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Abstract

The two-dimensional form of graphite (graphene) has been obtained only very re-

cently, and immediately attracted great deal of attention. Electrons in graphene,

obeying linear dispersion relation, behave like massless relativistic particles. It is be-

lieved that graphene can replace silicon in electronics world. But the biggest obstacle

is that graphene itself does not have a band gap. This property makes graphene

always conducting and conduction can not be completely turned off. One of the

most challenging task is to learn how to control the electron behavior using electric

fields in this two-dimensional layer. In this work we wanted to learn (and to propose

mechanisms) ”How to control the electron motion in graphene using magnetic dipole

and electric dipole?”. The second idea was to investigate if it is possible to use mag-

netic fields of large suspended nanomagnet to open a gap in the energy spectrum of

graphene.

The elastic electron scattering by impurities with electric and magnetic dipoles in

graphene is studied with the help of Born approximation. Both types of scatterers

give the nonzero cross section of backscattering. The scattering by the impurities with

electric dipoles is more efcient even comparing to the scattering by the nanomagnets

with anomalous magnetic moments. A comparison of the electron scattering transport

cross sections by charged impurities and impurities with electric dipole moments

shows that they can be comparable. The scattering by the impurities electric dipoles

can be important in limiting the electron mobility in graphene along with the Coulomb

scattering.

xii



xiii

The elastic electron scattering by a nonuniform magnetic eld of a remote nano-

magnets in the graphene is also considered with the help of the modied Born ap-

proximation. The nanomagnets are modeled by point like magnetic dipoles oriented

transversally and parallel to the graphene plane. They can form rather high magnetic

elds without any damage of the graphene plane. The electron scattering cross sections

are obtained in the closed form and analyzed numerically. It is shown that this mech-

anism of scattering has nonzero backscattering cross section and can considerably

affect the graphene conductivity.
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Chapter 1

Introduction

1.1 Allotropes of Carbon

1.1.1 Diamond

Diamond is one of the best known allotropes of carbon, whose hardness and high

dispersion of light make it useful for industrial applications and jewelry. Diamond is

an excellent abrasive and makes it hold polish and luster extremely well.

In diamonds, each carbon atom is covalently bonded to four other carbons in a

tetrahedron (a three-sided pyramid). The four valence electrons of each carbon atom

participate in the formation of very strong covalent bonds. These bonds have the

same strength in all directions. This gives diamonds their great hardness.

Since there are no free electrons to wander through the structure, diamonds are

excellent insulators. The brilliance and ”fire” of cut diamonds is due to a very high

index of refraction (2.42) and the strong dispersion of light; properties which are re-

lated to the structure of diamonds. Diamond will scratch all other materials. It is

the best conductor of heat that we know, conducting up to five times the amount

1
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that copper does. Diamond also conducts sound, but not electricity; it is an insu-

lator, and its electrical resistance, optical transmissivity and chemical inertness are

correspondingly remarkable.

 

Figure 1.1: Structure of Diamond and Graphite

1.1.2 Graphite

Graphite is one of the most common allotropes of carbon. Unlike diamond, graphite

is a conductor, and can be used, for instance, as the material in the electrodes of an

electrical arc lamp. Graphite holds the distinction of being the most stable form of

solid carbon ever discovered. Graphite is named by Abraham G. Werner in 1789, it

is a Greek word meaning ”to draw/write”, for its use in pencils.

Graphite has a layered, planar structure. In each layer, the carbon atoms are ar-

ranged in a honeycomb lattice with separation of 0.142 nm, and the distance between

planes is 0.335 nm. Graphite is able to conduct electricity due to the unpaired fourth

electron in each carbon atom. This unpaired 4th electron forms delocalised planes

above and below the planes of the carbon atoms. These electrons are free to move,
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so are able to conduct electricity. However, the electricity is only conducted within

the plane of the layers.

Natural and crystalline graphites are not often used in pure form as structural

materials due to their shear-planes, brittleness and inconsistent mechanical proper-

ties. Of all materials, graphite has the highest melting point (4200 K), the highest

thermal conductivity (3000W/mK) and a high room temperature electron mobility

(30, 000cm2/(V s) [1, 2, 3].

1.1.3 Fullerene

In 1985, the discovery of another unique carbon system took place, the observation of

the C60 fullerene molecule [4]. The fullerene molecule consists of 60 carbon atoms with

mostly sp2 bonding and appropriate π bonding to form a closed surface with hollow

sphere. Because of topological restrictions, fullerenes, in general, have 12 pentagonal

rings and any numbers of hexagonal rings, thereby generating a large variety of Cn

fullerene molecules. The C60 molecule with full icosahedral symmetry can be regarded

as the first isolated carbon nanosystem. Fullerenes stimulated and motivated a large

scientific community into new research directions from the time of their discovery up

to the end of the twentieth century, but fullerene-based applications remain sparse to

date.

1.1.4 Carbon Nanotube

Carbon nanotubes (CNTs) are allotropes of carbon with a cylindrical nanostructure .

They are very thin lightweight hollow tubes made up of carbon atoms [5, 6]. A carbon

nanotube is like a sheet of graphite that is rolled into a cylinder, with distinctive
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Figure 1.2: Graphene(top left) is a honeycomb lattice of carbon atoms. Graphite
(top right) can be viewed as a stack of graphene layers. Carbon Nanotubes rolled up
cylinders of graphene(bottom left). Fullerenes (C60) molecules consisting of wrapped
graphene by introduction of pentagons on hexagonal lattice. [?]

hexagonal latticework making up the sheet. Carbon nanotubes are extremely small;

the diameter of one carbon nanotube is one nanometer, which is one ten-thousandth

(1/10,000) the diameter of a human hair. Carbon nanotubes can be produced to

varying lengths [7, 8].

Carbon nanotubes are classified according to their structures: single-wall nan-

otubes (SWNTs), double-wall nanotubes (DWNTs), and multi-wall nanotubes (MWNTs).

The different structures have individual properties that make the nanotubes appro-

priate for different applications [8, 9]. Because of their unique mechanical, electrical,

and thermal properties, carbon nanotubes present exciting opportunities for scien-

tific research and industrial and commercial applications. There is much potential

for CNTs in the composites industry [7].

The great interest in the fundamental properties of carbon nanotubes and in their

exploitation through a wide range of applications is due to their unique properties,
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including high thermal and electrical conductivity, optical properties, flexibility, high

tensile strength (100 times stronger than steel per unit of weight), light weight. When

applied to products, these properties provide tremendous advantages. For example,

when used in polymers, bulk carbon nanotubes can improve the thermal and electrical

properties of the products [10, 11, 12].

After more than a decade and a half of intense activity in carbon nanotube re-

search, more and more attention is now being focused on the practical applications

of the many unique and special properties of carbon nanotubes [13]. Further back-

ground information on the synthesis, structure, properties and applications of carbon

nanotubes can be found in [10, 14]. Today, carbon nanotubes find application in many

different products, and researchers continue to explore creative new applications.

1.2 Graphene

The interest in a single atomic layer of carbon (called graphene; see Fig. 1.2) goes back

to the pioneering theoretical work of Wallace in 1947 [15] which was for many years

used as a model system for all carbons. This very early work provides a framework

for comparing the structures of graphite, fullerenes, carbon nanotubes and other

nanocarbons. The synthesis of single-layer graphene was actually reported by Boehm

in 1962 [16], but this early discovery was neither confirmed nor followed up for many

years.

For a long time, one was convinced that two dimensional crystals can not exist

because thermal fluctuations will destroy it [17, 18, 19, 20, 21]. A lot of effort in the

past to create atomically thin films of other materials failed since the films became

unstable and tended to separate and clump up rather than form perfect layers. It
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come on a big surprise when in 2004 a group of scientists in Manchester university

led by Andre Geim and Kostya Novoselov succeeded to extract a stable single layer of

carbon atoms. Nowadays the stability of graphene is explained by postulating small

out-of-plane corrugations [22].

The preparation of monolayer graphene by Novoselov et al. [23], using a simple

Scotch tape method to prepare and transfer monolayer graphene from the c-face of

graphite to a suitable substrate such as SiO2. The measurement of the electrical and

optical properties of monolayer graphene done on this substrate [24]. The Novoselov

and Geim studies of transport in few layer graphene in 2004 [23] led to a renewed

interest in monolayer and few layer graphene. And to an in-depth study of the unique

properties of this material in the monolayer and bilayer limit. Surprisingly, this very

basic system, which had been conceptually utilized by researchers over a period of

many decades, suddenly appeared on the experimental scene. Graphene demonstrate

many novel physical properties that were not even imagined previously [24, 25]. The

discovery of these novel properties launched a rush into the study of graphene science

in the first decade of the twenty-first century, and culminating in the 2010 Nobel

Prize in physics [26].

Graphene has the outstanding mechanical properties [27] (breaking strength ∼

40N/m, Youngs modulus ∼ 1TPa) and thermal properties [28, 29] (room temperature

thermal conductivity ∼ 3000Wm−1K−1 [29] ). The scientific interest in graphene was

stimulated [30, 31] by the widespread report of the relativistic (massless) electronic

properties of the conduction electrons (and holes) in a single layer less than 1 nm thick.

The mobility of graphene reaching µ = 200, 000cm2/V s at room temperature for

freely suspended graphene [30, 31, 32, 33, 34, 35]. Other unusual properties have been
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predicted and demonstrated experimentally. Some of such properties are the half-

integer quantum Hall effect in monolayer graphene [36] and the integer quantum Hall

effect in bilayer graphene [36, 37], operation as a transparent conductor [38], Klein

tunneling [39, 40, 41, 42, 43, 44], negative refractive index and Veselago lensing [42].

Applications such as filters for composite materials, as super-capacitors, batteries,

interconnects and field emitters are being developed. It is still too early to say to

what extent graphene will be able to compete with carbon nanotubes and other

established materials systems in the applications world [45]. Although nanotubes

and graphene are both carbon-based nanostructures, they have different properties

related to the planar aspects of graphene and the tubular aspects of nanotubes, and

this basic difference should distinguish their optimal usage in applications.

1.3 Graphene Applications

1.3.1 Transistors

A key electrical property of graphene is its electron mobility (the speed at which

electrons move within it when a voltage is applied) [30]. Graphenes electron mobility

is faster than any known material and researchers are developing methods to build

transistors on graphene that would be much faster than the transistors currently built

on silicon wafers [46, 47, 48, 50, 51, 52]. The ability to build high frequency transistors

with graphene is possible because of the higher speed at which electrons in graphene

move compared to electrons in silicon [53, 54].

In 2008, the smallest transistor so far, one atom thick, 10 atoms wide was made

of graphene [55, 56]. IBM announced in December 2008 that they had fabricated
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and characterized graphene transistors operating at GHz frequencies [47]. In May

2009, an n-type transistor was announced meaning that both n and p-type graphene

transistors had been created [57, ?]. A functional graphene integrated circuit was

demonstrated a complementary inverter consisting of one p- and one n-type graphene

transistor [48]. In 2013 researchers reported the creation of transistors printed on

flexible plastic that operate at 25 gigahertz, sufficient for communications circuits

and that can be fabricated at scale.

1.3.2 Integrated circuits

For integrated circuits, graphene has a high carrier mobility, as well as low noise,

allowing it to be used as the channel in a field-effect transistor [58, 59]. Single sheets

of graphene are hard to produce and even harder to make on an appropriate substrate

[13].

According to a January 2010 report,[60] graphene was epitaxially grown on SiC in

a quantity and with quality suitable for mass production of integrated circuits [61].

At high temperatures, the quantum Hall effect could be measured in these samples.

IBM built ’processors’ using 100 GHz transistors on 2-inch (51 mm) graphene sheets

[62]. In June 2011, IBM researchers announced that they had succeeded in creat-

ing the first graphene-based integrated circuit, a broadband radio mixer [61]. The

circuit handled frequencies up to 10 GHz. Its performance was unaffected by tem-

peratures up to 1270 C. In June 2013 an 8 transistor 1.28 GHz ring oscillator circuit

was described [62]. Graphene does not have an energy band-gap, which presents a

hurdle for its applications in digital logic gates. The efforts to induce a band-gap in

graphene via quantum confinement or surface functionalization have not resulted in
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a breakthrough.

1.3.3 Optoelectronics

Another interesting application in which we will soon begin to see graphene used

on a commercial scale is that in optoelectronics; specifically touch screens, liquid

crystal displays (LCD) and organic light emitting diodes (OLEDs)[63, 64, 65]. For

a material to be able to be used in optoelectronic applications, it must be able to

transmit more than 90 percent of light and also offer electrical conductive properties

exceeding 1× 106S/m and therefore low electrical resistance. Graphene is an almost

completely transparent material and is able to optically transmit up to 97.7 percent

of light [63]. It is also highly conductive, as we have previously mentioned and so

it would work very well in optoelectronic applications such as LCD touchscreens for

smartphones, tablet and desktop computers and televisions.

