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ABSTRACT

A comprehensive study of dispersion of surface Rayleigh waves
for three paths: Gulf of Aden - Addis Ababa (GOA - AAE), Red Sea
Addis Ababa (RES -~ AAE) and Arab republic of Egypt - Addis Ababa
(ARE, -~ AAR), lying between north and east Africa is made. Earlier
studies of surface wave dispersion in the region were made for short
epicentral distances without considering contribution by different
modes, The problem of contribution by different modes to dispersion

is inherent at short epicentral distance ranges.

Rayleigh wave trains identified from seismograms of Addis
Ababa seismic station (AAE) are enlarged and digitized. The results
are analysed using fixed window Fourier analysis and moving window
analysis (Landisman et al. 1969). These methods have advantages in
displaying different modes which otherwise would be absent if the

usual peak and trough method is used.

Dispersion curves obtained by the above methods and the usual
peak and trough method are compared with theoretical dispersion
curves generated for different crustal models. An efficient
algorithm developed for solving the period equation on a computer
(Dunkin 1965; Robert H, Herrman personal communication 1980 ) is
used to obtain theoretical dispersion curves up to ten modes.
However, in this study the fundamental and first modes were found
adequate to explain the seismogram observations. A total of 150

theoretical models each with multimode outputs were considered,




A crustal thickness of 27 km with high Poisson's ratio over-
lying an anomalous msntle (@ = 7.2 km/sec) 4 km thick is found for
GOA - AAE path, Tor RES - AAE and ARE - AAE paths crustal thick-
nesses of 37 km and 38 km respectively overlying a normal mantle
are found. The Poisson's ratios for these paths are similar to

that of a normal continental crust.

Regarding resolution of modes for the period range considered
in this study both moving and fixed window methods give similar

results indicating that the former method is superfluous.




CHAPTER I
INTRODUCTION

One method of studying the deep structure and properties of the
earth which are not accessible to direct observation is the method
of surface wave dispersion. This method untilizes records of elastic
surface waves (from seismograms) generated by =n eerthqueke or
explosion which hsve trevelled through the earth as the raw data to

vhich a theoretical model thet will best fit the data will be sought,

When applying the method of surface weve dispersion to study the
internal structure and properties of the earth, the earth which has a
free surface and numerous internel =zones of contrasting physical
properties is conceived to be represented by a number of physically
distinct layers each with its own cheracteristic density, thickness

and velocities of compressional and shear waves.

In the mathematical formulation of the problem the physical
properties of the layers cited above will determine the dispersion
relation, i.e., they will enter the period equation determining the

type of relations between the period and velocity.

Subsequently we will study surface wave dispersion from North
and North - East Africa for paths indicated in Figure 1 with a view
to charescterizing the physicel properties of the crust by comparing
dispersion curves obtained from recordé‘of ezrthquake surface

waves with theoretically generated dispersion curves.
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Fig. 1 Locetion of epicentsrs (G0a, RES, ARE
and seismograph station (AAR),
Table 1 gives region of each epicenter and names of paths to

be adopted for future use,

Table 1 Region of eplcenter and names of pathe,

Recording . . Path as referred
Station Epicenter location to in this astudy
AAE © Western Gulf of Aden GOA = AAE
AAR Red Sen RES .- AAR
AAE Arab Rep. of Egypt ARE = AAE

In the following we will recapitulate the relevant results

obtalned by eérlier vorkers to sat our task in porispective,




a)

GOA -~ AAE path

This path is mainly a continental path except for few tens
kilometers traversing the western Gulf of Aden. Jones (1968)
and Searle (1975) made preliminary studies on dispersion of
surface waves across the southern part of the Afar Depression.
Their paths were slightly to the north of the path considered
for this study. In his study Searle (1975) found a group
velocity of Rayleigh waves as high as 3.5 km/sec¢ and suggested
that no unique model was superior to others to be accepted as a
representative model for the path, However, no attempt was made
to indicate contributions by higher modes which can't be avoided
for such short epicentral distances. For example, Tryggvason
{1962) has studied the crustal structure of the Iceland region
for the same order of epicentral distance and identified the
Rayleigh wave train to be a first mode Rayleigh wave, Therefore
the high group velocity Searle (1975) obtained may be due to

higher mode Rayleigh waves which he didn't consider.

This study will be made by considering the possiblity of
modal contribution. TFor this purpose data from digitized
seismograms (the method of anslysis will be briefly discussed
in chapter IV) are Fourier analysed and the contribution by

various modes will be indicated.

For the path selected (GOA - AAE) the presence of an
anomalous mantle as also shown by Gravity (Makris et al. 1972)

and seismic sounding (Berckhemer et al. 1975) is verified and an




b)

c)

average thickness of the anomalous mantle for the path is
found., In this respect the present study extends the work done

on dispersion for this path in particulear,
RES -~ AAE path

This psth is also largely 2 continentel path. The epicenter

lies in the continental shelf of the Red Sea. For this path no

work has been done on dispersion up to the present. i

From & preliminary study of travel times of near earthgquakes
Sesrle and Gouin (1971) suggested 2n upper limit for the thick-
ness of the crust below the Ethiopian plate=au to be about 48 km,
Based on other geophysical methods, such as Gravity and Seismic
sounding a mean crustal thickness of the Western Ethiopia

plateau has been found to be 38 knm.

Therefore, the purpose of this study regerding this path is
to contribute towards a resolution of the ambiguity in the results

obtained earlier.
ARE -~ AAE path

This path is totaly a continental path,  Eventhough no
detailed work by any geophysicel method wes made for this
particular path, & general idea about the crustal structure can
be inferred from a preliminary result of Sandos (Ph.D. thesis,
not yet published, personsl communication). Sandos found a
mean crustal thickness for 2 path between HL¥ (Helwan recording

station) and AAE to range from 35 - 40 km. However, Sandos
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didn't consider contribution by different modes and give only

a preliminary crustal structure using a single-layer model,

This paper improves the work of Sandos by considering modal
contribution and approximating the crust by a three-layer crustal

model,

As we have indicated at the outset, our main concern will
be the study of surface wave dispersion. In the subsequent
chapters we will develop the theoretical basis of this method
and use it to model the crustael structure along the paths

mentioned,




CHAPTER II
ELASTICITY THEORY AND ELASTIC SURFACE VAVES
Elasticity Theory

It is mentioned in chapter I that useful information on
the earth's crust and the upper mantle can be found from
elastic waves propagating in the earth. The velocity of
propagation of elsstic waves depends upon the elastic
properties and densities of the msterials through which they
propagate. Elastic waves propagate in materials as patterns
of particle deformation travelling in the materisls. The
elastic properties and densities of a medium are relsoted

through an expression for the velocity.

To show this dependence of elastic wave velocities upon
elastic properties and densities we will briefly summarize the
fundamentals of elasticity theory (Achenbach 1975, Sokolnikoff

1956) leading to elastic surface waves.
Notation

In the following tensor notation with all its properties
will be used. Vhenever there is deviation from the rule,

especially summation, the usage will be indicated in a bracket.

The following are the notations used.




