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ABSTRACT 

A comprehensive study of dispersion of surface Rayleigh waves 

for three paths: Gulf of Aden - Addis Ababa (GOA - AAE), Red Sea 

Addis Ababa (RES - AAE) and Arab republic of Egypt - Addis Ababa 

(ARE - AAE), lying between north and east Africa is made. Earlier 

studies of surface wave dispersion in the region were made for short 

epicentral distances without considering contribution by different 

modes. The problem of contribution by different modes to dispersion 

is inherent at short epicentral distance ranges. 

Rayleigh wave trains identified from seismograms of Addis 

Ababa seismic station (AAE) are enlarged and digitized. The results 

are analysed using fixed window Fourier analysis and moving window 

analysis (Landisman et a1. 1969). These methods have advantages in 

displaying different modes which otherwise would be absent if the 

usual peak and trough method is used. 

Dispersion curves obtained by the above methods and the usual 

peak and trough method are compared with theoretical dispersion 

curves generated for different crustal models. An efficient 

algorithm developed for solving the period equation on a computer 

(Dunkin 1965; Robert H. Herrman personal communication 1980 ) is 

used to obtain theoretical dispersion curves up to ten modes. 

However, in this study the fundamental and first modes were found 

adequate to explain the seismogram observations. A total of 150 

theoretical models each with multimode outputs were considered. 



A crustal thickness of 27 km with high Poisson's ratio over­

lying an anomalous mantle (,d-- = 7.2 km/sec) 4 km thick is found for 

GOA - AAE path. For RES - AAE and ARE - AAE paths crustal thick­

nesses of 37 km and 38 km respectively overlying a normal mantle 

are found. The Poisson's ratios for these paths are similar to 

that of a 'normal continental crust. 

Regarding resolution of modes for the period range considered 

in this study both moving and fixed window methods give similar 

results indicating that the former method is superfluous. 



CHAP'rER I 

INTRODUCTION 

One method of studying the deep structure and properties of the 

earth which are not accessible to direct observation is the method 

of surface wave dispersion. This method utilizes records of elastic 

surface waves (from seismogrAms) generated by an earthquake or 

explosion which have tr~velled through the earth BS the raw data to 

which a theoretical model that will best fit the data will be sought. 

When applying the method of surface WEve dispersion to study the 

internal structure and properties of the earth, the earth which has a 

free surface and numerous internRl zones of contrasting physical 

properties is conceived to be represented by a number of physically 

distinct layers each with its own ch?racteristic density, thickness 

and velocities of compressional and shear waves. 

In the mathematical formulation of the problem the physical 

properties of the layers cited above will determine the dispersion 

relation, i.e., they will enter the period·equation determining the 

type of relations between the period and velocity. 

Subsequently we will study surface Wave dispersion from North 

and North - East Africa for pa ths indica ted in Figure 1 with a view 

to characterizing the physical properties of the crust by compRring 

dispersion curves obtained from records of e.rthquake surface 

waves with theoretically generated dispersion curves. 
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}'ig. 1 Loc8tion of' epicenters GOA, RES, ARE 

and seismograph station (AAE). 

Table 1 gives region of each epicent~r and names of paths to 

be adopted for future U6~. 

Table 1 llegj.on of epicenter- and nameB of pathe;, 

Recording 
Station 

AAE 

AAE 

Epicentel' location 

Western Gulf of Aden 

Red Sea 

Arab Rep. of Egypt 

Path as referred 
to itt this study 

GOA - AAg 

In the following We will recapitulate the relevant results 

obtained by earlier Vtorkers to Bet our taBk in p",.iepect:l.ve. 
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a) GOA - AAE path 

'fhis path is mainly a continental path except for few tens 

kilometers traversing the western Gulf of Aden. Jones (1968) 

and Searle (1975) made preliminary studies on dispersion of 

surface waves across the southern part of the Afar Depression. 

Their paths were slightly to the north of the path considered 

for this study. In his study Searle (1975) found a group 

velocity of Rayleigh waves as high as 3.5 km/sec and suggested 

that no unique model was superior to others to be accepted as a 

representative model for the path. However, no attempt waS made 

to indicate contributions by higher modes which can't be avoided 

for such short epicentral distances. For example, Tryggvason 

(1962) has studied the crustal structure of the Iceland region 

for the same order of epicentral distance and identified the 

Rayleigh wave train to be a first mode Rayleigh wave. Therefore 

the high group velocity Searle (1975) obtained may be due to 

higher mode Rayleigh waves which he didn't consider. 

This study will be made by considering the possiblity of 

modal contribution. For this purpose data from digitized 

seismograms (the method of analysis will be briefly discussed 

in chapter IV) are Fourier analysed and the contribution by 

various modes will be indicated. 

For the path selected (GOA - AAE) the presence of an 

anomalous mantle as also shown by Gravity (Hakris et a1. 1972) 

and seismic sounding (Berckhemer et al. 1975) is verified and an 
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average thickness of the anomalous mantle for the path is 

found. In this respect the present study extends the work done 

on dispersion for this path in particular. 

b) RES - AAE path 

This p:oth is also largely a continentAl path. The epicenter 

lies in the continental shelf of the Red Sea. For this path no 

work has been done on dispersion up to the present. 

From 8. preliminary study of travel times of near earthquakes 

Searle and Gouin (1971) suggested en upper limit for the thick­

ness of the crust below the Ethiopian plateeu to be about 48 km. 

Based on other geophysical methods, such as Gravity and Seismic 

sounding a mean crustal thickness of the Western Ethiopia 

plateau has been found to be 38 km. 

Therefore, the purpose of this study regprding this path is 

to contribute towards a resolution of the ambiguity in the results 

obtained earlier. 

c) ARE - AAE path 

This path is totoly a continental path. Eventhough no 

detailed work by any geophysicAl method was made for this 

particular path, a general idea about the crustal structure can 

be inferred from a preliminary result of Sandos (Ph.D. thesis, 

not yet published, personal communication). Sandos found a 

mean crustal thickness for a path between HLW (Helwan recording 

station) and AAE to range from 35 - 40 km. However, Sand as 



- 5 -

didn't consider contribution by different modes and give only 

a preliminary crustal structure using a single-layer model. 

This paper improves the work of Sandos by considering modal 

contribution and approximating the crust by D three-layer crustal 

model. 

As we have indicated at the outset, our main concern will 

be the study of surface wave dispersion. In the subsequent 

chapters we will develop the theoretical basis of this method 

and use it to model the crustal structure along the paths 

mentioned. 
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CHAPTER II 

ELASTICITY THEORY AND ELASTIC SURFACE WAVES 

2.1 Elasticity Theory 

It is mentioned in chapter I that useful information on 

the earth I s crust a.nd the upper mantle can be found from 

elastic waves propagating in the earth. The velocity of 

propagation of elastic waves depends upon the elastic 

properties and densities of the materials through which they 

propagate, Elastic waves propagate in materials as patterns 

of particle deformation travelling in the materials. The 

elastic properties and densities of a medium are related 

through an expression for the velocity. 

To show this dependence of elastic Wave velocities upon 

elastic properties and devsities we will briefly summarize the 

fundamentals of elasticity theory (Achenbach 1975, Sokolnikoff 

1956) leading to elastic surface Waves, 

2,·1.1 Notation 

In the following tensor notation with all its properties 

will be used. Whenever there is deviation from the rule, 

especially summation, the usage will be indicatod in a bracket. 

The following are the notations used. 