Currently the most widely used material is indium tin oxide (ITO), and the de-

velopment of manufacture of ITO over the last few decades time has resulted in a

material that is able to perform very well in this application. However, recent tests

have shown that graphene is potentially able to match the properties of ITO, even in

current (relatively under-developed) states. Also, it has recently been shown that the

optical absorption of graphene can be changed by adjusting the Fermi level. While this

does not sound like much of an improvement over ITO, graphene displays additional

properties which can enable very clever technology to be developed in optoelectronics

by replacing the ITO with graphene. The fact that high quality graphene has a very

high tensile strength, and is flexible (with a bending radius of less than the required

5-10mm for rollable e-paper), makes it almost inevitable that it will soon become
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utilized in these aforementioned applications.

In terms of potential real-world electronic applications we can eventually expect to

see such devices as graphene based e-paper with the ability to display interactive and

updatable information and flexible electronic devices including portable computers

and televisions.

1.3.4 Photovoltaic Cells

Offering very low levels of light absorption (at around 2.7 percent of white light)

whilst also offering high electron mobility means that graphene can be used as an

alternative to silicon or ITO in the manufacture of photovoltaic cells [66, 67, 68].

Silicon is currently widely used in the production of photovoltaic cells, but while

silicon cells are very expensive to produce, graphene based cells are potentially much

less so [69]. When materials such as silicon turn light into electricity it produces a

photon for every electron produced, meaning that a lot of potential energy is lost as

heat. Recently published research has proved that when graphene absorbs a photon,

it actually generates multiple electrons[70]. Also, while silicon is able to generate

electricity from certain wavelength bands of light, graphene is able to work on all

wavelengths, meaning that graphene has the potential to be as efficient as, if not more

efficient than silicon, ITO or (also widely used) gallium arsenide [71]. Being flexible

and thin means that graphene based photovoltaic cells could be used in clothing;[72]

to help recharge your mobile phone.
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1.4 Motivation and Outline

One of the biggest dream for graphene is to use it one day as a replacement of silicon.

But the biggest obstacle is that graphene itself does not have a band gap. This prop-

erty makes graphene always conducting and conduction can not be completely turned

off. One of the most challenging task is to learn how to control the electron behavior

using electric fields in this two-dimensional (2D) layer. This task is made complicated

by the so called Klein effect according to which Dirac electrons in graphene can tunnel

through any electric barrier [41, 94]. In this thesis we wanted to learn (and to propose

mechanisms) ”How to control the electron motion in graphene using magnetic dipole

and electric dipole?”. The second motivation was to investigate if it is possible to use

magnetic fields of large suspended nanomagnet to open a gap in the energy spectrum

of graphene.

In order to tackle these questions, we approached the problem in this directions:

First using Dirac equations for massless particle in graphene in the external scattering

fields, we developed our model based on the Born approximation. The scattering am-

plitude, differential cross sections, transport cross sections and backscattering cross

section are calculated; several quantities of interest are also calculated. And, numer-

ical we analysis the results.

The thesis is organised as follows

• Chapter 2: The electronic properties of graphene will be explained; the crys-

tal structure of graphene, the tight binding model of monolayer and bilayer

graphene, the intrinsic density of states, conductivity, mobility, the integer

quantum Hall effect in both mono layer and bilayer graphene is briefly pre-

sented.
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• Chapter 3: The 2D scattering theory for schrodinger electrons and Dirac elec-

trons separately reviewed. By using both the partial wave method and Born

approximation the scattering amplitude, differential cross section and transport

cross section calculated for Schrodinger electrons. As already done by Katsnel-

son and Novikov, using the the partial wave method we calculate scattering

amplitude, differential cross section and transport cross section for Dirac elec-

trons.

• Chapter 4: Electron scattering in graphene by electric dipole and magnetic

dipole will be presented, in this chapter we develop our own model of the Born

approximation. The scattering of electrons by electric dipole gives large contri-

bution compared to magnetic dipole scattering. The electric dipole scattering

is even comparable to coulomb scattering. Where as the magnetic scattering

depend on the size of the magnetic dipole which again affect the surface of

graphene plane. The graphene plane is one atomic thick which can be affected

by large size magnetic dipole.

• Chapter 5: Electron scattering in graphene by large suspended nanomagnet

is discussed. We assume the magnetic dipole is suspended above the graphene

plane. First when the magnetic field of the dipole perpendicular to the graphene

plane, we calculate the differential cross section and transport cross section.

Again similar calculation is done when the magnetic field is parallel to the

graphene plane. Finally the obtained result is analysed numerically.



Chapter 2

Electronic Properties of Graphene

2.1 Introduction

More than sixty years ago, Wallace [15] modeled the electronic band structure of

graphene. Research into graphene was stimulated by interest in the properties of

bulk graphite because, from a theoretical point of view, two-dimensional graphene

serves as a building block for the three-dimensional material. Following further work,

the tight-binding model of electrons in graphite, that takes into account coupling

between layers [73, 74, 75]. As well as serving as the basis for models of carbon-based

materials including graphite, buckyballs, and carbon nanotubes [76, 77, 78, 79, 80,

81, 82], the honeycomb lattice of graphene has been used theoretically to study Dirac

fermions in a condensed matter system [83, 84]. Since the experimental isolation of

individual graphene flakes [36], and the observation of the integer quantum Hall effect

in monolayers [37, 85] and bilayers [?], there has been an explosion of interest in the

behavior of chiral electrons in graphene.

Section 2.2 of this chapter devoted to a description of the crystal structure of

monolayer graphene. Section 2.3 briefly reviews the tight-binding model of electrons

13
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in condensed matter materials [82, 86], and Section 2.4 describes application to mono-

layer graphene [?, 82, 87]. Then, in Section 2.5, we explain how a Dirac-like Hamilto-

nian describing massless chiral fermions emerges from the tight-binding model at low

energy. The tight-binding model is applied to bilayer graphene in Section 2.6, and

Section 2.7 describes transport properties of pristine graphene [30, 88]. In Section

2.8, we describe the integer quantum Hall effect of monolayer and bilayer graphene

[37, 85, ?].

2.2 The Crystal Structure of Monolayer Graphene

2.2.1 The Real Space Structure

Monolayer graphene consists of carbon atoms arranged with a two-dimensional hon-

eycomb crystal structure as shown in Fig. 2.1(a). The honeycomb structure [82, 86]

consists of the hexagonal Bravais lattice, Fig. 2.1(b), with a basis of two atoms,

labeled A and B, at each lattice point. Throughout this chapter, we use a Cartesian

coordinate system with x and y axes in the plane of the graphene crystal, and a z axis

perpendicular to the graphene plane. Two-dimensional vectors in the same plane as

the graphene are expressed solely in terms of their x and y coordinates, so that, for

example, the primitive lattice vectors of the hexagonal Bravais lattice, Fig. 2.1(b),

are ~a1 and ~a2 where

~a1 = (
a

2
,

√
3a

2
),

~a2 = (
a

2
,−
√

3a

2
),

(2.2.1)

and a = |~a1| = |~a2| is the lattice constant. In graphene, a = 2.46A0 [82]. The lattice

constant is the distance between unit cells, where as the distance between carbon
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atoms is the carbon-carbon bond length aCC = a/
√

3 = 1.42A0. Note that the

honeycomb structure is not a Bravais lattice because atomic positions A and B are

not equivalent: it is not possible to connect them with a lattice vector ~R = n1~a1+n2~a2

where n1 and n2 are integers. Taken alone, the A atomic positions (or, the B atomic

positions) make up an hexagonal Bravais lattice and, in the following, we will often

refer to them as the A sublattice (or, the B sublattice).

Figure 2.1: (a) The honeycomb crystal structure of monolayer graphene where white
(black) circles indicate carbon atoms on A (B) sites and straight lines indicate bonds
between them. Vectors ~a1 and ~a2 are primitive lattice vectors of length equal to the
lattice constant a. The shaded rhombus is a unit cell containing two atoms, one A
and one B.
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2.2.2 The Reciprocal Lattice of Graphene

Primitive reciprocal lattice vectors ~b1 and ~b2 satisfying ~a1 · ~b1 = ~a2 · ~b2 = 2π and

~a1 ·~b2 = ~a2 ·~b1 = 0 are given by

~b1 = (
2π

a
,

2π√
3a

),

~b2 = (
2π

a
,− 2π√

3a
).

(2.2.2)

The resulting reciprocal lattice is shown in Fig. 2.2, which is an hexagonal Bravais

lattice. The first Brillouin zone is hexagonal, as indicated by the shaded region in

Fig. 2.2.

Figure 2.2: The reciprocal lattice of monolayer graphene where crosses indicate re-
ciprocal lattice points, and vectors ~b1 and ~b2 are primitive lattice vectors. The shaded
hexagon indicates the first Brillouin zone.

2.2.3 The Atomic Orbitals of Graphene

Each carbon atom has six electrons, of which two are core electrons and four are

valence electrons. The latter occupy 2s, 2px, 2py, and 2pz orbitals. In graphene, the
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orbitals are sp2 hybridized, meaning that two of the 2p orbitals, the 2px and 2py that

lie in the graphene plane, mix with the 2s orbital to form three sp2 hybrid orbitals per

atom, each lying in the graphene plane and oriented 1200 to each other [82]. They

form σ bonds with other atoms, shown as straight lines in the honeycomb crystal

structure, Fig. 2.1(a). The remaining 2pz orbital for each atom lies perpendicular to

the plane, and, when combined with the 2pz orbitals on adjacent atoms in graphene,

forms a π orbital. Electronic states close to the Fermi level in graphene are described

well by a model taking into account only the orbital, meaning that the tight-binding

model can include only one electron per atomic site, in a 2pz orbital.

2.3 The Tight-Binding Model

We begin by presenting a general description of the tight-binding model for a system

with n atomic orbitals φj in the unit cell, labeled by index j = 1, ..., n. Further details

may be found in the book by Saito, Dresselhaus, and Dresselhaus [82]. It is assumed

that the system has translational invariance. Then, the model may be written using

n different Bloch functions Φj(k, r) that depend on the position vector r and wave

vector k. They are given by

Φj(k,r) =
1√
N

N∑
i=1

eik.Rj,iφj(r - Rj,i), (2.3.1)

where the sum is over N different unit cells, labeled by index i = 1...N, and Rj,i

denotes the position of the jth orbital in the ith unit cell. In general, an electronic

wave function Ψj(k, r) is given by a linear superposition of the n different Bloch

functions,

Ψj(k,r) =
n∑
l=1

cj,l(k)Φl(k,r), (2.3.2)
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where cj,l are coefficients of the expansion. The energy Ej(k) of the jth band is given

by

Ej(k) =
〈Ψj|H|Ψj〉
〈Ψj|Ψj〉

, (2.3.3)

where H is the Hamiltonian. Substituting the expansion of the wave function (2.3.2)

into the energy gives

Ej(k) =

∑n
i,l c
∗
jicjl〈Φi|H|Φl〉∑n

i,l c
∗
jicjl〈Φi|Φl〉

, (2.3.4)

=

∑n
i,lHilc

∗
jicjl∑n

i,l Silc
∗
jicjl

, (2.3.5)

where transfer integral matrix elements Hil and overlap integral matrix elements Sil

are defined by

Hil = 〈Φi|H|Φl〉,

Sil = 〈Φi|Φl〉.
(2.3.6)

We minimize the energy Ej with respect to the coefficient c∗jm by calculating the

derivative,

∂Ej
∂c∗jm

=

∑n
i,lHmlcjl∑n
i,l Silc

∗
jicjl
−
∑n

i,lHilc
∗
jicjl(

∑n
l Smlcjl)

(
∑n

i,l Silc
∗
jicjl)

2
. (2.3.7)

The second term contains a factor equal to the energy Ej itself, (2.3.5). Then,

setting ∂Ej/∂c
∗
jm = 0 and omitting the common factor

∑n
i,l Silc

∗
jicjl gives

n∑
l=1

Hmlcjl = Ej

n∑
l=1

Smlcjl. (2.3.8)

This can be written as a matrix equation. Consider the specific example of two

orbitals per unit cell, n = 2. Then, we can select the possible values of m (either

m = 1 or m = 2) and write out the summation in (2.3.8) explicitly:

m = 1⇒ H11cj1 +H12cj2 = Ej(S11cj1 + S12cj2), (2.3.9)
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m = 2⇒ H21cj1 +H22cj2 = Ej(S21cj1 + S22cj2). (2.3.10)

These two equations may be combined into a matrix equation,(
H11 H12

H21 H22

)(
cj1

cj2

)
=

(
S11 S12

S21 S22

)(
cj1

cj2

)
. (2.3.11)

For general values of n, defining H as the transfer integral matrix, S as the overlap

integral matrix and ψj as a column vector,

H =


H11 H12 . . . H1n

H21 H22 . . . H2n

...
...

. . .
...