Symbol Description
? | Position vector with components Xy
-a
U Pisplacement vector with components uy
T Stress tensor with components & =%,
xixj ij
e Strain tensor with components ekixj = Eij
u, u, X,
i,] L 1/a J
Uiy | a/a xy ( 3ui/ axi)
Uit 2y 5 = Y
Strain

To snalyse the state of deformation of a medium we will
consider the deformation in a neighbourhood of a particle.
Let the position of a particle and & neighbouring one before
deformation be‘? and T+ é? respectively. After deformation
the positions will be 3. 3(f) snd 1. Jf + 3(i’+ §3%) for
the particle initially st ; and ? + g? respectively,
Consideration of the difference between the two vectors
joining the two points before snd after deformation enables
us to study the chsracter of deformation in the neighbourhood
of a particle. The new vector line-element is
T+ TR 45D - @+ 3@ =8+ @+ 60ITD . 2.1
For small lbgl y exponding ?(?+S?) in Taylor series and

retaining terms up to the first order only we obtain




TR 1§10 =00 « (5.3
or U =TR +4D -~ TD = .U (2.2)

In component form we can write this as
. = N - . = N ' PR 2.
&u3 T dYy ng ul,ngg (2.3)
J
It is possible to decompose eq. (2.3) into pure

deformation and rigid body motion by rewriting as

u. = (Quy o +u, )+ (uy - u, L)) §x, (2.4)
i i, i,i i,3 i, i 3
2
or Bui = (eij + Wij)ng . (2.5)
Where eij = }vfa(u:.L 3 + uj i) (2.6)
and wij = }‘é(ui"j - uj,i) ‘ (2.7)

are called the strain and rotation tensors respectively.

When 1 = j ( summation not implied) eq. (2.6) gives
the relative changes in dimension along the Xy direction.
These reletive changes are celled normal strains. When
i £ j eq., (2.6) gives the change in shape of the body.
These changes in shape of the body are called shearing
strains. Eq. (2.7) gives & rotation of the medium about

an axis. Therefore, 1t is not related to strain.

Let the volume of the body before and after deformation

be

3 = dry dx de (2.8)

-3
1l

and V

dx1(1 +Q11) dx._ (1 +€22) dx3(1 + 933) (2.9)

2




respectively. Retaining the first order terms only the
relative chahge in volume, designated by (3 and known as

dilatation, can be shown to be

o :%g = eii. (2,10)

i
2.1.3 Stress

If one wants to analyse the forces acting on a volume
element AV inside a body, it is necessary to take into
consideration the effect of two types of forces, namely,
body forces and surface forces. Body forces are forces
which are proportional to the material (mass) contained in
the volume element under consideration, The second type

of forces act on the surface A S of the volume element.

To get some idea about the components of stress, let
us consider the surface forces by isolating an infinitesimal

parallelepiped inside a stressed body.

Fig, 2.7 Some of the stress components acting on a

stressed body.
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If the stress is not normal to the surface, it can be
decomposed into its normal and tangentiel components called
normal and shearing stresses respectively. Figure 2,71 shows
some of the stress components acting on a stressed body. For
example in the figure t12 means a stress parallel to the X2
axis acting upon a surface perpendicular to the X1 axis

(shearing stress). According to the convention, Tii (no

summation) gives the normal stress in the Xi direction.

If ﬁk?) denotes the distribution of stress vector
acting on the surface 5 of a body, then by isolating a
tetrahedron it can be shown that the components T1 of the
stress vector can be expressed as

- (2.11)

T
1 k1"
Vlhere Tkl is the component of the stress in the Xl direction

and n, is the component of the normal to the surface,

k
The condition of equilibrium (vanishing of resultant
force) of the body under surface and body forces can be

expressed as

f £, dv + f' T, ds = 0 . (2.12)
v =3 ’ )

Where fl is the component of body force per unit volume.

Using eq. (2.11) and Gauss' theorem it is possible to write

eq., (2,12) as

{ £, dv +{ ‘tkl,k dv =
v v

or [V (fl + ‘rkl,k) dv

(2.13)

|
(@]

(2.14)

It
(@]
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Noting that the volume can be arbitrary eq. (2.14) yields

Tkllk = =1

(2.15)
Now, let us see the consequence of the vanishing of the

resultant moment produced by body and surface forces. The

resultant moment of the body force per unit volume can be

written as the integral over the volume V of the vector

product of the position vectorﬁ?and the body force vector

?. This can be written componentwise as

Mi :J; Qijk xj fk dv , (2.16)

Where eijk is an alternating tensor, It is also possible
to write similar expressions for the resultant moment of the
surface forces in the form
= hY . .
B, L eijk X Yy n,ds (2.17)
Thus, the total resultant moment for equilibrium case can be
written as
= = . |
R, ){v eijk xjfkdv +L(eijkxj Ty )sqdv = 0 (2.18)
; T = h e ' .
But L (€ gy 3 Tpdn8v = | @Gy v T
« e (2.19)
Vhere Sjl is the Kronecker delts symbol and
- . .20)
‘tjk (2
Using eq. (2.15) eq. (2.19) gives

fv € G To 1+ By Typay :Leijk(—-xjfk PTydav. (2.21)

Substitution of egq. (2.21) into eq. (2.18) readily gives

di1 “ax

[v eijk “(jkdv =0, (2,22)
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Since the volume can be arbitrary eq. (2.22) yields

Qg Ty = 0 (2,23)
and this implies
‘Ejk = ‘tkj . (2,24)

Stress - Strain relstion for a homogenous, isotropic, elastic

solid and elastic ceonstants.

We have already established in the previous sections that
the state of stress is completely determined by the stress
tensor ‘tij end the state of deformation by the strain tensor
Qij' In this section we will briefly show the relationship
between stress and strain. In general, for a linearly elastic

material the relationship between the stress and strain can

be written as

ey c- 1. =
\(ij ijkl eklc 1,.],}(,1 1,2,3 . (2-25)
Where Cijkl are elastic constants of the medium.
In general the coefficients Cijkl vary from point to

point in the medium. If the coefficients cijkl are not
dependent on the position of & point in a medium, the imedium

is called a homogenous medium,

Ve have alresdy shown that the stress components Tij are

symmetric, This symmetry of the stress components allows us

to write the coefficients (., . as
ijkl

One can easily see from eqg. (2.6) that
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€= @ - (2.27)
This symmetry condition implies
C = C
ijkl iji1k’ (2.28)

Yrom the above conditions of symmetry of Cijkl we can only
have at most 36 independent elastic constents in the general
stress-strain relation. Furthermore, from thermodynamic
consideration (Aki 1980) we can have

Ciga = cklij y (2.29)
This condition will further reduce the number of independent

elastic constants in the generslized stress-strain relation

to 21.

Now let us consider the case in which the elastic medium
under consideration is homogenous and isotropic. By isotropy
we mean that the elastic properties of the medium are
independent of the orientation of the coordinate axis. Thus,

the coefficients remain invariant with respect to

Cijkl
coordinate rotation., Under this condition the number of
essential elastic constants reduces to 2, Therefore, for
isotropic, hémogenous and linearly elastic material the
constitutive equation for the stress can be written as

‘Cij =‘).95.1j + 2/42.13.. (2.30)
Where A and H are Lame' constants and Sij the Kronecker
delta symbol., Lame' constants are related to the Young's
modulus, E, and Poisson's ratio, § , by

(2.31)

Eo
(1t +g)(0 - 25)
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. (2.32)

and /4 =

B
2(1 +§ )
Cauchy's equation of motion and elastic waves

The traction (surface force), body force and

acceleration that act throughout a body with volume V and
surface S must satisfy a constraint, This constraint is that
the rate of change of momentum of particles constituting the
body must be equal to the forces acting on the particles,

From the development so far this can be stated in the following

component form,
T = .
!; " nj ds +Li fi dv J; ?lhwtt dv. (2.33)

Where ‘Cij is the component of the stress and fi is the
component of body force per unit volume. Using Gauss'

theorem this reduces to

Tii,g v = Py gy

Fq. (2.34) is Cauchy's first law of motion. Using egs. (2.6)

(2.34)

and @,30) we can write
Tji = Hui,i §ij *tHug g *Hu - (2.35)
Substituting eq. (2.35) into eq. (2.34) gives
\ o = P .
CAuy 5 845 R g Ay g £y Pug gy - (2236)
In the absence of body forces (the case we will bhe dealing
with) eq. (2.36) reduces to
(Alﬁqi.éij +}Aui,j +j—luj’i),j :,Pui,tt . (2.37)

This expression implies
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+ ES .

