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Abstract

Animportant role in applications of quantum chromodynamics to hadronic physics
is played by charmonium and bottomomium which are built up of a heavy quark
and heavy antiquark. In this work, we calculate the mass spectrum of charmonium
for 1P, ..., 3P states of 0t" , 17t and 17, as well as for 18, ..., 4S states of 0~ ", and
1§, ..., 5D states of 1~ along with the two-photon decay widths of ground and first
excited state of 0** quarkonia for the process, 0*© — ~v in the framework of a
QCD motivated Bethe-Salpeter Equation. In this 4 x4 BSE framework, the coupled
Salpeter equations are first shown to decouple for the confining part of interaction,
under heavy-quark approximation, and analyically solved, and later the one-gluon-
exchange interaction is perturbatively incorporated leading to mass spectral equa-
tions for various quarkonia. The analytic forms of wave functions obtained are used
for calculation of two-photon decay widths of x.. Our results are in reasonable
agreement with data (where ever available) and other models. We derive the mass
spectrum of the meson anallytically by decoupling the coupled integral equation
showing that the incorporation of coulomb potential purterbatively brings our nu-
merical value much more closer to the experimental value and lift the degeneracy

of the spectrum.
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Introduction

The study of elementary particles and their interaction has brought about a bet-
ter understanding of our universe from sub-nuclear scales to cosmological scales.
There are four fundamental interactions observed in nature: strong, electromag-
netic, weak, and gravitational in order of decreasing strength respectively. To each
of these forces, there belongs a physical theory.

Quantum Chromodynamics (QCD) is the correct gauge theory for strong interac-
tion dynamics. The physical degrees of freedom are quarks and gluons. Gluons
are the quanta of gauge fields which are in some ways analogous to photons in
QED. The crucial difference is that gluons couple directly to each other, where as
photons do not. The QCD effective coupling constant a,(Q?) decreases as the mo-
mentum transfer scale Q increases (asymptotic freedom). This allows to make per-
turbative calculations in «, at high energies. At low energies, it develops an in-
trinsic scale, usually referred as Agcp thatis A ~ Agep is the characteristic scale
of QCD, which provides the main contribution to the masses of most hadrons. At
scales Q~ Agcp, as(@Q) ~ 1 and perturbation theory cannot be used. Investigations
must be carried out using nonperturbative techniques.The QCD coupling constant
as(Q?) is small at large Q*. A consequence of the self-coupling of gluons is that the

force between quarks does not vanish at large distances but becomes a constant



Foep ~ 800MeV fm~1 = 15,000N. This is in contrast to the coulomb force be-
tween two charges which goes as ~ -; and hence vanishes at large distances. It
would, thus, require a vast amount of energy to separate quarks out to a macro-
scopic distance. Indeed, long before the separation becomes large enough to mea-
sure, the energy stored in the gluon field "sparks” into quark-antiquark pairs. This
phenomenon of QCD explains why freely propagating quarks are not observed in
nature, and it is called confinement. An important role in applications of Quan-
tum Chromodynamics (QCD) to hadronic physics is played by charmonium (cc)
and bottomonium (bb), which are built up of a heavy quark and heavy anti-quark.
By definition, heavy quark has a mass m, which is large in comparison to the typical
hadronic scale, Agcp. Quarkonia are characterized by at least three widely sepa-
rated scales [1]: the hard scale (the mass m of heavy quarks), the soft scale (rela-
tive momentum g~ mv), and the ultra soft scale (typical kinetic energy, £ ~ muv?
of heavy quark and anti-quark). The appearance of all these scales in the dynam-
ics of heavy quarkonium makes its quantitative study extremely difficult. Quarko-
nium systems are crucially important to improve our understanding of QCD. They
probe all the energy regions of QCD from hard region, where perturbative QCD
dominates, to the low energy region, where non-perturbative effects dominate.
Quarkonium states are thus a unique laboratory where our understanding of non-
perturbative QCD may be tested.

There has been a renewed interest in recent years in spectroscopy of these heavy
hadrons in charm and beauty sectors, which was primarily due to experimen-
tal facilities the world over such as BABAR, Belle, CLEO, DELPHI, BES etc.[2-6],
which have been providing accurate data on c¢, and bb hadrons with respect to

their masses and decays. In the process many new states have been discovered



such as xu0(3P), xe0(2P), x(3915), x(4260), x(4360), x(4430), x(4660) [7]. The data
strongly suggests that among new resonances may be exotic four-quark states, or
hybrid states with gluonic degrees of freedom in addition to c¢ pair, or loosely bound
states of heavy hadrons, i.e. charmonium molecules. Further, there are also open
questions about the quantum number assignments of some of these states such
as X(3915) (as to whether it is x.(2P) or x.2(2P)[7,8]. Thus charmonium offers us
intriguing puzzles. However, since the mass spectrum and the decays of all these
bound states of heavy quarks can be tested experimentally, theoretical studies on
them may throw valuable insight about the heavy quark dynamics and lead to a
deeper understanding of QCD further. Studies on mass spectrum of these hadrons
is particularly important, since it throws light on the QQ potential, since the long
range confinement potential has not been derived from QCD sofar. Further, though
these states appear to be simple, however, their production mechanism is still not
properly understood. These mesons are involved in a number of reactions which
are of great importance for study of Cabibbo-Kobayashi-Maskawa (CKM) matrix
and CP violation. In this thesis we also study the two-photon decays of scalar
quarkonia, x.o. These decays are sensitive probes of quarkonium wave functions.
Many non-perturbative approaches, such as Effective field theory[9], Lattice QCD[10-
12], Chiral perturbation theory[13], QCD sum rules[14, 15], N.R.QCD[16], dynamical-
equation based approaches like Schwinger-Dyson equation and Bethe-Salpeter
equation (BSE)[17-26], and potential models[27-32] have been proposed to deal
with the long distance property of QCD. We wish to mention that amongst all these
approaches, effective field theories provide new tools and definite predictions con-
cerning heavy quarkonium and decays. Recent progress in understanding of non-

relativistic field theories make it possible to go beyond phenomenological models,



and for the first time face the possibility of providing unified description of all as-
pects of heavy quarkonium physics. This allows us to use quarkonium as a bench
mark for understanding of QCD, and for precise determination of Standard Model
parameters (e.g. heavy quark masses, QCD coupling constant, «;), and for new
physics searches.

All this opens up new challenges in theoretical understanding of heavy hadrons and
also provide an important tool for exploring the structure of these simplest bound
states in QCD and for studying the non-perturbative (long distance) behavior of
strong interactions. In this work, we now do the full mass spectral problem of char-
monium for 1B, ..., 4P states of 07", 171, 17—, as well as for 1S, ..., 4S states of 0~ ,
and 1~ along with the two-photon decay widths of ground and first excited state
of scalar quarkonia, y. for the process, 0" — ~~ in the framework of a QCD mo-
tivated Bethe-Salpeter Equation under Covariant Instantaneous Ansatz (CIA), em-
ploying the full BS kernel comprising both, the long-range confinement, and the
short range one-gluon-exchange (coulomb) interactions. We do understand that in
QQ quarkonia, the constituents are close enough to each other to warrant a more
accurate treatment of the coulomb term. Though for bb systems, the coulomb term
will be extremely dominant in comparison to confining term, and should not be
treated perturbatively. However, seeing our mass spectral results for c¢ systems, it
may not be so unreasonable to treat the coulomb term perturbatively for cc sys-
tems. This is specially so for orbital excitations of these states, where the centrifugal
effects[33] ensure that the ¢ — ¢ separation is large enough to feel the effect of con-
fining term more strongly than the coulomb term. We further wish to state that
some of earlier works[33-35] have treated the OGE(coulomb) term perturbatively

for charmed mesons and baryons, while some works[36, 37] did not take into ac-



count the importance of coulomb term for heavy quarkonium systems. Thus, in the
present work, the coupled Salpeter equations for scalar (0™), pseudovector(1*-)
and axial vector (171) quarkonia are first shown to decouple for the confining part
of interaction, under heavy-quark approximation, and the analytic forms of mass
spectral equations are worked out, which are then solved in approximate harmonic
oscillator basis to obtain the unperturbed wave functions for various states of these
quarkonia. We then incorporate the one-gluon-exchange perturbatively into the
unperturbed spectral equation, and obtain the full spectrum. The wave functions
of scalar (0™*) quarkonia, are then used to calculate their two-photon decay widths.
We further extend the mass spectral calculations of pseudoscalar (0~-*), and vec-
tor (1-7) quarkonia with the perturbative inclusion of one-gluon-exchange effects.
The approximations used in this analytic treatment of the confining interaction are
shown to be fully under control. In this thesis, we calculate the mass spectrum,
weak decay constants and two photon decay widths of ground, radially and or-
bitally excited states of 0, 17", 17—, 0~* and 1=~ charmonium and bottomonium,
along with the spectra and transition amplitudes of heavy equal mass scalar and ax-
ial vector mesons using the formulation of Bethe-Salpeter equation under covariant
Instantaneous Ansatz (CIA).

This thesis is organized as follows: Chapter 2 deals with the derivation of Bethe
Salpeter equation. It also deals with the derivation of Salpeter equations under CIA.
Chapter 3 deals with the spectroscopy of ground and excited states of 0"+ (scalar),
17" (axial vector) and 17~ ¢¢ quarkonia. Chapter 4 deals with the spectroscopy of
0~ (pseudoscalar) and 1~ (vector) c¢ quarkonia. Chapter 5 deals with two photon

decays of 07" c¢ quarkonia. Chapter 6 deals with Summary and Conclusions.



Bethe Salpeter Equation

The Bethe-Salpeter equation describes the bound states of a two-body (two parti-
cles) quantum mechanical system in a relativistically covariant formalism. Exam-
ples of two- particle systems described by the Bethe-Salpeter equation are positro-
nium which is the bound state of an electron-positron pair, the exciton which is the
bound state of an electron-hole pair, meson which is the quark-anti quark pair in
bound state etc. Since the particle pair described by the Bethe-Salpeter equation
is in a bound state, the particles can interact infinitely often. So that this situation
cannot be described by the summation of a few Feynman diagrams. The Bethe-
Salpeter formalism is generally accepted to represent the appropriate framework
for the description of bound states within relativistic quantum field theory. Within
this formalism, a bound state is described by its Bethe-Salpeter amplitude. In prin-
ciple, this bound state amplitude should be found as a solution of the homogeneous
Bethe-Salpeter equation. However, apart from a very few special cases such as the
famous Wick-Cutkosky model which describes the interaction of two scalar parti-
cles by exchange of a massless scalar particle,the Bethe-Salpeter equation turns out
to be practically not tractable. One of the main reasons for this fact is the appear-
ance of time- like variables in the equation of motion. Consequently people usually

consider some 3-dimensional reduction of the Bethe-Salpeter equation. The most



2.1 Single particle Dirac propagator In External Field 7

popular among these 3-dimensional reductions is based on the assumption that the
interaction between the bound-state constituents is instantaneous in the center-of
momentum frame of the bound state. The result of this is called the ”Salpeter equa-
tion” or "instantaneous Bethe-Salpeter equation”. This equation may be formulated
as eigenvalue problem for the mass M of the bound state. The Salpeter amplitude is
obtained from the Bethe-Salpeter amplitude by equating the time variables of the
involved bound-state constituents. To derive the Bethe-Salpeter equation first it is
necessary to start from the one particle Dirac propagator, then generalize to the two

particle propagator.

2.1 Single particle Dirac propagator In External Field

To explain the mathematical concept, we start with Schrodinger equation. We recall

that the Schrodinger quation of a particle(h = 1) is given by

O Ha) =0, 2.

where the total Hamiltonian of the particle is given by

V2

2m

H +V. (2.2)

This equation is valid for the non relativistic two body problem, where m is the re-

duced mass

m = M. (2.3)
mi1 + Mo

The solution of the above equation for the particle propagating from space time

point z, to space time point z; takes the form

Y(ry) = /d4$K($1,$2)¢($2)7t1 > to, (2.4)

where the propagator(greens function) satisfies

[Za—at — H]K((L’l,xg) = 15(4) (ZE‘I — l’g), (25)



2.1 Single particle Dirac propagator In External Field 8

where the propagator K (xy, z,) is interpreted as the probabilty amplitude for a par-
ticle wave originating at the space time point x, to propagate to the space time point
x1. This is propagator equation for Schrodinger particles which moves only forward

in time. If we replace the Schrodinger Hamiltonian by the Dirac Hamiltonain
H = d.p+ fm, (2.6)

one can obtain the free Dirac particle equation in the absence of electromagnetic

field A, (z) for the state function ¢(z,) in the form
[i— — d.p'— Bm|y(xs) = 0. 2.7)

This is free Dirac equation in the abscence of electromagnetic field A,(z). @ and g
are 4 x 4 Dirac matrices and Eq. becomes Dirac equation for the propagator. In
the presence of electromagnetic field A, (z), Eq. takes different form. We note
that the interaction Hamiltonian between the atomic electrons and the radiation

field A, (z) is assumed to be obtained from the minimal coupling prescription as
g—rp—eA

10 0

Upon substitution of Eq.(2.8) into free Dirac Particle equation of Eq. (2.7), one can

obtain the Dirc equation in the presence of electromagnetic field A,(z) as
li— — e — @+ ed. A — Bm]i(zs) = 0. (2.9)

To make this equation covariant, lets multiply from the left on both sides by (—2).

It then follows that

[—zﬂ% + ef¢ + A — efd.A) +mlib(zs) = 0. (2.10)



2.1 Single particle Dirac propagator In External Field 9

Using the fact that
B =4,
Ve = —iBoy, (2.11)
where k = 1, 2, 3, we obtain
7,0, — ey, Ay + mlp(zs) = 0. (2.12)

This is the covariant form of Dirac equation in the presence of electromagnetic field
A, (z). To solve this equation , we consider the unit source problem and the full

Dirac propagator satisfies the equation
(7,0, — ey, Ay +m]K (21, 25) = —i6™W (21 — x), (2.13)

where K (xy,z9) is the full Dirac propagator. For a free wave equation(e = 0), this

equation reduces to
(7,0 + m] Ko (1, 22) = —i6W (21 — 2), (2.14)

where Ky(z1, x2) is the free Dirac particle propagator.

) AV

AT

Figure 2.1: Diagrammatical interpretation of one particle propagator

3

On the other hand, Eq.(2.13)can be rewritten in the form

(7,0, + M) K (21, 29) = —i0W (01 — 29) + iey, A, K (21, 22), (2.15)



2.1 Single particle Dirac propagator In External Field 10

where the propagation is from z, to x;. On account of the relation

/_ " f@)s(e —a) = f(a) (2.16)
and
/(5(a —2)0(x — b)dr = 6(a — b) (2.17)
and introducing space time points x3, where t, < t3 < t1, Eq. becomes
Bt ml (a1, 2) = —i / 0256 (21— 2)0® (25—y) +ie / Q36 (3= ) A () (s, 2).
(2.18)
From Eq.(2.14), we can deduce the equation satisfied by a free propagator Ko (1, z3)
as
[VuOu + m] Ko (a1, 25) = —id™ (21 — x3). (2.19)
Then, Eq. takes the form
(Va0 + m] K (21, 22) = /d4$3[7uau +m] Ko (w1, 23)0" (23 — )
e / a8y + ) Ko(wr, 2a)7 Ay (ws) K (5, 25)(2.20)

Dividing this equation by v,0, + m on both sides and carrying out the integration

for the first term on the right hand side using the identity given by Eq. (2.16) , we get
K(Il, CCQ) = K()(l’l, IL‘Q) — € / d4fL’3K0(ZL‘1, ZL’3)’}/MAM(ZE3)K<CC3, ZL‘Q). (221)

Introducing an intermediate space time point =, where t,<t,<t3<t;, one can write

K (3, x2) in the same mannor to be
K(x3,29) = Ko(x3,22) — e/d4x4K0(9c3,x4)fyuAu(a:4)K(:c4, Tg). (2.22)
plugging Eq. into Eq. (2.21), the full propagator takes the form
K(xy,20) =  Ko(z1,22) — 6/d4.’B3K0($1,.’L'g)’)/MAN(Jjg)Ko(l’g,fEQ)

+(—6)2/d4ﬂf3/d41'4K0<ZE1,ZE3)’}/MAM(ZL‘3)KU($3,ZL'4)

XY, A () K (24, 22) + ... (2.23)



2.2 Two Particle Bound State Propagator With Particles In Mutual Interaction 11

Since the propagating particle is Dirac particle, both direction of times (1 ¢~ and |
e™) are meaningful. In the coming subsection we generalize one particle propagator

to two particle propagator where the particles are mutually interacting.