Hn1 Hn2 . . . Hnn

 , S =


S11 S12 . . . S1n

S21 S22 . . . S2n

...
...

. . .
...

Sn1 Sn2 . . . Snn

 , ψj =


cjl

cj2
...

cjn

 ,

(2.3.12)

allows the relation (2.3.8) to be expressed as

Hψj = EjSψj. (2.3.13)

The energies Ej may be determined by solving the secular equation

det(H − EjS) = 0, (2.3.14)

once the transfer integral matrix H and the overlap integral matrix S are known.

Here, det stands for the determinant of the matrix. In the following, we will omit

the subscript j = 1 . . . n in (2.3.13), (2.3.14), bearing in mind that the number of

solutions is equal to the number of different atomic orbitals per unit cell.

2.4 The Tight-Binding Model of Monolayer Graphene

We apply the tight-binding model described in Section 2.3 to monolayer graphene,

taking into account one 2pz orbital per atomic site. As there are two atoms in the
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unit cell of graphene, labeled A and B in Fig. 2.1, the model includes two Bloch

functions, n = 2. For simplicity, we replace index j = 1 with j = A, and j = 2 with

j = B. For monolayer graphene values of n = 2, the transfer integral matrix H1, the

overlap integral matrix S1 and ψj as a column vector,

H1 =

(
HAA HAB

HBA HBB

)
, S1 =

(
SAA SAB

SBA SBB

)
, ψj =

(
cA

cB

)
.

Now we proceed to determine the transfer integral matrix H1 and the overlap integral

matrix S1.

2.4.1 Diagonal Matrix Elements

Substituting the expression for the Bloch function (2.3.1) into the definition of the

transfer integral (2.3.6) allows us to write the diagonal matrix element corresponding

to the A sublattice as

HAA = 〈ΦA|H|ΦA〉,

HAA =
1

N

N∑
i=1

N∑
j=1

eik·(RA,j−RA,i)〈φA(r−RA,i)|H|φA(r−RA,j)〉,
(2.4.1)

where k = (kx, ky) is the wave vector in the graphene plane. Equation (2.4.1) includes

a double summation over all the A sites of the lattice. If we assume that the dominant

contribution arises from the same site j = i within every unit cell, then:

HAA ≈
1

N

N∑
i=1

〈φA(r−RA,i)|H|φA(r−RA,i)〉, (2.4.2)

The matrix element 〈φA|H|φA〉 within the summation has the same value on every A

site, i.e. it is independent of the site index i. We set it to be equal to a parameter

ε2p = 〈φA(r−RA,i)|H|φA(r−RA,i)〉, (2.4.3)
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that is equal to the energy of the 2pz orbital. Then, keeping only the same site

contribution,

HAA ≈
1

N

N∑
i=1

ε2p = ε2p. (2.4.4)

It is possible to take into account the contribution of other terms in the double sum-

mation (2.4.1), such as next-nearest neighbor contributions [89, 90]. They generally

have a small effect on the electronic band structure and will not be discussed here.

The B sublattice has the same structure as the A sublattice, and the carbon atoms

on the two sublattices are chemically identical. This means that the diagonal transfer

integral matrix element corresponding to the B sublattice has the same value as that

of the A sublattice:

HBB = HAA ≈ ε2p. (2.4.5)

A calculation of the diagonal elements of the overlap integral matrix proceeds in a

similar way as for those of the transfer integral. In this case, the overlap between a

2pz orbital on the same atom is equal to unity,

〈φA(r−RA,i)|φA(r−RA,i)〉 = 1. (2.4.6)

Then, assuming that the same site contribution dominates,

SAA =
1

N

N∑
i=1

N∑
j=1

eik·(RA,j−RA,i)〈φA(r−RA,i)|φA(r−RA,j)〉, (2.4.7)

≈ 1

N

N∑
i=1

〈φA(r−RA,i)|φA(r−RA,j)〉, (2.4.8)

=
1

N

N∑
i=1

1 = 1. (2.4.9)



22

Again, as the B sublattice has the same structure as the A sublattice,

SBB = SAA = 1. (2.4.10)

Figure 2.3: The honeycomb crystal structure of monolayer graphene. In the nearest-
neighbor approximation, we consider hopping from an A site (white) to three adjacent
B sites (black), labeled B1, B2, B3, with position vectors δ1, δ2, δ3, respectively, relative
to the A site.

2.4.2 Off-Diagonal Matrix Elements

Substituting the expression for the Bloch function (2.3.1) into the definition of the

transfer integral (2.3.6) allows us to write an off-diagonal matrix element as

HAB =
1

N

N∑
i=1

N∑
j=1

eik·(RB,j−RA,i)〈φA(r−RA,i)|H|φB(r−RB,j)〉. (2.4.11)

It describes processes of hopping between the A and B sublattices, and contains a

summation over all the A sites (i = 1, ..., N) at positions RA,i and all the B sites

(j = 1, ..., N) at RB,j.

In the following, we assume that the dominant contribution to the off-diagonal

matrix element (2.4.12) arises from hopping between nearest neighbors only. If we
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focus on an individual A atom, i.e. we consider a fixed value of the index i, we see

that it has three neighboring B atoms, Fig. 2.3, that we will label with a new index

l (l = 1, 2, 3). Each A atom has three such neighbors, so it is possible to write the

nearest-neighbors contribution to the off-diagonal matrix element(2.4.12) as

HAB ≈
1

N

N∑
i=1

3∑
l=1

eik·(RB,l−RA,i)〈φA(r−RA,i)|H|φB(r−RB,l)〉. (2.4.12)

The matrix element between neighboring atoms, 〈φA|H|φB〉, has the same value for

each neighboring pair, i.e. it is independent of indices i and l. We set it equal to a

parameter, t = 〈φA(r−RA,i)|H|φB(r−RB,l)〉. Since t is negative [82], it is common

practice to express it in terms of a positive parameter γ0 = −t, where

γ0 = −〈φA(r−RA,i)|H|φB(r−RB,l)〉. (2.4.13)

Then, we write the off-diagonal transfer integral matrix element as

HAB ≈ −
1

N

N∑
i=1

3∑
l=1

eik·(RB,l−RA,i)γ0, (2.4.14)

HAB = −γ0

N

N∑
i=1

3∑
l=1

eik·δl = −γ0f(k), (2.4.15)

f(k) =
3∑
l=1

eik·
~δl , (2.4.16)

where the position vector of atom Bl relative to the Ai atom is denoted δl = RB,l −

RA,i, and we used the fact that the summation over the three neighboring B atoms

is the same for all Ai atoms.

For the three B atoms shown in Fig. 2.3, the three vectors are

~δ1 = (0,
a√
3

), ~δ2 = (
a

2
,− a

2
√

3
), ~δ3 = (−a

2
,− a

2
√

3
). (2.4.17)
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Note that |~δ1| = |~δ2| = |~δ3| = a/
√

3 is the carbon-carbon bond length. Then, the

function f(k) describing nearest-neighbor hopping may be evaluated as

f(k) =
3∑
l=1

eik·
~δl , (2.4.18)

= eikya/
√

3 + eikxa/2e−ikya/2
√

3 + e−ikxa/2e−ikya/2
√

3, (2.4.19)

= eikya/
√

3 + 2e−ikya/2
√

3 cos(kxa/2), (2.4.20)

The other off-diagonal matrix element HBA is the complex conjugate of HAB:

HAB ≈ −γ0f(k), HBA ≈ −γ0f
∗(k). (2.4.21)

A calculation of an off-diagonal element of the overlap integral matrix proceeds in a

similar way as for the transfer integral:

SAB =
1

N

N∑
i=1

N∑
j=1

eik·(RB,j−RA,i)〈φA(r−RA,i)|φB(r−RB,j)〉, (2.4.22)

SAB ≈
1

N

N∑
i=1

3∑
l=1

eik·(RB,l−RA,i)〈φA(r−RA,i)|φB(r−RB,l)〉, (2.4.23)

= −s0f(k), (2.4.24)

where the parameter s0 = 〈φA(r −RA,i)|φB(r −RB,l)〉, and SBA = S∗AB = −s0f(k).

The presence of non-zero s0 takes into account the possibility that orbitals on adjacent

atomic sites are not strictly orthogonal.
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2.4.3 The Low-energy Electronic Bands of Monolayer Graphene

Summarizing the results of this section, the transfer integral matrix elements (2.4.5)

and (2.4.22), and the overlap integral matrix elements (2.4.11) and (2.4.25) give

H1 =

(
ε2p −γ0f(k)

−γ0f
∗(k) ε2p

)
, S1 =

(
1 s0f(k)

s0f
∗(k) 1

)
, (2.4.25)

where we use the subscript 1 to stress that these matrices apply to monolayer graphene.

The corresponding energy E may be determined by solving the secular equation

det(H1 − ES1) = 0,

det

(
ε2p − E −(γ0 + Es0)f(k)

−(γ0 + Es0)f ∗(k) ε2p − E

)
= 0, (2.4.26)

⇒ (E − ε2p)2 − ([E − ε2p]s0 + ε2ps0 + γ0)2|f(k|2 = 0. (2.4.27)

Solving this quadratic equation yields the energy:

E± =
ε2p ± γ0|f(k)|
1∓ s0|f(k)|

(2.4.28)

This expression appears in Saito et al [82], where parameter values γ0 = 3.033eV ,

s0 = 0.129, ε2p = 0 are quoted. The latter value (ε2p = 0) means that the zero of

energy is set to be equal to the energy of the 2pz orbital. The resulting band structure

E± is shown in Fig. 2.4 in the vicinity of the Brillouin zone. A particular cut through

the band structure is shown in Fig. 2.5 where the bands are plotted as a function of

wave vector component kx along the line ky = 0, a line that passes through the center

of the Brillouin zone, labeled Γ, and two corners of the Brillouin zone, labeled K+

and K− (see the inset of Fig. 2.5). The Fermi level in pristine graphene is located

at zero energy. There are two energy bands, that we refer to as the conduction band
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Figure 2.4: The low-energy band structure of monolayer graphene Eq. (2.4.29) taking
into account nearest-neighbor hopping with parameter γ0 = 3.033eV , nearestneighbor
overlap parameter s0 = 0.129, and orbital energy ε2p = 0 [82]. The plot shows the
bands calculated in the vicinity of the first Brillouin zone, with conduction and valence
bands touching at six corners of the Brillouin zone, two of them are labeled K+ and
K− . Label Γ indicates the center of the Brillouin zone.

(E+) and the valence band (E−). The interesting feature of the band structure is that

there is no band gap between the conduction and valence bands. Instead the bands

cross at the six corners of the Brillouin zone, Fig. 2.4. The corners of the Brillouin

zone are known as K points, and two of them are explicitly labeled K+ and K− in

Fig. 2.4. Near these points, the dispersion is linear and electronic properties may be

described by a Dirac-like Hamiltonian. This will be explored in more detail in the

next section. Note also that the band structure displays a large asymmetry between

the conduction and valence bands that is most pronounced in the vicinity of the Γ

point. This arises from the non-zero overlap parameter s0 appearing in (2.4.29).

The tight-binding model described here cannot be used to determine the values

of parameters such as Γ and s0. They must be determined either by an alternative

theoretical method, such as density-functional theory, or by comparison of the tight-

binding model with experiments. Note, however, that the main qualitative features
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described in this chapter do not depend on the precise values of the parameters

quoted.

Figure 2.5: The low-energy band structure of monolayer graphene Eq. (2.4.29) taking
into account nearest-neighbor hopping with parameter γ0 = 3.033eV , nearestneighbor
overlap parameter s0 = 0.129, and orbital energy ε2p = 0 [82]. The plot shows a cut
through the band structure Fig. 2.4, plotted along the kx axis intersecting points K−,
γ, and K+ in the Brillouin zone, shown as the dotted line in the inset.

2.5 Massless Dirac Fermions in Monolayer Graphene

2.5.1 The Dirac-like Hamiltonian

As described in the previous section, the electronic band structure of monolayer

graphene, Figs. 2.4, 2.5, is gapless, with crossing of the bands at points K+ and

K− located at corners of the Brillouin zone. In this section, we show that electronic

properties near these points may be described by a Dirac-like Hamiltonian.

Although the first Brillouin zone has six corners, only two of them are non-

equivalent. In this Chapter, we choose points K+ and K−, Figs. 2.4, 2.5, as a

non-equivalent pair. It is possible to connect two of the other corners to K+ using a
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reciprocal lattice vector (hence, the other two are equivalent to K+), and it is possible

to connect the remaining two corners to K− using a reciprocal lattice vector (hence,

the remaining two are equivalent to K−), but it is not possible to connect K+ and

K− with a reciprocal lattice vector. To distinguish between K+ and K−, we will use

an index ξ = ±1. Using the values of the primitive reciprocal lattice vectors b1 and

b2, (2.2.2), it can be seen that the wave vector corresponding to point Kξ is given by

Kξ = ξ

(
4π

3a
, 0

)
. (2.5.1)

Note that the K points are often called valleys using nomenclature from semiconduc-

tor physics.