(A+}5) My osg * f4ui,jj pui,tt . (2.38)
Applying a standard method we write the displacement
in terms of displacement potentials as follows (Achenbach

1975) .
P SE T S (T (2.39)
Where eijk is the alternating tensor and ¢>and %W are scalar

and vector potentials,

Using eq. (2.39) the displacement-equation of motioﬁ,
eq., (2.38), can be put ’'in vector notation as
S (39 +Tx¥) + (A +IT T (R P+ IxP)
2
- -
- 'P_Ef% ( E?VZ-E?x\V). (2.40)
t

Observing that . Fxy =0 and F. I = ¥ana
rearranging we have
TpP - (A+ 21) °F) +Tx( 9T -pPo"¢) =0 .  (2.41)
This expression is satisfied if
PP = 9 = Ar2p) o Qe 2y,
e (2042)

and PP $,tt :HV2¢ . (2,43)
These imply
2
= . (2.44)
‘.Pitt ot L‘ﬂsJJ
= I (2.45)

= e TP Wy,
where d.,a = a+ 2 ﬁ ,
and PB° = P/? .
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Egs. (2.44) and (2.45) are the required wave equations for
dilatational and rotational waves with velocities gl and B

respectively.
Elastic surface waves

So far the development has been general. As a particular
case, without lose of generality, let us consider a plane
wave travelling in the X1 direction and whose disturbance
is largely confined to the neighbourhood of the free surface
of an elastic half space. Let the X5 axis be perpendicular

to the direction of propagation and at any instant all

particles in any line parallel to theJX axis have equal

2
displacements. The above conditions assure that the partial
derivatives with respect to XZ vanish and the waves under
consideration are surface waves., For this case, it is clear
from eq. (2.38) that the displacement component , Us is not
coupled with other displacement components. The vanishing of
the partial derivatives with respect to X2 gives

(A+p0) uj gp = 0. (2.46)

Thus, eq. (2.38) reduces to

) =
Py, o =PY gy

e u2,tt . (2.47)

or B2u2
The other two components are coupled and they can be found
from the solution of the uncoupled wave equations given in

section 2.2, Therefore, for surface waves the wave equations

can be written as
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2
2.1 "P sJJ = ‘F,tt ) (2.48)
2
B q),jj = Yot (= lVa) (2.49)
2
and B ¥y g4 T Mopg t (2.50)

The general solutions for eqs. (2.48) - (2.50) are

ik(et -rx_ -x,) ,

\P - A1 eik(ct + ]f'}(3 -X,I) + Aa e 3 1 (2.51)
Y- B1 eik(ct + sx3 - x1) + Bae?k(ct - sx3 --x,])1 (2.52)

and u, =D, GEik(ct +sXz - Xq) 4 D, é}k(ctusx3~x1) (2.53)

respectively.

2

W =
here r GEE . 1)%
=8
2
and 8 = ¢ ¥
(—E* - 1)
B
For the disturbance to be near the free surface, elkSXB and
ikrx s s . - \ . R .
@ 3 must diminish indefinitetly with increasing distance

from the boundary. This meens that elkSXB and elerB must

contain exponential factors in which the exXponents are real

and negative, Thus, r and s are taken to be imaginary.

Under the conditions mentioned at the beglnning of this

gsection, eq. (2.39) can be written componentwise for U, and

u., as

3

1l

U4

LP"] - ¥.3 _ (2.54)

and u3 = ‘P,B +q3,1 . (2.55)
Differentiation of eqs, (2.54) and 2,55) with respect to X,

and x3 respectively yields
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u,]',] = \'P”]’] _\T’,__51 (2.56)
and Uy 5 = {33 +\,‘J’13 . (2.57)
Noting that = = 0 d addi . (2.56) and
oting that w, , ‘P,EE and adding eqs 56) an

(2.57) give
= + = + .
6 U,4 Y Y22 Mg 3 ‘P,ﬂ +~10,22 ¥, 33
e (2058

Thus, e=~p’ii . (2.59)
This shows thattpis associated with dilatational or P waves.
Sindilarly it is possible to show that

u,l’3 - ug g = %:ii . (2.60)

Eq. (2.60} shows that ¥ is associated with rotational waves

(vertically polarized shear waves, SV). u, , a component of

the displacement vector in the X2 direction, is perpendicular

to the direction of propagation. Thus it is sssociated with

SH ( horizontally polarized shear) waves.

Subsequently we will look st the formulation of Rayleigh
wave ( P and SV motion) dispersion in a multilayered medium

with boundary condition.
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CHAPTER III
RAYLEIGH WAVE DISPERSION IN A MULTILAYERED MEDIUM
Brief survey of the problemn.

Problems related to the propagation of surface waves in an
inhomogenous semi-infinite medium whose inhomogeniety varies
only in one direction, can he treated by considering the
inhomogenous medium to be approximated by a stack of, say n,
parallel and homogenous layers (including the half 'space) in

welded contact,

For surface waves of Rayleigh type the boundary conditions,
continuity of stress and displacement at each interior interface
and vanishing of stress at the free surface, in general
constitute 4n - 2 equations which csn be expressed in matrix
form. Thomson (1950) has derived such a matrix formulation for
solving problems related to elastic waves propagating in a
layered medium, Haskell (1953) corrected and systematized

this method,

However, the solution of the period equétion obtained from
Haskell's method has computational difficulties. Knopoff (1964)
and Dunkin (1965) have overcome these computational difficulties
inherent to Haskell's method by suitable matrix formulation,
Dunkin (1965) showed that for high frequencies the matrix
components hecome large leading to inaccuracies in the solutions

of the period equation. Experience has also shown that even for
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moderate values of frequency, computations of the boundary

conditions at large depths give wrong results.

Subsequently, we will closely follow Dunkin's approach
in setting up the period equation and briefly discuss how the

computational difficulties can be avoided.

The notations used upto now have facilitated the
derivation of fundamental results of elasticity in compact form,
Henceforth, we will follow the usual notations (u,v,w) and
(x,y,2) instead of (u1,u2,u3) and (x1,x2,x3) respectively.
Matrix formulation of the problem for Rayleigh waves leading
to the period equation.

We will consider a plane wave propagating in a semi-infinite
medium made up of n parallel, homogenous, isctropic and elastic

layers as shown in Figure 3.1, The positive x axis will be

chosen as the direction of propagation.

0 Iree surface . _vgirgptionggg propagation
1 G o AR .
IR . 2 .
3 : 2 -
i
1)
1 f §
R o R 2 m 3
'
}
n-1 ” . i -

T

Fig., 3.1 Geometry of the elastic semi-infinite medium and

numbering of layers and interfaces.
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In a multilayered medium the condition of attenuation with
depth of surface woves can be correctly accounted for by
requiring

N
c {'Bn . (3.1)
Vhere ¢ is the phase velocity and Bn is the shear wave velocity

in the n'H layer (see Figure 3.1).

The following parameters refer to the mth layer in

Figure 3.1.

— ] :
}m, Po = Lame' elastic constants
P = density
m
dm = compressional wave velocity
Bm = shear wave velocity
dm = layer thickness
.o = displacement component in the x
direction
W= displacement component in the =
direction
g?;z = normal stress
g?ix = shearing stress

The relevant displacement functions for the ufh layer are

u o= P Y (3.2)

m m,x myZ

v . (3.3)

m l*Om,z * my,x

I

and W
Vhere Qm and v, are solutions of

2

m fm,ii - \Pm,tt (3.4)

o
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and By .., = Vm,tt (3.5)

respectively.