Symbol 

u. j l, 

2.1.2 Strain 
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Description 

Position vector with components xi 

Displacement vector with components u
i 

Stress tensor with components 

Strain tensor with components 

du ./ 'Ix. 
l Q J 

~/4 x. 
J 

. = U. 
l 

1:. ~ '( 
x.x. ij 

l J 

To analyse the state of deformation of a medium we will 

consider the deformetion in a neighbourhood of a particle. 

Let the position of a particle And B neighbouring one before 

deformation be 'it and Y? + Ji respectively. Aftf,lr deformation 

the positions will be "1 + itet) Hnd 1 + {t + !tel + aX) for 

the particle initially at "1 and 1: + ~;t respectively. 

Consideration of the difference between the two vectors 

joining the two points before &nd after deformation enables 

us to study the character of deformation in the neighbourhood 

of a particle. The new vector line-element is 

1 + ~~ + \}el +o-I) - ex + 'i1ct» ~bX + ]jet + {x)-lfe1). e2.1) 
For small 1 b1/ , expanding itcit + {t) in Taylor series and 

retaining terms up to the first order only we obtain 
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or (2.2) 

In component form we can write this as 

It is possible to decompose eq. (2.3) into pure 

deformation and rigid body motion by rewriting as 

b Ul' ~ « u. . + U. .) + (U. . - U. .)) ~ x . 
1,J J,l 1,J J,l J 

(2.4) 

2 2 

or <'u. = (e .. + w • . )&x. a 2 lJ lJ J 

Where e .. = y,( u. . + u. .) 
lJ 1,J J,l 

(2.6) 

and 1'1. • = )(,( u. . - u. .) 
lJ 1,J J,l 

are called the strain Dnd rotation tensors respectively. 

When i = j (summation not implied) eq. (2.6) gives 

the relative changes in dimension along the x. direction. 
1 

These relative changes are called normal strains. When 

i ~ j eq. (2.6) gives the ch~nge in shvpe of the body. 

These changes in shape of tho body are called shearing 

stra.ins. Eq. (2.7) gives a rotation of the medium about 

an axis. Therefore, it is not related to strain. 

I,et the volume of the body before and after deformation 

be 
(2.8) 
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respectively. Retaining the first order terms only the 

relative change in volume, designated bye and known as 

dilatation, ce,n be shown to be 

(2.10) 

2.1.3 Stress 

If one wants to analyse the forces acting on a volume 

element AV inside a body, it is necessary to take into 

consideration the effect of two types of forces, namely, 

body forces and surface forces.' Body forces are forces 

which are proportional to the material (mass) contained in 

the volume element under consideration. The second type 

of forces act on the surface A S of the volume element. 

To get some idea about the components of stress, let 

us consider the surface forces by isolating an infinitesimal 

parallelepiped inside a stressed body. 

T' 
1-?~2 't ' 

f 1 • 
I 

I'L----....... .,....Y 

\l. 
X 

1 

Fig. 2.1 Some of the stress components acting on a 

stressed body. 
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If the stress is not normal to the surface, it can be 

decomposed into its normal and tangential components called 

normal and shearing stresses respectively. Figure 2.1 shows 

some of the stress components acting on a stressed body. For 

example in the figure t12 means a stress parallel to the X
2 

axis acting upon a surface perpendicular to the X1 axis 

(shearing stress). According to the convention, ~ .. (no 
11 

summation) gives the normal stress in the X. direction. 
1 

If TeX) denotes the distribution of stress vector 

acting on the surface S of a body, then by isolating a 

tetrahedron it can be shown that the components Tl of the 

stress vector can be expressed as 

(2.11) 

Where lkl is the component of the stress in the Xl direction 

and n
k 

is the component of the normal to the surface. 

The condition of equilibrium (vanishing of resultant 

force) of the body under surface and body forces can be 

expressed as 

(v fl dv + L Tl ds = 0 • (2.12) 

Where fl is the component of body force per unit volume. 

Using eq. (2.11) and Gauss' theorem it is possible to write 

eq. (2.12) as 

fv fl 
dv 

or L 
J 't dv = 0 

) v kl,k 
(2.13) 

(2.14) 
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Noting that the volume can be arbitrary eq. (2.14) yields 

(2.15) 

Now, let us see the consequence of the vanishing of the 

resultant moment produced by body and surface forces. The 

resultant moment of the body force per unit volume can be 

written as the integral over the volume V of the vector 

product of the position vector 1and the body force vector 

~ 
f. This can be written componentwise as 

H. =f e, 'k x, fk dv • 
1 1J J v 

(2.16) 

Where e, 'k is an alternating tensor. It is also possible 
1J 

to write similar expressions for the resultant moment of the 

surface forces in the form 

Bi = fa e.ijk Xj \lk nlds. (2.17) 

Thus, the total resultant moment for equilibrium case can 1:>e 

written as 

R, =L 1 
eijk xlkdv +L (eijkX j Tlk)'ldv = o. (2.18) 

But L (€ijk Xj 'Clk)'ldv = L eijk(x j "('lk,l +bjl 'tlk)dv. 

Where ~jl is the Kronecker delta symbol 

'Cjk • 

Using eq. (2.15) eq. (2.19) gives 

( eijk(x j "tlk,l + Sjl Xlk)dv =L eijk(-xlk 

Substitution of eq. (2.21) into eq. (2.18) 

L eijk 1 jkdv = 0 • 

•• , (2.19) 

and 

(2.20) 

(2.21) 

readily gives 

(2.22) 
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Since the volume can be arbitrary eq. (2.22) yields 

Q.ijk '( jk = 0 

and this implies 

(2.23) 

(2.24) 

2.1.4 Stress - Strain relation for a homogenous, isotropic, elastic 

solid and elastic constants. 

We have already established in the previous sections that 

the state of stress is completely determined by the stress 

tensor ~ .. and the state of deformation by the strain tensor 
lJ 

Q... In this section we will briefly show the relationship 
lJ 

between stress and strain. In general, for a linearly elastic 

material the relationship between the stress and strain can 

be written as 

,(" = ("11 €kl' lJ lJ { i,j,k,l = 1,2,3 • (2.25) 

Where (ijkl are elastic constants of the medium. 

In general the coefficients 'ijkl vary from point to 

point in the medium. If the coefficients (ijkl are not 

dependent on the position of a point in a medium, the medium 

is called a homogenous medium. 

We have already shown that the stress components '( . . are 
lJ 

symmetric. This symmetry of the stress components allows us 

to write the coefficients lijkl as 

(ijkl = (jikl' 

One can easily see from eq. (2.6) that 

(2.26) 
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This symmetry condition implies 

C. ijkl = (ijlk' (2.28) 

From the above conditions of symmetry of c'ijkl we can only 

have at most 36 independent elastic constants in the general 

stress-stra~n relation. Furthermore, from thermodynamic 

consideration (Aki 1980) we can have 

c. = C 
ijkl klij 

This condition will further reduce the number of independent 

elastic constants in the generalized stress-strain relation 

to 21. 

Now let us consider the case in which the elastic medium 

under consideration is homogenous and isotropic. By isotropy 

we mean that the elastic properties of the medium are 

independent of the orientation of the coordinate axis. Thus, 

the coefficients (ijkl remain invariant with respect ~o 

coordinate rotation. Under this condition the number of 

essential elastic constants reduces to 2/ Therefore, for 

isotropic, homogenous and linearly elastic material the 

constitutive equation for the stress can be written as 

't .. = ~ e (.. + 2 f'f!. . .. 
lJ OlJ lJ 

Where A and fl are Lame' constants and bij the Kronecker 

delta symbol. Lame' constants are related to the Young's 

modulus, E, and Poisson's ratio, 0 , by 

A = 
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and E 

2.2 Cauchy's equation of motion and elastic waves 

The traction (surface force), body force and 

acceleration that act throughout a body with volume V and 

surface S must satisfy a constraint. This constraint is that 

the rate of change of momentum of particles constituting the 

body must be equal to the forces acting on the particles. 