In the tight-binding model, coupling between the A and B sublattices is described

by the off-diagonal matrix element HAB, (2.4.22), that is proportional to parameter

γ0 and the function f(k), (2.4.19). Exactly at the Kξ point, k = Kξ, the latter is

equal to

f(Kξ) = e0 + eiξ2π/3 + e−iξ2π/3 = 0. (2.5.2)

This indicates that there is no coupling between the A and B sublattices exactly at

the Kξ point. Since the two sublattices are both hexagonal Bravais lattices of carbon

atoms, they support the same quantum states, leading to a degeneracy point in the

spectrum at Kξ, Figs. 2.4, 2.5.

The exact cancelation of the three factors describing coupling between the A and

B sublattices, (2.4.31), no longer holds when the wave vector is not exactly equal to

that of the Kξ point. We introduce a momentum p that is measured from the center

of the Kξ point,

p = ~k − ~Kξ. (2.5.3)
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Then, the coupling between the A and B sublattices is proportional to

f(k) = eipya/
√

3~ + e−ipya/2
√

3~ cos

(
2πξ

3
+
pxa

2~

)
, (2.5.4)

≈
(

1 +
ipya√

3~

)
+ 2

(
1− ipya

2
√

3~

)(
−1

2
− ξ
√

3pxa

4~

)
, (2.5.5)

≈ −
√

3a

2~
(ξpx − ipy), (2.5.6)

where we kept only linear terms in the momentum p = (px, py), an approximation

that is valid close to the Kξ point, i.e. for pa/~ << 1, where p = |p| = (p2
x + p2

y)
1/2.

Using this approximate expression for the function f(k), the transfer integral matrix

(2.4.26) in the vicinity of point Kξ becomes

H1,ξ = νF

(
0 ξpx − ipy

ξpx + ipy 0

)
(2.5.7)

Here, we used ε2p = 0 [82] which defines the zero of the energy axis to coincide with

the energy of the 2pz orbital. The parameters a and γ0 were combined into a velocity

vF defined as vF =
√

3aγ0/2~.

Within the linear-in-momentum approximation for f(k), (2.4.35), the overlap ma-

trix S1 may be regarded as a unit matrix, because its off-diagonal elements, propor-

tional to s0, only contribute quadratic-in-momentum terms to the energy E±, (2.4.29).

Since S1 is approximately equal to a unit matrix, (2.3.13) becomes H1ψ = Eψ, in-

dicating that H1, (2.5.7), is an effective Hamiltonian for monolayer graphene at low-

energy. The energy eigenvalues and eigenstates of H1 are given by(see Appendix

A)
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E± = ±νFp, ψ± =
1√
2

(
1

±ξeiξϕ

)
eip·r/~, (2.5.8)

where ± refer to the conduction and valence bands, respectively. Here ϕ is the polar

angle of the momentum in the graphene plane, p = (px, py) = p(cosϕ, sinϕ).

2.6 The Tight-Binding Model of Bilayer Graphene

In this section, we describe the tight-binding model of bilayer graphene. To do so, we

use the tight-binding model described in Sect.2.3 in order to generalize the model for

monolayer graphene discussed in Sect.2.4.

We consider Bernal-stacked bilayer graphene [37, 91, 92] (also called AB stacked

bilayer graphene). It consists of two parallel layers of carbon atoms, each arranged

with a honeycomb arrangement as in a monolayer, that are coupled together, Fig.

2.6. There are four atoms in the unit cell, a pair A1, B1, from the lower layer and a

pair A2, B2, from the upper layer. In Bernal stacking, the layers are arranged so that

two atoms, B1 and A2, are directly below or above each other, whereas the other two

atoms, A1 and B2, do not have a counterpart in the other layer. The primitive lattice

vectors a1 and a2, and the lattice constant a are the same as for monolayer graphene,

and the unit cell, shown in Fig. 2.6(a), has the same area in the x-y plane as in

the monolayer. Therefore, the reciprocal lattice and first Brillouin zone are the same

as in monolayer graphene, Fig. 2.2. The unit cell of bilayer graphene contains four

atoms, and, if the tight-binding model includes one pz orbital per atomic site, there

will be four bands near zero energy, instead of the two bands in monolayer graphene.

Essential features of the low-energy electronic band structure may be described
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by a minimal tight-binding model including nearest-neighbor coupling γ0 between A1

and B1, and A2 and B2, atoms on each layer, and nearest neighbor interlayer coupling

γ1 between B1 and A2 atoms that are directly below or above each other,

γ1 = 〈φA2(r−RA2)|H|φB1(r−RB1)〉. (2.6.1)

Then, we can generalize the treatment of monolayer graphene, (2.4.26), to write

the transfer and overlap integral matrices of bilayer graphene, in a basis with com-

ponents A1, B1, A2, B2, as

Figure 2.6: Schematic representation of the crystal structure of AB-stacked bilayer
graphene: (a) plan view with A1 (white) and B1 atoms (black) on the lower layer,
A2 (black) and B2 atoms (grey) on the upper layer. Vectors a1 and a2 are primitive
lattice vectors of length equal to the lattice constant a, and the shaded rhombus is a
unit cell; (b) side view where the parameter γ0 represents nearest-neighbor coupling
within each layer, γ1 nearest-neighbor coupling between the B1 and A2 atoms on
different layers [91].
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H =


ε2p −γ0f(k) 0 0

−γ0f
∗(k) ε2p γ1 0

0 γ1 ε2p −γ0f(k)

0 0 −γ0f
∗(k) ε2p

 , (2.6.2)

S =


1 s0f(k) 0 0

s0f
∗(k) 1 0 0

0 0 1 s0f(k)

0 0 s0f
∗(k) 1

 . (2.6.3)

The upper-left and lower-right 2×2 blocks describe behavior within the lower (A1/B1)

and upper (A2/B2) layers, respectively. The off-diagonal 2× 2 blocks, containing pa-

rameter γ1, describe interlayer coupling. The band structure of bilayer graphene may

Figure 2.7: The low-energy band structure of bilayer graphene taking into account
nearest-neighbor hopping with parameter γ0 = 3.033eV , nearest-neighbor overlap
parameter s0 = 0.129, orbital energy ε2p = 0 [11], and interlayer coupling γ1 = 0.39eV .
The plot shows the bands calculated along the kx axis intersecting points K−, Γ, and
K+ in the Brillouin zone, shown as the dotted line in the right inset. The left inset
shows the band structure in the vicinity of the point K−.

be determined by solving the secular equation det(H − EjS) = 0, (2.3.14). It is

plotted in Fig. 2.7 for parameter values γ0 = 3.033eV , s0 = 0.129, ε2p = 0 [82] and

interlayer coupling γ1 = 0.39eV . There are four energy bands, two conduction bands
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and two valence bands. Overall, the band structure is similar to that of monolayer

graphene, Fig. 2.5, with each monolayer band split into two by an energy approxi-

mately equal to the interlayer coupling γ1[92]. The most interesting part of the band

structure is in the vicinity of the K points [91], as shown in the left inset of Fig. 2.7

which focuses in on the bands around K−. At the K point, one of the conduction

(valence) bands is split away from zero energy by an amount equal to the interlayer

coupling γ1(−γ1). The split bands originate from atomic sites B1 and A2 that have a

counterpart atom directly above or below them on the other layer. Orbitals on these

pairs of atoms (B1 and A2) are strongly coupled by the interlayer coupling γ1 and

they form a bonding and anti-bonding pair of bands, split away from zero energy. In

the following, we refer to them as dimer states, and atomic sites B1 and A2 are called

dimer sites. The remaining two bands, one conduction and one valence band, touch

at zero energy: as in the monolayer, there is no band gap between the conduction

and valence bands. In the vicinity of the K points, the dispersion of the latter bands

is quadratic E± ∝ ±|k−Kξ|2, and electronic properties of the low-energy bands may

be described by an effective Hamiltonian describing massive chiral particles. This will

be explored in more detail in the next section.

2.6.1 The Low-energy Bands of Bilayer Graphene

To begin the description of the low-energy bands in bilayer graphene, we set s0 = 0,

thus neglecting the non-orthogonality of orbitals that tends to become important at

high energy. Then, the overlap matrix S, (2.6.3), becomes a unit matrix, and H,

(2.6.2), is an effective Hamiltonian for the four bands of bilayer graphene at low-

energy [91]:
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H =


0 −γ0f(k) 0 0

−γ0f
∗(k) 0 γ1 0

0 γ1 0 −γ0f(k)

0 0 −γ0f
∗(k) 0

 , (2.6.4)

where we used ε2p = 0 [82] to define the zero of the energy axis to coincide with

the energy of the 2pz orbital. Eigenvalues of the Hamiltonian are given by

E
(α)
± = ±γ1

2

(√
1 +

4γ2
0 |f(k)|2
γ2

1

+ α

)
, α = ±1. (2.6.5)

Over most of the Brillouin zone, where 4γ2
0 |f(k)|2 >> γ2

1 , the energy may be

approximated as E
(α)
± ≈ ±(γ0|f(k)| + αγ1/2), meaning that the α = ±1 bands are

approximately the same as the monolayer bands, (2.4.29), but they are split by the

interlayer coupling γ1. The eigenvalues E1
± , (2.6.5), describe two bands that are split

away from zero energy by ±γ1 at the K point (where |f(k)| = 0) as shown in the left

inset of Fig. 2.7. This is because the orbitals on the A2 and B1 sites form a dimer

that is coupled by interlayer hopping γ1, resulting in a bonding and anti-bonding pair

of states ±γ1.

The remaining two bands are described by E−1
± . Near to the Kξ point, pa/~ << 1,

we replace the factor γ0|f(k)| with νFp, (2.4.35):

E
(−1)
± ≈ ±γ1

2

(√
1 +

4ν2
Fp

2

γ2
1

− 1

)
, α = ±1. (2.6.6)

This formula interpolates between linear dispersion at large momenta (γ1 << νFp <

γ0) and quadratic dispersion E
(−1)
± ≈ ±ν2

Fp
2/γ1 near zero energy where the bands

touch. These bands arise from effective coupling between the orbitals on sites, A1

and B2, that do not have a counterpart in the other layer. In the absence of direct
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Figure 2.8: Schematic representation of the crystal structure of AB-stacked bilayer
graphene illustrating the processes that contribute to effective coupling between A1
(white) and B2 atoms (grey), in the presence of strongly-coupled dimer sites B1
and A2 (black). The black arrowed line indicates the three stage process: intralayer
hopping between A1 and B1, followed by an interlayer transition via the dimer sites
B1 and A2, followed by another intralayer hopping between A2 and B2.

coupling between A1 and B2, the effective coupling is achieved through a three stage

process as indicated in Fig. 2.8. It can be viewed as an intralayer hopping between A1

and B1, followed by an interlayer transition via the dimer sites B1 and A2, followed

by another intralayer hopping between A2 and B2. This effective coupling may be

described by an effective low-energy Hamiltonian written in a two-component basis

of pz orbitals on A1 and B2 sites.

2.6.2 The Two-Component Hamiltonian of Bilayer Graphene

The effective two-component Hamiltonian may be derived from the four component

Hamiltonian, (2.6.4), [91, 93]. In the present context, a straightforward way to do the

transformation is to consider the eigenvalue equation for the four component Hamil-

tonian, (2.6.4), as four simultaneous equations for the wave-function components
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cA1, cB1, cA2, cB2:

EcA1 + γ0f(k)cB1 = 0, (2.6.7)

γ0f
∗(k)cA1 + EcB1 − γ1cA2 = 0, (2.6.8)

γ1cB1 + EcA2 + γ0f(k)cB2 = 0, (2.6.9)

γ0f
∗(k)cA2 + EcB2 = 0. (2.6.10)

Using the second and third equations, (2.6.8) and (2.6.9), it is possible to express the

components on the dimer sites, cB1 and cA2, in terms of the other two:

cB1 =
γ0f(k)

γ1d
cB2 +

Eγ0f
∗(k)

γ2
1d

cA1, (2.6.11)

cA2 =
γ0f(k)

γ2
1d

cB2 +
Eγ0f

∗(k)

γ1d
cA1, (2.6.12)

where d = 1 − E2/γ2
1 . Substituting these expressions into the first and fourth

equations, (2.6.7) and (2.6.10), produces two equations solely in terms of cA1 and cB2.