2.2 Two Particle Bound State Propagator With Particles In Mutual

Interaction

Now we consider the simultaneous propagation of two free Dirac particles. Parti-
cle one propagates from space time point x3 to space time point z; through path
a and particle two propagates from space time point point x4 to space time point

x9 through path b. The free propagator for simultaneous propagation of two free

2

Figure 2.2: Simultaneous propagation of two free particles.

particles is defined by

Koa (1, x93 23, 24) = Koa(x1, 23) Kop(x2, T4). (2.24)

where Ko, (x1,23) and Ko, (z9,x,) are the one particle free Dirac propagator shown
in the figer 2.2 below.
Let us consider the two particles interacting through a single photon exchange.To

find the form of the propagator for these two interacting particles, lets consider the
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simplest case (Moller interactione™ + e~ — e~ 4+ ¢7). Now lets assume the interac-
tion between a and b be coulomb interaction which is given by Coulomb potential

2
V(7) - (2.25)

47 Fab ’

where 7,, = 7, — 17, is the separation between the two particles. But the Coulomb po-

. . . N N o, o . . 2
tential in Eq.(2.25) is non-covariant. To write it in a covariant form, we first write =

in momentum space by the Fourier transformation. The three dimensional Fourier

transform of the Coulomb potential is given by

2 QG
V(g = = / B (2.26)

where ¢ = p, — p, is the momentum transfer between the two electrons. To carry
out this integration, let us consider spherical polar coordinates in which the vector
¢ of the Fourier transform lies along the polar axis (¢ = 0) So that, we write

2

T 4r

V(q) / e Ty dr sin 0dfdp. (2.27)

Direct integration over the spherical coordinate ¢ gives 27. We then have

2 00 T
V@ =5 / rdr / ) (2.28)
0 0

In view of the fact that

sin Oe—iqrcosﬁ — Z‘C]_,,A@[G—Z’qr(:ose]? (229)
one can obtained
62 oo elar _ efiqr
Vv = — dr|——. 2.30
@0=5 [ a=— (2.30

This integral has a problem at large distances i.e it does not converge. We repair this
infrared divergence by the insertion of a convergence factor in the original integral

that is we replace £ — ﬁ, where ) is a small positive number that will be taken to
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Figure 2.3: Simultaneous propagation with mutual interaction through a photon.

zero at the end of the calculation. With this alteration, the Fourier transformation

given by Eq. takes the form

V=S [ @l 2.31)
D)= e —. .

Following the above steps, one can obtain

2

w0 [aipior o o
2’lq 0

Carrying out the integration and taking the limt of A to be zero, we obtain

62

V(] == (2.33)

OR

(=)

Still this equation is not in its covariant form. Finally by using the property of the

Dirac gamma matrices, it is possible to write this potential invariantly as

e2a
x4®::|?;. (2.34)

o

Now we can write the covariant generalization of Eq. (2.34) as

eZ,Ya,yb
V() = —". (2.35)
(_) (pa - pb)2

This can be put in the form

N )
‘Nﬂzuwmhﬁ%ﬁ- (2.36)
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The right hand side of Eq. (2.36) is Moller interaction in momentum space in the

form

V(q) = ieayi DY (w5, 1) ey (2.37)

In two particle case we further generalized in the form

V(q) = (x5, z6), (2.38)
where
(x5, 26) = ieayo [ DY (x5, 26)]esyh, (2.39)

is the interaction potential and D%’ (x5, x¢) is the photon propagator joining space

time points z5 and ¢ which is given by

v . d4q 1 iq(zs—xe)
DF (ZE5,.T6) = _Z(S,uu W(@)@ . (240)

Here x5 and x4 are intermediate space time points at which a photon connects to
two fermion lines a and b such that ¢3<t5<t¢; and t,<ts<t,. To generalize a single

particle propagator to two particle propagator, we replace

e A, — ieaVZD’}”(x& xG)ewfi. (2.41)

For general case of one quantum exchange between two interacting particles in
mutual interaction, D% would be the corresponging gauge field propagator. That
means D, denotes the photon propagator in QED and the gluon propagator in
QCD. Then the first order correction to two particle propagator due to simutaneous

interaction of both Dirac particle through exchange of a quantum is given by

Kiap (21, 095 03, 14) = /d zsd* xGKOab(%,1172,5135@6)[@6@%17” (90571136)61;%}Koczb(905,$6,I37$4)

(2.42)



2.2 Two Particle Bound State Propagator With Particles In Mutual Interaction 15

This can be put in the form
Kiap (21, 205 03, 14) = / d*z5d"* 16 Koap (1, To; 5, 26) [ (75, 26) Koap (25, T6; T3, 74), (2.43)

where (x5, z6) plays the role of v, A, for two particle propagator.

Now let us consider the interaction of two particles through the exchange of two
photons as shown in the figure (2.4) below. Introducing another intermediate space
time points x7; and zg between points x5, 23 and g, 24 for the interaction of the two
particles through exchange of two photons, the second order correction for the si-
multaneous propagation from z3 to x5 and x4 to x¢ of the two-particle propagator

becomes

K2a5($17$2;$3,$4) = /d4x5/d4$6/d4$7/d4$8K0ab($1,I2;$57$6)]($5,$6)

X Koap (%5, Te; T7, 18) 1 (7, 18) Koap (27, 85 T3, T4), (2.44)

where t3 < t;<t5 < t; and ¢, < ts<tg < t,. If we iterate upto n photon exchange, the

9]

- PN -
Y. \/F\'\,f\u'n\ur'r\\ AR

\“ur\\,f \\_,-/ﬂ .\_ffﬁ\\dlnx \/f \Uﬂ’!\-\/ 1

= 4

Figure 2.4: simultaneous propagation with mutual interaction through two pho-

tons.

full propagator for the two particles in a sequential action of Moller interaction in
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Ladder approximation is given by

Kaop(x1, 20523, 24) = Koap(1, 225 T3, 24)

+/d4$5/d4x6KOab(fE17x2§x5;x6)1($57xG)Koab(fE57$6;J73a$4>

+/d4$5/d4I6/d4$7/d4$8Koab($1,I2;$57$6)](1‘57$6)

X Koap (25, T6; 07, 8) L (27, 28) Koap (7, 283 3, T4) + ... (2.45)
This can be put in the form
Kab = KOab + Klab + KQab + ... (246)

One can see that the solution contains an infinite series of interaction. For many
practical puposes, one restricts oneself to the lowest order of the interaction ker-
nel that is one photon exchange. This prescription is called ladder approximation
in which only one photon is exchanged at a given time, but this process can be re-
peated an arbitrary number of times. Now, Eq. further can be put exactly in

the form

Kab($1,$2;9€37$4) = KOab $1,$2,$3,3€4)

4
/d xS/d :BGKOab 1’1,1’2,1’5,1'6)

xI(5, 26) Koap(T5, Te; T3, Ta). (2.47)

For simplicity, we assume that the two particles 1 and 2 are distinguishable, since
otherwise exchange graphs would appear.
For particle antiparticle system, in the expansion in terms of Feynman graphs,

the direction of the arrow of one fermion line is inverted in Figure 2.5 below.

IFor simplicity, we assume the two particles are distinguishable otherwise exchange graphs

would appear
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(1,2.3.4) Kul,23.4 Ka(1,23.4)

k(1.2:3.4)

: :+z[:§+§+ ]

Kao(1.2;3.4 Ki(l,2,3.4 Ko(l.234  EKil234)  EKil1.234)

Figure 2.5: Ladder approximation graphs for two interacting particles propagation.

2.3 Bethe Salpeter two particle Wave Function

We note that in non relativistic quantum mechanics of a sigle particle propagating
from space time point z, to space time point z, if the wave function at z- is known,

then the wave function at z, is given by

@Z)(Il) = /d3x2K(1‘17x2)¢($2). (248)

The a bove condtion can be applied for a system of particles propagating simulta-
neously from space time point z3, z, to space time point z;, x5, that is if the wave
function of the bound state at x5, x4 is known, then the wave function at x, z, is
given by

Y(aq, 22) :/d3$3/d3$4K(I17I2;$3,$4)¢($37l‘4)- (2.49)

Plugging Eq. (2.47) into Eq. (2.49), one can obtan
U(z1, 22) :wo(ﬂfl,i@)+/d4$5/d4$6K0(iU1,352;$57$6)]($575B6)¢($5,$6)7 (2.50)

which is a complicated inhomogeneous integral equation. vy(z1,z9) is a free two
particle wave function. For two particles forming a bound state after interaction,

then y(x1, o) will vanish and the integral equation becomes homogeneous which
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is expressible in the form

’;Z)($1,CB2) :/d4l‘5/d4l‘6K0($1,(L’Q;ZE5,$6)I($57$6)@/J($5,I‘6). (251)

This is the wave function for two bound particles which is also called Bethe Salpeter

equation.

2.4 Bethe Salpeter Equation For ¢ bound state

The Bethe-Salpeter equation given in Eq. (2.51) can also be writen in another form.
To derive Bethe Salpeter equation for fermionic quarks, lets operate this equation
from the left hand side by the free Dirac operators (7,94 + mq)(7,.0}, + ms). It then

follows that

(m(?fj + ma)(w@Z +myp) (21, 12) = /d4$5 / d4$6(%az + mg) Ko(x1, 25)

(’Yuaz + my) Ko(22, 26) I (5, 26)1 (25, 2dR.52)

where we use Eq. (2.24) for the free Propagator.

Since the one particle propagators obey the relation

(’yué?z +mq)Ko(x1, 5) = —id* (21 — x5),

(%a}; + my) Ko(x2, 26) = —i0* (29 — x), (2.53)
Eq. (2.52), takes the form

(7401 u+m1) (7,02 +ma) (21, ) = — /d4x5/d4:1:'6<54(9c1—:c5)54(:c2—x6)1(:c5, x6) (x5, T6),
(2.54)

where we replace a« — 1 and b — 2 for particle one and particle two respectively.

In this form the Bethe Salpeter equation is an integro-differential equation. For

practical purposes there is another useful form of this equation, obtained by trans-
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forming it into momentum space. Integrating over the integration variable z5 fol-

lowed by the integration variable =4 using the identity given by Eq. (2.16), we get

(Va0 + M) (VuO2p + M) (21, 72) = — (21, 22)3(21, 2), (2.55)

where I(z1,2-) is an interaction potential given in Eq. (2.39). However, for par-
ticle antiparticle (quark antiquark) interaction, the interaction potential becomes
negative in Eq. due to opposite charges of the interacting particles antipar-
ticle. Consequently, the right hand side of Eq. becomes positive. Lets define

I(x1,29) = —iK (x1, 25), where K (z1, x9) is an interaction kernel and is defined by
K (21, m2) = ey, Dy (w1, z2)ev,- (2.56)
In view of this equation, Eq.(2.55) for quark antiquark can be put in the form

(’y}ﬁm + ml)(”yiagu —+ m2>2/1(.f€1, %2) = iK(LCl, %2)’1/1(1’1, .CIZQ). (257)

This equation is called Bethe Salpeter equation in coordinate representation. Here
K (z1,x9) is not the same as the propagator. Rather it is the interaction kernel given
by Eq. (2.56). For practical purpose it is easier to work with Bethe Salpeter equation
(BSE) in momentum space. To do so, let us consider the hadron moves with four

momentum P,. In center of mass frame, the center of mass coordinate is given by

X = w (2.58)

my1 + Mo

For equal mass system m; = my = m. Then the center of mass coordinate be-

comes

x=" ; T2 (2.59)

On the other hand the relative separation of the two particle is defined by

r =T — Tg. (260)
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From the above equation, we write

0 0xX 0 or 0

1
81” B 6x1u B axul 8_X + 8%1 % - §aX,u + a:w
0 0X 0 Jx 0 1
- = 01, 0% o= 50x, — 2.61
82“ 85E2u 8$M2 0X + wa Or QaXu a:m (2.61)

substituting this equation into Eq. (2.57), we get

1 1 o _
(5700a0 + Ao+ 1) (570 — WD+ MK ) = iK (X, w)(X 2). (2.62)

For the case of no interaction, one writes the two particle wave function in a variable

separable manner and the interaction kernel as

(X, 2) = (X)) ()

K(X,z) = K(). (2.63)

One can put the above equation in the form

1 1 s o
(5%8@ + ¥, 04, + m)(imﬁm — ¥, 0y + m)ePXah(x) = il (2)eTY(z), (2.64)

where without interaction the explicit form of the center of mass spinor is plane
wave function given by

W(X) = L irx, (2.65)
Here we take K (x) as a function of x only. This is because we assume that the in-
teraction between the particles depends on the relative separation between them .

Differentiating with respect to X ,, we obtain

l
2

?

( 2

VP + YO+ m) (57, P = YuOp +m)Y(P)Y(x) = il ()Y (P)¢(x).  (2.66)

Lets take the inverse Fourier transform of ¢(z) and K(z) to express them in mo-

mentum space as,

1 4 iq.x
Y(z) = L /d qe' Y (q),
1 47, ik.x
K@) = (5 / A ke K (k), (2.67)
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where q is the relative momentum of the two particles.

Plugging this equation into the above and operating on the wave function, we write

/ qli(5 P+¢)+m][ (5 P d)+mle p(P) d'q [ 'K eGP () K (K).
(2.68)
To simplify this equation, lets define
g=k+4, (2.69)
where ¢ is a constant or a given value. We then see that
d*q = d*F. (2.70)

In view of these two equations, Eq. (2.68) takes the form

i(5 P+¢)+m][( P d) +ml(P,q) =

(2;)4 / d'qP(P.q')K(q,9). 2.71)

But even if one restricts oneself to the simplest case of the ladder approximation Eq.
(2.47), the structure of Eq. (2.71) is still so complicated in finding exact solutions.