In the following we will discuss a suitable matrix
formulation of the problem by introducing the Laplace-Fourier

transform defined by

N +i om (0]
f(x,z,t) = 1 £4(% ,zy8) ¢° T 1 VX g4 as
‘|+ rrzi . . ‘. . » . (3-6)
[o4 -1 O -~
0
o PO
where t* (4 ,z,8) = £(x,2,t) éSt AN g ax . (3.9)
- 0]

Adopting this transform pair for the displacement potentials in

eqs. (3.4) ana (3.5) gives

o +i ©
\Qm(x,z,t) = 1 - ﬁn# §,z,s8) e?t Tigx dqds
b
¢ -im j-m (3.8)
o
@ (03]
where ?; (4 ,2z,s) = %;(x,z,t) éﬁt - ihx dt dx
APSE PN oo (3.9)
co+io:> @
and ¥, (x,2,t) = _1 w; (% ,z,8) QSt *AY X4 ds
bty . v (3.10)
c ~im
-0
E - ® ® -5t - ifx
where Q%(ﬁ,z,s) = \ym(x,z,t)§g | at dx ., (z.11)
- 0

From eq. (3.8) we write




o

¢ +b @ s
G

. 2 abiiix
¥ mypx ® m,,).il,;,m o TSI dsds, (3.12)
‘ b "4
J66™ i w [0
8 ~of - ‘
imi%ar sxpregsions cen be found for +m,zg and F%,tt ard on
subatitution eq. (3.4) gives
c 11 e fon
zfm ° (mgz £ o+ g pE o+ A5 dtds
s ® To,zn’ ©

0 .
® ! 2 ST geaa ) (3.13)

which reduges to

1

2 2 .
Pagaz = ¢ 5 * 2 ) =0 o (3.14)

i

Similarly eq. (3.5) yields

2 2 .
VP nm (. T%) P, = 0 (3.15)
’Bm

Egs. (3.14) and (3.45) are second order differential equatione

whose golutions are

h (zez  _) ~h (p-z )
e “ 1: 28 5} vile 1 - g ’ - -
*Fm =G é D e ?m 4 \fm (3.16)
k (guz ) ik (Zwz L)
and pieg €F WV p ermmel gy g (3.17)

regpectively.

2




il

s

Yhere h2 = yL 4+ 2
- Fga 9

ﬁ*‘m

b e 2

ky = 4% + &
ﬂE
i

. 1 . :
and Zm”1 is the value of 2 at the (m-1) h interfsace,

The dieplecemant functions n and v, 46 given by eﬁs,:

(3.2) and (%.3) cen also be written in transforaed forma as

- 13 . ‘g’. f“ . az - ;
w = i%-ﬁ; - km\ym_+ 1% ¥ © + km ayml (3,18)

& -3 L3 4

o . *
woos b f? s i%‘#‘; - P g Yoo (3.19)

For ‘the case under conslderation, the stress components

involved sare

wla) o y

Ez: B ;‘m @in‘: v FAm Yoy ("“2(_))
and ¢ () : :

’g‘x_ =g Cuy b v ) (3.27)
wbafe :éam =Myt L (3.22)

Uéiﬁg eq. (3.22) eq. (3.26) can be written as

w () _ . - -
:;z = Aplmy ¥ M) * 2 (3.23)

and in terms of displacément potentirls this is

(m)
?;.z ® ;\m( .‘Pm,xx * LPm,zz) ¥ aﬂm (..tpm,zz #q}m,ﬂ}x)
e .. (3.20)

which reduces to




~ e

{(m)* 2 gt ¢ cl oy
ltzz © Am(w & th #\Pm,zz) * zf‘m( tPm,.zz ¥ 1%?}1:1,7;) (3.25)

in transformed form. Using eqs. (3.16) and (3.17) we csn have

(n? 2 2 v 2 a
Ezn - (a‘?zm * hm(gm+ zﬁn))ﬂ MR hm(:‘m 2y ))

2 g dhk @b 2y ihk g, (3.26)
Bty Ny + 2y ol 9y (3.27)
02 e ( %2 e 62) (3.28)
m s
2
g&[ll
and ), = T T (3.29)

Use of eqs. (3.27) ~ (3.29) helps to write eq. (3.26) as

* ) 3
‘Ez(m) e (2 lum z;‘ + safm)‘#; + (2f“ms’f2 + 52.5’;11)"?;

¥ [ 2
+ < -
¥ Eﬂmi#km v}m - Ef’fml‘i'km(sum . (3,30)
Replacing fm by Fm 2q. (2,30) can be written ss
e
pm
(m)* . vé, - . ,u.’
t;z = l“m ﬂm‘p: * ?Fmi%km 'f,m *f‘(m ,Fm\dm - Zﬂmlﬁkm‘j}m;(%31)
where ﬂm = 2({,2 + safﬂﬁ . (3.32)

Similarly the transformed expréssion for the shesr stress is

() ; : z ‘
‘l;xm = aiﬁughmﬁ “Ha ‘gm "F; - gy, l?mdﬁugnq’m' (3.33)

The relations (3,18), (3.19), (3.31) snd (3.33) between the
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N

transform of the displacement and stress components and that

of the displacement potentials coan be written concisely in the

following form:

Q;(?) =T A(2) (3.34)
where - 7
o . 15 k_ 1
T . h, 1% ~h i ,

Ha pm 2p 1§k Pm ﬁm =-2Hmﬁ;km

(3,35)
aif"mﬁhm “Fa fm "21Fm‘ihm =y fm |
& ” o (m)‘ (I‘IJ)t
U = [um' Wm‘t;z * T;x ] (3.36)

and Km(Z)ﬁ[ﬁ(Z) s‘{;”"m(Z) ' "?’m(Z) R ?’;’(z)] . (3.37)

"1 "
Furthernore, T, w;(z) = A;(z) , (3.38)

whare
zifh@hmkm Fm fL km hmkm izkm

-1 ﬁa ~ ‘fm b, 2if’ﬂn'frhmkm ighm "hmkm
’I‘m = m .

2 L
2pb ks 2ip ik - [k hoky 14k,

K ﬂm h, 2ipgh k- »1.4;hm ~h k_

-«

(3.39)

Uping eq. (5,34) it is possible to write the following

expression for the mth layer.




* — *
Qm(zm~1) - Tm Am(zm—1)

ik

Q (2

m

)

m-1

i

m
c €
m

h (Zm-1

(2

k
e m  m-1
K
—hm(z
p £
m
_km(zm—1

F &

m

m-1

C

Eq., (3.40) shows that

A*(z
m

Similarly

Q;(Zm) :TmAE(zm) =7

-1

) =

m

m-1)
m-1)
m—1)
m-1)
=T A* (2
mm o m-
hm(z T %me1

Cme
. ekm(zm Zm-1)
m
D éhm(zm - Zm—1)
m

—km(zm - Zm~1)
€

D
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(3.40)

(3.41)

(3.42)




* -— -
or Qm(zm) = TmA*m(zm)uTm ~h d
D @
m
Kl
Fm e
L J
‘fthere d =2 - =z .
il m -1
Therefore, we can write
"hmdm
0
e 0 0
km n
0 e"" o 0
A;(zm) = ~h _d
0 0 em""™ o
-k dm
0 0 0 em

Using eq. (3.41) eq. (3.44) gives

® Y T Ak
Am(zm) = LmAm(z ) -

-1

h d
e m m 0 o
kmdm
Where 0 e 0
“hndm

N I

m 0 0 @

0 O 0
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(3.43)

(3, 44)

(3.45)

(3.46)

To relate the displacement and stress components at the

free surface to the stress and displacement components at the
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top of the half space we use boundary conditions which are:
1. Continuity of displacement and stress at an internal
boundary, i.e.,

Qr(z ) = Qr, . (a ) . (3.47)

m+1 " m
2+ Stress and displacement components at the free surface

and just below the free surface should be equal, i.e.,

Qi0) =Qy . (3.48)
3. No disturbance at infinity or z = @, i.e.,
1 *
\Pn :lp; =0, (3.49)
From eq. (3.34) the first boundary condition can be
written as
rlz ) =T Az ) . (3.50)
Using eq. (3.45) eq. (3.50) can be expressed in the form
realzg) = TE Atz ) . (3.51)
Applying eq. (3.38) reduces eq, (3.51) to
=1
;+1(Zm) = TmEme Q;(Zm-1) (3.52)
or rea(zy) = G Az ), (3.53)
where Gm = 'I'mEm'I';-I . (3.54%)