Assuming |E| << |γ1| and |γ0f(k)| << |γ1|, we use d ≈ 1 and keep terms up to order

1/γ1 only:

EcA1 +
γ2

0f
2(k)

γ1

cB2 = 0, (2.6.13)

γ2
0(f ∗(k))2

γ1

cA1 + EcB2+ = 0. (2.6.14)

It is possible to express these two equations as a Schrodinger equation, H2ψ = Eψ,

with a two-component wave function ψ = (cA1, cB2)T and two-component Hamiltonian

H2,ξ = − 1

2m

(
0 (ξpx − ipy)2

(ξpx + ipy)
2 0

)
, (2.6.15)

where we used the approximation f(k) ≈ −νF (ξpx − ipy)/γ0, (2.5.6), valid for mo-

mentum pa/~ << 1 close to the K point, and parameters νF and γ1 were combined

into a mass m = γ1/(2ν
2
F ).
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The effective low-energy Hamiltonian of bilayer graphene, (2.6.15), resembles the

Dirac-like Hamiltonian of monolayer graphene, (2.5.7), but with a quadratic term on

the off-diagonal instead of linear. The energy eigenvalues and eigenstates of H2 are

given by

E± = ± p2

2m
, ψ± =

1√
2

(
1

∓ei2ξϕ

)
eip·r/~, (2.6.16)

where ± refer to the conduction and valence bands, respectively. Here ϕ is the polar

angle of the momentum in the graphene plane, p = (px, py) = p(cosϕ, sinϕ).

2.7 Transport Parameters in pristine Graphene

2.7.1 Electron Velocity

Let us calculate quantum mechanical average electron velocity. It is natural that for

a quantum particle the average velocity is just the group velocity of the wave package

representing quantum particle [95]. To find an expression for the electron velocity

vector ~v(~k) and its magnitude, we drive the equation of motion of an electron in an

energy band. And we look at the motion of a wave packet in applied electric field

[96]. Suppose that the wave packet is made up of a wavefunctions near a particular

wave vector k. The group velocity is

~v =
1

~
∂E

∂k
= vF

~k

|~k|
. (2.7.1)

In this part, we can see that |~v(~k)| = vF = 108cm/s for all electrons in graphene

is the same and equals vF irrespective of the wave vector [97, 98]. So all electrons in

graphene always move with the same speed. Therefore, an externally applied field can

never change the speed of the carriers. In response to an electric field the electrons



38

in graphene change their direction of motion (but not their speed). This is also why

the electrons that had a larger component of their initial velocity perpendicular to

the electric field contributed the most to the conductivity.

2.7.2 Electronic Density of States

The electronic density of states g(E) counts the number of quantum states in the

vicinity of a fixed energy E. It turns out to be a very useful quantity when discussing

the electric transport in the diffusive regime. It may be obtained from the total

number of states below the energy E. Let we have L × L graphene sheets, then we

have 4(L/2π)2 density of states in the reciprocal space. Therefore, the total number

of states can be given by [25]

N = g
L2

(2π)2

∫ k

0

dkxdky, (2.7.2)

and include contributions from all valleys (pockets) and spin. The factor g takes

into account the degeneracy due to internal degrees of freedom g = 4 in the case of

graphene because of the two fold valley degeneracy and the electron spin. Again the

above equation can be written in polar coordinates as follows:

N = 4
L2

(2π)2

∫ k

0

2πkdk =
2L2

π

∫ k

0

kdk. (2.7.3)

The calculation of the density of states may be rather involved because one needs to

calculate a 2D integral over the wave vector as a function of energy, by inverting the

energy dispersion. In the vicinity of the Dirac points, however, it may be calculated
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quite easily because of the isotropy of the linear energy dispersion.

E = ~vFk,

k =
E

~vF
,

dk =
dE

~vF
.

(2.7.4)

Thus the density of states per unit energy g(E)dE of graphene can be found as follows.

One may identify substituting the non parabolic dispersion of energy

g(E)dE = 4A
2πkdk

(2π)2
=

2A|E|dE
π~2v2

F

(2.7.5)

from which the density of states is

g(E ≥ 0) =
2A

π(~vF )2
E. (2.7.6)

and for the full (positive and negative) energy range [25]

g(E) =
2A

π(~vF )2
|E|. (2.7.7)

The density of states, therefore, vanishes linearly at the Dirac points, at zero energy.

This is a direct consequence of the linearity of the energy dispersion in the vicinity of

the Dirac points. This particular situation needs to be contrasted to the conventional

case of electrons in 2D metals, with an energy dispersion of E = ~2k2/2m∗, in terms

of the band mass m∗, where one obtains a constant density of states, g(E)2D(E) =

gm∗/2π~2. The density of states of graphene is linear with energy unlike other two

dimensional semiconductor materials, which makes graphene unique two dimensional

system.

2.7.3 Electrical Conductivity

Now suppose an electric field ~E is applied to graphene. The scattering time is τ . We

need to find an expression for the current density ~j. In general, the current density
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for non-parabolic bands is not linearly related to the electric field ~E. However, for

small electric fields one can keep the terms that are of first order in the electric field.

In this small-field limit, we can say that that:

j = σ ~E. (2.7.8)

The dynamical equation for the crystal momentum holds. Also we include contribu-

tions from all valleys and spin. The current density can be written as

~j = 2× 2× A
∫ ∞

0

d2k

(2π)2
f(~k + eτ ~E/~)~v(~k), (2.7.9)

let ~q = ~k + eτ ~E/~, and then substituting this in the above expression, we get:

~j =
e2τ

π~2

∫ ∞
0

d2q

(2π)2
f(q)vF

~q − eτ ~E/~
|~q − eτ ~E/~|

, (2.7.10)

and also remember that the velocity vector defined in (Equation 2.7.1) used here.

After Taylor expansion select and keep terms that are of first order in the electric

field. The current density will be

jx =
e2τ

π~2

∫ ∞
0

dεf(ε− εF )Ex. (2.7.11)

From which the conductivity will be

σ =
e2τ

π~2

∫ ∞
0

dεf(ε− εF ), (2.7.12)

we can say that the conductivity in graphene is not directly proportional to the

electron density as is the case in most other semiconductors that have parabolic

energy dispersions near the band edges.
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2.7.4 Electrical Resistivity

The universal resistance of graphene was predicted in 1986 by Eduardo Fradkin and

observed experimentally by Geim and collaborators in 2005. However, the value of

the resistivity was about 20 percent less than the theoretical prediction. This result

remains a mystery, although Geim has suggested that it may be due to electrons

being scattered by ripples in the surface of the graphene sheet itself.

Resistivity of the graphene sheet ∼ 10−6Ω · cm, less than the resistivity of silver

(Ag), the lowest resistivity substance known at room temperature.

2.7.5 Electrical Mobility

In solid-state physics, the electron mobility characterizes how quickly an electron can

move through a metal or semiconductor, when pulled by an electric field. In semi-

conductors, there is an analogous quantity for holes, called hole mobility. The term

carrier mobility refers in general to both electron and hole mobility in semiconductors.

Electron and hole mobility are special cases of electrical mobility of charged particles

in a fluid under an applied electric field. When an electric field is applied across a

piece of material, the electrons respond by moving with an average velocity called the

drift velocity, vd, Electron mobility is almost always specified in units of cm2/(V s).

Mobility is usually a strong function of material impurities and temperature. The

electron mobility, µ defined by the equation

µ =
vd
E
. (2.7.13)

The band structure of graphene differs from that of a typical semiconductor in the

following points:
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(1) at around the point where the conduction band and the valence band meet each

other, the slope of the band structure is linear ;

(2) the conduction band is connected continuously with the valence band, which

means the band gap is zero.

With respect to characteristic (1) of the band structure, in the case of a typical

semiconductor, the band structure at around the top of the valence band and the

bottom of the conduction band shows a parabolic shape and the slope changes grad-

ually. The larger the change of the slope of the band, the less the effective-mass of

the electrons (virtual mass of electrons in a material). On the other hand, in the

case of graphene, because the slope is linear, the effective mass of electrons is zero.

This means that graphene shows very high electron-mobility. A theoretical expecta-

tion of the electron-mobility of graphene is 1,000 times higher than that of silicon,

and an electron mobility as high as 2× 105cm2/V sec[Bolotin,10,11] has been exper-

imentally achieved, which is 100 times higher than that of silicon. Because higher

electron mobility leads to shorter switching time for a transistor, graphene has been

expected as a material that could realize high-speed electronic devices which could

break the speed records made by conventional semiconductors such as silicon or com-

pound semiconductors. For that reason, graphene has been expected to be applied

to high speed-transistors. In addition, graphene has been paid much attention as a

target of physics because the zero effective mass in graphene is a special quantum

mechanical phenomenon[9,12].

On the other hand, the zero bandgap in graphene, mentioned in (2), means that a
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very small thermal energy excites electrons out of the valence band up to the conduc-

tion band. Therefore, graphene cannot be kept semi-insulating. Therefore, the zero

bandgap of graphene is a very high hurdle for application to digital transistors. Sev-

eral methods are proposed to open the bandgap of graphene, and some experiments

have been reported to succeed to tune the bandgap. Generally speaking, the wider

bandgap of graphene is achievable by deforming, more or less, the band structure,

and may therefore easily result in diminishing the advantage of high electron mobility.

In this respect, it is a big challenge for the technology development of graphene, to

make the bandgap wider without diminishing the high electron mobility.

At the same time, there is strong evidence that graphene is a nearly perfect crystal

free of the structural defects [4,5] that characterize most conductors. As a result, it

has been put forth that the scattering of charge carriers stems from extrinsic sources

[6,11]. Although the exact nature of the scattering that limits the mobility of graphene

devices remains unclear, evidence has mounted that interactions with the underly-

ing substrate are largely responsible. Surface charge traps [69], interfacial phonons

[11], substrate stabilized ripples [5,10,12], and fabrication residues on or under the

graphene sheet may all contribute. Consequently, improving substrate quality or elim-

inating the substrate altogether by suspending graphene seems a promising strategy

towards higher quality samples. While devices suspended over the substrate were

achieved in the past [12], they lacked multiple electrical contacts thus difficult for

transport measurements.

In the recent paper [11] report the fabrication of electrically contacted suspended

graphene and achieve a tenfold improvement in mobility as compared to the best

values reported in the literature for traditional devices fabricated on a substrate.
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Besides opening new avenues for studying the intrinsic physics of Dirac fermions,

this improvement demonstrates the dominant role played by extrinsic scattering in

limiting the transport properties of unsuspended graphene samples.

2.8 Graphene in a uniform magnetic field

When a perpendicular magnetic field is applied a two-dimensional electron gas, the

electrons follow cyclotron orbits, and their allowed energies are quantized into values

known as Landau levels [101]. At higher magnetic fields, the discrete Landau level

spectrum is manifest in the integer quantum Hall effect [102, 103, 104], a quantization

of Hall conductivity into integer values of the quantum of conductivity e2/h. For

monolayer graphene, the Landau level spectrum was calculated over fifty years ago

by McClure [105], and the integer quantum Hall effect was observed [36, 85] and

studied theoretically [84, 90, 107, 108, 109] in recent years. The chiral nature of

electrons in graphene results in an unusual sequencing of the quantized plateaus of

the Hall conductivity. In bilayer graphene, the experimental observation of the integer

quantum Hall effect [37] and calculation of the Landau level spectrum [91] revealed

further unusual features related to the chirality of electrons.

2.8.1 The Landau Level Spectrum of Monolayer Graphene

The motion of charge carriers in 2DEG in a magnetic field is quantized, the motion of

relativistic charges in graphene in a strong magnetic field is also quantized. In a con-

ventional electron gas (non-relativistic) Landau quantization produces equidistant en-

ergy levels, which is due to the parabolic dispersion law of free electrons. In graphene
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the electrons have relativistic dispersion law, which strongly modifies the Landau

quantization of the energy and the position of the levels. In the Dirac like Hamilto-

nian (2.5.7) for free electron in graphene, we make the substitution pi → pi = pi− eAi
c

when perpendicular magnetic field is applied to graphene. Let us find the energy

eigenvalues E for stationary equation [99]:

vF

(
0 πx − iπy

πx + iπy 0

)(
ψA

ψB

)
= E

(
ψA

ψB

)
, (2.8.1)

where πx = px − eAx/c, πy = py − eAy/c, where ψA and ψB are the spinor wave

function, E is the energy eigne value, p̂ = ~∇/i is the charge carrier momentum, and

~A is the vector potential and ~B = ∇ × ~A. And Eq.(2.8.1) can be written as two

equations: {
vF [πx − iπy]ψB = EψA,

vF [πx + iπy]ψA = EψB.
(2.8.2)

Again by inserting one equation into another the above equation can further de-

coupled into

{
v2
F [πx − iπy][πx + iπy]ψA = E2ψA,

v2
F [πx + iπy][πx − iπy]ψB = E2ψB.