From the development so far this can be stated in the following 

component form. 

[ 1'ji nj ds +£ fi dv = L 9Ui,tt dv. 

Where "C .. is the component of the stress and f. is the 
1J 1 

component of body force per unit volume. Using Gauss' 

theorem this reduces to 

Eq. (2.34) is Cauchy's first law of motion. Using eqs. (2.6) 

and (2.30) we can write 

'tji = ""ui,i bij +/",ui,j +t'uj,i' 

Substituting eq. (2.35) into eq. (2.34) gives 

<Au .. (i' +r1u .. +/Ju .. ),. + f. =fu. tt 1,10 J 1,J J,l J 1 1, 

In the absence of body forces (the case we will be dealing 

with) eq. (2.36) reduces to 

<,,~u .. ( .. +(1u .. -!}Iu .. ),. =9U1',tt • 1,101J 1,J J,l J 

This expression implies 
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Applying a standard method we write the displacement 

in terms of displacement potentials as follows (Achenbach 

1975) • 

+ 

Where e, 'k is the al terna ting tensor and .{) and <t' are scalar 
~J 

artd vector potentials. 

Using eq. (2.39) the displacement-equation of motion, 

eq. (2.38), 

fAq2 (~.p 

can be put 'in vector notation as 

+~ x~) + <A +P)<7 ~ .(~..fl+ ~x~) 

= J~ ( ~ -P+ ~ix ~) . 
;,)t 

(2.40) 

Observing that V. ~ x ~ = 0 and ~. Q '-fl = ,i iJ and 

rearranging we have 

-;>C} " 2 ~ -'> 2 ., v(9<P - (~+ 2/-') 'V f) +\7X( I''fo' -f''Q 'f) = 

This expression is satisfied if 

and 

These imply 

and 

where 

and Jl2 = 

9t>, tt 

.,.." 

'V, tt 

2 
cf. 

flip . 

2 
Z 01. ..f .. 

,JJ 

4+ 2 /-1 
9 

o . 

(2.44) 
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Eqs. (2.44) and (2.45) are the required wave equations for 

dilatational and rotational waves with velocities cl, and }3 

respectively. 

2.3 Elastic surface waves 

So far the development has been general. As a particular 

case, without lose of generality, let us consider a plane 

wave travelling in the X1 direction and whose disturbance 

is largely confined to the neighbourhood of the free surface 

of an elastic half space. Let the X3 axis be perpendicular 

to the direction of propagation and at any instant all 

particles in any line parallel to the X2 axis have equal 

displacements. The above conditions assure that the partial 

derivatives with respect to X2 vanish and the waves under 

consideration are surface waves, For this case, it is clear 

from eq. (2.38) that the displacement component, u2 , is not 

coupled with other displacement components. The vanishing of 

the partial derivatives with respect to X2 gives 

(),+/-l) u, '2 = O. J,J 
(2.46) 

Thus, eq. (2.38) reduces to 

/-1 u2 , j j = P u2 , t t 
2 

~ U2 ,jj = U2 ,tt • or 

The other two components are coupled and they can be found 

from the solution of the uncoupled wave equations given in 

section 2.2. Therefore, for surface waves the wave equations 

Can be written as 
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01
2 ..f , j j f tt , (2.48) 

2 
j3 ljJ.. ~ lol tt 

, JJ T, 

and ~ 

The general solutions for eqs. (2.48) - (2.50) are 

f~ A1 
ik(ct + rX3 -x 1 ) 

+ A2 
ik(ct - rx3 -x1 ) e. e. (2.51) 

cy~ B1 
eik(ct + SX

3 
- x1 ) B ik(ct - sX

3 + 2e. 
-x ) 1 , 

and u
2 

~ D eik(ct + sx3 -
1 

x1) + D ik(ct-sx3- x 1 ) 
2 e 

respectively. 

Where 

and 

For the disturbance to be near the free surface, eiksx3 and· 

eikrx3 must diminish indefinitetly with increasing distance 

from the boundary. This mea.ns th~t eiksx3 ikrx 
and e 3 must 

contain exponential factors in which the exponents are real 

and negative.. Thus, rand s are taken to be imaginary. 

Under the conditions mentioned at the beginning of this 

section, eq. (2.39) can be written componentwise for u1 and 

u
3 

as 

u1 ~ f, 1 - 'f,3 
and u

3 
~ -P ,3 

+u) (2.55) 
'I' , 1 

Differentiation of eqs. (2.54) and ~.55) with respect to x 1 

and x3 respectively yields 



u 1 1 , 
and u3 ,3 

Noting that u2 2 , 
(2.57) give 

Thus, e = 1l ., . 
,11 

= -P 11 , 
= 

1,33 

= f ,22 
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- 'i',31 (2.56 ) 

+'f,13 (2.57) 

= 0 and adding eqs. (2.56) and 

. . . . 

This shows that~is associated with dilatational or P waves. 

Similarly it is possible to show that 

= 'f,,' ,11 
(2.60) 

u 1 ,3 - u3 ,1 

Eq. (2.60) shows that ~ is associated with rotational waves 

(vertically polarized shear waves, BY). u2 ' a component of 

the displacement vector in the X
2 

direction, is perpendicular 

to the direction of propagation. Thus it is associated with 

SH ( horizontally polarized shear) weves. 

Subsequently we will look at the formulation of Rayleigh 

wave ( P and SY motion) dispersion in a multilayered medium 

with boundary condition. 
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CHAPTER III 

RAYLEIGH WAVE DISPERSION IN A !·IULTlLAYERED NEDIUH 

3.1 Brief survey of the problem. 

Problems related to the propagation of surface waves in an 

inhomogenous semi-infinite medium whose inhomogeniety varies 

only in one direction, can be treated by considering the 

inhomogenous medium to be approximated by a stack of, say n, 

parallcl and homogenous layers (including the half 'space) in 

welded contact. 

For surface waves of Rayleigh type the boundary conditions, 

continuity of stress and displacement at each interior interface 

and vanishing of stress at the free surface, in general 

constitute 4n - 2 equations which cen be expressed in matrix 

form. Thomson (1950) h as derived such a matrix formulation for 

solving problems related to elastic waves propagating in a 

layered medium. Haskell (1953) corrected and systematized 

this method. 

However, the solution of the period equation obtained from 

Haskell's method has computational difficulties. Knopoff (1964) 

and Dunkin (1965) have overcome these computational difficulties 

inherent to Haskell's method by suitable matrix formulation. 

Dunkin (1965) showed that for high frequencies the matrix 

components become large leading to inaccuracies in the solutions 

of the period equation. Experience has also shown that even for 
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moderate values of frequency, computations of the boundary 

conditions at large depths give wrong results. 

Subsequently, we will closely follow Dunkin's approach 

in setting up the period equation and briefly discuss how the 

computational difficulties can be avoided. 

The notations used upto now have facilitated the 

derivation of fundamental results of elasticity in compact form. 

Henceforth, we will follow the usual notations (u,v,w) and 

3.2 Hatrix formulation of the problem for Rayleigh waves leading 

to the period equation. 

We will consider a plane wave propagating in a semi-infinite 

medium made up of n parallel, homogenous, isotropic and elastic 

layers as shown in Figure 3.1. The positive x axis will be 

chosen as the direction of propagation. 

o 
1 
2 
3 

m-1 
m 

n-1 

+ 

n 

Fig. 3.1 Geometry of the elastic semi-infinite medium and 

numbering of layers and interfaces. 
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In a multilayered medium the condition of attenuation with 

depth of surface waves can be correctly accounted for by 

requiring 

Where c is the phase velocity and ~ is the shear wave velocity 
n 

in the nth layer (see Figure 3.1), 

The following parameters re5er to 
th 

the m layer in 

Figure 3.1. 