This can be rewritten as

(ip, +m)(ip, + m)p(P,q) = / I K (g, ) (P.¢), 2.72)

7
(2m)*
where the above equation with the labeling 1 and 2 depicting the two particles is
the 16 x 1 representation of Bethe-Salpeter equation. Here, K (¢, ¢’) is the interaction
kernel between the quark and anti-quark, and p, » are the momenta of the quark and
anti-quark, which are related to the internal 4-momentum q and total momentum
P of hadron of mass M as pi 5, = 1 2P, & q,, where riy 5 = 2[1 & (mlM;”%)] are the

Wightman-Garding (WG) definitions of masses of individual quarks which ensure

that P.¢ = 0 on the mass shells of either quarks,even when m; = m,. However for
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equal mass mesons, (m; = my = m), we have m; = my = 1. Then p, , becomes,

1
p=5P+q
1
p=35P-q¢ (2.73)

The total momentum of the hadron and the relative momentum of the quarks is

given by
P =pi+ps

The Bethe-Salpeter equation given in Eq. (2.72) can be put in 4x 4 representation

of ¥)( P, ¢)in the form,

S5 () (P, 4)S5 (pa) = W / 3K (0,4 V(P ¢, 2.75)

where the two quark propagators sandwich the 4D BS wave function (P, ¢), and

the two inverse quark propagators are

Spt(pra) = (i, +mu2). (2.76)

This is Bethe Salpeter equation in momentum representation for ¢g system. Fur-
thermore the numerical solution of the Bethe-Salpeter equation is an important
tool for calculating bound states in the realm of elementary particle physics (quark-
antiquark systems) called mesons. However, to solve this equation, we employ the

covariant Instantaneous Ansatz shown in the next section.

2.5 Bethe Salpeter Equation Under Covariant Instantaneous

Ansaz for Quarks

Bethe—Salpeter (BS) equation is a very good tool to treat various relativistic bound

state systems. For a quark antiquark system of masses m; and ms, respectivrly, the
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four dimensional (4D) Bethe Salpeter equation for fermionic quark antiquark sys-
tem written in 4 x 4 representation of 4D Bethe Salpeter wave function ¥ (P, q) is
given by Eq. (2.75), where K(q, ¢’) is the interaction kernel between the quark and
antiquark, and p; and p, are their respective momenta. The constituents interact to
produce a hadron of mass M and four momentum F,. The individual momenta p,
and p, of constituents are related to the internal four momentum (relative four mo-
mentum) q and the total momentum P of the hadron( of mass M) by Eq. In
momentum space, the kernel K(q, ¢') depends on the relative momentum q and ¢’
of the initial and final states of the bound state (hadron). It is convenient to express

the internal momentum of the hadron ¢, as the sum of two parts
qu = Cju + UP;m 2.77)

where ¢, is the transverse component and is defined by

X (¢.P)P
Ul

(2.78)
which is orthogonal to the total hadron momentum P, (¢.P = 0). o F, is the longi-

tudinal component of 4-momentum g, given by

_q.P

p? 2.
P, (2.79)

ob,
which is parallel to P,. Hence one can decompose the relative momentum as
4 = (¢, iMo), (2.80)

where the transverse component ¢ is an effective three dimensional(3D) vector
while the longitudinal component Mo plays the role of the fourth component and
is like the time component. The 4D volume element of the relative momenta ¢’ can

be written in an invariant form as

dq' = d*¢' Mdo, (2.81)
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Under covariant instantaneous Ansatz(CIA), the Bethe—Salpeter interaction kernel
K(q,q') depends only on the spatial components, of the relative momenta q and ¢’

involved, that is, it takes the form
K(q,q') = K(4,4). (2.82)

With the ansatz Eq. (2.82), the longitudinal component Mo of ¢, does not appear
in the form K(q,q’) of the kenel. In the instantaneous approximation the Bethe
Salpeter equation may be reduced to an equation of motion for a Salpeter wave
function (amplitude) ¢ (¢). In momentum space, the salpeter amplitude v(§) is ob-
tained by integrating the 4-D Bethe Salpeter amplitude (P, ¢) over the time com-

ponent Mo of the relative momentum . To do that, lets plug Eq. (2.81) and (2.82)

into Eq. (2.75) and obtain

S5 () U(P, g)S5 (—pa) = / K6, d)%(d). (2.83)

where we define a three dimensional wave function as
. U e
v =5 [ Mdou(P.a). 2.69

Note that P plays only the role of a parameter. Eq. ({2.83) is called covariant form of

Salpeter equation and can also be put in the form
Sp' (p)W(P,q)Sp' (=ps) = T(d), (2.85)

where

N dsql Al A1
I'(g) = / (2W)3K(q,q )¥(q') (2.86)
plays the role of hadron quark vertex function, that describe mesons as bound
quark antiquark pairs. For the form of a kernel K (j,¢') = i(Xl.Xﬂu @ 7))V (4, ¢),

one can express ['(§) as

| —
1
—

/ i@ )V (@, 7). 2.87)

—~

27)3
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Following[27], we can to a good approximation express 7,14 (¢')y, ~ Ov(q') where
© involves spin-spin interactions above, that factor out of the RHS of hadron quark
vertex on taking the dominant Dirac structure in ¢(¢’) in calculation of ©. We can

rewrite the hadron vertex function I'(¢) as

- - © e
_ o [ erva@vi.o. (2.88)

Then the 4D Bethe Salpeter wave function can be obtained by multiplying Sr(p;)

from the left and Sr(—p,) from the right hand side of Eq. and becomes

V(P,q) = Sr(p1)I(§)Sr(—p2)- (2.89)

Here Sr(p) is the usual fermion propagator of the quarks and is given by

Sp(Epi2) = T (2.90)
1,2
where
Ayy =m3,+pi, (2.91)

is the inverse propagator. The actual evaluation of the integral over the time compo-
nent of the relative momentum q of the tensor product of the Fermion propagator in
the integrated Bethe Salpeter equation requires the knowledge of the depen-
dency of Fermion propagator Sr(p) on Mo. We now decompose the propagators of

the two constituents. In the center of mass system, we can express
P =(0,iE) = (0,iM), (2.92)

and using the orthogonality relation P.¢ = 0, the denominator of the propagator for

a Fermion constituent quark for unequal mass quark can be put in the form

pi+m? = —[(niM + Mo — w) (M + Mo + w)]. (2.93)
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In a similar manner, the numerator can be put in the form

where we define

NE@) = 5 (5 G+ ) (2.95

as the energy projection operators for the positive and negative energies of particle
one. On account of Eq. (2.93) and Eq. (2.94), the propagator for the quark con-
stituent takes the form

AT () AT (9)

: 2.96
m1M+MU—W1 m1M+MU+W1 ( )

Sr(p) =

Following a similar procedure, the denominator for the propagator of the antiquark

Fermion can be put in the form
P2+ ma = —[(meM — Mo — ws)(theM — Mo + wy))]. (2.97)
On the other hand, the numerator can be put in the form
—i(ip, +my) = (MM — Mo +wy) A3 (§) + (maM — Mo — w,)A5 (¢), (2.98)

where we define

A3 (q) = 2%)2[% F (ima + )] (2.99)

as the positive and negative energy projection operators for the antiquark ( particle
2) respectively. In view of Eq. (2.97) and Eq. (2.96), the propagator for the antiquark

can be decomposed as

—A7 () —Ay (9)
Se(P) = T Mo — ) T (rahl = Mo + )’ (2.100)
In general the propagators of constituent quarks can be decomposed as
I(j)AT(q I(j)AT(q
Sp(p;) = (AT (@) N (AT () (2.101)

](])MU—I—ij—wj I(j)]\40'—f-T;’Lj.]\f—f—(,d]7
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with

wj =/ m5 + ¢ (2.102)

and

AE(G) = o V])\? + I(j)(im; + g)}, (2.103)

where j = 1,2 for quarks and antiquarks respectively and 7(j) = (—1)’*! and Aj.[((j)

satisfy the relation

M@ +A@ =1,
M@ Ear) - -z,
AE(g )]{}ZA;F( i) = 0. (2.104)

Due to these equations, Ajt may be considered as projection operators, since in the
rest frame P = 0 they turn to the energy projection operator and they form a com-

plete set. Now we are in a position to derive Salpeter equations. To do so, we plug

Eq .(2.101) into Eq.(2.89) and obtain

- — AT (@)T(9)AF () AT (T (A5 (9)
VB = G+ Moo — s~ M) (i~ + Mo)(mo + s — Mo
) —AL (@T(@AS (@) . A @T@A (@), 105)

(miM +wy + Mo)(moM —wy — Mo)  (miM + wy + Mo)(maM + woy
Multiplying Eq. from the left by Af((j)% and from the right hand side by
%AQi (@) and applying the relation given by Eq. to the right hand side of this

equation, we get
(i M F wy + Mo)(maM F wy — M) (P, q) = —AF(§T(9)AS(§), (2.106)

where all of the four combinations of signs are admitted. The Bethe-Salpeter equa-
tion in Eq. (2.89) then becomes a system of four projected equations where we de-

fine the 4D projected wave functions as

v (pg) = P bz, 2.107
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Integrating on both sides of Eq. (2.106) over Mdo, one can, in a complete analogous

way as Eq. (2.84) obtain

S P AF(@T(9)A5 ()
VI(G) = o /_OOMdU(mlM:Fw1+Ma)(mQM:Fw2—MU)’ (2.108)
where we define the 3D projected wave function by
YH(G) = QL / Mdoy*=(P, q). (2.109)
T —0oQ

To make equation (2.108) unique, we have to determine how to treat the poles when
integrating over do. We know that, the rules that we have already used frequently,
which states that the condition of causality can be full filled using ie prescription

due to which we can write

. —iI=E(g) [~ Mdo
V() = —@/ ; — —,  (2.110)
27 —oo (GM Fwi 4+ Mo Lie)(5M F wy — Mo + ie)
where we define
[5(g) = AT (@)T(9)A5 (). (2.111)

The o integration can be performed using the theorem of residue, where the inte-
gration path is closed by a half circle in the upper or lower half plane as shown in

figure below. The integrand has two poles at

1 1
af:—ﬁi%$i6,0§t:§¢%iie. (2.112)

As we have already emphasized, both signs in Eq. (2.110) can be chosen inde-
pendently. If both signs of e in Eq. (2.112) is equal, then both poles are in the same

half plane. Closing the contour either above or below real axis leads to
P =9y =0. (2.113)

On the opposit case, to carry out the remaing integral for complex variable o, we

use the fact that

o 1 1 21
d =4 . 2.114
/_ Uo—a:Fiea—i-b:i:ie a+b ( )

o0
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Im(o)
Figure 2.6: Contour integration in ¢ plane.
So that, in view of this equation, we obtain
—TH ()
) = — 2.115
and
. ()
= —= 2.116
L A v (2.116)
On account of Eq. (2.111), this can be put in the form
AT (@T(9)A5 (9)
(g = — : 2.117
v(q) Y Ao— (2.117)
and
~  AT(@QT(9A; (g

M+w1—|—w2

In view of Eq. (2.112), (2.116) and (2.18), the complete wave function can be put in

the form
V(@) =TT T T YT

This complete wave function then obeys the equation

¥(q)

_ A @U@A (@) | AL@T(@A; (@)

M—wl—wg M+Cd1+(,d2

(2.119)

(2.120)
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Here, M is the eigenvalue. Applying the complete set of the projection operators

AL 2 from the left and £ LA+ (¢) from the right hand side, we obtain obtain

s L@ Parg = AU DA @I @A (@17A (@) | AT @741 (@OT(@A3 (@) 57)A3 (g

Y v M 2 M — w; — wy M + wy + wy
PP M@QEMGOOA@DEA (@) A QLA (OT(@)A; () LA (¢

AL () 77907742 (@) = - = P M + = T =

PP MN@OQEA @A QLA @) ATDEAT QT () LA (@

AT (@) 70(@) A5 (@) = - o — o, + M M+w1+wz =

PP AT QLA (@QT@A (DEAT (@) AT EAT(DT(Q)
AT (@) 7@ gpAs (@) = =M o e e = M+w1+w2

In view of Eq. (2.103),and Eq. (2.106), we get the full Salpeter equations

[M — w1 — w7 () = —AT(T(9AF (),

V(G =v 7T (g) = 0. (2.122)

For a meson composed of equal mass quark-antiquark (m; = my = m) we have

w; = we = w, the Salpeter equation takes the form

[M — 2w}y (q) = AT (@T(9)A3(9),
[M +2w]g™(q) = A (@T(9)A5 (9),

V() =v (g =0. (2.123)

From these three equation, we see that the last equation do not contain eigenvalue
M, so essentially they act as equation of constraints on the Bethe Salpeter wave
function ¢(¢). Thus to obtain the mass spectral equation, we have to start with
four equations to solve the instantaneous Bethe Salpeter equation. Here ¢ (§)
and ¢~ (q) are the positive and negative energy components of the wave function
respectively. In the next chapter, we are going to deal with mass spectrum of differ-

ent mesons with use of Salpeter equations.



Spectroscopy of ground,and excited states of 0", 17

and 1"~ c¢c quarkonia

3.1 Derivation of Bethe Salpeter wave function and the mass
spectral equation of scalar meson

In the constituent quark model, we treat a meson as a bound quark-antiquark pair,
qq. In this picture the q and the g both have spin half (spin-1) . These can combine
to give either total spin S = 0, or total spin S = 1. In addition to the total spin, we
can have orbital angular momentum L between the ¢7 pair. Then, the L and S can
combine to give total angular momentum .J = L & S, where J =|J — S|, |L — S + 1], .
.., |L + S|. The states can be written in spectroscopic notation as 2+! L ;, where the
numbers/ =0,1,2,3,4,5, ... are designated by S, b D, E G, H, . . ., respectively. Using
the quarks quantum number, we are then able to use L, S and J to construct the J7¢
quantum numbers of the mesons. Let us start with parity, P Mathematically, parity
is the reflection operator. Fermions and antifermions have intrinsic opposite parity.
This leads to the parity of a meson being: P = (—1)"*1. This parity is conserved in a
reaction. We consider the decay A — B + C, where there is orbital angular momen-

tum L between B and C. Parity conservation says that P(A) = P(B).P(C).(—1)".

31
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The next quantum number that we are going to see is charge conjugation, C, which
represents a transformation of the particle into its antiparticle. This reverses several
properties of the particle such as charge. Now this Charge conjugation is given by
C = (—~1)"*9 . For the two ground states (L = 0) with J"¢ = 0~* and J'“ = 17,
they are expressed in the form 'S, and 35, respectively; and for the orbitally excited
states (L = 1) with JP¢ = 0**+ 17+ 2++ and 17, they are symbolized as *P,,® P, > P,

and ! P, respectively. The lowest states are given in the table 3.1 below for quarkonia

states>*t'L;) [S|L|J | P | C | JP¢ | Mesons | Name

1S 000 | — |+ [0 | ne,m Pseudoscalar

35, 1(0|1|—|— |17 |J/¢,T | vector

lp O 1|1+ |— |1 |h,h Axial vector(C=+)
3P, L{1/0 |+ |+ [0 | xe X0 | Scalar

3P 1|11+ |+ |1 | xa,xsn | Axial vector(C=-)
3P, 112+ |+ [2™ | v, xo2 | Tensor

1D, 0O|2|2|—|+|27"

3D, 121 —|— |17 |70 vector

3D, 1122 |—| -2~

3Ds 1123 —|—|(3"

Table 3.1: The Quarkonium states as a function of L, S and ] for heavy mesons. These

then correspond to the named mesons of the specified J7¢.