(2.8.3)

In the above equation for a charge carriers in a uniform magnetic field , ~B, say along

z-direction , we can choose the vector potential as Ax = 0, Ay = Bx,Az = 0 (Landau

gauge). Note that at this choice of ~A we get only z-component of magnetic field

( ~B). Then substituting, the vector potentials and the x and y components of the

momentum, in (2.8.3), we obtain{
v2
F [px − i(py − eBx

c
)][px + i(py − eBx

c
)]ψA = E2ψA,

v2
F [px + i(py − eBx

c
)][px − i(py − eBx

c
)]ψB = E2ψB,

(2.8.4)
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after simplification of the above equations, we get the following [p2
x + i[py, px] + i eB

c
[x, px] + (py − eBx

c
)2]ψA = E2

v2F
ψA,

[p2
x + i[py, px]− i eBc [x, px] + (py − eBx

c
)2]ψB = E2

v2F
ψB.

(2.8.5)

By using commutation relations, [px, py] = [py, px] = 0, and [x, px] = i~, the

equations can be further simplified as follows [ p
2
x

2m
+ e2B2

2mc2
(x− pyc

eB
)2]ψA = 1

2m
(E

2

v2F
+ eB~

c
)ψA,

[ p
2
x

2m
+ e2B2

2mc2
(x− pyc

eB
)2]ψB = 1

2m
(E

2

v2F
− eB~

c
)ψB.

(2.8.6)

Now let us substitute the following variables ωc = eB
mc

, x0 = pyc

eB
, ε± = 1

2m
(E

2

v2F
±

eB~
c

), then the resulting equation is one dimensional Schrodinger equation for simple

harmonic oscillator frequency ωc (the cyclotron frequency) and displacement (x−x0).

Thus harmonic oscillator equations given by{
[ p

2
x

2m
+ mωc

2
(x− x0)2]ψA = ε+ψA,

[ p
2
x

2m
+ mωc

2
(x− x0)2]ψB = ε−ψB.

(2.8.7)

From which, we get the quantized energy and wave function [100, 101]. The quantized

energy of the different oscillator levels Landau Levels ( the energy eigenvalue of free

electron Hamilton in a uniform magnetic field ~B to the z-direction) is obtained as a

solution of the the above equation as [100, 101]

ε± = ~ωc(n+
1

2
), (2.8.8)

where n = 0, 1, 2, 3, ... goes through the same values as for harmonic oscillator. Since

E has positive and negative roots, we can extend the domain of n to integer values

and write energy levels as EA = ±vF
√

2~eB
c
n = ±~ωDirac

√
n,

EB = ±vF
√

2~eB
c

(n+ 1) = ±~ωDirac
√
n+ 1.

(2.8.9)
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Here, ωDirac = vF

√
2eB
~c denotes the analogues expression to cyclotron frequency

ωc = eB
mc

. The Landau level index, n, can be positive or negative. The positive values

correspond to electrons (conduction band), while the negative values correspond to

holes (valence band). Furthermore, they are not equidistant as in conventional case

and the largest energy separation is between the zero and the first Landau level. This

large gap allows one to observe the quantum Hall effect in graphene, even at room

temperature [10].

If we compar the results (2.8.9) for the A and B sublattice. In the wavefunction,

ψB , lacks the level with EB = 0. In terms of the occupation of the sublattices A and

B, we can therefore expect interesting properties. Specifically, the wave function at

the Landau level n 6= 0 should always have non-zero amplitudes on both sublattices

A and B, while the wavefunctions at the Landau level n = 0 should have non-zero

amplitude only on one sublattice: B sublattice for valley K+ or A sublattice for

valley K−. The asymmetry between A and B sublattice originates from asymmetry

in positions of the nearest neighbors for atoms at A and B sublattice. This property

of the wavefunctions for the Landau levels in graphene makes the n = 0 level very

special for different magnetic applications of graphene.

The wave functions corresponding to the Landau levels (2.8.9) are labeled by three

indices. Using the Landau gauge A = (0, Bx, 0) preserves translational invariance in

the y direction, so that eigenstates may be written in terms of states that are plane

waves in the y direction and harmonic oscillator states in the x direction [41, 42],

φn(x, y) = AnHn

(
x

λB
− pyλB

~

)
exp

[
−1

2

(
x

λB
− pyλB

~

)2

+ i
pyy

~

]
(2.8.10)

Here, Hn are Hermite polynomials of order n, for integer n ≥ 0, and the normalization

constant is An = 1/
√

2nn!
√
π. The magnetic length λB, and a related energy scale
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Γ, are defined as

λB =

√
~c
eB

. (2.8.11)

In (2.8.10) the wave function, φn(x, y), depend on the parameters n, py, where

as in (2.8.9) the Landau Level energy, E, depends only on the parameters n. This

implies degeneracy [99].

2.8.2 The Landau Level degeneracy of monolayer graphene

The Landau Levels energy in Eq.(2.8.9) is not dependent on the momentum py, where

as the wave functions, φn(x, y), Eq.(2.8.10) depend on the parameters n, py. This

means that the Landau levels (2.8.9) have a macroscopically large degeneracy g. To

calculate it, it is convenient to use a periodic (Born von Karman) boundary condition

in the y-direction,

ψA,B(x, y) = ψA,B(x, y + Ly), (2.8.12)

(for large enough samples the density of states does not depend on boundary condi-

tions, Vonsovsky and Katsnelson (1989)). Thus,

ky =
2π

Ly
n, (2.8.13)

where n = 0,±1, ... The maximum value of n is determined by the condition that the

centre of the orbit should be within the sample: 0 < x0 < Lx (Lx is the width of the

sample in the x-direction), or

|ky| <
Lx
λ2
B

=
|e|BLx
hc

. (2.8.14)

Thus, the total number of solutions is

g =
|e|B
hc

LxLy
2π

=
|e|B
hc

A

2π
=

φ

φ0

. (2.8.15)
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where A = LxLy is the sample area, φ is the total magnetic flux though the sample

and

φ0 =
hc

|e|
. (2.8.16)

is the flux quantum. Keeping in mind further applications to graphene, one should

multiply the degeneracy (2.8.15) by a factor of 4, namely a factor of 2 for the two

valleys K+ and K− and a further factor of 2 for the two spin projections. The latter

is possible since the ratio of the Zeeman energy Ez = |e|hB/(2mc) to the cyclotron

quantum hωc is always very small (about 0.01 in fields B ≈ 10− 30T ).

We can solve the Landau Levels in graphene using operator method. We will see

later that this representation is very convenient for the cases of both single-layer and,

especially, bilayer graphene [99]. The Dirac-like Hamiltonian of monolayer graphene

(2.5.7) may be written as

H1,K+ = νF

(
0 π−

π+ 0

)
, H1,K− = −νF

(
0 π+

π− 0

)
, (2.8.17)

in the vicinity of corners of the Brillouin zone K+ and K−, respectively, where

π+ = (px −
eAx
c

) + i(py −
eAy
c

), π− = (px −
eAx
c

)− i(py −
eAy
c

), (2.8.18)

We consider a magnetic field perpendicular to the graphene sheet, A = (0, Bx, 0).

With this choice of vector potential, acting on the harmonic oscillator states (2.8.10)

gives

π+φn = −
√

2i~
λB

√
nφn−1, (2.8.19)

π−φn =

√
2i~
λB

√
n+ 1φn+1, (2.8.20)
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and π+φ0 = 0. These equations indicate that operators π+ and π− are proportional to

lowering and raising operators of the harmonic oscillator states φn. The Landau level

spectrum is, therefore, straightforward to calculate [43, 44, 45]. At the first valley,

K+, the Landau level energies and eigenstates of H1,K+ are

K+, n ≥ 1 : En,± = ±
√

2~ν
λB

√
n, ψn,± =

1√
2

(
φn

±iφn−1

)
, (2.8.21)

K+, n = 0 : E0 = 0, ψ0 =

(
φ0

0

)
, (2.8.22)

where ± refer to the conduction and valence bands, respectively. Equation (2.8.16)

describes an electron (plus sign) and a hole (minus sign) series of energy levels, with

prefactor (2.8.11), proportional to the square root of the magnetic field. In addition,

there is a special level (2.8.17) fixed at zero energy that arises from the presence of the

lowering operator in the Hamiltonian, π+ψ0 = 0. The corresponding eigenfunction

ψ0 has non-zero amplitude on the A sublattice, but its amplitude is zero on the B

sublattice. The form (2.8.12) of the Hamiltonian H1,K− at the second valley, K−,

shows that its spectrum is degenerate with that at K+, with the role of the A and B

sublattices reversed:

K−, n ≥ 1 : En,± = ±
√

2~ν
λB

√
n, ψn,± =

1√
2

(
±iφn−1

φn

)
, (2.8.23)

K−, n = 0 : E0 = 0, ψ0 =

(
0

φ0

)
. (2.8.24)

Thus, the eigenfunction ψ0 of the zero-energy level has zero amplitude on the B

sublattice at valley K+ and zero amplitude on the A sublattice at K−. If we take into

account electronic spin, which contributes a twofold degeneracy of the energy levels,
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as well as valley degeneracy, then the Landau level spectrum of monolayer graphene

consists of fourfold-degenerate Landau levels.

2.8.3 The Integer Quantum Hall Effect in Monolayer Graphene

In this section, we describe how the Landau level spectrum of graphene is reflected in

the dependence of the Hall conductivity σxy(n) on carrier density n. In conventional

two-dimensional semiconductor systems, in the absence of any Berrys phase effects,

the Landau level spectrum is given by En = ~ωc(n+ 1/2), n ≥ 0, where ωc = eB/mc

is the cyclotron frequency [103, 104]. Here, the lowest state lies at finite energy

E0 = ~ωc/2. If the system has an additional degeneracy g (for example, g = 2 for

spin), then plateaus [102, 103, 104] occur at quantized σxy values of ν(ge2/h) where

ν is an integer and e2/h is the quantum value of conductance, i.e. each step between

adjacent plateaus has height ge2/h, Fig. 2.9(a). Each σxy step coincides with the

crossing of a Landau level on the density axis. Since the maximum carrier density

per Landau level is gB/φ0, where φ0 = hc/e is the flux quantum, the distance between

the σxy steps on the density axis is gB/φ0.

As described above, monolayer graphene has fourfold (spin and valley) degenerate

Landau levels En,± = ±
√

2~n/λB for n ≥ 1 and E0 = 0. The Hall conductivity

σxy(n), Fig. 2.9(b), displays a series of quantized plateaus separated by steps of size

4e2/h, as in the conventional case, but the plateaus occur at half-integer values of

4e2/h rather than integer ones:

σxy = −1

2
(2υ + 1)

4e2

h
, (2.8.25)

where υ is an integer, as observed experimentally [36, 85] and described theoretically

[84, 90, 107, 108, 109]. This unusual sequencing of σxy plateaus is explained by the
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presence of the fourfold-degenerate Landau level E0 fixed at zero energy. Since it lies

at the boundary between the electron and hole gases, it creates a step in σxy of 4e2/h

at zero density. Each Landau level in monolayer graphene is fourfold degenerate,

including the zero energy one, so the distance between each σxy step on the density

axis is 4B/φ0, i.e. the steps occur at densities equal to integer values of 4B/φ0.

Figure 2.9: Schematic representation of three types of integer quantum Hall effect,
showing the density dependence of the Hall conductivity σxy(n) : (a) conventional
two-dimensional semiconductor systems with additional system degeneracy g; (b)
monolayer graphene; (c) bilayer graphene. Here, B is the magnitude of the magnetic
field and φ0 = h/e is the flux quantum.

2.8.4 The Landau Level Spectrum of Bilayer Graphene

In the presence of a perpendicular magnetic field, the Hamiltonian (2.6.15) describing

massive chiral electrons in bilayer graphene may be written as

H1,K+ = − 1

2m

(
0 π2

−

π2
+ 0

)
, H1,K− = − 1

2m

(
0 π2

+

π2
− 0

)
, (2.8.26)

in the vicinity of corners of the Brillouin zone K+ and K−, respectively. Using the

action of operators π+ and π− on the harmonic oscillator states φn , (2.8.14) and

(2.8.15), the Landau level spectrum of bilayer graphene may be calculated [91]. At
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the first valley, K+, the Landau level energies and eigenstates of H2,K+ are

K+, n ≥ 2 : En,± = ± ~2

mλ2
B

√
n(n− 1), ψn,± =

1√
2

(
φn

±iφn−2

)
, (2.8.27)

K+, n = 1 : E1 = 0, ψn =

(
φ1

0

)
, (2.8.28)

K+, n = 0 : E0 = 0, ψ0 =

(
φ0

0

)
, (2.8.29)

where ± refer to the conduction and valence bands, respectively. Equation (2.8.22)

describes an electron (plus sign) and a hole (minus sign) series of energy levels. The

prefactor ~2/(mλ2
B) is proportional to the magnetic field, and it may equivalently be

written as Γ2/γ1 or as ~ωc where ωc = eB/mc. For high levels, n >> 1, the spectrum

consists of approximately equidistant levels with spacing ~ωc. Note, however, that

we are considering the low-energy Hamiltonian, so that the above spectrum is only

valid for sufficiently small level index and magnetic field
√
nΓ << γ1. As well as

the field-dependent levels, there are two special levels, (2.8.23) and (2.8.24), fixed at

zero energy. There are two zero-energy levels because of the presence of the square of

the lowering operator in the Hamiltonian. It may act on the oscillator ground state

to give zero energy, π2
+φ0 = 0, (2.8.24), but also on the first excited state to give

zero energy, π2
+φ1 = 0, (2.8.23). The corresponding eigenfunctions ψ0 and ψ1 have

non-zero amplitude on the A1 sublattice, that lies on the bottom layer, but their

amplitude is zero on the B2 sublattice.