)'m' Pm 
Pm 

01 
m 

13m 

d 
m 

u 
m 

w 
m 

(m) 
'( zz 

(m) 
~zx 

= Lame' elastic constants 

= density 

= compressiona.l wave velocity 

= shear wave velocity 

= layer thickness 

= displacement component in the 

direction 

= displacement component in the 

direction 

= norm"l stress 

= shearing stress 

The relevant displacement functions for the mth layer are 

Um = .pin, x 't'm z , 
and w = .pm z + 't'm x m , , 
Vihere >Pm and \I'm are solutions of 

2 
f m ii f m tt O/m = ., , 

x 

z 
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a.nd ,,2 
r'm 'l'm,ii ~ 't'm,tt 

respectively. 

In the following we will discuss a suitable matrix 

formulation of the problem by introducing the Laplace-Fourier 

transform defined by 

1 

}

CO ,i CD fCD 
( ) st + i I x ~ f' \ ,z,s e d. ds 

4 ,.,2 i 
c -i ro -CD 

o 

f(x,z,t) ~ 

. . . . 

where f" (\ ,z,s) ~[CD fCD f(x,z,t) 

-CD 0 

Adopting this transform pair for the displacement potentials in 

eqs. (3.4) and (3.5) gives 

c +i ro CD 
0 • st + i, x d~ds -() (x,z,t) ~ 1 'P m (\ ,z,s) e m 

4rr 2 i (3.8) 
-i Q) 

. . c -CD 0 

• (<" ,z,s) [: C f (x,z,t) -st - i \ x where t = e dt dx 
m m (3.9) 

e,st + i\ 

. . 

" f-CD where lj'~l(\'Z,S) ~ 

-CD 

- i~ x dt dx • 

From eq. (3.8) we write 



(co {-:l m C») 

t ~ i W ). 0 
/ 0 

o ., rn, xx "' ~_J.~~ 

4 rr2
i 

Silllilar eXl)reBBiollEJ eM be found for f. and -I' tt ruJd on· m,z& m, 

t: :r: 
which l'educ:ea to 

,~ _ ( ~2 
1 ru '9 zz 

Similarl~ eq. (:;.5) yields 

~1i1.zz - (~2 .. 8
2 

) ;2 
ra 

.fl ,,0 
III 

"1.,,0-
III 

at ... i~x e d~ds 

) 

Eqs. (3.14) anti (:;.15) are second ordor differential equations 

whoae solutions are 

.f 
h (z-z 1) -11 (Pl-Z 1) .+ f-'" c el!l lW' ... D e Iii m-

" 'fill ~. (:;.16) 
!II m III m 

k (z-z 1) -k (z-z 1) • • and • E em m~ ... F e I\l . vn- 'f'+ ... 'r (:;.17) 'Yo " '" III 1\1 III III III 

respeotively, 

j 



h
2 '} .? 

" r + ~...!-~ .... -..-iil 

a\2 
r,' 

2 ~ 2 
k .. ~" + s [fJ 

··f3:r 
m 

Dnd zm_1 is the vulua of z at the (m_1)th interface. 

The displacement functions U Bnd W Be given by eqs •. 
In .Ill 

(3.2) and (3.3) can also be written in transformed forms DB 

" i% .p: _ • g! • um '" k 't'''. + i"J 'i m <- kill 0/; (3.1/3) m OJ 

• • • • • h ~p" + i ~ 'I'! h ,p- i ~ '1-'- 13.19) w " - + ~ In Ill. !\1 ID !D nt 

For the case under consideration, the stress components: 

involved 111:'" 

t~m) " Am G
iIi 

• 

and r (ro) 
zx U + w ), m.z, l!1,X 

em,·U +w • m,x. M'jIZ 

Uf'lii)g eq. (3.22) sq. (3.20) eRn be wZ'ittoll DB 

t (m) '" A ( 
. ZZ ill 

u m,x + W ) + 2 /, w 
mtz ru, m,'z 

and in terms of displacement potentiale this i. 

13.20) 

+ 2 fA.m (t(' lI1.zZ ....... m.".) 
•••• (3.24) 

which reduces to 



in transfcirmed form. Using eqs. (3.16) and (3.17) we can haVE 

\.~m) _ (-{:\m'" h~(Am+ • 
2u )).c: + (_1.2 "\ ... h2 () 
,~ M ~ ~m m m 

But, 

and 

• 
+ 2 f-\ nJi ~ km '1:'- - • 

2 i"mi\km't'; 

... + 2 u =..,2 9 
"m - Pm ~'\m m' 

2 
+ .1L) 

01.
2 
m 

~ ~2 0 _ ZU
ro "m = VIm .;om f" 

Use of eqs. <3.27) - (3.29) helps to write "q. (3.26) as 

• • • 
~z (m) - (2 fAm ",2 + sZJ'm)tf': + (Zf'm~2 ... s2J

m
).p; 

• • 
+ 2u l"k !.oJ+ - 2/1 i~k (,IP • r'm , m Tm m mTm 

Replacing 9 by fl. sq. (3.30) can be wrHten IJs 
m -.!!!... .. 

2 
Pm 

n = 2// t ,}h/ . 
Km" m 

Similarly the transformed expression for the shelJr stress i8 

The relations (3.18), (3.19), (3.31) and (3.33) between the 
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transform of the displacement and stress components and that 

of the displacement potentials con be written concisely in the 

following form: 

Q*(Z) 
m 

~ T 
m 

A'(z) 
m 

where 

i~ -k m 
it k 

01 

T '"'. 
h i"s m -h d 

01 
01 

2JA i~k 
01 01 

-2f'mi~km 14m Rm fm 1m 
-f4m R m 

<3.35 ) 
2 if'lm\hm -14m 1m -2ifm~hm 

if = [Um" VI' 'l:(ml' m m' zz t 

and .cim(z):;I [~(z) • 'f*m(z) • f'm(z) 

Furthermore, 

where 

2ilin~hmkm #lm 1m km h k i~km 
01 m 

T-\, ",2 
m 

-fro fm hOI 2if\n\hmkm i~hm -h k m m 
m 

2f'mhmkmS
2 

-fm Pm km 2i/4m'thmkm hmkm -i%km 

~ 1m h 2iMn,hmkm -i~hm -h k 
m m m 

Using eq. (3.34) it is possible to write the following 

th expression for the m loyer. 