The general decomposition of the instantaneous 4D Bethe Salpeter (BS) wave
function in terms of various Dirac structures and scalar functions f;(¢) multiplying

them for the state 0™ is given by[39]

wS(Pa Q) = fl(P7 q) - ZPf2(Pa Q> - Zﬁf?)(P: Q) - [R ﬁ]fél(Pv Q)a (31)
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where, f;(¢?, q. P, P?) are the Lorentz scalar amplitudes multiplying the various Dirac
structures in the BS wave function (P, ¢). By using the naive power counting rule,
it can be shown that the Dirac structure associated with amplitudes f; and f, are
leading, while the structures associated with f; and f, are subleading and would
contribute lesser to meson observable calculations in comparison to leading Dirac
structures associated to f; and f,. Among the two leading Dirac structures asso-
ciated with amplitudes f; and f, the structure associated with f; is dominant. In
the center of mass frame, where ¢, = (¢,0), we can then write the general decom-
position of the instantaneous BS wave function for scalar meson (J?»¢ = 0*"), of

dimensionality M in the center of mass frame for equal mass system is taken as[39]

V(@) = MA@ P L) — (@) — 2L 1,(0). 52
where we use the fact that §» = — . M is the mass of the scalar meson. We now
use the constraint equations

vT(G) =0 (3.3)

to reduce the four independent scalar function to two independent scalar wave
functions. On account of Eq. (2.109), one can write it as

Mk

i )A; (q) = 0. (3.4)

Substituting from Eq. (2.104) and (3.2) into Eq. (3.4) and taking the trace on both
sides and evaluating the trace using trace theorems and by taking the sum of the
four trace values, one can obtain

M (wiws +mams = ¢°) f1(§) + M[myws + maw] fo(§)

+Q2[m1 + mg]f3((}) + 2(?2 [w1 — WQ]f4(Q) = 0. (35)

On the other hand, we use the last constraint equation

Y~r(g) =0, (3.6)
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to reduce the four independent scalar function to two independent scalar wave
functions. On account of Eq. (2.109), one can write it as

s@ i =o a7

Substituting from (2.104) and Eq. (3.2) into Eq. (3.7) and taking the trace once again
on both sides and evaluating the trace using trace theorems and by taking the sum
of the four trace values, one can obtain

M(wiwz +mima — ¢%) f1(q) — Mlmiws + mawi] f2(q)

+G*[my + mal f3(§) — 2¢°[wr — wa] fa(g) = 0. (3.8)

We now add Eq. (3.5) and Eq. (3.8) and arrive at

—¢*(m1 + ma) f3(q)

7) = : 3.9
fl <q) M(wlwg + mymseg — qA2) ( )

Similarly subtracting Eq. from Eq. (3.5), we get

N —2@2((«01 — wa) f1(q)
= . 3.10
f2(q> M(mlwg + m2w1) ( )
For equal mass system, these two equations are reduced to
/\2 A
N f3(q)

fl (q) - Mm )

f2(q) = 0. (3.11)

So, we can apply the obtained constraints Eq. (3.11) to Eq. (3.2) and rewrite the

relativistic wave function of state (07*) in the form

O e =) @12

One can see that the Instantaneous BS wave function of scalar (0*) state is deter-

mined by only two independent functions f; and f,. For a kernel with spin depen-

dence of the form, v, ® v,, we can write

. d3A/ o .
F(Q)Z/(Q:)?,V(q,q)’yw(@’m, (3.13)



3.1 Derivation of Bethe Salpeter wave function and the mass spectral equation of scalar meson 35

where V is spatial part of the kernel. We can then a good approximation express
7.0 (4)y, =~ ©v(¢), where O involves the spin-spin interactions alone, that fac-
tor out of the right hand side of the hadron quark vertex on taking the domi-
nant Dirac structures in ¥ (¢) in the calculation of ©, and we can write I'(§) =
O [ &5V (4,4)(q)

Putting Eq. (2.104), Eq. (2.89), Eq. and the wave function in Eq.
into the first two Salpeter equations in Eq. and by taking the trace on both

sides for equal quark antiquark, one can obtain

A g
(o —Qw){fs() sz4<q)}: L / (d q3K<q,q’>[@24’2f3<c_7’>—m%i.q’fg(cz’>—2mwc.ic1’f4(a’>

w w?q? 27)

A )
(M + 20) {fm) - me“‘”} S / ‘ K(qﬁq”)[— PP Sa@) + m20.d o) — 2mwid g

w w2@? ) (2m)3
Solution of this equations need information about the Bethe Salpeter kernel,

K (4, q") which is taken to be one gluon exchange like as regards the color ixlx and

spin (v, ® v,) dependence, and has a scalar part V' (¢, ¢’). The kernel can be written

as
. Iv 5 s
K(CI7 q/) = Z)\1->\2<7,u & fV;L)V(Qa q/>7
£ Amor 3 5 32,2 NS 2. ov-1  Col ig-gnr
V(q,q) = m —i—quq/d r[r (1 + 4rmymaAgMZr=)"2 — ] =T
My = Moo (M, my + ms), (3.15)
where w2, = 4M.rmewgos(M2) is the flavor dependent spring constant, and
as(M2) = 121 a7z is the QCD coupling constant. here the color factor is given
(33-2Ny) log(~5)
by

5)\1.—)\2 - — (316)
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and N; is the number of quark flavors with mass less than /Q2.Here w;, is the
flavour dependent spring constant. The proportionality of w2, on a,(Q?) is need
to provide a more direct QCD motivation to confinement. This assumption further
facilitates a flavor variation in «?,.

On the other hand, w? is postulated as a universal spring constant which is common
to all flavors. Here in the expression for V' (g, ¢'), the constant term S—g is designed to
take account of the correct zero point energy while 4, term (4, < 1) simulates an
effect of an almost linear confinement for heavy quark sectors (large m;, ms) while
retaining the harmonic form for light quark sectors (small m4, m.) as is believed to
be true for QCD. Hence the term r%(1 + 4 Agriymhy M27%)~1/2 in the above expression
is responsible for effecting a smooth transition from harmonic (¢g) to linear QQ)
confinement. The smallness of A;(4; = 0.0283) ensures that for light flavors, its
structure is dominated by the harmonic form which amounts to setting A, = 0. On
the other hand w, may be regarded as a reduced spring constants of the confining
interaction for light quarks for which the constant A, is not important. It controls
the confinement scale for an integrated view of the different flavor sectors of hadron
spectra. Thus the scalar part (¢, ¢’) involves both the OGE term V¢ arising from
the one gluon exchange, as well as the confining term V.. We first ignore the Vg g
term and work only with the confining part, V.. In view of Eq. and (3.16), Eq.

(3.14) can be put in the form

_485 dqu/ A Al ~2 ~12 A 24 A A Al A
= ( V(3,4)4°q" f3(q") —m=q.q f3(q') — 2mwqq f4(q

=20 o)+ 0] = 2 [0

w

] — 6.5 d3 / PPN A2 Af A NN A J N
(M + 2w) {fg(é) - 2mf(q>] = 30:12@2 / (%q)g‘/(% q) { — @G f5(q) + m*4.q f5(q') — 2mwqq ft

where the spin dependence of the interaction is contained in the factor, O, =

Y,(4)7,- If we take the parameter A, which correspond to case of light meson(qq),
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since Ay < 1, the square root factor in the denominators k£ = (1 + AoM 27*2)_% =1.
we take the scalar part of the confining potential V,(g, ¢'). Therefore, the scalar po-

tential takes the form
.3 Co o o
Vi, 7) = 2w, / #ir? — O)eiti-irr (3.18)
The second term in the right hand side is nothing but the Fourier integral represen-

tation of the delta function. We then put the above equation in the form

LA 3 5 C o~ 3
Vg, q') = —quqw—o(%) %G —q)+ 4wqq/d3rv“ eia=a)T (3.19)
0

On the other hand, the second term in the right hand side can be put in the form

: d*f(r)
2 — —
r —Clblil(l)[ 0 ], (3.20)
where
Fr) = e; . (3.21)

In three dimensional space a function f(r) possesses spherical symmetry, so that
f(¥) = f(r). Lets find the Fourier transform of f(r). To do so lets choose spherical
polar coordinates in which the vector § — ¢’ of the Fourier transform lies along the

polar axis (0 = 0). We then write

d*7 = r? sin Odrdfdo,

(G—¢).7= (G — ¢)rcosb. (3.22)
The Fourier transform of the function is then given by

/ f(r)ela- )T B (3.23)

In view of Eq. (3.22), this equation can be put in the form

flg— g}’) = 27T/ T2f(7’)d7’/ df sin Geild—da)rcosd (3.24)
0 0



3.1 Derivation of Bethe Salpeter wave function and the mass spectral equation of scalar meson 38

Now one can use the fact that

_—{i@i((i—fi’)?"ws@) (3.25)
i(q—q')rdo

sin eei((j—é’)r cosf __

to carry through the angular integration over ¢ and reduce the multiple integral to a

one dimensional integral over the radial coordinate. It then follows that

flg— é/) = 27 /OO r f(r)dr /7r — ! - d(ei(‘i—‘i’)mose). (3.26)
0 o (g—4q)r

Now carrying out the integration over the angular part, one can write

. o0 cild=a)r _ o=ild—q")r
fG—q)=2n / P2 p()ar e — e (3.27)
0 i(g—q)r

Now we can apply the exponential definition of the sine function

0 _ —if
sinf = ——— (3.28)
to obtain the equation
. > ,5in [(4 — ¢')r]
fla—q)=dn / drf(r)r Qo (3.29)
0 q—q)r
plugging the expression for f(r), one can get
fla—¢q) = 47r/ dre™ sin(§ — ¢')r-. (3.30)
0
using the fact that
sin(Gg — ¢ )r = Ime'@ar (3.31)
one can write
. 4 > o
fla—q) = ; ”A/) Im / e~ (a=ia=Dr gy (3.32)
q4—4q 0

carrying out the integration, we get

Loy Am a+i(G—4q)
fla—q)= ((j—cj/jm[(ﬂ—i-((j—(j/y]. (3.33)
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Now we take the imaginary part and is found to be

47
i) = —— 3.34
I0=ara-ar 554
In view of this, one can write
a3 —47
2 _ .
i el (355

It then follows that, the scalar potential takes the form

~ 3 d? —4r C ~
Aoy 2,2 P >0 33 (4
‘/C((L q ) - 4wq(j[clb£% dCL3 [a2 + (Cj _ (jl2)] WS (27T) 6 (q q )} : (336)

We remember the fact that

= . d? AT
(27r)3V253(q q) = £Lo e [m]» (3.37)

where the differentiation here is with respect to ¢, while ¢’ keept constant. Now, one

can put the scalar potential in the form

Vi(G,q') = _I?’wgq(%)?’ (V2 + S—é’}éi‘"(g —q). (3.38)
This can be rewritten as
Vi, i) = | n VG~ ),
Ve=uw2[Vit S—(;j . (3.39)

On account of this, the integral equation given by Eq. (3.17)takes the form

[ o 2m j) ] QSVC Al ~2 A Al ~ oAl A oAt Al o
(M = 2w) | f5(q) + “fj(q) = /d3q’ — Q% f5(q) + m*4.q f5(q') + 2mwqq f1(q )}53@—

[ ~ 2mf q ] HSVC » -A N ~ Al Al A Al A ~ Al
o1-+20) @) - 222D] = B [ 0047 1(0) - o 5 + 2msid 1)~

Carrying out the integration applying the identity given by Eq. (2.16), we get

2mf(ﬁ)} 05V {0]@3( i) —m?f3(q) — 2mwf4(@)]

om h(cj)} B esv
L —

(01~ 2)| i) +

(M + 2w) {f:&(‘f) - WQC { — ¢*f3(q) + m*f3(4) — 2mwf4((j)} (3.40)
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Taking the sum of this two equation, we get

M f5(4) — dmfa(G) = _szi/Cf 4@). (3.41)

Similarly, subtracting the second equation from the first, we get

2m1\/;fuf4(6f) —%wfy(d) = —Hsvc(mz); @2)f3(6f). (3.42)
Now solving for f;(¢) from Eq. (3.41), we get
f3() = % [4mf4(ci) - M} . (3.43)
On the other hand, solving for f,(g) from Eq. (3.42), we get
) = gt [t - LA DR 3.44)

Plugging Eq. (3.43) and Eq. into Eq. (3.40)and if we employ the heavy mass

approximation, w ~ m on the right hand side of the two algebraic equations which
is valid since in the confinement region, the relative momentum between heavy
quarks in the bound state can be considered small,and hence the heavy-quark is
supposed to be moving with non-relativistic speeds and making ¢*> — m? = —m?,

these decoupled equations can be expressed as

M2 _ 027"

{T — WZ} f3(q) = —mbsV . f5(q) + STCf?’

M2 _ 027>

{T - uﬂ] Fuld) = —m0Vefuld) + el (3.45)

Using the input parameters, Cy = 0.21, wy = 0.15 GeV,,A = 0.200 GeV,, and A, = 0.01,
along with the input quark masses m. = 1.490 GeV. and m,, = 5.070 GeV., we try to
determine the numerical values of Q, = meswgq and Q. = % for scalar mesons .o
and yo in the right hand side of Eq. (3.45), and their percentage ratio in Table 3.2

below. Now one can see that w;, < w?, and hence the second term is negligble. In
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Q, o % o

Xeo | 0.1213 | 0.0016 | 1.315

Table 3.2: Numerical values of coefficients

comparison to the first term on the right hand side of Eq. (3.45), second term can

be droped. To derive the mass spectrum, we put the spatial part, V. in Eq. (3.45)

and obtain
M? ) C .
2 ] ) = b 9+ S )
Wo
M? ) ) - C )
0

From these two equations we see that, f;(¢) and f4(¢) satisfy the same equation .
Thus, we take f3(¢) ~ fi(4) = ¢(q). With the use of the above equality of ampli-
tudes, we re-express f3 in terms of f; and the complete wave function 4(¢) can be
expressed as

mMq 2P

Us(q) = | M +1 7 YA

bs(4). (3.47)

We can reduce this equation into the equation of a simple quantum mechanical
3D—harmonic oscillator with coefficients depending on the hadron mass M and

total quantum number N . The wave function satisfies the 3D BSE:

M? . . =, C X
{T —m? — qQ} $(q) = —mbwi; [Ve + w_g} ?(q). (3.48)
0
This can be put in the form
M? o L =, C .
(5 —m* = @)old) = =BV + —3]0(4). (3.49)
0

where

ﬁ4 — 4Amw? (3.50)

qq’
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and the spin-spin interaction term is taken to be ©, = v,¥(4)y,. Therefore, Eq.

(3.49) takes the form
I E &
Vo) + 55— alo(@) =0, (3.51)
where we define the total energy to be
2 4
E:%_muﬁf. (3.52)
4 wp

Putting the expression for the Laplacian operator in spherical coordinate, we get

Pold) | 2d0) 101006 | B i
dg? q dq q? pr Bt

)é(q) =0, (3.53)

where [ is the orbital quantum number with the values! =0, 1,2, 3, ...