From eq. (3,53) it is clear that the matrix Gm equates the
stresses and displacements at the mth interface to the stresses
and displacements at the (m-1)*" interrace. By repeated

application of egq. (3.53) the solution can be continued from




-~ 30 -

the top surface through the intervening layers to the nth layer.,

This can be expressed mathematically as

g -1 :
An(zn—1) - Tn Gn-‘1 vt G1 QO B RQO ' (5.55)
Where R is a 4 x 4 matrix given by
[ 791 P12 Taz Tqy ]
T2q T2 Toz Tal
=1
R=T"'G .... G, = . (3.56)
n n~1 1 r31 r32 r33 r34
| Tl Tuo gz Tyl |
Now, R can be partitioned according to
R11 R12
R = . : ' (3.57)
Roa Rao
Then, eq. (3,55) can be written as
-~ u* 'I
o
*
. . R11 PR | A
An(zn_q):RQ5=R e . - (3.58)
21 22 x (o)t
24
€ (o)*
2X

From the condition of radiation at infinity (third boundary

condition) eq. (%.58) can be written as
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r ¢ ] u*
o
*
© R Ri2 s
_ (3.59)
3 "
03 Ra1 Boo (o) *
n 2, ]
* ; (0)*
i | \&x
From this expression we obtain
*
u:k T (0) 0
o - YA 60)
R R = " .
11 T e (0} (3.60
W T 0
o ZX

This expression

to yield

o *®

*
w
o)

From elementary

-1
R4

T,
where (qu) is

Substitution of

(R,

w T det

o}

can be solved for the displecement components

(o)*
R“1 ¢
I I - . (3.61)
,(o)t
o
theory of matrices
T
= (Rqyq) (3.62)
det qu
the

transpose of the cofactors of matrix qu.

At the free surface

t(- (0)*

a4

Therefore,

eq. (3.62) into eq. (3.61) gives
(o}*

) : (3.63)
1 3.63
R (o)* .

R’H 12 \gx
(o)*
% =0 . (3.64)

for a nontrivial solution of eq. (3.,63), it is
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necessary to have

£(4 ,8) = det R,, =0 , (3.65)

where s = iw,

Eq. (3.65) is the required period egquation.
Method of avoiding computational difficulties

If eq, (3.65) which is equivalent to Thomson-Heskell
formulation is used as it is to obtsin dispersion curves, the
inherent computationsl difficulties will still be there, How-

ever, using eq., (3.54) eq. (3,56) can be written es
-1 -1

R=T "¢ . . .TET , . .G (3.66)
n n--1 mm m 1
or R=AE B, (3.67)
i~
where A = Tn Gn_1 .« . . Gm+1 Tm (3.68)
and B = T;1 Ce. G (3.69)

Now, eq.(3,67) can be expanded in terms of the elements of the

matrices involved as
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- )
. ¥ m m
Tiq Taa Tyz Tag) Paq fq2 23 A& O O 0
kl'ﬂl‘}.n'l
Toq Top Toz Tou| Pa1 Baa s Ay {0 ® O 0
= ~h d
e m m
P31 Ts2 Tz Tan| %31 %32 %33 s |0 O 0
k_d

) m m
P Tho Thz T Pur e %4y wafle 0 o €

bgq Pao Bag by

baq bop bpz by

X ‘ (3.70)
b31 Pz P33 By

buyg byp bz by

A general element of the product of these matrices can be

written as
-~k d -k d

hmdm kl'l‘ld mm m m
- ' ol tr m i . i
rij e rij E + rije + rij e + ri's ¢ ,

. (3.,71)

The subdeterminant of R, i.e.,

—

det R (3.72)

11 T T4qfo2 7 TqpT0o4

can be evaluated by substituting for rij from eq. (3.71). The

resulting expression will contain products of 1like

2h_a
exponentials in the form € o , etc. so0 that we can write

2h_d
mm(,r,

— t ]
det R11 = € riy T, = Tl r21) + other terms, (3,73)

Now let us consider the case in which hm becomes large
and positive. Under this condition, the first term in eq.

(3,7%) becomes dominant unless
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‘1T = thp Tl (3.7%)

From eqs (3.73) it 1s clear that, if one computes first

r

components of R and then det R11, products of like

11
exponentials cannot be eliminated. This large value leads

to roundoff error which in turn leads to obtaining inaccurate
results and computational difficulties., To avoid the
difficulties it is useful to write det R11, which is
essentially a determinant of two by two matrix, as a product

of the subdeterminants of the individual matrices (see Appendix

A) as

ef
12 !

ab 1
ed *"*"* 9
1

where T° |;§ are subdeterminants of T; and

12 n-1

12 )
t ab

15 = (3.75)

det R11 = I

ef

n-1 |ab | 1o B8rec subdeterminants of the G matwices, -

g cd? *** q

The next stage is to show that products of like

exponentials will not be present in the subdeterminants of the

G matrices (see Appendix A) thereby the dominant term,

h_d h 4
e mmox@®™®m - € ™M™ g4oesn't arise, The nonvanishing

term in the product of subdeterminants is

mtij _ .m |i] m jab _m ,ab
9 k17 b ab t k1 € fmr (24P (3.76)
A glance at eq. (3.39) shows that there is no
exponential term involved in T~ ;i of eq. -(3.75}. - Therefore,

if one starts the computation of the period equation with
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algebric expressions of the subdeterminants of the Gm matrices,
products of like exponentials don't occur and computational

difficulties associated with them don't arise.

In this study, a program written for the period equation
expressed as subdeterminants of the Gm matrices is used to
generate theoretical modes. The algebric expressions of these

subdeterminants mre given in Appendix B,
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CHAPTER IV

METHODS

In the preceding chapters we have introduced the problem we
will be dealing with and discussed the theoretical basis for surface
wave dispersion so that for a given earth model we have a means of
generating theoretical dispersion curves. Our main concern,
however, is the interpretation of dispersion curves as found from
seismograms of earthquake waves thét have travelled along paths
cited in chapter 1. The identification of wave types, especially
Rayleigh wave and the production of dispersion curves in light of
possible modal contribution, using seismogram data will be the task

of this chapter,
4.1 The data

It is mentioned in chapter I that three events with
different station-epicenter azimuths are considered for this
study, Location of epicenters and their origin times are
taken from the US Geological Survey's Earthquake Data Report,
The following table gives the relevant psrameters of the events,

Table 2 Date and relevant parameters of the events,

Date

Dec.12/1968117:30:31.9}{ 12.087N 45,8678 {%.Gulf |4.6[ 850.586 km
of Aden

Mar, $/1980j03:12: 5,2/ 16,610N| 40.239E[Red Sea | ~ 852,220 km

Mar,24/1969{11:54:15.5| 27.592N) 33,8295 { Arab Rey 52 |2109,220 km
i ' bof Egypi




4,2 Identification of wave - type

For the snalysis of Rayleigh wavés vertical component
selsmograms from the Addls ihaba seismic station (AAE) are
utilized. This is & standard station (#%4S8N) with periods
of seismometer and galvanometer 15 and 100 seconds

reapectively.

Figures 4,1, 4,2, snd 4.3 show records of Rayleigh wave
trains for the paths: Western Gulf of aden - Addis Ababa
(GOA — AAE) , Red Sea - Addis Abmba (RES - AAE) and
Arab republic of FEgypt - Addis /ibsba {(ARE = AAE)

reapectively.