• 
(3.39) 



Q*(Z ) m m-1 = T 

C 
m 

E m 

= T m 
D m 

F m 

m A*(z 1) m m-

h (z 1 e m m-

k (z e m m-1 

-h (z m m-1 
t 
-k (z e. m m-1 

C 
m 

E 
m 

D 
m 

F 
m 

Eq. (3.40) shows that 

A* (z· ) = 
m m-1 

Similarly 

Q*(z ) =T A*(z ) = T m m m m m m 

C 
m 

E 
m 

D 
m 

F 
m 
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- zm_1) 

- zm_1) 

- zm_1) 

- zm_1) 

U.40) 

h (z - z ) m m m-1 Ci 
k (z - z 1) 

E e m m m-
m 

-h (z zm_1) De m m 

U. 42) 

m_k (z - zm_1) 
F ~ m m 

m 
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h d 
em em m 

k d 
E e m m 

m 

or Q*(z ) = T A* (z )=T -h d m m m m III m D e.. m m 
m 

-k d 
F e. mm 

m 

'Nhere d = •• - z m-1 . m m 

Therefore, we can write 

h d m m 0 0 0 c e m 

k d 
0 e m m 

0 0 E 
m 

A* (z ) = -h d m m 
0 0 e. m m 

0 D 
m 

-k d 
0 0 0 emm F 

m 

Using eq. (3.41) eq. (3.44) gives 

A* (z ) 
m m 

= E A* (z ) 
m m m-1 

h d 
e mm 

0 0 0 

k d 
Where 0 em m 0 0 

-h d 
E = 0 0 e. m m 0 

m 
<3.46 ) 

-k d 
0 0 0 e m m 

To relate the displacement and stress components at the 

free surface to the stress and displacement components at the 
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top of the half space we use boundary conditions which are: 

1. Continuity of displacement and stress at an internal 

boundary, i. e. , 

Q*(z ) = Q* (z). 
m m 01+1 01 

2. Stress and displacement components at the free surface 

and just below the free surface should be equal, i.e., 

3. No disturbance at infinity or z = 00, i.e., 

:::: 0 • 

From eq. (3.311) the first boundary condition ce.n be 

written as 

Q* (z) = T A*(z ) • 
m+1 01 01 01 01 

Using eq. (3.45) eq. (3.50) can be expressed in the form 

= T E A*(z ) 
01 01 01 m-1 

Applying eq. (3.38) reduces eq. (3.51) to 

or 

where G 
m 

= T E T-1Q*(z 1) m m m m m-

= G Q*(z 1) m m m-

-1 
= T E T m m m 

From eq. (3.53) it is clear that the ml'.trix G equates the 
m 

stresses and displacements at the mth interface to the stresses 

and displacements at the (m_1)th interface. By repeated 

application of eq. (3.53) the solution can be continued from 
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th 
the top surface through the intervening layers to the n layer. 

This can be expressed mathematically B.8 

• -1 • • 
A· (z ) = T G 

n-1 . • • G
1 QO = RQ

O n n-1 n 

Where R is a 4 x 4 matrix given by 

r 11 r 12 r13 r 14 

r 21 r 22 r23 r 24 

R=T- 1G 1 ••• G
1 = n n- r31 r32 r33 r34 

r41 r42 r43 r41+ 

Now, R can be partitioned according to 

R = 

Then, eq. (3.55) can be written as 

I
R11 

• • A (z 1)=RQ= n n- 0 

R21 :;: I 
From the condition of radiation at infinity (third boundary 

condition) eq. (3.58) can be written as 
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(: ! 
I'" R12 

1 
(J 

= C3. 59) 

(~~) 
. R 

R22 ~':O') 21 

(0)' 
~x 

From this expression we obtain 

f :~ I < '" 

[ ,.:0)'1 
[: 1 R = C3. 60) 

11 (0)' 
T zx 

This expression can be solved for the disple.cement components 

to yield 

From elementary theory of matrices 

(0)' 
\z 

l' (0)' 
zx 

C3.61) 

C3. 62) 

T . where (R
11

) 1S the transpose of the cofactors of matrix R11 • 

Substitution of eq. (3.62) into eq. (3.61) gives 

At the free surfe.ce 

t (0)' 
zz = 

(0)' 
~x = 0 . C3.64) 

Therefore, for a nontrivial solution of eq. (3.63), it is 
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necessary to have 

f(~ ,s) = det R11 = 0 

where s :::: iw. 

Eq. (3.65) is the required period equation. 

3.3 Method of avoiding computational difficulties 

If eq. (3.65) which is equivalent to Thomson-Heskell 

formulation is used as it is to obtain dispersion curves, the 

inherent computational difficulties will still be there, How-

ever, using eq. (3.54) eq. (3.56) can be written as 

R = T- 1 G 
n-1 

. . . T E T- 1 • . . G1 
<3.66 ) 

n m m m 

or R = A E B <3.67 ) 
m 

where A = T-1 G 
n-1 . • G 

m+1 
T (3.68) 

n m 

and B = T- 1 . m • . G
1 • (3.69 ) 

Now, eq.(3.67) can be expanded in terms of the elements of the 

matrices involved as 
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o 
k d 

em m 0 

o 
-h d e. m m 

o 

o 

o 

o o o 
-k d e m m 

x 
b

31 
b

32 
b

33 
b
34 

b41 b42 b
43 

b44 

A general element of the product of these matrices can be 

written as 

r .. 
lJ 

h d e m m 
k d 

+ r!',n'm m + r!". 
lJ \;. lJ 

The subdeterminant of n, i.e., 

-k d -k d e .mm+ fll,.f'Jmm r .. \. 
lJ 

can be evaluated by substituting for r .. from eq. (3.71). The 
lJ 

resulting expression will contain products 
2h d 

of like 

p m m 
exponentials in the form ~ etc. so that we can write 

2h d 
d t R e m m (I I I I) + th t e 11 ~ r 11 r 22 - r 12 r 21 a er erms. 

Now let us consider the case in which h becomes large 
m 

and positive. Under this condition, the first term in eq. 

(3.73) becomes dominant unless 



r' 11 r' 22 = r' 12 r' 21 • 

From eq. (3.73) it is clear that. if one computes first 

components of R11 and then det R11 • products of like 

exponentials cannot be eliminated. This large value leads 

to roundoff error which in turn leads to obtaining inaccurate 

results and computational difficulties. To avoid the 

difficulties it is useful to write det R11 • which is 

essentially a determinant of two by two matrix, as a product 

of the sUbdeterminants of the individual matrices (see Appendix 

A) as 

where 

= r \12 
12 

_'tnI12n-1Iab 11 ef 
- ab 9 cd ••• 9 12' 

are subdeterminants of T- 1 
n 

and 

n-1 

9 lab 
cd' ••• t are sUbdeterminants of the G mat»ices. 

m 

The next stage is to show that products of like 

exponentials will not be present in the subdeterminants of the 

G matrices (see Appendix A) thereby the dominant term, 

h d e m m 
h d Xe m m 

2h d 
= e m m doesn't arise. The nonvanishing 

term in the product of subdeterminants is 

m 
\' j = t m jij 'tm lab em lab ( a <. b). (3.76) 9 ~l ab kl ab' 

A glance at eq. ·(3.39) shows that there is no 

exponential term involved in t n I:~ of eq. ·(3.75). Therefore, 

if one starts the computation of the period equation with 
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algebric expressions of the sUbdeterminants of the G matrices, m 

products of like exponentials don't occur and computational 

difficulties associated with them don't arise. 

In this study, a program written for the period equation 

expressed as subdeterminants of the G matrices is used to m 

generate theoretical modes. The algebric expressions of these 

subdeterminants are given in Appendix B. 
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CHAPTER IV 

HETHODS 

In the preceding chapters we have introduced the problem we 

will be dealing with and discussed the theoretical basis for surface 

wave dispersion so that for a given earth model we have a means of 

generating theoretical dispersion Curves. Our main concern, 

however, is the interpretation of dispersion curves as found from 

seismograms of earthquake waves that have travelled along paths 

cited in chapter I. The identification of wave types, especially 

Rayleigh wave and the production of dispersion curves in light of 

possible modal contribution, using seismogram data will be the task 

of this chapter. 

4.1 The data 

It is mentioned in chapter I that three events with 

different station-epicenter azimuths are considered for this 

study. Location of epicenters and their origin times are 

taken from the US Geological Survey's Earthquake Data Report. 

The following table gives the relevant parameters of the events. 

Table 2 Date and relevant parameters of the events. 