This is nothing but second order linear homogeneous differential equation whose
solution can be found by using the power series method. The wave function sat-
isfies the 3D Bethe Salpeter equation for equal mass scalar heavy meson. This is a
3D harmonic oscillator equation where [ = 0,1, 2,3, ... corresponds to S, B D wave
states respectively. Let the solution of this equation be

-2
9

o(q) = h(q)e 257, (3.54)

where h(g) is function which must not affect the asymptotic behavior of ¢. In the
confinement region, ¢ — 0 and the quarks bound together. Now by taking the first

and second derivative, we get

do 1A jh(q iﬁ

G

d*¢ we  200(Q) @1 -

dg? ~ [h - qBQQ i % - E)h@}ew ' o)

Plugging these two equation into the above homogeneous differential equation,

one can obtain

"eas 2 1A ) A\
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Here the primed notation indicates the first and second derivative with respect to g.
This is nothing but second order linear homogeneous differential equation whose
solution can be found by using a generalized power series (Frobenius) method. Let
the solution be
hG) =" and" =Y and ™, (3.57)
n=0 n=0
where k is a number that may be real or complex and a( # 0. Now taking the deriva-

tive of the series with respect to ¢, we get

dh(g >
(@) = Z an(k 4 n)gctm!
n=0

dq
d*h(q -
dcj(QQ) = Z an(k +n)(k+n—1)§" "2 (3.58)
n=0

Putting these two equation into the above differential equation, we get

(3.59)
By setting n = 0, we get the coefficient of 42, the lowest power of ¢ appearing on
the left hand side. Since each coefficient has to vanish for this equation to hold true,
we write

[k(k +1) = 1(I+1)]ag = 0. (3.60)
Since ay # 0, then for this equation holds true, we should have
E+k—1(1+1)=0. (3.61)
This is quadratic equation for the index k£ and has two roots which are found to be
k=1k=—(+1). (3.62)

The second lowest power appearing in above equation is ¢! for n = 1 in the first

summation. Then the requirement that the coefficient of ¢*~! vanish yields

[k(k+1)+2(k+1)—1(+1)]a; = 0. (3.63)
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Since the coefficient (£ +1)(k+ 1) — (! + 1) will not vanish, then for this equation to
satisfy, we require a; = 0. In order to write all these series in terms of the coefficients
of ¢ lets change or set(shift) n = n + 2 in the first summation and keep n = n in

the second summation (since both summation are independent). We then write

i {an+2 {(’H'WHLQ)(k+n+1)+2(k+n+2)—l(l+1)} +ay, {%_%_W} }QH" —0.

(3.64)

This can be rewritten in the form

i {an+z {(k+n+2)(l€+n+3)—1(z+1)} +ay {%— 20k +57;) +3] } }q’m =0. (3.65)

Now equating the general coefficient of ¢**" in this equation, we get

Apt2 {(k’+n—|—2)(/€+n+3) —l(l+1)] +a, {% — [Q(k +ﬂz)+3]} =0. (3.66)

From this equation one can obtain the recursion relation between the coefficients

an12 and a,, as

B2 B

|:2(k+n)+3 o E}a
R it n+ )k tn+3) — 1+ 1)

(3.67)

This is a two term recurrence relation. It is obvious that if we start with «,, the re-
cursion relation leads to the even coefficients as, a4, ...etc and ignores aq, ao, ... etc.
Since a; is arbitrary, one can set equal to zero and from the recursion relation, we
geta; = a3 = a5 = ... = 0. That is all the odd power coefficients vanish. Now if we

take the difference of the two indicial roots ,we get

ky — k| =20+ 1. (3.68)

Since [ > 0, the two indicial roots differ by an integer or unity. So that the recur-
rence relation corresponding to the larger of the two indicial roots always leads to

a solution of the ordinary differential equation. Therefore, taking the larger root of
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the indicial equation, one can write the recurrence relation in the form

2 0)+3
|: (n-gQ)-&- - /B_Ez'1:| (079

n+2 = (n+1+2)(n+1+3)—1(l+1) (3.69)

We remember that for scalar meson, | = 1, then the recurrence relation becomes

2 1)+3

e e gy o (3.70)
This recurrence relation leads to
Al
T34 -2
B A
LB)6) -2
4~ fila
CTNE) —2
(3.71)

This requires that all coefficients a,,,; have to vanish. In general the recurrence

relation can be put in the form

2(2n+1)+3
|:(n62) _ﬁ_€:|a2n

2n+1+2)2n+1+3)—1(1+1)

(3.72)

A2p+42 = (

where the principal quantum numbernis givenbyn = 0,1, 2, 3,4, .... Now the power
series solution must terminate. For this to happen there must occur some "highest”
n (call it n), such that the recursion formula spits out as, .o = 0. This will trun-
cate the series h(q) for physicaly acceptable solutions, then the recursion relation
requires that

220’ +1)+3 E

7 5| =0 (3.73)

From this one can obtained the energy eigenvalue equation

Ey =2B8°[N + g}, (3.74)
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where N = 2n’ + [ and N is known as the principal quantum number and n as
the radial quantum number. n = 0, 1,2, 3.... The allowed values of N are integers,
N = 1,1+ 2,1+ 4.... The orbital quantum number / can have values | = 0,1,2, ...,.
To each value of n = 0,1,2,3,... of N will then correspond to a polynomial of or-
der 2n + [ in ¢ and an odd physically acceptable wave function ¢(g) given by the
above equation for the first orbitally excited states. For the allowed values of E, the

recursion formula leads to

[— 4w - n>]

B
iy = . 3.75
2 = o i) 2n+1+3) 11+ 1) (3.75)
Now the power series solution can be written in the form
h(d) = agg™ ™. (3.76)
n=0

In view of this the un normalized wave function(eigenfunction) can be put in the
form

42

On(G) = hy(§)e 252, (3.77)

Now from the eigenvalue equation one can derive the mass spectral equation. We

then have
1 M2, Bl 3

From the mass spectral equation one can see that, the mass spectral equation de-
pends on not only by the principal quantum number n but also the orbital quantum
number l. Since we are dealing with the first orbitally excited state with quantum
number J?¢ = 0**(p-wave) for [ = 1 then we use the corresponding recursion rela-
tion for scalar meson.

If n’ = 0 there is one term in the power series

hi(q) = aoq. (3.79)
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For n’ = 0,n = 0yields from recursion relation
ay = 0. (3.80)
If n’ = 1, there are two terms in the series
hs(§) = aod + asg’. (3.81)
If n’ = 1,n = 0 yields from the recursion relation
—2CLO
= . 3.82
a2 532 ( )
Ifn' =1,n = 1yields
as =0 (3.83)
It then follows that
A Qo 24 -3
h3(§) = =25 (584 — 24°). (3.84)
532
If n’ = 2, there are three terms in the series
hs(q) = aod + a2” + asq’. (3.85)
If n’ = 2,n = 0 yields from the recursion relation
=2(2—-0)]ay —4
g = [52( )] 0 _ ao' (386)
(3)(4) —2 502
If n = 2,n = 1yields from the recursion relation
(2 -1la 4
a4:[ﬁ ( )] 2: CL()' (387)
(5)(6) —2 3508
Ifn' =2,n=2yields
[—%(2 —2)]ay
ag = - = (3.88)
(7)(8) —2
Then the power series takes the form
N . A¢ 4¢°
hs(q) = ag [q g g } ) (3.89)

~ 552 T 35
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If n’ = 3, there are four terms in the series
h7(q) = aoq + a2q® + asd® + aeq’. (3.90)
For n’ = 3,n = 0 yields from the recursion relation
CEB- O o1
oMW -2 e '
Forn’ = 3,n = 1yields
—z(B-1Dax 12
g = “ Ja2 _ 12a0 (3.92)
(5)(6) — 2 3503
Forn' = 3,n = 2 yields
~ %3 -2)]a —24
a(;:[ A i ) (3.93)
(7)(8) —2 94538
Forn’ = 3,n = 3yields
[—54_2(3 — 3)]ae
= 2 = 3.94
= T (0)(10) ~2 599
Then the polynomial takes the form
R R 64> 12g* 2445
he(d) = apd[1 — = 1 1 (3.95)

“5% T3 o

From the energy eigen value equation, the first orbitally excited state energy eigen-

value for n’ = 0, 1, 2, 3 respectively can be found

By =507,
Es = 95%,
Es = 1387,
E; =175

(3.96)

We see that to each of the discrete value Fy of the energy, given by the energy eigen

value equation, there corresponds one and only one physically acceptable eigen

function. Therefore, the energy eigenfunction for radially excited state can be put
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in the form

2

_ 4
¢1(1pa 4) = lequ 2637

X . 2¢*] -4
$3(2p, q) = Nasq 1——552 e 243,
T
3p,4) = Naf |1 — s + o |73,
¢5(3p, q) 554 55§+35ﬁ§
642 12§ 24¢° ] _ &
4p, @) = N7og |1 — - 267, 3.97

where N, is the 3D scalar normalizer. But for parameter A, # 0 i.e if we reintroduce

the factor k in the denominator, we can write the complete potential V' (g, c}’) as

R _3 V2 C R
V(g,q) = —%?q(?ﬂ):’[ : + —3} *(q—q), (3.98)

1 1= Aoz 0

where we have used (-V?) as the representation of 7> in momentum space and

~ ~ 1

My = 1y = 5 for equal mass quarks. To derive the mass spectrum, we put Eq.
into Eq. for scalar meson. However, to solve the equation with A, # 0, we
follow an approximate analytical procedure where, we treat k as a correction factor
due to small value of parameter, As(A;, < 1) while we work in approximate har-
monic oscillator basis due to its transparency in bringing out the dependence of
mass spectral equations on the total quantum number N, with little compromise
on numerical accuracy. In this connection, we wish to mention that recently, har-
monic oscillator basis has also been widely employed to study heavy quarkonia us-
ing a light front quark model. The latter is achieved through the effective replace-
ment k = (1 — A0M2§§)? = [1+24¢(2n + | + 2)]7 which is quite valid for ¢z and
bb systems. With this, we can reduce the above integral equation to equation of a
simple quantum mechanical 3D harmonic oscillator with coefficients depending

on the hadron mass M and total quantum number N and orbital quantum number
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L. In view of this Eq. (3.40) can be put in the form

01 - 20) [ (0) + 22LD] K

W w2g?

2m ] Hsvc Al A2 A A Al A AL ~
f4(q)] = /d3q {q2q 2fs —m?q.q fs + 2mwiq f4} 0°(q —@P9)

/d?’d [ —§°q% fs +m*q.q fs + Qqu%j’f4] *(G—4q)

(M + 2) [f3<a> -

w

where we define

,, Co

2
wWo

]. (3.100)

Carrying out the integration and following similar procedure as we did a bove for

light scalr meson, we obtain

. 2
4quq

\/1 +240(N + 2)

{ﬁ§+f—§\/1 +240(2n + 1 + g)] #(q) (3.101)

This can be rewritten in the form

2
o = - [ Do+ Do, o
0

where we define the gaussian parameter for a meson composed of heavy quark an-

tiquark to be
Amw?.
- Mg (3.103)
\/ 1+ 240(N + 2)
Now Eg. (3.102) can be put in the form
=92 ~ E 6}2 ~
Vio(q) + (@ - @)qb(Q) =0, (3.104)
where the total energy eigenvalue of the scalar heavy meson is defined by
M? , BCy 3
E=——m"+ —51/1+24(N + 7). (3.105)
4 w; 2

If we look at Eq. (3.104|and Eq. (3.51)), one can see that the two equations are equal
and they are second order differential equation so that they have the same solution

with different gaussian parameter and different eigenvalue. Therefore,the energy
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eigenfunction for the first orbitally excited state can be put in the form

é(1p,d) = Nyge %,
N (}2

020, 0) = Nz [563 - 2@2} ¢ ¥,

6(3p, §) = Ny

’ 355;1

o(4p, @) = Nag {1

2

{35&* — 2832 + 4@4] ¢ 27

6¢>  12¢* 2445 | -
- 53 + Tk 267 | (3.106)

3.2 3D Normalizer

We require that the eigenfunctions in Eq. (3.106) be normalized to unity so that

/ch(é)lzd?’é =1. (3.107)

Now the 3D volume element can be put in the form d*¢ = |§|*d|q| sin d0d¢. In view

of this one can write

00 T 2
/ |9?¢°dg / sinfdf / do = 1. (3.108)
0 0 0

Carrying out the integration for the angular part and inview of Eq. (3.106), the

ground state of the scalar meson normalizer can be calculated as

2

AT N2, / Gle Fdg=1. (3.109)
0

Carrying out the integration using the relation

b I(n+ 3
/ wQ”e_“x2d:v — ( 12> ,
0 2a" "2

0 |
/ g2rtlg=aa® g 2”— (3.110)
0

antl ?

where the gamma function is defined by

T(n+=)=-"—""\/r. (3.111)
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Here n is an integer (0, 1, 2, 3, ...) and a > 0. In view of this, one can obtain
(3.112)
where j; is given by Eq. (3.103).

Following similar procedure, one can obtain the 3D normilizer for the first and

second radially excited state ¢(2p, ¢) to be

5. 1
N25 - (§)§ 5 3 7
(8¢)(m1)
35, 1
N3 = (E)Eg—ga
(8s)(m)
Ny, = ( 1890 )2 L (3.113)

s

46359" (33 (n})

In view of this the normalized eigenfunction is found to be

R 2.1 1 o
o(1p, ) = (3)2 —5———Ge **
(552)(77'1)
LB 1 2¢7] 2
¢(2p7 Q) = (_)é 5 3 (]|:1 - 2:|6 25?7
37 gty L B
) 35 . 1 R 4@2 4@4 g2
3 LY S S P i 2 252
¢(3p. q) (12)2(55)(7&)61{ AT R
S (1890 s 1 T 6@ 12¢0  24¢° ) -z
o B _ 27 (3.114
¢(4p, q) (46359)2(&3)(#3)4 53 3507 94560 ° N

Several interesting features emerge from the examination of the eigenfunctions
on(np, q) i.e, the bound state eigen function is zero for only p state (I = 1) and differ-
ent from zero for s state / = 0 at § = 0 and the wave functions are forced to remain
large over distances (interaction momenta).

Now, treating the mass spectral equation, Eq.(3.104) as the unperturbed equa-
tion, with the unperturbed wave functions, ¢(n P, §) for scalar mesons in Eq.(3.114),
we now incorporate the coulomb term in this equation. Then the above mass spec-

tral equation can be written as:

E.s(q) = [BIV] + ¢ + Vil 6(4), (3.115)
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»(lal)
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Figure 3.1: The graphs the unperturbed wave functions of the ground, first, second
and the third excited states with quantum number J?* = 0% for c¢ and bb states of

scalar meson .

Now, treating the coulomb term as a perturbation to the unperturbed mass spectral
equation, we can write the complete mass spectra for the ground and excited states

for equal mass heavy scalar (0*) mesons using first order perturbation theory as:

1 [M?
2p2] 4

1C 3 3
5520\/1+2A0(N+§)} +y< Vi >:N+§, (3.116)
Wo

m? +

where N = 2n+[,n = 0,1,2,3,... and < V , > is the expectation value of V? ,
between the unperturbed states of given quantum numbers n (with [ = 1) for scalar
mesons, and has been weighted by a factor of v, = (C2)(3?)/3 to have the coulomb

term dimensionally consistent with the harmonic term and its expectation values
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for the 1P, 2P, 3P and 4P states are

AP Vi | 1P 5=~ T

<2P | Vi | 2P >= _6148%

<8P Vo | 3P >= -T2

< AP Veout [ 4P >= _% (3.117)

From the mass spectral equation, one can see that, the mass spectra depends not

only on the principal quantum number n, but also the orbital quantum number /.

3.3 Numerical calculation of mass spectral for heavy scalar meson

We are now in aposition to calculate the mass spectrum using the mass spectral
equation given by Eq. for ce.

We now give the mass spectrum in BSE-CIA of ground and excited states of x.o
with quantum numbers JF¢ = 07+ in GeV. It is seen that the set of input param-
eters is not unique. It is observed that the mass spectra of mesons of various J7¢
is practically insensitive to a range of variations of parameter w, € [0.120 — 0.180]
GeV. as long as %Olis a constant, and reasonably good fits are obtained for the pa-
rameter ratio,g—g: 9.3333GeV’?, with other parameters A = 0.250GeV,, A, = 0.01, and
m. = 1.490GeV. Thus for wy= 0.120GeV, we have, C, = 0.1344, while for w,=0.180GeV.,
we have Cj = 0.3024. However for comparison with experiment, we take the values
wp=0.145GeV.,, and Cj = 0.18688, along with A=0.250 GeV., A, = 0.01, and m,.=1.490
GeV.