R

.GOA - AAE
: e 5 7 - COMP,

r

-

e

Fig, 4.1 Record of Rasyleigh wave train for

GOA ~ AAE path.
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Fig,

--—---—.,._,__._«_‘_1
"RES - AAE

b,2 Record of Rayleigh wave train for

RES « AAE path,

h “H.-- ) R R SR
'[-T. iy ‘LE . »
n -
W L “. R .
;W. . “AR E- AAE JM
'z -comp.
Fig. 4.3 Record of Rayleigh wave train for

ARE . AAE path,
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For each of the paths particle motion is used to identify
Rayleigh waves. It is evident that for the paths RES - AAE
and ARE - AAE, which are due north, the motion is retrograde
elliptical és found from plots of Z versus NS amplitudes
with the saie time base. For the GOA - AAE path, which is
due east of the recording station, the particle motion is
retrograde elliptical as found from plot of 2 versus EW

component,

Figures 4.4, 4.5 and 4.6 show particle motion of Rayleigh

wave for GOA - AAE , RES - AAE and ARE -~ AAE respectively.

-

| —

Fig, 4.4 Rayleigh wave - particle motion for

GOA - AAE path,.




|
& %

Fig. 4.5 Rayleigh wave - particle motion for

RES ~ AA® path,

8 g
o 9
o
° 5{ 10
Amp. in mm 2

Fig. 4,6 Rayleigh wave - particle motion for

ARE -~ AAE path.

- b0 -
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Correction

Before determining group velocities it is necessary to
make corrections for group time delay due to instrumental
response and path effect. For group time delay a table
(4. Pouglas, personal communication) is used to correct
travel times for different periods, The relevant pericds and

corresponding delay times are shown in Table 3,

Table 3 Period versus group time delay ( After A. Douglas ),

Perio
in se

d

o 4,00000 5,00733 6,00600 7,01370 8,00000 9,02203 11,01075

Grouyp
time
delay
in se

0.28211 0.46165 0.69650 0,99817 1.36015 1,80264 2.80504

Co

In addition to the above correction the effect of oceanic
parts of the paths on group velocities must also be considered.
For the GOA ~ AAE and RES - AAE paths the epicenters lie in the
continental shelves of western Gulf of Aden and the Red Sea
respectively where the water depths sre less than 500 m as
found from a bathymetric chart., Following numerous other
workers who have considered similar depths of water, for
example, Tryggvason (1962) and Payo (1967), we have ignored
oceanic correction for these paths. The ARE - AAE path is

a totaly continental path.,




bk

- 42 .

Mode resolution and methods used to obtain dispersion curves

from seismograms

Regarding seismogram analysis for dispersion the most
difficult problem is related to sepsration of modes. The
longest epicentral distance for the events under consideration
is about 2000 km while the shortest is less than 1000 km.
Therefore, the events as recorded at AAE are of short epicentral
distances. Hence, the mode problem can arise in the analysis

of the seismograms.

Landisman et sl. (1969) studied the problem of mode
separation at long periods in which he spplied a moving window
analysis. From outcomes of experiments other workers, for
example Pfeffer and Zarichny (1963) heve found that insufficient
resolution results at long periods if a fixed window is utilized,
In the moving window analysis different window widths for
different periods are used to maintain the same relative
frequency resolution at 811 perioeds in evsluation of
amplitudes. The instantaneous amplitude in db is then plotted
as & function of group velocity and period (those periods
evenly spaced along a log - periodic scale), From the contoured
display the presence of different modes can be inferred.

Aki (1980) has recommended this method for resolving modes.

It is stated (Landisman et al. 1969) that good result are

not obtained at very long and short periods when the moving
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window method is used, As definite values are not given for
short periods at which this problem arises we will consider

both moving and fixed windows to analyse our data, It will

be shown that for the periocd range considered here both

moving and fixed windows give similar results.

Following Landisman et al. (1969) a cosine squared window

function of the form

cos (11‘ t ) for |tle voT
Ty mo
W(t) = m , (4,1)
0 for |tly BMT_

where W = ratio of window length to the period of analysis
and Tnl = the current period of anslysis, is used. The
parameter W is assigned a value of 4 for the analysis

presented in this study.

Making the center of the window coincide with arrival
times of equally spaced group velocities, the windowed data
is Fourier analysed using the Fourier transform given by
}ériTm
Flw)= w(t) £(t) efIWt . (4,2)
oV
YHT
Fvaluation of the integral is performed using descrete IFourier

transform (Brigham 1974) given by

N-1 ~2i1f nk
Fely= N F(KT) @ N . (4.3)
NT

k=0
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where f(KT) are the windowed d=ta,
N is the number of prepared samples,
T is the sampling interval
and n and k are running indices. In this case n, N and T are
fixed numbers. The instantaneous amplitudes in db as a
function of period and group velocity are displayed and contoured,

From the contoured display, modes are inferred,

On the other hand, as observed from seismograms the period
under study are not long (the shortest period Landisman et
al, (1969) considered is almost equal to the lopgest period
observed here on the seismograms). Therefore, following the
argument given earlier the data prepared for the different
paths are windowed by a fixed window length of cosine squared
window function,

0082 v

W(t) = y ("4'."1')
0 for |t|» P

for O¢ltjg P

"ol
ket

where P is the period. Taking the center of the window to be
the arrival times of equally spaced group velocities, the

windowed data is Fourier analysed as before using

N-1
-iZ27Tnk
F{n) = > £(KT) N . (4,5)
i — ¢

where T is the sampling interval as before,

N is the number of prepared samples,
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f(KT) are the windowed dats
and n, k =0, 1, . . . , N=-1,
However, in this case N and T are fixed numbers, A computer

program flow chart for this is given in Appendix C.

For this case also the instantaneous amplitudes in db as a
function of period and group velocity are displayed and modes

are inferred from the contoured display.

For both moving and fixed windows different modes could be
inferred by draﬁing lines through the maxima of the contours.
In the next section we will consider the allied problem of

generating theoretical modes,

Generating theoretical modes,

In generating theoretical modes compressional wave velocity,
layer thickness and Poisson's ratio were taken as independent
variables, Once a compressional wave velocity is chosen for
a layer, the density of that layer is fixed by using the
Nafe-Drake curve (Talwani et al, 1959), The Poisson's ratio
and compressional wave velocity of the layer will further
determine the shear wave velocity through the relation

B= o \!1_;_2_0:_ , (4.6)
2(1 -q )

In fitting theoretically generated dispersion curves to
dispersion curves obtsined from seismograms the independent
variables cited above are varied within limits obtained from

other geophysical works in the region.
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A program written using Dunkin's formeslism (Robert H.
Herrmann, personal communication) is used to generate
theoretical modes. Using this program, theoretical modes

for more than 150 various models for all paths are generated,
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CHAPTER V
DISCUSSTON OI' RESULTS AND CONCLUSTONS.

We have considered theoretical generation of dispersion curves
for various modes for a given earth model., W¥We have also seen

methods of obtaining dispersion curves from seismograms in light of

contribution by different modes.

In the following sections we will examine the results obtained
for each path in turn in the light of recent geophysical works in

seismic sounding, gravity and surface wave dispersion.