Date 
1--. 
Dec.12/1968 17:30:31.9 12.087N 45.867E I'i. Gulf 4.6 850.586 km 

of Aden 

Har. 5/1980 03: 12: 5.2 16.610N 40.239E Red Sea - 852.220 km 

~ar. 24/1969 11 : 54: 15.5 27.592N 33.829E Arab Re' .').2 2109.220 km 
of Egyp 
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4.2 Identification of wave - type 

For the analysis of Rayleigh waves vertical component 

seismograms from the Addis Ababa seismic station (AAE) are 

utilized. 'I'his is a standard station (ViWSSN) with periods 

of seismometer and galvanometer 15 and 100 seconds 

respectively. 

Figures 4.1, 4.2, and 4.3 show records of Rayleigh w?ve 

tra~inB for the. paths: Western Gulf of Aden - Addis Ababa 

(GOA _ AAE) , Red Sea _ hddis Ababa (R],;S - AAE) and 

Arab republic of Egypt - Addis Ababa (ARE - AAE) 

respectively. 

----.----'-.----~----:----~---
LR, 

~'.----.... ' ..... "" 

, 
-.~~---:'----'-

.GOA - AAE 
, --

Z - COMP, , .-. 

Hg, 4.1 Record of Rayleigh wave train for 

GOA - AAF. path. 

::. ' 



_ 38 _ , 

, 

• • 
'RES .. AAE 
Z .. COMPo ' ... 

Fig. 4.2 Record or Rayleigh wave train for 

RES - AAE path. 

. ;".' ,.....,.___ .ARE .. II A E 

Z- COMP, .. ----..:..--~ .. . 
• 

Fig. 4.3 Record of Rayleigh wave train for 

ARE .. AAE path. 
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For each of the paths particle motion is used to identify 

Rayleigh waves. It is evident that for the paths RES - AAE 

and ARE - AAE, which are due north, the motion is retrograde 

elliptical as found from plots of Z versus NS amplitudes 

with the same time base. For the GOA - AAE path, which is 

due east of the recording station, the particle motion is 

retrograde elliptical as found from plot of Z versus EW 

component. 

Figures 4.4, 4.5 and 4.6 show particle motion of Rayleigh 

wave for GOA - AAE , RES - AAE Rnd ARJo; - AAE respectively. 

§' 
w ~d--------~~~--~--~~~EI 

Amp. 8 

7 -

Fig. 4.4 Rayleigh wave - particle motion for 

GOA - AAE path. 
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z 

3 
4 

Fig. 4.5 Rayleigh wave - particle motion for 

RES - AAE path. 

8 z 

~ 
s:1 1 

'M . 
§' 
<>1 

S N 

in mm 2 

5 3 

4 -z 

Fig. 4.6 Rayleigh wave - particle motion for 

ARE - AAE path. 
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4.3 Correction 

Before determining group velocities it is necessary to 

make corrections for group time delay due to instrumental 

response and path effect. For group time delay a table 

(A. Douglas, personal communication) is used to correct 

travel times for different periods. The relevant periods and 

corresponding delay times are shown in Table 3. 

Table 3 Period versus group time delay (After A. Douglas). 

Period 
in sec. 

Group 
time 
delay 
in sec. 

4.00000 5.00733 6.00600 7.01370 8.00000 9.02203 11.01075 

0.28211 0.46165 0.69650 0.99817 1.36015 1.80264 2.80504 

In addition to the above correction the effect of oceanic 

parts of the paths on group velocities must also be considered. 

For the GOA - AAE and RES - AAE paths the epicenters lie in the 

continental shelves of western Gulf of Aden and the Red Sea 

respectively where the water depths are less than 500 m as 

found from a bathymetric chart. Following numerouS other 

workers who have considered similar depths of water, for 

example, 'fryggvason (1962) and Payo (1967), we have ignored 

oceanic correction for these paths. The ARE - AAE path is 

a totaly continental path. 
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4.4 Mode resolution and methods used to obtain dispersion curves 

from seismogl'ams 

Regarding seismogram analysis for dispersion the most 

difficult problem is related to separation of modes. The 

longest epicentral distance for the events under consideration 

is about 2000 km while the shortest is less than 1000 km. 

Therefore, the events as recorded at AAE are of short epicentral 

distances. Hence, the mode problem can arise in the analysis 

of the seismograms. 

Landisman et al. (1969) studied the problem of mode 

separation at long periods in which he applied a moving window 

analysis. From outcomes of experiments other workers, for 

example Pfeffer and Zarichny (1963) h8ve found th~t insufficient 

resolution results at long periods if a fixed window is utilized. 

In the moving window Bnalysis different window widths for 

different periods are used to maintain the same relative 

frequency resolution at ell periods in evaluation of 

amplitudes. The instantaneous amplitude in db is then plotted 

as a function of group velocity and period (those periods 

evenly spaced along a log - periodic scale). From the contoured 

display the presence of different modes can be inferred. 

Aki (1980) has recommended this method for resolving modes. 

It is stated (Landisman et al. 1969) that good result are 

not obtained at very long and short periods when the moving 
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window method is used. As definite values are not given for 

short periods at which this problem arises we will consider 

both moving and fixed windows to analyse our data. It will 

be shown that for the period range considered here both 

moving and fixed windows give similar results. 

Following Landisman et al. (1969) a cosine squared window 

function of the form 

r 
2 

1ft for I tiS y"WT (w;r- ) m 
1'1( t) m = 

0 for ttl> y"WT m 

where W = ratio of window length to the period of analysis 

and T = the current period of analysis, is used. The 
m 

parameter VI is assigned a value of 4 for the analysis 

presented in this study. 

Making the center of the window coincide with arrival 

(4.1) 

times of equally spaced group velocities, the windowed data 

is Fourier analysed using the Fourier transform given by 

i
y"WT 

F(w)= m 

-y"WT 
m 

w(t) f(t) -iwt 
e (4.2) 

Evaluation of the integral is performed using descrete Fourier 

transform (Brigham 1974) given by 

-2i'IT nk 
F(KT) e N (4.3) 



- 44 -

where f(KT) are the windowed d~ta, 

N is the number of prepared Bamples, 

T is the sampling interval 

and n and k are running indices. In this case n, N and T are 

fixed numbers. The instantaneous amplitudes in db as a 

function of period and group velocity are displayed and contoured. 

From the contoured display, modes are inferred. 

On the other hand, as observed from seiBmograms the period 

under study are not long (the shortest period Landisman et 

al. (1969) considered is almost equal to the 10ngeBt period 

observed here on the seismograms). Therefore, following the 

argument given earlier the data prepared for the different 

paths are windowed by a fixed window length of cosine squared 

window function, 

2 
cos Tf t for 0 ~\ t I!: P 

2P 
, (4.4) 

o for \t\) P 

where P is the period. Taking the center of the window to be 

the arrival times of equally spaced group velocities, the 

windowed data is Fourier analysed as before using 

F ( n ) 
NT 

= 

N-1 

L 
k=O 

f(KT) 
-i21Ink 

N 

where T iB the sampling interval as before, 

N is the number of prepared samples, 

(4.5) 
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f(KT) are the windowed dota 

and n, k = 0, 1, ••. , N-1 • 

However, in this case Nand T are fixed numbers. A computer 

program flow chart for this is given in Appendix C. 

For this case also the instantaneous amplitudes in db as a 

function of period and group velocity are displayed and modes 

are inferred from the contoured display. 

For both moving and fixed windows different modes could be 

inferred by drawing lines through the maxima of the contours. 

In the next section We will consider the allied problem of 

generating theoretical modes. 