From the mass spectral equation, one can see that, the mass spectra depends not
only on the principal quantum number N, but also the orbital quantum number
1. We are now in a position to calculate the numerical values for mass spectral of

heavy equal mass scalar meson with the input parameters of our model.
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M(wo = 0.130) | M(wp = 0.1450) | M(wy = 0.160) | Expl[7]

M, ,(1Py) | 3.3967 3.4474 3.4995 3.4140-0.0003
M, ,(2P)) | 4.0967 4.1552 4.2039

M, ,(3Py) | 4.7204 4.8463 4.9687

M, (4Py) | 5.2961 5.5186 5.7308

Table 3.3: Mass spectrum in BSE-CIA of ground and excited states of x., with quan-
tum numbers J”¢ = 0** in GeV. units with a range of variations of parameter
wo € [0.120 — 0.180] GeV. for the parameter ratio, %: 9.3333GeV?, and other pa-
rameters A = 0.250GeV,, Ay = 0.01, and m,. = 1.490GeV. However for comparison with

experiment, we take the value wy=0.145GeV. and C;, = 0.186889

BSE-CIA | Expt[7] Pot.Model[28] | BSE[55] | RQM[29]
M,.,(1%py) | 3.43577 | 3.4140-:0.00031 | 3.440 3414 |3.413
M,0(2%po) | 4.14366 3.920 3.8368 | 3.870
M, e0(33py) | 4.86479 4.1401 | 4.3010
M, e0(43py) | 5.565

Table 3.4: Mass spectrum of the ground and excited states of .0 in the BSE-CIA with
quantum numbers JF¢ = 0**in units of GeV with the above set of parameters( A
=0.250GeV., Ay = 0.01, m, = 1.490GeV., wy=0.145GeV., and Cj, = 0.186889) along with

data and the results of other models.
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3.4 Spectroscopy of Axial vector meson(1*")

The general form for the relativistic salpeter wave function of * P, state which J7¢ =

17+ for equal mass system of dimensionality M is given by

V@ = b+ ZRIMAG) + PR@ - 5@ + 211 (0)
sl + 2 @) @118

From this one can see that the Dirac covariants M associated with the amplitude f;

and f, are the most dominant one in comparison to all the other Dirac covariants.

In addition to this “P is very small and contributes less for meson observable so

that one can neglect it. Then the Salpeter wave function takes the form[39]

V() = Vs[iMuf1(G) + 7P f2(q)]. (3.119)

Plugging this wave function into the first two equations of Eq. (2.123) as the scalar
meson and taking trace on both sides as well as following the steps as for the scalar

meson, we get

M? . . - ¢ QW ¢ .
[T~ = 1A(0) = —wbawy Vi + 0@ + =V PR
w Wy
M2 R N R 92 w47 — C
- m® — 1 f2(q) = —whawyy[V; + ]fz(CI) + %[Vé + w—(;]Zf?(q)B.lZO)
0 0

(3.121)

From these two equation one can see that both f; and f, satisfy the same equation
. . 4 2

and hence we can approximately write f; ~ f, ~ ¢. On the other hand w,;, < w,

and hence we can forget the second term on the right hand side. Moreover, in the

low energy limit, we can use w ~ m which is true for heavy quarkonium. It then

follows that
M? R . - C .
=~ = P10(d) = —2mw V] + —10(4). (3.122)
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This can be put in the form

(= —m? — §%6(4) = B4V + 26 (4), (3.123)

2
wWo

which can in turn be expressed in an identical form as scalar meson as

E¢a(q) = [-BAVE+ ¢oa(d), (3.124)

where we define the gaussian parameter for a meson composed of heavy quark an-

tiquark to be
gt = 2muw;; '
¢ 1+ 240(N + )

Putting the expression for the Laplacian operator in spherical coordinate, we get

(3.125)

PolQ) | 2d0@) _W0+10@) (B _ &
A2 q dq ¢ By Bi

)é(G) = 0. (3.126)

This is the same equation as the scalar meson with 3 replaced by 4. with the total

energy eigenvalue given by

M2
E="— —

10
m? + BAQO

3
;. = \/1 +240(N + 3). (3.127)

Following exactly the same steps as in the scalar meson case, we can express the

energy eigen values of the system as:

Ey =284(N + g), (3.128)

where N =2n'+1,n=0,1,2,....and [ =0,1,2,3, ...

If we look at Eq. (3.126), one can see that this equation is second order differential
equation so that its solution is the same with that of the scalar meson case but with
different gaussian parameter and different eigenvalue. Therefore,the energy eigen-

function for the first orbitally excited state of the axial vector meson can be put in
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the form

(22

o(1p,§) = Nage i,

qz
2p,4) = 567 — 2¢%|e 2%
(b( paq) 55h|:ﬁh q:| h,
42

¢<3p7 é) = N 355 |:35Bh - 28ﬂh 4:| € 25%7

h

A (12
o(4p, §) = Ny—— ASEE BG [9455h 1134531G% + 32452¢* — 244 } 25 (3.129)

where N, is the scalar 3D normalizer for axial vector meson. Solving for the 3D

normalizer the eigen function can be put in the form

$1p,d) = ()i ———de %,
)
. 5,1 1 . 2¢° | -3
?(2p,q) = (5)2 5 |:1_ :| 26A7
R T L1
63,) = (1) ———

1 |:1 — 4_q2 4q :|@;B,24
552 35BA
~D A A -2
1 _ 64> n 124¢* _ 2445 6—;3—124‘
5% 350% 904505

Y

(3.130)

¢(4p,q) = (

We have put the plot of wave function for bb mesons for acadamic interest.

Now, the perturbative inclusion of the coulomb term will be the same for axial
vector meson in the same form as for the scalar case, except that the inverse range
parameter [, has got to be replaced by 34. The plots of wave functions for axial vec-
tor quarkonia are thus similar to the corresponding plots of scalar quarkonia. Now,
treating the above mass spectral equation, Eq. as the unperturbed equa-
tion, with the unperturbed wave functions, ¢4(nP, ¢) for axial vector mesons in Eq.
(3.130), we now incorporate the coulomb term in this equation. Then the above

mass spectral equation can be written as:

Eaga(q) = [-BAVE+ ¢ + Valoa(d). (3.131)
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0.4
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Figure 3.2: The graphs of the unperturbed wave functions of the ground, first, sec-
ond and the third excited states with quantum number J?¢ = 1** for c¢ (solid line)

and bb(dashed line) of axial vector meson.

Now, treating the coulomb term as a perturbation to the unperturbed mass spectral
equation, we can write the complete mass spectra for the ground and excited states
for equal mass heavy Axial vector (171) mesons using first order perturbation theory

as:

1 [M? ,  BiC
—m-+ —

3 N 3
262 | 4 o \/1 +2A40(N + 5)} + 74 < Viu >=N+3, (3.132)

with [ = 1, where < V2 , > is the expectation value of V! , between the unperturbed
states of given quantum numbers n (with [ = 1) for axial vector mesons, and has

been weighted by a factor of 74 = C?5% to have the coulomb term dimensionally

consistent with the harmonic term. Its expectation values for the 1P, 2P, 3P and 4P
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states are:
64
<1P|VA 1P >= ——=
| coul | 95"24 )
32T
<2P|VA |2P>=-""_°%
‘ coul | 185124 Y
18567
<3P|VA |3P>=_—"—""2"2
‘ coul | 213/6124 Y
576
< 4P|V AP >= ———— % 3.133
‘ CO’LLZA | 25/6124 ( )

3.5 Numerical calculation of mass spectral for heavy Axial vector
meson(1*")

From the mass spectral equation given by Eq. (3.132), one can obtain the mass spec-
tral values for the axial vector meson composed of c¢ and is found to be as shown
below. From the mass spectral equation one can see that, the mass spectral equa-
tion depends on not only by the principal quantum number N but also the orbital
quantum number L. We are now in a position to calculate the numerical values for
mass spectral of heavy Axial vector meson constituent from equal mass quark- an-

tiquark with the same parameter set above for scalar meson.

3.6 Derivation of Bethe Salpeter wave function and the mass
spectral equation of axial vector meson(1* ")

The general form for the relativistic Salpeter wave function of state J** = 17~ for

equal mass system is given by

¥(d) = qsf1(Q) +iP f2(4) — id f3(@) + 2P f1(d)]. (3.134)

Here, fi(¢?, q.P, P?) are the Lorentz scalar amplitudes multiplying the various Dirac

structures in the BS wave function ¢ (P, ¢). By use of power counting rule, it can be
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M(wp = 0.120) | M(wp = 0.150) | M(wp = 0.180) | Exp[7]

M, (1P)) | 3.4330 3.4782 3.5279 3.5104:0.0007
M, (2P)) | 3.9279 3.9560 4.0333 3.871.69-0.0017
M, (3P)) | 4.3858 4.4650 4.6636

M, (4Py) | 4.8155 4.9593 5.3151

Table 3.5: Mass spectrum in BSE-CIA of ground and excited states of x., with quan-
tum numbers J7¢ = 17+ in GeV. units with a range of variations of parameter
wo € [0.130 — 0.160] GeV. for the parameter ratio, %: 9.3333GeV?, and other pa-
rameters A = 0.250GeV,, Ay = 0.01, and m,. = 1.490GeV. However for comparison with

experiment, we take the value wy=0.145GeV. and C;, = .186889

BSE-CIA | Expt[7] Pot.Model[28] | BSE[55] | RQM[29]
M, (1%p;) | 3.4783 | 3.5104+0.0007 | 3.440 3.413
M, (2%p1) | 3.9560 | 3.871.6940.0017 | 3.920 3.928 | 3.870
M, (3%p)) | 4.4650 4228 | 4.301
M, (4%p;) | 4.9593

Table 3.6: Mass spectrum of ground and excited states of x.; with quantum num-
bers JP¢ = 1** in GeV. units with the set of parameters, w, = 0.145GeV,C;y =

.186889,4, = 0.01 and m,. = 1.490GeV.

shown that The Dirac structures associated with amplitudes f;(i=1, ..., 4) are sup-
pressed by various powers of M and among the various Dirac structures those as-
sociated with amplitudes f; and f, have magnitudes O(%) and are leading order,
while the Dirac structures associated with f; and f, have magnitudes O(#) and are

sub leading and would contribute lessor to meson observable calculations in com-
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parison to leading Dirac structures associated to f; and f,. Among the two leading
Dirac structures associated with f; and f,, the structure associated with f; is dom-
inant. In the center of mass frame, where ¢, = (¢,0), we can then write the gen-
eral decomposition of the instantanious BS wave function for Pseudo vector meson

(JP¢ = 1*7), of dimensionality M as[39]

: : 5
(@) = qrsf2(q) + %fé(@) = % 5(9) + % 1()]- (3.135)

Taking the leading order covariants, one can write
o) = s 10) + ) 3.136

Put the wave function eq. (3.136) into the first two equations of eq. (2.123) and by
taking various traces for v-matrices to both sides of the equations and carrying out

the integration, we obtain the independent coupled differential equations
m m
(2 M) = e, [+ M,

(M +2w) [ fi + O4-Ve[i— —=], (3.137)

me}
w
where M is the mass of the meson.

Taking the sum of these two equation and solving for f; following by subtraction the

second equation from the first and solving for f,, we get

,mmzipm—m@*]hm

W [QW — O4- ‘/c:| fl((j)7 (3.138)

o, v2 & L .
where V, = w, B Ty + wg] . Substituting f; into the second equation of Eq.

(3.137) and f, into the first Equation of Eq. (3.137), one can obtain

[ =W’ f1(q) = —wO4-V.f1(q). (3.139)
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In view of this equation, one can see that f;(¢) and f5(q) satisfy the same equation
and can be approximately written as f1(§) ~ f2(q) =~ ¢4-(q). so that in heavy quark

approximation, we write

s gl =im

V2 C,
{ g + —3} 0, (). (3.140)
\/1+2A0(N+§) “o

This can inturn be expressed as

Eypp = { — BV QQ] ba-, (3.141)
where 84- = ( 1+42Zj§jv+§) ) /% and total energy of the system expressed as
M? 1_C 3
Eu- z——m2+L2°\/1+2AO(N+—). (3.142)
4 wp 2

Putting the expression for the laplacian operator in Eq. (3.141) in spherical coordi-

nates, we get

Po(g)  2do(q) 11 +1)é(g E @ .
C;Z;(QQ) +5 CZE;) U +q2)¢(Q) +(@—%)¢(q)20. (3.143)

This is 3D harmonic oscillator equation, whose solutions can be found by using

power series method. Assuming the form of the solutions of this equation as ¢(§) =
-2

—4q_
h(§)e**4, the above equation can be expressed as

R 2 2q ., . E 3 I(l+1)
h + (= = =-)h + — —
() (d )h (q) (5?47 51247 q?

Jh(G) = 0. (3.144)
The eigen values of this equation can be obtained using the power series method as

3
En =265 (N + =

DN =20 41, (3.145)

with [ = 1. Thus, to each value of n = 0,1, 2,3, ... will correspond apolynomial A(q)

of order 2n + 1 in ¢ that are obtained as solutions of Eq. (3.144). The odd parity
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normalized wave function ¢(§) thus derived are

51p,0) = (5!

. 35,1 1 . 44> 4" ] it
o(3p,4) = (55)* —5———d {1 - + c
120 (g8 )ty L 50 8L
) 1890 2 1 64 124 244° ] ~ak
dp. &) — 1 - ~(3.146
Y= e ><wz>q{ N T 7
5

o(lal)
»(al)

»(lal)
o(lal)

Figure 3.3: The graph of unperturbed wave functions of the ground, first and second
excited states with quantum number J?¢ = 17~ for ¢¢(solid line) and bb(dashed line)

of pseudo vector meson .

The mass spectrum of ground and excited states for equal mass heavy pseudovector

17~ meson is written as

r[m 0053\/ 3 3
— | - — 2414+ 240N +2)| =N+ = 14
7|1 m® + 2 +240(N + 2)] +5 (3.147)
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withN =2n+1;n=0,1,2,3,...,.

