 2eQDs gives the para- and ortho QDs. The quantum transition from the ortho-state

to para-state requires change of the spin direction of one electron. At low temperature

the transition between these states are possible only with account of the spin-orbit

interaction and have very small probability. This allows us to claim that there are

two ”modifications” of 2eQDs: para- and ortho-dots. The para- and ortho- QDs have

different ionization potentials. The measurement of these potentials can also confirm

the existence of 2eQDs.

With the help of the obtained energy levels of 2eQD for the case of rigid con-

finement, we calculated the real and imaginary part of the dielectric constant, the

refractive index and absorption coefficient as a function of the incident photon energy.

The maxima of these quantities show the blue shift comparing with the 1eQD due to
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the Coulomb and exchange interaction between electrons. Reducing the size of the

QDs results in the blue shift of the maxima of the above quantities for both 1- and

2eQD due to the Coulomb interaction.

For the future further work is required to study the nonlinear optical properties of

two electron QDs using the calculated para- and ortho- state energies in this thesis.

Moreover we are very interested to study the quantum mechanical and optical (linear

and nonlinear) properties of three, four, five, six and many controllable number of

electron QDs with the help of different numerical approaches.
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