4.5 Generating theoretical modes. 

In generating theoretical modes compressional wave velocity, 

layer thickness and Poisson's ratio Were taken as independent 

variables. Once a compressional wave velocity is chosen for 

a layer, the density of that layer is fixed by using the 

Nafe-Drake curve (Talwani et 81. 1959). The Poisson's ratio 

and compressional wave velocity of the layer will further 

determine the shear Wave velocity through the relation 

Jl = ~ (4.6) 
pi. ~~cf) 

In fitting theoretically generated dispersion curves to 

dispersion curVes obtained from seismograms the independent 

variables cited above are varied within limits obtained from 

other geophysical works in the region. 
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A program written using Dunkin's formalism (Robert H. 

Herrmann, personal communication) is used to generate 

theoretical modes. Using this program, theoretical modes 

for more than 150 various models for all paths are generated. 
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CHAPTER V 

DISCUSSION OI<' RESULTS AND CONCLUSIONS. 

We have considered theoretical generation of dispersion curves 

for various modes for a given earth model. \'Ie have also seen 

methods of obtaining dispersion curves from seismograms in light of 

contribution by different modes. 

In the following sections we will examine the results obtained 

for each path in turn in the light of recent geophysical works in 

seismic sounding, gravity and surface wave dispersion. 

Hereafter, dispersion curves obtained from seismograms by 

peak and trough, fixed window Fourier enelysis and moving windoVi 

analysis will be referred to as "observed dispersion curves". 

5.1 GOA - AAE path 

This path traverses the southern part of the Afar 

Depression. The Rayleigh wave train identified for this path 

is composed of two modes, namely, the fundamental and first 

mode Rayleigh. The observed dispersion curves along with the 

theoretically generated dispersion curves for the accepted 

model are shown in Figures 5.1 and 5.2. 
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namely, profile I Bnd II. The crustal models shown in Figure 

5.3 for the profiles are taken at the points of intersection 

of these profiles with the GOA - AAE path. All parameters 

except the layer thickness Bre in good agreement with the 

results obtained in this study. The slight difference in 

layer thickness is due to differences in the orientation of 

propagation path and the orientation of profiles I and II. 

As can be seen from all the profiles of Makris et al. (1972) 

the anomalous mantle wedges out lying deeper under a thick 

crust as the escarpments are approached; whereas it is thicker 

and lies at shallow depths under a thin crust in central Afar. 

The GOA - AAE path runs close to the escapments of the 

Afar Depression and this would imply a thicker crust as the 

Bccepted model suggests. This would be in pgreement with the 

overall geometry of the anomalous - crust system. 

Searle (1975) suggested a range of crustal models from 

dispersion study for a path (Tedjura - Addis Ababa) in 

southern Afar. No contribution by different modes was 

considered in preparing his dispersion curves, A crustal 

model of Searle is shown in Figure 5.3. 

Jones (1968) also studied surface wave dispersion end 

obtained general results for paths between western Gulf of 

Aden and Addis Ababa. 

The weighted mean Poisson's ratio for GOA - AAE path is 

found to be 0.274. This result is higher than the Poisson's 
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ratio for a rlorm~l cortir!cntp} crust which ranges from 

()~25 - O.~:~. Se~rlp (1975) Dbt~jned Poinson's rntio as 

a h:~gion wiif're the Poi.~BonfB r.!Jtjo cO\Jld he even much h~gher, 

)'elnti_vnly lo~ Poissonts ratio we obtained is for B path 

whic}} doeSI1't include kllown regiorls 01' p~rtiRl melting. 

As mentioned in chApter I no model from dispersjon of 

surface WBV0S hog bRsn BUKseBted up to the present for this 

peth~ TIle ob~jcrvod dispersion curves along wit}l tile 

theoI'eticB"l diGpS;-l'sion curve of the Hccepted model are 
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The good agreement of the theoretical and observed 

dispersion curves shown in Figures 5.4 and 5.5 suggests that 

the crustal structure along this path can be approximated by a 

three-layer crust with a mean crustal thickness of 37 km. 

From a profile of seismic soundings on Ethiopian high­

lands Berckhemer et el. (1975) obtained a mean crustal thick­

ness of the same order (see Figure 5.6). 

Also, Makris et al. (1975) obtained from gravity data a 

mean crustal thickness of about 38 km with similar layer 

parameters as those obtained in this study. 

From their study of travel time of near earthquakes Searle 

and Gouin (1971) estimated the mean crustal thickness of the 

Ethiopian plateau to be as high as lf8 km. This value is 

higher than the value obtained in this study. 

The weighted mean Poisson's ratio for this path is found 

to be 0.259. This value is in agreement with that of a normal 

continental crust. 

5.3 ARE - AAE path 

As mentioned in chapter I the only crustal model for this 

path is that of Sandos (Ph.D. Thesis, not yet published, 

personal communication), who approximated the crust by a single­

layer model without considering modal contribution. He 

suggested a mean crustal thickness of ~7 km for the Helwan -

Addis Ababa path. 
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As can be seen from Figure 5.9 the crustal structure of 

the ARE - AAE path found in this study is approximated by a 

three-layer crust. The parameters of this model are similar 

to those of the RES - AAE path. For the ARE - AAE path a mean 

crustal thickness of 38 km is obtained and this is in agreement 

with that of Sandos. 

The difference between the AFRIC modal (Gumper and Pomeroy 

1970) and that obtained in this study can be wholly accounted 

for by the fact that the AFRIC model parbmeters are general 

and not restricted to certain regions and paths. 

Here again, the weighted mean value of the Poisson's ratio 

is found to be in the range similar to that of e normal 

continental crust. 

Considering the whole region under study, we can see from 

Figure 5.10 that the crustal structure below southern Afar 

and the ARE - AAE paths are thinner and thicker respectively 

as compared to thRt of the RES - AAE path. With the 

exception of thickness of layers, the crustal models obtained 

in this study h&ve similar parameters for the GOA - AAE, 

RES - AAE and ARE - AAE paths. 
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5.4 Conclusions 

1. This study (GOA - AAE path) has shown the possible presence 

of a thin layer of anom81olls mantle near the n18.rgins of 

the Afar Depression. Furthermore, the relatively high 

Poisson's ratio obtained compared to that of A normal 

continent~l crust in consistel1t flith the over311 pic~u~e 

of the region. 

2. The mean crustal thickness for RES - AAE path obtained in 

this study resolves the ambiguity in earlier results (for 

example, crustal thicknesses obtained from gravity data 

and near earthquake travel times). The value obtained 

(37 km) is in close agreement ~ith those of Kakris et al. 

(1975) and Berckhemer et al (1975). 
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3. The crustal structure of ARE - AAE path can be approximated 

by a three-layer model thereby improving the suggested 

single-layer model of Sandos. 

4. Regarding the crustal models for the RES - AAE and ARE -

AAE paths it can be suggested that there is no significant 

difference in the crustal structures of the two paths. 

5. For the RES - AAE and ARE - AAE paths the crustal struc 

structures obtained are normal continental overlying 

normal mantle. 

6. Production of dispersion curves from seismograms using 

methods of resolving modes rather than the simple peak and 

trough method has shown that better agreement with 

theoretical dispersion curves can be obtained. This 

indicates inherent multimode propagation which must be 

considered in the study of dispersion at short epicentral 

distances. 

7. It has been shown (in all the three cases) that both 

moving window analysis and fixed window Fourier analysis 

give similar results thereby showing that moving window 

analysis is superfluous for the period range considered 

here. 
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APPENDIX A 

THEOREM 1. 