Now treating the mass spectral equation Eq. as the unperturbed equa-
tion, with the unperturbed wave function ¢,(nP, ) for pseudovector meson in Eq.
(3.146), we now incorporate the OGE(coulomb) term in this equation. Then the

above mass spectral equation can be written as
Ex-¢a-(@) = [ = B4V + & + Vigu] 6a-(9)- (3.148)
Treating the Coulomb term as a perturbation to the unperturbed mass spectral

equation, we can write the complete mass spectra for the ground and excited states

for equal mass heavy pseudovector meson using first order perturbation theory as

ro[m? Coﬁj_\/ 3 A 3
— | — = 1+ 2A0(N + = n =N+ = 14
T + o +240(N +5)| + 74 <Veou >=N+5,  (3.149)

where < VA > is the expectation value of V4, between the unperturbed states
of given quantum numbers n with [ = 1 for pseudovector meson and has been
weighted by a factor of v, = CZ5%_ to the Coulomb term dimensionally consistent

with the harmonic term. Its expectation values for the 1P, 2P, 3P and 4P states are

<1P|VA |1P >= —%;“5,

<2P|VA | 2P >= —%;S,

<8P Vil | 3P >= — i

< AP | VA | 4P >= —% (3.150)

3.7 Numerical calculation of mass spectral for axial vector
meson(177)

Now the mass spectral results can be calculated from the above mass spectral equa-
tion and the result for 1B, 2B, 3P, 4P states of h. are given in the table 3.5 below with

the same parameter set above for 0.
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M(wo = 0.130) | M(wy = 0.1450) | M(wp = 0.160) | Exp[7]
My, (1P;) | 3.19687 3.40382 3.5983 3.526-:0.000
M, (2P)) | 3.77493 4.10936 4.43295
M, (3P;) | 4.37008 4.82397 5.25924
My, (4P)) | 4.94834 5.51168 6.04837

Table 3.7: Mass spectrum in BSE-CIA of ground and excited states of x., with quan-

tum numbers J7¢ = 1%~ in GeV. units with a range of variations of parameter

wp € [0.120 — 0.180] GeV. for the parameter ratio, g—g: 9.3333GeV?, and other pa-

rameters A = 0.250GeV,, Ay = 0.01, and m,. = 1.490GeV. However for comparison with

experiment, we take the value w;=0.150GeV. and C, = 0.186889

BSE-CIA | Expt[7] Pot.Model[28] | BSE[55] | Quark Model[29]
My, (1'py) | 3.469 3.526+0.000 | 3.520 3.539
M, (2'p;) | 4.03894 3.96 3.943 | 3.996
M, (3'py) | 4.46445 4.242
M,.(4'p;) | 5.08769

Table 3.8: mass spectrum of ground and excited states of /. systems with quantum

numbers J”¢ = 17~ in units of GeV.units with the above set of parameters parame-

ters. Expt means experimental value from PDG.



Spectroscopy of pseudoscalar and vector meson

4.1 Mass Spectral Equation for Pseudoscalar Quarkonia

We start with the general decomposition of instantaneous BS wave function for
pseudoscalar mesons, (J** = 0~ 1) of dimensionality M, in the centre of mass frame

where ¢, = (¢, 0) is given[69].

D(P.3) = 26[Mo@) + Pold) + 0n(@ + P @)

Using the constraint equations that arise from the last two Salpeter equations, one

can put ¢3 = 0; ¢, = —2222. Then the wave function can be put in the form

Pio2(q)

m

Up(q) = 15[ Mp1(q) + Po2(q) + ] 4.2)

which is determined by only two independent functions ¢, and ¢.. Inserting the
above wave function into the first two Salpeter equations in Eq.(2.123), and eval-
uating trace over the y-matrices on both sides, we obtain two BS coupled integral
equations, which with the use of only the confining part of the interaction kernel,

Vc are:

(M — 2) [@(@) n

(M +20) [@(@) -
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Decoupling them under heavy quark approximation leads to equation

M g }qﬁp@ _ OumVe (), (@.4)

this is due to the fact that the two equations have identical nature in ¢, (¢), and ¢,(q),
for pseudoscalar mesons, due to which their solutions were written as: ¢(q) = ¢2(q)
~ ¢(q). These represent the eigenfunction of the pseudoscalar meson obtained by
solving the full Salpeter equations, and we can write the wave function for J#*=0"*
state as:

M}

V(@) = 5[ M + P+ =2]6,(q). (4.5)

The wave functions ¢, satisfies the 3D BSE (without the coulomb term) for equal

mass heavy pseudoscalar mesons and is given by

¥
- —q}%m—equq[wHAO(M —+Glow. o

where 0, is obtained by evaluating +,1,(¢)v, which can be approximated by use
of leading order Dirac structures in v,(q) after ignoring %; ~ terms, that are negli-
gible under heavy-quark approximation on RHS of the corresponding equations as
8,1,(¢), where,f,=-4 involves the spin-spin interactions alone. The above equation

can be put in the form,

M? 2 2 . 4|l <2, ©o .
[T —m® = q | 0p(q) = =B, |V + — | 6(q) (4.7)
Wo
which can be inturn expressed as
Epp(q) = [ - BVa+ cﬂ &p(Q)- (4.8)

Putting the expression for Laplacian operator in sphereical coordinates, one can

write

Eoq)  2ds(G) 11+ E @, .
@ Tad @ TG pd=o (4.9)
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Let the solution of this equation be

62

?(q) = h(q)e 2. (4.10)

Now by taking the first and second derivative and plugging these two equation into

the above homogeneous differential equation, one can obtain
i+ -2+ (5 -5 -2 g -0 @
The solution of this equation can be put in the form
h(g) = ¢* i ang" = i ang*t". (4.12)
n=0 n=0

Now taking the derivative of the series with respect to ¢ and putting them into the

above differential equation, one can derive the recursion relation for [ = 0 to be

2(2n+10)+3 E
32 - F A2n,

2n+2)(2n+3) ’

(4.13)

Aop42 =

where the principal quantum numbernis givenbyn = 0,1, 2, 3,4, .... Now the power
series solution must terminate. For this to happen there must occur some "highest”
n (call it n), such that the recursion formula spits out as, o = 0. This will trun-
cate the series h(q) for physicaly acceptable solutions, then the recursion relation

requires that

22n)+3 E
[ —62 — @} =0. (4.14)
From this one can obtained the energy eigenvalue equation
9 3
Ey =2B8°[N + 5}, (4.15)

where N = 2n’ and N is known as the principal quantum number and n as the
radial quantum number. » = 0, 1,2, 3.... The allowed values of N are integers, N =

0,1,2,3,....
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To each value of n = 0, 1,2, 3, ... of N will then correspond to a polynomial of or-
der 2n in ¢ and an even physically acceptable wave function ¢(¢) given by the above
equation for the orbitally ground states. For the allowed values of E, the recursion

formula leads to

— %(n’ — n)] Qo

nt2 = . 4.16
G2 = o 2) (20 + 3) (4.16)
Now the power series solution can be written in the form

h(d) = amg™" (4.17)

n=0

In view of this the un normalized wave function(eigenfunction) can be put in the

form

(}2

on(q) = hn(q)e 277, (4.18)

In view of this, one can derive the normalized eigen function for pseudosclar meson

as in the scalar meson above in an approximate harmonic oscillator basis to be

52

1 _a®

0p(15,q) = 76”/4—6;’/26 %
. 2
(25,0 = ()1 - Sy
39,0 = ()20~ I + g5 7
#l45,0) = (%1/ 273/4153/2(1 - fggg; " 1%?;; - 1(?3;5)6%’ (.19
where the inverse range parameter (3, is given by (4%)1 with the total en-
ergy of the system expressed as
Ep:MTQ_m2+%§°\/1+2AO(N+%). (4.20)

This is the total energy without the coulomb potential. Now with the incorporation

of the OGE (Coulomb) term, the mass spectral equation can be written as:

Eybp(q) = { - 5;62 +¢° + ‘/cl(—:ul:| bp(Q)- (4.21)
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Now, treating the coulomb term as a perturbation to the unperturbed mass spectral
equation, Eq.(4.20), and regarding the wave functions ¢,(¢) in Eq.(4.19), as the un-
perturbed wave functions, we can write the complete mass spectra of ground (1S)
and excited states for equal mass heavy pseudoscalar (0~ 1) mesons using first order

degenerate perturbation theory as:

1 [M? ﬁjgco\/ 3 3
—_— | —— 1+2A0(N + = <VP >=N+—- N=2n+l,n=0,1,2, ..
26}% |: 4 m-+ W% + 0( + 2) +7P coul +27 n-+ y ) Ly 4y

(4.22)

where < V? = > has been weighted by a factor of v, to keep the equation the di-

cou
mensionalty consistent and used as a parameter. to have the coulomb term dimen-
sionally consistent with the harmonic term is the matrix element of V? , between
unperturbed states in Eq.(4.19) of given quantum numbers n. It is to be noted that,
VP . connects only the equal parity states with the same values of quantum num-
bers n. The only non-vanishing matrix elements of the perturbation between states

with the given quantum numbers n are listed below

1 mas
<nS| V2, |nS >= @”10; . (4.23)
p

The plots for unpurturbed seudoscalar quarkonia is given in Figure 4.1 below.

4.2 Numerical values of masses of pseudoscalar cc states

We are now in a position to calculate the numerical values of mass spectrum for seu-
doscalar quarkonia. The non-zero values of < Vcoul > given above leads to bring-
ing the masses of different states of pseudoscalar quarkonia closer to data, as can
be seen from the mass spectral results for pseodoscalar (0~), which are compared
with the experimental data and other models for each state (where ever available),

as given in Table 4.1 below with the above parameter set as:
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o(al)
)

»al)

#(lal)

Figure 4.1: The graph of the unperturbed wave functions of the ground, first, second
and the third excited states with quantum number J?* = 0~ for ¢¢ meson(solide
line). We also draw the graphs of the corresponding unperturbed wave function for

bb states(with dashed lines), which are mainly for acadamic interest
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M(wp = 0.120) | M(wp = 0.150) | M(wp = 0.180) | Expl[7]
M, (1S) | 3.0625 2.95062 2.9920 2.983+0.0007
M, (25) | 3.7018 3.7351 3.8231 3.639+0.0013
M, (35) | 4.2894 4.44842 4.5759
M, (45) | 4.8344 5.1046 5.9069
M, (55) | 5.3439 5.7142 5.9069

Table 4.1: Mass spectrum in BSE-CIA of ground and excited states of . with quan-

tum numbers J”¢ = 0~F in GeV. units with a range of variations of parameter

wo € [0.1300.160] GeV. for the parameter ratio, %012: 8.8888GeV? , and other param-

eters A = 0.250GeV,, Ay = 0.01, and m. = 1.490GeV. However for comparison with

experiment, we take the value wy=0.145GeV.

BSE-CIA|Expt.[7] Pot. Model[56]|QCD sum rule[57]|Lattice QCD[58]|[29]
M,.(15)2.9759 |2.9834 0.0007|2.980 3.11+ 0.52 3.292 2.981
M,.(25)3.7264 |3.6394 0.0013/3.600 4.240 3.635
M,.(35)4.4812 4.060 3.989
M,.(45)5.1368 4.4554 4.401
M,.(58)|5.7442

Table 4.2: Masses of ground and radially excited states of . (in GeV.) in present cal-

culation (BSE-CIA) along with experimental data, and their masses in other models.
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4.3 Mass spectra of Vector quarkonia

The general decomposition of the wave function for vector mesons (J7* = 177) is

given by[69]

W(G) = ¢xa+ ¢Px2 + [G.e — ¢llxs + [2G.€P + ¢(Pd — 4P))xa

g.exs + (G.€)Pxs + (G-€)dxz + (G-€)[Pd — 4 P]xs- (4.24)

We again mention that, by use of a naive power counting rule, one can show that the
Dirac structures associated with amplitudes y; and y. are of leading order. Those
with amplitudes xs, . . ., xg are sub-leading. It is also shown that, the structures
associated with y; and xs are much more suppressed than even the sub-leading
Dirac structures, and would contribute very little to meson observable (specially
heavy mesons) calculations in comparison to Dirac structures associated with s,
. . X6- Thus we ignore the Dirac structures associated with x; and ys. It is also
shown that among the two leading Dirac structures associated with amplitudes 1,
and y», the structure associated with y; i.e. v.e is most dominant. It is also shown
that x; is the dominant amplitude for not only ground state vector mesons, but also
for their higher excitations.
We thus write the instantaneous BS wave function v, (¢) with dimensionality M for
vector quarkonia, up to sub-leading order (i.e. O(5}) as per the power counting

scheme as in case of pseudoscalar mesons, in the center of mass frame, as:

Uo(G) = Méx1+ $Pxo+ [¢d — G-€lxs + [Péd — (G.€) Plxa

(g-c)P

+(q-€)xs + N

We now derive the coupled mass spectral equations from Salpeter equation. Putting

Eq.(4.25) into the last two equations of Eq.(2.123), and evaluating the trace over the
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T matrices on both sides of these equations, we obtain the independent constraints

on the components for the Instantaneous BS wave function as in[40]

M M
X5 = X PX4 = X2 ;X6 = x3 = 0. (4.26)
m m

So we can apply the obtained constraints to Eq.(4.26) and rewrite the relativistic

wave function for state J? =1~ as

hae Fibg, o aan

Duld) = (Mg + 3.0 (@) + 4P +
where, we have been able to express the instantaneous wave function ¢, () in terms
of only the leading Dirac structures associated with amplitudes x; and y,. Putting
the wave function into the first two Salpeter equations and by evaluating trace over
the v-matrices on both sides, we can obtain two independent BS coupled inte-
gral equations, where using the same procedure as mentioned above in the pseu-
doscalar case, the potential on the right side is Vc:

01 =20 [x0ld) ~ @] = 0. [ TEV0.0) @) - L)

01+ 20 @ + £a@)] =, [ EEV D] - 0ld) - D] 42w

To decouple these equations, we proceed as in the above case of pseudoscalar
mesons. We first add these above equations. Then subtract the second equation
from the first. And for a kernel expressed as V(4,q') = V&§3(¢ — ¢), we get two al-
gebraic coupled equations in y; and .. We Eliminate y; from the first equation in
terms of x», and plug it in the second equation to get an equation entirely in terms
of x». Similarly, we eliminate y, from the second equation in terms of x;, and plug-
ging in the first equation to get an equation entirely in terms of y;. We thus get two
identical decoupled equations, one in x:(¢), and the other in y»(g), and in the ap-
proximation, w ~ m, (valid for heavy quarkonia), these equations can be expressed

das:
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M? — O?_

[T —§* —m?x1(q) = mO,V(q) + fv x1(4Q)
M?2 X — . ©2_
= - ¢ — m?)x2(q) = mO,V(q) + ZV2X2(Q)' (4.29)

In the above approximation, we can express the solutions as, x1(§) = x2(q) ~ ¢,(Q),

and we can write the wave function for (J7¢ = 1--) S-wave bound state as:

M _ 2 }m(a) — 6 Vi(@)6u(d). (430)

which arises due to the identical nature of equations in x;, and y for vector mesons,
due to which their solutions are written as, x1(¢) = x2(¢) = ¢(¢), and we can write

the wave function for J?¢ = 17—

2Paec P

Duld) = (M + g + 4P+ Jocd) @31

The wave functions ¢,(§) satisfies the 3D BSE (without the coulomb term) for equal

mass heavy vector mesons as shown below

M? . . % Co .
= o) = o [ ——+ Za@, w2
\/1+2A0(N+g) W

where 6, is obtained by evaluating ~,v,7v, which can be approximated by use of
leading order Dirac structures in ,(¢) after ignoring gl—z terms, that are negligi-
ble under heavy-quark approximation on RHS of the corresponding equations as
0,1,(q), where, 6, = —2 involves the spin-spin interactions alone. The above equa-

tion can be put in the form,
%2_2_0 Y. =2 | 0 ~

m” —q | 6u(q) = =B, |kV; + —5 | 9u(d)- (4.33)
This can be rewritten in the form

Euéu(@) = [-BiV2 + %¢u(d). (4.34)
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Using power series, the non-perturbative energy eigen functions for / = 0(S), and
for [ = 2(D) states obtained as solutions of above spectral equation in approximate

harmonic oscillator basis for vector quarkonia (for states 185, ..., 3D) are given by,

@2

015, = e 7,

025, = ()~ S

(1D, = ()2 i

000(35.0) = ()21~ T+ e,

(2D, = () 21 - Fie

000(85.0) = ()21 = e+ e — ooy,
5,3D,0) = (o) j2— 1 = BT | 0oy, .35

10 /g T G ' Gag

N

2
where the inverse range parametrs is given by 3, = (2———=22__ )i, with the total

V1424,(N+3)

energy of the system

M2 4
Ev———m2+ﬁ“§°\/l+2Ao(N+§)- (4.36)
4 wj 2

This is the total energy with out the coulomb potential. The mass spectra of vector
charmonium and bottomonium states using the above spectral equation was found
to have degenerate S and D states.