Hereafter, dispersion curves obtained from seismograms by
peak and trough, fixed window Fourier enalysis snd moving window

analysis will be referred to as '"ohserved dispersion curves',.
5.1 GOA ~ AAR path

This path traverses the southern part of the Afar
Depression., The Rayleigh wave train identified for this path
is composed of two modes, namely, the fundamental and first
mode Rayleigh, The observed dispersion curves along with the
theoretically generated dispersion curves for the accepted

model are shown in Figuresg 5.1 and 5.2,
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Fig. 5.1 Dispersion cuxves for GOA ~ AAE path
() theoEyY, (<~=v-) fixed window Feurler analysis,
( . .) peak and trough mathed, (A) Fundamental mode,
(B)Y First mode.
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{B) First rmode,
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L obrief glancs st the figuregshows th-t there is good
%

sgrasrent betwesn the theorslical ond obsaerved dlapsrrion

curves,

Crustsl nodels cbtoained frow revent geophysicel works
along wilh that of thim study sre shown in Figuve 5.3. 4w
can ?ﬁrmaan from FMgure %.3% the accepted crusiel model for
. Yehie Btudy is represented by & threewleyér crust 27 km thick

overlying b km thick asomaiouws mantle wiith the preper mantle

undernenth,
ol * Ll . 1+
R [ 8- 2 & 8 v 7
- ety Efﬁii ey m;zif
z 2%
- 40 pfd 6. 8 o:60 6
Mﬁn 8 ] ‘
ot T kene
30 w'?ﬁé Ll = 7' % b
L} O 53799 6
km ru&p

" T; T;_Thiﬁ study
f.. Profite I, Hakris ot al.{979)
e Prafile I1, Makris el sl (1972)
- Searle (1975)

Fig. 5.3. Crestal models of gouthern Afar as found frow recent

peophysicsl worke esnd this Btudy.

Hakrie ot =l. ﬁ??z}'heve found crustal podelr for various
orientetlions of prafiiﬁk in the Afnr Dspression from gravity

dnts. The path ceneldersd here crogpes twe of ths proflles,




- 51 -

namely, profile I and II. The crustal models shown in Figure
5.3 for the profiles are taken at the points of intersection
of these profiles with the GOA - AAE path, All parameters
except the layer thickness are in good agreement with the
results obtained in this study., The slight difference in
layer thickness is due to differences in the orientation of
propagation path and the orientation of profiles I and 1I.

As can be seen from all the profiles of Makris et al. (1972)
the anomalous mantle wedges out lying deeper under a thick
crust as the escarpments are approached; whereas it is thicker

and lies at shallow depths under a thin crust in central Afar,

The GOA - AAE path runs close to the escapments of the
Afar Depression and this would imply a thicker crust as the
accepted model suggests, This would be in agreement with the

overall geometry of the anomalous - crust systemn,

Searle (1975) suggested a range of crustal models from
dispersion study for a path (Tezdjura - Addis Ababa) in
gouthern Afar, No contribution by different modes was
considered in prepsaring his dispersion curves. A crustal

model of Searle is shown in Figure 5.3.

Jones (1968) also studied surface wave dispersion end
obtained general results for paths between western Gulf of

Aden and Addis Ababa.

The weighted mean Poisson's ratio for GOA - AAE path is

found to be 0.274, This result is higher than the Poisson's
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ratio ter & nerms! certiventel crust which ranges from

0,25 =« 0,206, Geaprie (107%) obtzined Poisson's ratio as

high ae 0,20 for o psth crossing & sipnificant portion of

a ragion where the Poissan's ratio could be even much higher,
as hipgh s 0,33, due to psrtisl melting (Ruegg 1975). The
relatively low Poisson's ratio we obtained is for s path

which doesn't include known regions of prriial melting.
RES ~ AAE psth

As mentioned in chapter 1 no model from dispersion of
surface wives hss bren supgested up to the present for this
peth. The observed dispersajon curves along with the
theoreticsl dispersion curve of the accepted model are

shown in Figures 5.4 and 5.5,
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Fig. 5.4 Pispresion curves for RES - AATE path:
{ ) theory, ( —~-—r--wm Y fixed window Fourier
analysig, (., . . .) peak and trouch method,
{Ay Fundamental mode, (B) First mode,
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The accepted crustal model topether with crustal modeis

obtained by other geophysical workers are shown in Figure 5.6,
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I; t“ This gtudy
Makris et al. (1975)

Berckhemer et al. (1975)

Figs 5.6 Crustal models of Ethiopian highlands as found

in this study and other geophysical works done

earlier,
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The good agreement of the theoretical and observed
dispersion curves shown in Figures 5.4% and 5.5 suggests that
the crustal structure along this path can be approximated by a

three--layer crust with a mean crustal thickness of 37 km.

From a profile of seismic soundings on Ethiopien high-
lands Berckhemer et #1. (1975) obtained a méan crustal thick-

ness of the same order (see Figure 5.6).

Also, Makris et al. (1975) obtained from gravity data =
mean crustal thickness of about 38 km with similar layer

parameters as those obtained in this study.

From their study of travel time of near earthquakes Searle
and Gouin {1971) estimated the mean crustal thickness of the
Ethiopian plateau to be as high as 48 km. This value is

higher than the value obtained in this study.

The weighted mean Poisson's ratio for this path is found

to be 0.259. This value is in agreement with that of a normal

continental crust.
ARE ~ AABE path

As mentioned in chapter I the only crustal model for this
path is that of Sandos (Ph,D. Thesis, not yet published,
personal communication), who approximeted the crust by a single-
layer model without considering modal contribution. He
suggested a mean crustal thickness of 37 km for the Helwan -~

Addis Ababa path.
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In this study modal contributlon is considered snd
many theoveticn) modes sre genernted to obtsin a good Ffit
to the observed dispersion curves. Figures 5.7 and 5.8 show
the identlfied modes and plots of observed dispersion curves
along with the theoretical dispersion curvesg c¢f the zecepted

model,
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Fig. 5.7 Dispersion ourves for ARE ~ AAE path:
(o} thOOYY,  (B=w—w ) fixed window Fourler
gnalyais, (. . . . ) peak and trough mathod,
(A) Fundamental mode (8) First mode.
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Tha grustal éodel whose diapersion ocurves béﬁﬁ:ﬁfﬁit¢ﬁ}
the obaerved_diaﬁer&ion curved along_with that of Sandos and

AFRIC model {(Gumper snd Pomeroy 1970) ere shown in Figure 5.9
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4s can be seen from Figure 5.9 the crustal structure of
the ARE -~ AAE path found in this study is approximated by a
three-layer crust., The parameters of this model are similar
to those of the RES -~ AAE path. For the ARE - AAE path a mean
crustal thickness of 38 km is obtained and this is in agreement

with that of Sandos,

The difference between the AFRIC modsl (Gumper and Pomeroy
1970) and that obtained in this study can be wholly accounted
for by the fact that the AFRIC model parismeters sre general

and not restricted to certain regions and paths,

Here again, the weighted mean value of the Poisson's ratio
is found to be in the range similar to that of » normal

continental crust,.

Considering the whole region under study, we can see from
Figure 5,710 that the crustal structure below southern Afar
and the ARE ~ AAE paths are thinner and thicker respectively
as compared to that of the RES ~ AAE path, With the
exception of thickness of layers, the crustal models obtained
in this study have similar parameters for the GOA - AAE,

RES - AAE and ARE — AAE paths.
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Fig. 5.10 Crustal models of the region under study.

5.4 Conclusions

1, This study (GOA - AAE path) has shown the possible presence
of a thin layer of anomalous mantle near the margins of
the Afar Depression. Furthermore, the relatively high
Poisson's ratio obtained compared to that of a normal
continentel cruvst is consistent with the overall niciure
of the region.

2, The mean crustal thickness for RES ~ AAE path obtained in
this study resolves the ambiguity in earlier results (for
example, crustal thicknesses obtained from gravity data
and near earthguake travel times), The value obtained
(37 km) is in close agreement with those of Makris et »l,

(1975) and Berckhemer et al (1975).
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The crustal structure of ARE ~ AAR path can be approximated
by a three-layer model thereby improving the suggested
single-~layer model of Sandos.

Regarding the crustal models for the RES ~ AAE and ARE -
AAE paths it can be suggested that there is no significant
difference in the crustal structures of the two paths.

For the RES ~ AAE and ARE -~ AAE paths the crustal struc
structures obtained are normal continental overlying
nermal mantle.