If P, D1 , D2 , ••• ,D
n 

are matrices having a range of component 

indices of 2 or greater and 

P "' 

then, P li j = d 1 li j 
leI mn 

D 
n 

d
2 Imn 

• • op d
n

-
1 1

st 
uv 

d n luv 
kl, 

where the summed pairs of indices are to be only distinct pairs of 

distinct indices. 

Proof: -

The proof will be given for n = 3. If one wants to have an 

expression for n> 3, one can write the expression by analogy to 

the case n = 3. 

The determinant of a matrix P with rows i and j and column k 

and 1 can be defined as 

P \i j 
= Pik P

jl Pil P jk kl (A.1) 

If P is a product of three (n=3) matrices, i. e. , 

P = D1 D2 D3 (A.2) 

then, its elements can be written as 

Pik } 1;- d
1 

d
2 3 

"' d
bk --a- 1a ab 

Pil L f- d: d
2 3 = dbl 1) 1a ab a 

(A.4) 
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P
jl = L [ d: d2 

d3 
Jr rs sl r s 

and P'1 = [ '[ d: d
2 

d3 
J C Jr rs sk r s 

(A.6) 

where a, b, r, s, = 1, 2, 3, 4. 

For the case under consideration and using summation rule 

mentioned in chapter II, eq. (A.1) gives 

Rearranging yields 

plij (d: d 1 )(d 2 d2 ) &3 d3 _ 3 d3 ) (A.S) = dbl kl ~a sr ab rs bk sl sk 

But, d3 I bs 3 d3 3 3 (A.9) kl = dbk dbl dSk sl 

Thus eq. (A.S) can be written as 

p l~i = (d~a d: ) (d2 d2 ) d3 Ibs 
Jr B.b rs kl (A.10) 

In eq. (A.10) all indices run from 1 to 4. 

If one assigns values of a, b, rand s in eq. (A.10), there is 

a possibility of having terms like d: d 1 (d2 d2 ) d3 IS b in the 
~a jr as rbkl 

summation for the assigned values of the indices. Noting that 

1 
bs 
kl (skew symmetry) and restricting b to be less 

than s (so that double summation will not occur), it is possible to 

obtain 

pli j = 
kl 

d3 Ibs 
kl ' 

(b < s). (A.11) 
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But, d
2 

0.
2 _ d2 

d
2 

= d
2 lar 

ab rs as rb bs 
(A. 12) 

Using eq. (A.12) eq. (A.11) reduces to 

(A.13) Pl ij _ (d~ d
1 ) 

d2 lar d3 I bs kl - 1a Jr bs kl 

Using similar argument as before one can readily reduce eq. (A.13) 

to Pl ij = d 1 
li

j 
kl ar 

By analogy to eq. 

P li j = d 1 I ij 
kl mn 

THEOREH 2. 

d 2 I ar 
bs 

(A.14) 

d2 Imn 
op 

d3 I bs , (a (r and b <: s) • 
kl 

the case for n)3 can be written as 

d
n

-
1 

1
st 
uv 

d
n IUV kl • 

(A.14) 

(A.15) 

Subdeterminants of the G matrices don't contain products of 

like exponentials. 

Proof: -

l'Ie know that 

G 
m 

= T 
m 

E 
m 

-1 T • m 
(A.16) 

Using eq. (A.15) the second order subdeterminants of G can be put 
m 

in the following form. 

t
m 

li
j 

ab 
m lab 1m ICd (a<'b, c<.d), e cd kl ' 

(A. 17) 

I ~~ = det J~m and 1m I~~ are subdeterminants of T;1 where In e 
A brief glance at eq. (3.46) is enough to conclude 

e" I~~ = 0, (ab ~ cd, dc). (A.18) 

Eq. (A.18) declares that for subdeterminants of E not to vanish 
m 

VIe must have 

ab = cd • (A.19) 
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Therefore, eq. (A.1?) can be written as 

m I ij -9 kl- t
m li j 

ab 
~m 

t ICd 
kl 

m lab e ab 
(al.b). (A. 20) 

m lab One can easily see from eq. (3.46) that e ab does not contain 

products of like exponentials. 
-·1 

We also know that T and T do not 

contain exponential terms at all. Therefore, the sUbdeterminants 

of G matrices also do not contain products of like exponentials. 
m 
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In eq. (3.54) Gm is given by 

G = T E T- 1 
m m m m 

Using eqs. (3.36), (3.46) and (3.39) for T ,E and T- 1 
m m m 
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respectively, the algebric expressions for the second order 

subdeterminants of the G matrix can be written as follows: 
m 

m \ 12 gm I~t <= -2 lm <"3;11 +1)+(2l + 2 q;, + 1) CHCK 9 12 = m 

- [( Om + 1)2 + 2 
112 1/] SHSK, ;)'m m m 

m \12 m 124 (9. A4, )-1 (-CHSK 
~2 

q 13 = 9 34 = + h SIlCK) , 
m 

m 112 m 112 m 114 m /23 q 14 = 9 23 = 9 34 = 9 34 = 
- i (9mi'l2~)-1 t(2 rm +1)(1-CHCK) + ("ifm + 1 +~ h~k~) SHSK} 

m \12 
~ 24 = 

m 113 = (9 2, )-1 (SHCK _ 'k2 CHSK) 
~ 34 m~ '1 m' 

-(.s:lli~)-2 [2(1-CHCK) + (1 + 'j,2~) SHSK] 

m \13 _ m 
13

4 -(~ A2~ )[o~ k~ CHSK - ('~m + 1)2SHSK1 G 12 - q 24 = 

m r3 
= 911 124 CHCK, S 2Lf = 13 

ljm \13 m \13 _ m 114 - gm \23 i l (3' +1 )SIlCK-ll/CIlSK 1 
14 = (j 23 - 9 24 - 24 = m m 

m \13 _1'<2 SIlSK, 1 24 = 
III 

(B.1 ) 

(B.2) 



-65-

5 12 - 12 - SI 14 - 9 23 = -it Pm'>'t,) 0m(urn +1)(2crm+1 ) rn 114 _ 9rn 123 _ rn 134 _ rn \34 2 { 11 

grn \14 _ 
13 -

rn \14 _ '3 14 -

<3
m p~= 
m \24 

9 12 = 

m \24 _ 
9 13 -

(l I~~ =-

where 

• (1-CHClC) + (~ +1)3 +f7f3i,2 ... k2J SHSK} 
m m n1 m 

f \~~= 9n \~t= grn \~i=-i [(~ + 1) CHSK -o:nh~SHCK] 

C)m \~S=1 + 26~(~+1) (1-CHCK) + [(Om+1)2+imh~; SHS~ 

Mm \23_ III \14 l' ~ 14- 9 14-

gm I~i = - ( Pm l t,) [(""3'm + 1)2 CHSK -a-; 'h; SHCH] 

(p m t t,){21; «(Jm + 1)2 (1 - CHCK) 

+ [( 1'm + 1)4 + ~~""h! 'k;J SHSK}. 

"J{ =2t,2fl 
Urn m 

2 
s 

h = t, -1 ( t,2 
m 

.... 
sinh( t, h d ) 

m m 
.... 

CH = cosh( t,h d ) 
m m CK = cosh( t,'k d ) • 

m m 
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APPI"clDIX C 



--------] 
-~ 

-] 
YES 

-~~ __ ~~ __ J..-___ ~ __ ---, 

[ __ ~ • ~ MM '" ~lH + 1 ______ --' 
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q> 
PRINT U, DB (I) 

'::' 
IS :: ,f::: 

I - 1 IUl1X= Im1X 

@ YES 
(, <E" STOP END 

Fig. C1 Computer program flow chert for windowing, 

evaluating descrete Fourier transform and 

disPlaying instantaneous amplitudes in db. 
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