Now with the incorporation of the OGE (Coulomb) term, the mass spectral equation

can be written as:

Eyu(@) = | — BEVZ+ ¢ + V2| 6u(d). (4.37)

Now, treating the coulomb term as a perturbation to the unperturbed mass spec-
tral equation, Eq.(4.34), and regarding the wave functions ¢,(¢) in Eq.(4.35), as the

unperturbed wave functions, we can write the complete mass spectra of ground
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(1S) and excited states for equal mass heavy vector (1~ ) mesons using first order

degenerate perturbation theory as:

1 [M? 54(;0\/ 3 3
— |+ [ 14+ 240(N + ) [+ < VU >= N+, N =2n+l,n=0,1,2, ...
263 |: 4 mo+ w% + 0( + 2) +7. coul +2 n—+t,n

(4.38)

where < V! . > (has been weighted by a factor of v. To have the coulomb term

Ccou,

dimensionally consistent with the harmonic term is the matrix element of V! , be-

coul

tween unperturbed states in Eq.(4.35) of given quantum numbers n, and 1. It is to

be noted that, V

O

., connects only the equal parity states with the same values of
quantum numbers n. The only non-vanishing matrix elements of the perturbation

between states with the given quantum numbers n and | are listed below

v 1 7oy
<nS | Vg | nS >= YR
1 7o
<nD v D>=_——"2 4.39
n | coul ’ n 5627} 24 ( )

The plots of unperturbed wave functions for vector quarkonia is given below
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Figure 4.2: The graphs of the unperturbed wave functions of the ground, first, sec-
ond and the third excited states with quantum number J?* = 1~ for cc¢ vector me-
son(solid line) . We also draw the graphs of the corresponding unperturbed wave

function for bb states (with dashed line), which are shown for acadamic interest

4.4 Numerical values of Vector quarkonia

We next calculate the numerical values for vector quarkonia. For this, the non-zero
values of < Vcoul > given above not only lead to the lifting up of the degeneracy
between the S and D levels with the same principal quantum number N in vec-
tor quarkonia, but also leads to bringing the masses of different states of vector
quarkonia closer to data, as can be seen from the mass spectral results for vector
(1~7) quarkonia, which are compared with the experimental data, and other mod-
els for each state (where ever available), as given in the Table below with the same

parameter set as above.
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M(wp = 0.120) | M(wy = 0.150) | M(wo = 0.180) | Exp[6]
My(1S) | 3.1291 3.0974 3.0396 3.0969+0.000011
My(2S) 3.5917 3.6675 3.7146 3.6861+0.00034
My(1D) | 3.6088 3.6817 3.7235 3.773+0.00033
My(3S) 4.0235 4.1945 4.3333 4.03£0.001
My(2D) | 4.0595 4.2314 4.3684 4.191+0.005
My (45) 4.4289 4.6856 4.9059 4.421+0.004
My(3D) | 4.4820 4.7427 4.9642
My (55) 4.8116 5.1463 5.4404
My(4D) | 4.8803 5.2216 5.5196

Table 4.3: Mass spectrum in BSE-CIA of ground and excited states of ¢» with quan-

tum numbers J¢ = 17~ in GeV. units with a range of variations of parameter

wp € [0.1300.160] GeV. for the parameter ratio, 2—22: 8.8888GeV? , and other param-

eters A = 0.250GeV,, Ay = 0.01, and m. = 1.490GeV. However for comparison with

experiment, we take the value w;=0.145GeV.
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BSE-CIA Expt.[7] Rel. pot. Model[29]Pot. Model[52]|BSE[21]|Lattice QCD[53]

My /4(15)3.1017 |3.0969+0.000011|3.096 3.0969 3.099

My (2S) [3.6854 |3.6861+0.00034 (3.685 3.6890 3.686 |3.653

My(1D) (3.7011 |3.7734+0.00033 [3.783 3.759

My(3S) [4.2154 |4.03+0.001 4.039 4.1407 4.065 |4.099

My(2D) |4.2518 [4.19140.005 4.150 4.108

My (4S) |4.7044 |4.42140.004 4.427 4.5320 4.344

My(3D) |4.7628 4.507 4.371

My (5S) |5.1642 4.837 4.8841 4.567

My(4D) |5.2409 4.857

Table 4.4: Masses of ground, radially and orbitally excited states of heavy vector
quarkonium,//¢ in BSE-CIA along with their masses in other models and experi-

mental data (all units are in GeV).



Decays of heavy mesons

5.1 Two photon decay of scalar quarkonia

Apart from describing the mass spectrum of mesons, any realistic model must also
be able to describe mesonic transitions and decays.The important question arises
whether a good description of the extremely deep bound states can be combined
with a reasonable description of confinement. We now study the two-photon decay
width (decay rate) of a scalar quarkonium (0**), which proceeds through the quark-

triangle diagrams (triangle loop) as shown in the Figure blow.

AN

Figure 5.1: Diagrams contributing to the two photon decays of scalar (0™+) quarko-

nia .

82
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Here we note that P is the total momentum of the scalar quarkonia and & » is
the momenta of the two emitted photons with polarizations ¢, , respectively. Then
one can write P = k; + ko, and let 2Q) = k; — ko, where Q is the relative momentum
of the two photons.The transition or decay of bound states are calculated from BS

amplitudes. The invariant amplitude for this process can be written as:

Myl 1) = iV3lieq)? [ T |o(P o) [Se(a~ Qe+ hSela - Qi) .0

where eg = +§e for c¢, and %e for bb systems.This can be put in the form

Myi(S = vy) =

iﬁﬁe% / ggﬂr [¢<c§) [ (m + i@)eh + ch(m + i@)@ﬂ} . 6.2

The 3D structure of Dirac wave function,(g) is given in Eq.(3.47). The propaga-

_ —i(gF@)+m

tors for the third quark in the two diagrams is expressed as, Sr(¢ F Q) = GFOE T

Now for heavy hadrons, where the system can be regarded as non-relativistic, it is a
good approximation to take the internal momentum ¢ << M, and hence ¢* << Q?,
where it can be seen that Q? = MT2 Using the propagator expressions given above,
and evaluating trace over the gamma matrices, we can write the invariant ampli-
tude given above as:

Myi(S — v7v) = €1.€2. F, (5.3)

where

(16Nsaem) mM 3 A .
I s — d Q¢S(Q) (5' 1)
M2
3\/§7r2 m? + e

is the decay constant for the scalar quarkonium, y.,. The decay width(decay rate)

for the process is then given by

1 2

I'(S =) = WFS

: (5.9)
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BSE-CIA | Expt[7] | Pot.Model[28] | BSE[54] RQMI55]
I, (1po) | 2567.06 | 2341.50 | 1290.0043.45 | 1390.00 2900.00
Iy, (2p0) | 1376.20 950.00+3.88 | 1110.004130.00 | 1900.00

Table 5.1: Two-photon decay widths of ground and first excited states of x.,(1F)

and x.(2F) in eV with the input set of parameters given above. Expt means exper-

imental value from PDG.



conclusion

We have employed a 3D reduction of the BSE [with a 4x4 representation for the
two-body (¢q) BS amplitude] under the CIA to derive the algebraic forms of the
mass spectral equations for scalar, pseudoscalar, vector, and axial-vector quarko-
nia using the full BS kernel comprised of the one-gluon-exchange and the confin-
ing part in an approximate harmonic oscillator basis, which led to analytic solu-
tions (both eigenfunctions and eigenvalues). We thus obtained the mass spectra
of c¢ quarkonia for the ground and excited states of 07, 0-*, 17—, and 17+ states.
The mass spectral results for all of these states which were compared with the ex-
perimental data [6] and other models for each state (where available)are given in
Tables IIIX respectively. The masses and the algebraic forms of the eigenfunctions
for each quarkonium state so obtained will be used to calculate their various tran-
sitions. As mentioned in Sec. II, in this work the partitioning of relativistic internal
momentum q comes from the Wightman-Garding definitions 1, » of the masses of
individual quarks (explained in detail in Sec. II). Hence, for equal-mass quarkonia
(such as c¢ studied in this work) we get p; » = %P + ¢ (as in Refs. [37,38]), and the
momentum is shared equally between the two quarks, which is a logical choice.
However, for unequal-mass mesons (where m, # m,) the 7, » allocate most of the

momentum to the heavy quark, while a smaller part of the momentum is allocated
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to the lighter quark (such that the relation m,+ my =1 is always satisfied), which
is a reasonable choice in a heavy-light meson. But this choice is not needed in a
Poincare-covariant formulation of the amplitudes [39,40], where one could use, in
general, p; = ¢ + aP and p, = ¢ + (1laP), where the momentum partitioning pa-
rameter «el0, 1] and is arbitrary, and the numerical results for the amplitudes and
masses are independent of «. Its arbitrariness is equivalent to a freedom in the def-
inition of the quark-antiquark relative momentum, since in a Poincare covariant
formulation no physical observable should depend on the choice of momentum
partitioning. Hence, even though the 3D reduction through the CIA employed by
us makes our formulation relativistically covariant, it may not be Poincare covari-
ant since our results depend on the choice of internal momentum. To have both
Lorentz and Poincare covariance, the full 4D structure of the BS amplitudes has to
be used. With the omission of the full structure of amplitudes comes the compli-
cation that the results can be sensitive to the definition of the relativistic internal
momentum (see Ref. [42]). This may also be due to the numerical approximations
used. We wish to mention that, in principle, in Q@ quarkonia the constituents are
close enough to each other to warrant a more accurate treatment of the Coulomb
term. Though for bb systems the Coulomb term will be extremely dominant in com-
parison to the confining term, it may not be so unreasonable to treat the Coulomb
term perturbatively for c¢ systems. Here we wish to point out that if we get rea-
sonable results for orbital c¢ excitations, it is mainly due to centrifugal effects [43]
which ensure that the c¢ separation is large enough to feel the effect of the confin-
ing term more strongly than the Coulomb term. Further, the present approach is
in line with some earlier works [4345] where the OGE (Coulomb) term was treated

perturbatively for charmed mesons and baryons. Similarly, in a recent work [46]
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the 3D harmonic oscillator wave functions were used as trial wave functions for ob-
taining the c¢ spectrum and their decays, where these trial wave functions did not
take into account the importance of the Coulomb potential for heavy quarkonium
systems. A similar treatment was followed earlier in Ref. [47]. Also, in a recent work
[48] in which one of us was involved, we did not take into account the Coulomb
interactions between c¢ and bb states, and used only the confining interaction to
study their spectra and decays, in line with other works [49-51]. However, in the
present approach (using only the confining interactions) we first analytically de-
rived the algebraic forms of the wave functions for various c¢ states, which are in
the form of harmonic oscillators. Though we then introduced the Coulomb term
perturbatively for c¢¢ (and not for bb), this present calculation is a substantial im-
provement over our previous work in Ref. [48] (where we did not treat the Coulomb
interaction at all). However, for bb states, a more exact nonperturbative treatment
of the Coulomb interaction would be needed. Further, our results for the cc mass
spectra suggest that the perturbative incorporation of OGE with the use of analyti-
cally derived harmonic oscillator wave functions is closer to reality than some of the
previous approaches [46,47], where they used harmonic oscillator wave functions
only as trial wave functions, which did not take into account the importance of the
Coulomb potential for heavy quarkonium systems. All numerical calculations have
been done using MATHEMATICA. We selected the best set of five input parameters
that gave reasonable matching with data for the masses of the ground and excited
states of c¢¢ quarkonia for 07", 0~*, 17—, and 17" states. It was seen that this set of
input parameters is not unique. It was observed that the mass spectra of mesons of
various J7¢ is some what insensitive (as can be seen from Tables IIVII]) to a range

of variations of parameter we[0.1300.160] GeV as long as <} is a constant, and rea-
0
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sonably good fits are obtained for the parameter ratio S—g = 8.8888GeV 2, with the
other parameters A = 0.250GeV, Ay = 0.01, and m. = 1.490GeV . Thus,for wy = 0.130
GeV we have Cy = 0.15022, while for wy, = 0.160 GeV we have C, = 0.227556. (Such
a relationship between two parameters that seem to be independent was also ob-
served in Refs. [33,38].) However, for comparison with experiment, we took the
values wy = 0.145 GeV, and C; = 0.186889, along with A = 0.250 GeV, A, = 0.01,
and m. = 1.490 GeV. It was seen that only the lowest states (ground and one or
two excited states) have reasonable fits. However, the disagreement with experi-
ment increases as one goes to higher excited states. The analytic forms of the wave
functions derived for 0" states of cc were employed to calculate their two-photon
decays.We wish to also point out that the present calculation with perturbative in-
corporation of the one-gluon-exchange interaction lifts up the degeneracy between
the S and D states of vector quarkonia, and also gives a better agreement with the
data for these states. The results obtained for the ground (1P) state of y., as well
as the ground and first excited states of y.;, are in reasonable agreement with data.
However, there are open questions about the quantum number assignments of the
state x(3915), which are available in Particle Data Group tables. Some authors [7,8]
have argued that it is difficult to assign x(3915) to x.(2P) and that could be x..,
and that it could be y., (2P). The possible mass of x.(2P) was recently predicted
in Ref. [7] as 3.837 + 0.0115 MeV. We then worked out the decay widths of y. for
the ground (1P) and excited (2P) states, and compared our results with data and
other models in Table VI. Though our results are smaller than data [6], they com-
pare roughly other models [56,57]. Further, a large variation in the decay widths
can be seen in other models. However, as mentioned earlier, our main emphasis in

this paper was to show that this problem of the 4 x 4 BSE under the heavy-quark ap-
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proximation can indeed be handled analytically for both the masses and wave func-
tions of radially and orbitally excited states. In this framework, from the beginning,
we employed a 4 x 4 representation for the two-body (¢¢) BS amplitude to calculate
both the mass spectra and the transition amplitudes. However, the price we had
to pay was to solve a coupled set of equations for scalar, pseudoscalar, vector, and
axial-vector quarkonia, which we have explicitly shown get decoupled in the heavy-
quark approximation (w ~ m), leading to a mass spectral equation with analytical
solutions for both massesas well as eigenfunctions for all of the above statesin an
approximate harmonic oscillator basis. The analytical forms of the eigenfunctions
for ground and excited states so obtained can be used to calculate various transi-
tions of these quarkonia. The heavy-quark approximation for quarkonia is valid be-
cause not only is the relative momentum between heavy quarks in the bound states
considered small, but also these quarks are treated as almost on mass shell [53],
which is justified for the calculation of low-energy properties like the mass spec-
trum and the decays of quarkonia (cc systems). This approximation, is well under
control, in the context of heavy quark systems. We further wish to point out that
this analytic approach (giving an explicit dependence of the spectra on the princi-
pal quantum number N) under the heavy-quark approximation gives much deeper
insight into the spectral problem than the purely numerical approaches prevalent
in the literature. The plots of the analytical forms of wave functions for various J”¢
states (obtained as solutions of their mass spectral equations) are also given in Figs.
1 and 2 for scalar and axial-vector quarkonia. The correctness of our approach can
be gauged by the fact that these plots are very similar to the corresponding plots
of amplitudes for these quarkonia in Ref. [22] obtained by purely numerical meth-

ods. The analytical forms of the eigenfunctions for ground and excited states so
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obtained can be used to evaluate the various other processes involving scalar and

axial-vector quarkonia, which we intend to do next.
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