The form (2.8.21) of the Hamiltonian H2,K− at the second valley, K−, shows that

its spectrum is degenerate with that at K+ with the role of the A1 and B2 sublattices

reversed. It may be expressed asH2,K− = σxH2,K+σx so that ψn,±(K−) = σxψn,±(K+),

ψn(K−) = σxψn(K+), and ψ0(K−) = σxψ0(K+). Thus, the eigenfunctions ψ0 and ψ1
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of the zero-energy levels have zero amplitude on the B2 sublattice at valley K+ and

zero amplitude on the A1 sublattice at K−. If we take into account electronic spin,

which contributes a twofold degeneracy of the energy levels, as well as valley de-

generacy, then the Landau level spectrum of bilayer graphene consists of fourfold

degenerate Landau levels, except for the zero-energy levels which are eightfold de-

generate. This doubling of the degeneracy of the zero-energy levels is reflected in the

density dependence of the Hall conductivity.

2.8.5 The Integer Quantum Hall Effect in Bilayer Graphene

The Hall conductivity σxy(n) of bilayer graphene, Fig. 2.9(c), displays a series of

quantized plateaus occurring at integer values of 4e2/h that is practically the same

as in the conventional case, Fig. 2.9(a), with degeneracy per level g = 4 accounting

for spin and valleys. However, there is a step of size 8e2/h in σxy across zero density

in bilayer graphene [37, 91]. This unusual behavior is explained by the eightfold

degeneracy of the zero-energy Landau levels. Their presence creates a step in σxy

at zero density, as in monolayer graphene, but owing to the doubled degeneracy as

compared to other levels, it requires twice as many carriers to fill them. Thus, the

transition between the corresponding plateaus is twice as wide in density, 8B/φ0

as compared to 4B/φ0, and the step in σxy between the plateaus must be twice as

high, 8e2/h instead of 4e2/h. This demonstrates that, although Berrys phase 2π is

not reflected in the sequencing of quantum Hall plateaus at high density, it has a

consequence in the quantum limit of zero density, as observed experimentally [37].

Here, we showed that the chiral Hamiltonians of monolayer and bilayer graphene
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corresponding to Berrys phase π and 2π, respectively, have associated four- and eight-

fold degenerate zero-energy Landau levels, producing steps of four and eight times the

conductance quantum e2/h in the Hall conductivity across zero density [36, 37, 85].

In our discussion, we neglected interaction effects and we assumed that any valley

and spin splitting, or splitting of the n = 1 and n = 0 levels in bilayer graphene, are

negligible as compared to temperature and level broadening.



Chapter 3

2D Electron Scattering Theory

3.1 Scattering theory for 2D Schrodinger electrons

3.1.1 Asymptotic wave function

Consider a free particle moving in the positive x-axis is described by plane wave, which

we take in the form, ψ = eikx, and the scattered particle is described at great distance

from the scattering center, by an outgoing spherical wave of the form f(ϕ)R(r), where

f(ϕ) is a function of scattering angle ϕ (angle between the x-axis and the direction

of scattered particle). This function is called scattering amplitude. Thus the exact

wavefunction which is a solution of schrodinger equation with a potential V (ρ) must

have at large distance the asymptotic form [99, 100]

ψ(ρ, ϕ) = eikx + f(ϕ)R(ρ). (3.1.1)

Now we start from the two-dimensional stationary Schrodinger equation with a po-

tential V (ρ) depending only on the distance ρ from the origin:

− ~2

2m
∇2ψ(ρ, ϕ) + V (ρ)ψ(ρ, ϕ) = Eψ(ρ, ϕ), (3.1.2)

56
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leads to the following differential equation for the wave function[
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

1

ρ2

∂2

∂ϕ2
+

2m

~2
(E − V (ρ))

]
ψ(ρ, ϕ) = 0. (3.1.3)

On expressing the wave function as the product

ψ(ρ, ϕ) = R(ρ)eimϕ,m = 0, 1, 2, ..., (3.1.4)

the resulting differential equation for the radial, R(ρ), part of the wave function can

be given by [
∂2

∂ρ2
+

1

ρ

∂

∂ρ
− m2

ρ2
+

2m

~2
(E − V (ρ))

]
R(ρ) = 0, (3.1.5)

where m and E denotes the angular momentum and the energy spectra, respectively.

And now multiply both side of Eq.(3.1.5) by ρ2 and let V (ρ) = 0 rearranging the

equation, it leads to, [
ρ2 ∂

2

∂ρ2
+ ρ

∂

∂ρ
+ k2ρ2 −m2

]
R(ρ) = 0. (3.1.6)

We now make the following change of variable:

r = kρ

so that

d

dρ
=

d

dr

dr

dρ
= k

d

dr
,

d2

dρ2
= k2 d

2

dr2
.

(3.1.7)

By use of this change of variable, Eq.(3.1.6) reduces to[
r2 ∂

2

∂r2
+ r

∂

∂r
+ r2 −m2

]
R(r) = 0, (3.1.8)

which is Bessel’s equation, and its solutions are called Bessel functions. The solution

to this equation is,[99, 100]

R(r) = AJm(r) +BYm(r). (3.1.9)
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Which is linear combination of Jm(r) called the first kind m order Bessel function

and Ym(r) called the second kind m order Bessel function. Note that Bessel function

of the first kind are diverge at infinity but Bessel function of second kind are well

behave at large r. So in our solution we drop Bessel function of first kind and take

bessel function of second kind i.e

R(r) = BYm(r). (3.1.10)

And Hanckel function of the first kind can be written as

H1
m(r) = Jm(r) + iYm(r). (3.1.11)

So at large r

R(r) = −iH1
m(r), (3.1.12)

the asymptote of the Hankel function [100, 111] is

H1
m(r) ≈ 1− i√

πr
eir, (3.1.13)

then the radial function is

R(r) ≈ A
eir√
πr
. (3.1.14)

Therefore, the solution of schrodinger equation must have at large distance the asymp-

totic form

ψ(ρ, ϕ) = eikx + f(ϕ)
eir√
−ir

. (3.1.15)
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3.1.2 Partial Wave Method

Having established the basic concepts for the scattering problem, we turn now to

consider operationally how the scattering characteristics can be computed. Here, for

simplicity, we will focus on the properties of a centrally symmetric potential, V (r),

where the scattering wavefunction, ψ(r) (and indeed that scattering amplitudes, f(ϕ)

must be symmetrical about the axis of incidence. In this case, the radial wavefunction

can be expanded as the solutions (3.1.9) are the Bessel functions Jm(r) and the

Neumann functions Ym(r), whose asymptotic behavior [99, 100, 112]

Jm(r >> m) '
√

2

πr
cos
(
r − mπ

2
− π

4

)
, (3.1.16)

Ym(r >> m) '
√

2

πr
sin
(
r − mπ

2
− π

4

)
. (3.1.17)

Their corresponding short-distance behavior is

Jm(kr) ∼ 1

m!

(
kr

2

)m
, (3.1.18)

and

Ym(kr) ∼

{
−Γ(m)

π
( 2
kr

)m, m > 0;

2
π
lnγEkr/2, m = 0,

. (3.1.19)

where γE = 0.577 is the Eulers constant. [For m < 0, we use J−m = (−1)mJm and

Y−m = (−1)mYm]. Thus for the wave regular at r = 0, one chooses Rm ∝ Jm(kr),

the solution of radial wave function Rkm normalized according to
∫∞

0
rdrRkmRk′m′ =

2πδm,m′δ(k − k′) [100, 112]:

Rkm =
√

2πk × Jm(kr) ∼
√

2

πkr
cos
(
kr − mπ

2
− π

4

)
. (3.1.20)
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Scattering amplitude and cross section

Now let us develop the elastic scattering theory for the 2D schrodinger fermions in

the presence of the axially symmetric potential V (r). Our objective is to express the

scattering amplitude and the cross section in terms of the scattering phase shifts for

the spherical waves of the form (3.1.15).

First we recall that in the nonrelativistic case, with the incident flux along the

x-direction, in two dimensional case the wave function far from the scatterer is su-

perposition of a plane wave and outgoing spherical wave, then the wave function has

the asymptotic form [100, 112]

ψ(r, ϕ) = eikx + f(ϕ)
eikr√
−ir

, (3.1.21)

where f is the 2D scattering amplitude. The differential and the total cross sections,

that have the dimensionality of length, are [100, 112]

dσ

dϕ
= |f(ϕ)|2 (3.1.22)

σtot =

∫ 2π

0

|f(ϕ)|2dϕ (3.1.23)

We have denoted the scattering cross section by σ, one way to find the scattering

amplitude f is to represent the wave function ψ in the spherical wave basis.

A solution of schrodinger equation for scattering in the potential V (r), must evi-

dently axially symmetric about the x-axis, the direction of the incident particles. Any

solution can be represented as superposition of wave function of different spectrum,

corresponding to motion, of particles with given energy E and orbital angular mo-

mentum, m and zero x-component; this functions are independent azimuthal angle ϕ
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around the x-axis, i.e they are symmetric. Thus the required wave function has the

form [100, 112]

ψ(r, ϕ) =
∞∑

m=−∞

AmRkm(r)Φ(ϕ), (3.1.24)

where Am are constants and the Rkm are radial functions satisfying the equation[
∂2

∂r2
+

1

r

∂

∂r
− m2

r2
+ k2 − 2mV (r)

~2

]
R(r) = 0. (3.1.25)

For each of the radial components Rkm the scattering phase shifts δm are then defined

by the asymptotic form of the solutions of Eq. (3.1.25)[100, 112]:

Rkm '
√

2

πkr
cos (∆m + δm) , (3.1.26)

where ∆m = kr − mπ
2
− π

4
.

Substituting the asymptotic form of the function (3.1.26) in (3.1.24), we obtain

the asymptotic expression for the wave function in the form

ψ(r, ϕ) =

√
2

πkr

∞∑
m=−∞

Ame
imϕ cos (∆m + δm) ,

=
1√

2πkr

∞∑
m=−∞

Ame
imϕ
(
ei(∆m+δm) + e−i(∆m+δm)

)
.

(3.1.27)

In the absence of the potential, the phase shift δm, must be zero and the wave

function should be of the form written below. Using the decomposition of the plane

wave

eikx = eikrcosϕ =
∞∑

m=−∞

imeimϕJm(kr),

'
√

2

πkr

∞∑
m=−∞

imeimϕ cos ∆m

=
1√

2πkr

∞∑
m=−∞

imeimϕ(ei∆m + e−i∆m).

(3.1.28)
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The coefficient Am must be chosen so that at large distance the function Eq.(3.1.27)

has asymptotic form Eq.(3.1.21). One can show that this implies that

Am =
im√

2
eiδm , (3.1.29)

and expressing the scattering amplitude in terms of the phase shifts in the two di-

mensional case

f(ϕ) =
1

i
√

2πk

∞∑
m=−∞

(e2iδm − 1)eimϕ, (3.1.30)

and finally the differential cross-section (3.1.22) becomes:

dσ

dϕ
=

2

πk

∞∑
m=−∞

eimϕe2iδm sin2 δm. (3.1.31)

Now we insert the obtained differential cross section into Eq. (3.1.23) and integration

gives the total cross section

σtot =
4

k

∞∑
−∞

sin2 δm, (3.1.32)

also we are interested in the transport cross section [99, 112]

σtr =

∫ 2π

0

|f(ϕ)|2(1− cos(ϕ))dϕ =
4

k

∞∑
−∞

sin2(δm+1 − δm) (3.1.33)

3.1.3 The 2D Born approximation

The scattering cross section can be calculated in a general form in a very important

condition, when the energy of the incident beam is large in comparison with the

magnitude of the potential energy, i.e |U | << E in Born approximation [100, 112].