Production of dispersion curves from seismograms using
methods of resolving modes rather than the simple peak and
trough method has shown that better agreement with
theoretical dispersion curves can be obtained. This
indicates inherent multimode propagation which must be
considered in the study of dispersion at short epicentral
distances,

It has been shown (in all the three cases) that both
moving window analysis and fixed window Fourier analysis
give similar results thereby showing that moving window

analysis is superfluous for the period range considered

here,
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APPENDIX A

THEOREM 1,

If P, D1, D2’ o s "Dn are matrices having a range of component

indices of 2 or greater and

P

I

b, b, . . .D

1 2 n
ij 1 |ij 2 mn n-1 st n juyv
then, PLJ = a lmn O w4,

where the summed pairs of indices are to be only distinct pairs of

distinct indices.
Proof :-

The proof will be given for n = 3. If one wants to have an
expression for n» 3, one can write the expression by analogy to

the case n = 3,

The determinant of a matrix P with rows i and j and column k

and 1 can be defined as

ij .
Pha = FPix le Fia ij ’ (A,1)
If P is a product of three (n=3) matrices, i.e.,
P = D'] D2 D} (A.2)
then, its elements can be written as

5 1 2 3
P = .7
ik L Z;j Ga %ap %ok (A.3)

~ B 1 2 3
Pil a 5:: S— dio 901, %1 0 (A.4)
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le = j{: Z:_ dzl , (A,5)
and ij = E:j i:i dzk . (A.6)
T

where a, b, r, s, = 1, 2, 3, k,

For the case under consideration and using summation rule

mentioned in chapter II, eq, (A.1) gives

ij .1 2 .3 1 2 .3 122 2 3
Plid = (dg, dgp a5 ) (4 ar aZ)) —(a; df bl)(d Log Toi)
e e (A7)
Rearranging yields
13 2t 0Ty a2 2343 3 3 .3
Plkl v (dia dsr)(dab drs)ﬁbk dsl dbl dsk) ' (A.8)
3 |bs 3 3 3 .3
But , a7 | = dp dp, - dp, A7 . (4.9)
Thus eq. (A.8) can be written as
ij . 1 > 3 Ibs k
P’kl = (ay, a5) Cagy el ) @S (4,10)

In eq. (A,10) all indices run from 1 to 4,

If one assigns values of a, b, r and s in eq. (A4.10), there is

fiaqs . . 1 1 2 % Ishb ,
a possibility of having terms like d. djr (daS rb) d” |, in the

summation for the assigned values of the indices. Noting that

3 ’Eb: _q3 {bs

K1 (skew asymmetry) and restricting b to be less

than s (so that double summation will not occur), it is possible to

obtain

piid = T 41 a°. a° - a° a° 4> |bs b< s).  (A,11)
k1l (dia jr ) ab rs as rb) k1 '’ (b< s
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2 2 2 2 2 [ar

B - =
ut, A9 -dd = dT (a.12)
Using eq. (A.12) eq. (A.11) reduces to
ij 1T 1 ) .2 jar .3 |bs
Py = Q4 45, 0 @7 g &g (A.13)

Using similar argument as before one can readily reduce eg. (4,13)

prid _ 41 i 2 jar .3 ibs
to !kl d lar S O O i (aqr and b<s). (A, 14)
By analogy to eq. (A.14) the case for n»3 can be written as

st n juv
uv d k1l ° (4.15)

ij _ 21 pij 2 |mn n-1
Plkl = d 'mn d op " "' d

THEOREM 2,

Subdeterminants of the G matrices don't contein products of

like exponentials,
Proof :-

¥e know that

_p g 7! . (A.16)
m m m m

Using eq. (A,15) the second order subdeterminants of @ can be put
in the following form,

cd
k1l

cd
k1l

poiyo_oym ‘ij 3 ’ab T , (a<b, ced), (A.17)

3 kil ab ca °

4]

where In ab . -
' are subdeterminants of Tm .

= det K anad 1™
cd m

A brief glance at eq. (3.46) is enough to conclude

é" lzg = 0, (ab # cd, dc). (A.18)

Eq. (A.18) declares that for subdeterminants of Em not to vanish

we must have

ab = cd . (A,19)
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Therefore, eq, (A.17) can be written as

mo(ij _ m {ij ¢ cd m |ab

g [k~ v lap ey s (agw). (A.20)

One can easily see from eq. (3.46) that em ZE does not contain
=
products of like exponentials. We also know that 1 and T do not

contain exponential terms at all. Therefore, the subdeterminants

of Gm matrices also do not contain preoducts of like exponentials.
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APPENDIX B
In eq, (3.54) G is given by
G = T E T . (B:1)
it moomom
Using eqs. (3.36), (3.46) anda (3.39) for T E_and T;q
respectively, the algebric expressions for the second order

subdeterminants of the Gm matrix can be written as fellows:

m {12 m |5k . ] >
125§ 5 ® e, (4t 1) + {2y + 2y + 1) CHCK

| 2 2 w2w2
S (€ AR PR km] SHSK,

m 12 _  m 124 -1 w2

137 9 | = (92%)" (-CHSK + h" SHCK),
m 12 _ 9 m (12 _  om [1% _ m |23 _

w9 ez 9 3T G |zt

- i (9m;,2t,,>"" '[(2xm +1) (1-CHCK) + (T + 1 +3;n71i"kr2n) SHSK] )

m |12 _ m |13 _ o -1 w?
24 7 9 l;q = (8 %) (SHCK - k

o CHSK},

g" ;ﬁ - -(gnfﬂ,)“a [2(’1—CHCK) £ (1 4R ‘I‘cri) SHSK |

¢ 12 g Bl - -8 a%[i  omsk - (g, ¢ D smsc]
"5 g B = ok,

m |13 m P}__ mo{1  m

q hy = 23 9 {au= 9

m |13 2
o = -k SHSK, (B,2)

23 o 22
7= [(a’mM)U}ICK-a-m k CHSK] :
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e g - g |2 - g Senilp, BRI r ACRENE SREP

. (1-CHCK) + (F +1)7 [‘53 £ kz] SHSK} ,

m W w23 m
g \13 q" 93 14‘ q \ (a;n + 1) CHSK - e SHCK] .
m 14 m 12%

2% momom

=1 + 22(1‘][1(2';;]1 +1) (1-CHCK) + [(‘d'm+1)2+ f‘ﬁz'fca SHSIj '

q’" fg.: g’“ 2;*:- Cpu Xe) [(ﬁm+1)2 CHSK -aﬁ"ﬁi SHCH] .
no {24 “ 2

q |3 = ~h,SHSK,

g’“ %:_ (pm ,\25) ZFi(a'm+1)2 (1 - CHCK)

¥ [( T A a-:"hnﬁ Tcﬂ SHSK}.

where

A= os/E T.=2e%8,

2
5

owe T £ e s R E S,

m ( 2) v m = ( 2)

A . B (B.3)
SH = “1'1;]1 siph(g“}imdm) \ sK ="f<];" sinh(g % d ),
CH = cosh( gﬁmdm) CK = cosh( gﬂ%dm) ;
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| s
READ NN, IUMX, T
& ' —F
READ D(I) , I = 1, NN
READ U
N o= NN - 1
R
Mw =1 GNT/Z
M o= 1
P -3
PDA(I1) = B(I1) % cos® (7T M¥)
N NT
MY = MW+ A

¥
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K= 0
 SUH1 = 0
SUMz = 0
g
SUM1T = SUMT + SIN(2 ;7 (MM) x K) x DD1(LN)
N
SUM2 = SUM2 + COS(27¥x MM x K) x DD1(LN)
N
¥

DB(MM) = 10 x L0G ( \J(SUM1Z + gum2?) )2

e e

=

MM = MM + 1
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PRINT U, DB (I)

5

ey = g i

IOMX = IUMX - 1

Fig. €1 Computer program flow chart for windowing,
evaluating descrete Fourier transform and

displaying instantaneous amplitudes in db,
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