We can start from the 2D schrodinger equation[
− ~2

2m
∇2 + V (ρ)

]
ψ(ρ) = Eψ(ρ), (3.1.34)
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in the form [
∇2 + k2

]
ψ(ρ) =

2m

~2
V (ρ)ψ(ρ), (3.1.35)

where k =
√

2mE/~2. The incoming plane wave Aeikρ is a solution to the equation

[
∇2 + k2

]
ψ(ρ) = 0. (3.1.36)

It is convenient to express the formal solution to (3.1.35) in the form

ψ(~ρ) = Aeikρ +
2m

~2

∫
d2ρ′G(~ρ, ~ρ′)V (ρ′)ψ(ρ′). (3.1.37)

The function G(ρ, ρ′) is Green’s function of differential equation (3.1.36) and itself

satisfies the differential equation. The Green function in (3.1.37) in the cylindrical

geometry is the first kind zeroth order Hankel function [111] given by

G(ρ, ρ′) = − i
4
H

(1)
0 (k|ρ− ρ′|). (3.1.38)

At (ρ′/ρ << 1), it has the asymptotic behaviour Hankel function

H
(1)
0 (k|ρ− ρ′|) ' 1− i√

πρk
eik(ρ−~ρ′.~n), (3.1.39)

where, ~n = ~ρ/ρ. Hence

G(ρ, ρ′) = − 1√
8πk

1√
−iρ

eik(ρ−~ρ′.~n), (3.1.40)

and

ψ(ρ) = Aeikρ − m

2π~2

∫
d2ρ′H

(1)
0 (kρ′)V (ρ′)ψ(ρ′). (3.1.41)

Generally, the range of the ρ′ integral is limited by the range of the potential energy

V (r′) to a microscopic distance. In order to determine the scattering amplitude, we
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need to examine the behavior of the wave function as ρ → ∞. In this case, since

ρ >> |ρ′|, we approximate

|ρ− ρ′| = ρ

(
1− 2uρ ·

ρ′

ρ
+
ρ′2

ρ2

)1/2

→ ρ

(
1− 2uρ ·

ρ′

ρ

)
, (3.1.42)

where we have neglected terms of order (ρ′/ρ). Thus in (3.1.42) we can make replace-

ment

1

|ρ− ρ′|
→ ρ

(
1− 2uρ ·

ρ′

ρ

)
→ 1

ρ
, (3.1.43)

since the terms that we are neglecting make a vanishing contribution to the integral

relative to the one that we have retained as ρ → ∞. However, within the exponent

all that matters is the value of the phase kρ modulo 2π, no matter how large ρ is.

Thus we need to retain both the first two terms in the expansion (3.1.42), namely,

eik|ρ−ρ
′| → e

ikρ
(

1−uρ· ρ
′
ρ

)
= eikρe−ikfρ

′
, (3.1.44)

where

kf = kuρ, (3.1.45)

points in the direction of the outgoing scattered wave. Again, the terms of order

(ρ′/ρ)2 can be safely neglected relative to the two terms that we have retained. With

these approximations, (3.1.41) in the asymptotic limit becomes

ψ(r) = Aeikρ − meikρ

2π~2ρ

∫
d2ρ′e−ikf .ρ

′
V (ρ′)ψ(ρ′), (3.1.46)

we are now ready for the Born approximation. As we remarked earlier, (3.1.46)

is an integral equation that involves the wave function ψ on the right side within

the integral, as well as on the left side. If the potential energy V were set to zero,
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the solution for ψ would be simply ψ = Aeikρ. This suggests that if magnitude of

the potential energy is small compared with the energy E, we can replace the wave

function ψ(ρ′) within the integral with that of incident wave. Then

ψ(ρ) = Aeikρ − m

2π~2

eikρ

ρ

∫
d2ρ′e−ikf .ρ

′
V (ρ′)ψ(ρ′). (3.1.47)

Comparing this equation with the general asymptotic expression (3.1.15) reveals that

the scattering amplitude is given in the Born approximation by

f(ϕ) = − m

2π~2

∫
d2ρ′V (ρ′)eiq.ρ

′
, (3.1.48)

where we have introduced the incident wave vector ki with magnitude k directed

along the x-axis, the direction of the incident wave. Note that the wave vector

~q = ~ki − ~kf = pi − pf is just the momentum transferred from the incident beam

to the target during the scattering process and that the scattering amplitude is, up to

an over all constant, just the Fourier transform of the potential energy with respect

to q.

3.2 Scattering theory for 2D Dirac electrons

3.2.1 Partial Wave Method

Equations for the radial functions

Next we concentrate on scattering problem of Dirac electrons by a radially symmetric

potential, and calculate the cross section for them to be scattered and deflected by

an angle ϕ. The elastic scattering of quantum relativistic charged particles by radi-

ally symmetric potential, V(r), in graphene was studied by Katsnelson and Novikov
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[99, 112]. In comparison with the conventional two-dimensional electron gas with

impurities [113]. We briefly review the theory in this section. We confine ourselves to

massless quasiparticles in monolayer graphene. It is instructive to compare the scat-

tering theory developed in those works with the two-dimensional scattering theory

for the Schrodinger equation (Adhikari, 1986). Thus, we will consider the stationary

Schrodinger equation

HΨ = EΨ, (3.2.1)

with the two-component spinor wave function

Ψ =

(
ψ1

ψ2

)
, (3.2.2)

and the Hamiltonian

H = −ivF~~σ · ∇+ V (r)1̂. (3.2.3)

Here vF is the velocity of electron in graphene, and V is a potential energy; we will

write explicitly the identity matrix 1̂ to show the spinor structure of the Hamiltonian.

Let us consider the two-dimensional case V = V (r) and ψi = ψi(r). Equation (3.2.1)

now takes the form

(−ivF~~σ · ∇+ V (r))

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
, (3.2.4)

where the potential V (r) is supposed to be isotropic.

The confinement of electrons in a finite region leads to a discrete energy spectrum.

Consider first the simplest case in which L is just a circle, r = R, where we pass to

the polar coordinates

x = r cosϕ,

y = r sinϕ.
(3.2.5)
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In these coordinates,

i~σ · ∇ = i

 0 e−iϕ
(
∂
∂r
− i

r
∂
∂ϕ

)
eiϕ
(
∂
∂r

+ i
r
∂
∂ϕ

)
0

 . (3.2.6)

Then (3.2.4) can be transform to following equations

−ivF~eiϕ
(
∂

∂r
+
i

r

∂

∂ϕ

)
ψ1 + V (r)ψ2 = Eψ2,

−ivF~e−iϕ
(
∂

∂r
− i

r

∂

∂ϕ

)
ψ2 + V (r)ψ1 = Eψ1,

(3.2.7)

and we can write the two-component wave function below and to try the solution in

the following form

ψ1(~r) = gl(r)e
ilϕ,

ψ2(~r) = fl(r)e
i(l+1)ϕ,

(3.2.8)

where l = 0,±1,±2, ... is the angular-momentum quantum number. Then the Dirac

equation, Eq. (3.2.7) reduces to the following set of coupled ordinary differential

equations for the radial wave function components

dgl(r)

dr
− l

r
gl(r)−

i

~vF
[E − V (r)]fl(r) = 0,

dfl(r)

dr
+
l + 1

r
fl(r)−

i

~vF
[E − V (r)]gl(r) = 0,

(3.2.9)

and to be specific, we will consider further the case of electrons with E = ~vFk > 0.

In two dimensions, the incident electron plane wave has the expansion

eikx = eikr cosϕ =
∞∑

l=−∞

ilJl(kr)e
ilϕ, (3.2.10)

where Jl(kr) are the Bessel functions (Whittaker and Watson, 1927). At large values

of the argument (kr >> 1), they have asymptotics

Jl(kr) =

√
2

πkr
cos ∆l, (3.2.11)
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where ∆l = kr − lπ
2
− π

4
.

Then, the incident electron plane wave at large values of the argument (kr >> 1)

has the expansion

eikx =

√
2

πkr

∞∑
l=−∞

il cos(∆l)e
ilϕ =

√
1

2πkr

∞∑
l=−∞

il
(
ei∆l + e−i∆l

)
eilϕ. (3.2.12)

The radial Dirac equation (3.2.9) with V (r) = 0 will be

dgl(r)

dr
− l

r
gl(r)−

i

~vF
Efl(r) = 0,

dfl(r)

dr
+
l + 1

r
fl(r)−

i

~vF
Egl(r) = 0.

(3.2.13)

And substitute one in to the other in Eqs.(3.2.13), we transform the two differential

equations of first order into two differential equation of second order:

[
d2

dr2
− l

r

d

dr
+ k2 − l2

r2
]gl(r) = 0,

[
d2

dr2
− l

r

d

dr
+ k2 − (l + 1)2

r2
]fl(r) = 0,

(3.2.14)

where k = E/~vF , the solutions of Eqs. (3.2.14) can be represented in the form

gl(r) = A
[
Jl(kr) +BY 1

l (kr)
]
,

fl(r) =
[
AJl+1(kr) +BY 1

l+1(kr)
]
,

(3.2.15)

where the terms proportional to Bessel (Neumann) functions describe incident (scat-

tering) waves. For a given l, the two independent solutions, which are proportional to

the Bessel and Neumann functions, Jl(kr) and Yl(kr), the latter having the asymp-

totics (kr >> 1)

Yl(kr) =

√
2

πkr
sin ∆l, (3.2.16)

but the Neumann functions Yl(kr) are divergent at r → 0. Instead, one can use

Hankel functions

H
(1,2)
l (kr) = Jl(kr)± iYl(kr), (3.2.17)
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with the asymptotics form of Hankel functions at (kr >> 1),

H
(1,2)
l (kr) =

√
2

πkr
exp [±i∆l] . (3.2.18)

Thus, the function H1
l describes the scattering wave and H2

l describes the wave falling

at the centre.

Scattering amplitude and cross section

The scattering theory for the 2D Dirac fermions in the presence of the axially symmet-

ric potential V (r) can be solved as follows. We will express the scattering amplitude

and the cross section in terms of the scattering phase shifts for the spinor spherical

waves of the form (3.2.2). The relativistic 2D wave function, with the incident flux

along the x-direction, has the asymptotic form

Ψ ' eikx

(
1

1

)
+

(
f1

f2

)
1√
−ir

eikr. (3.2.19)

If we assume that the potential perturbation, V (r) depends only on the radial coor-

dinate and that the number of particles are conserved by the potential (the flux of

incoming particles is matched by the flux of outgoing), when the potential is suffi-

cient short-ranged (decreasing faster than 1/r), we can represent the solution of Eqs.

(3.2.9) in a more conventional way, via scattering phases δl (Newton, 1966; Adhikari,

1986).

The ordinary deferential equations for the radial wave function components, (3.2.9),

for non zero radially symmetric potential has a solution which are determined via the

asymptotics of radial solutions at kr >> 1,

gl(kr) ∝
1√
kr

cos (∆l + δl) , (3.2.20)
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fl(kr) ∝
1√
kr

sin (∆l + δl+1) . (3.2.21)

The spinor wave function (3.2.2) is represented in the basis [99, 100, 112]

Ψ =
∞∑

l=−∞

Al

(
gl(r)e

ilϕ

fl(r)e
i(l+1)ϕ

)
, (3.2.22)

Rewriting the asymptotic of this component of Eqs. (3.2.20) and (3.2.21) as

gl(kr) =
2√
kr

∞∑
l=−∞

Al cos(∆l + δl)

=
1√
2kr

∞∑
l=−∞

Al
(
ei(∆l+δl) + e−i(∆l+δl)

)
,

(3.2.23)

fl(kr) =
2√
kr

∞∑
l=−∞

Al sin(∆l + δl+1)

=
−i√
2kr

∞∑
l=−∞

Al
(
ei(∆l+δl+1) − e−i(∆l+δl+1)

)
.

(3.2.24)

Following from the conservation of particle flux, Al = (e2iδl(k)−1)/2, defining the par-

tial wave scattering amplitudes. Physically, the incoming component of the spherical

wave is undisturbed by the potential while the separate components of the outgoing

spherical wave are subject to a set of phase shifts, δl(k). Recast in the form of a

perturbation.

Let us calculate now the scattering cross-section. The wave function of a free

electron propagating along the x axis i.e the incident wave propagating along the

x-axis we have

Ψ(0) =
1√
2

(
1

1

)
eikx, (3.2.25)

where the numerical factor provides normalization of the incident current:

j(0)
x = [Ψ(0)]+σxΨ

(0) = 1. (3.2.26)
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Thus, one can choose A = 1/
√

2 in Eq. (3.2.15). Taking into account Eqs. (3.2.15)

and (3.2.18), one finds for the asymptotic of the scattering waves at large distances

Ψsc ≈
1√
πkr

exp

(
ikr − iπ

4

) ∞∑
l=−∞

Al

(
exp[i(l + 1)ϕ]

exp[ilϕ]

)
. (3.2.27)

The current operator in the direction n = ~r/r is

ĵn =

(
0 e−iϕ

e−iϕ 0

)
, (3.2.28)

which gives us for the scattering current

j(sc) = Ψ+
scĵnΨsc =

2

πkr
|F (ϕ)|2, (3.2.29)

where

F (ϕ) =
∞∑

l=−∞

Ale
ilϕ. (3.2.30)

Equation (3.2.29) gives for the differential cross-section

dσ

dϕ
=

2

πkr
|F (ϕ)|2. (3.2.31)

The Dirac equation (3.2.9) for the massless case has an important symmetry with

respect to the replacement f ↔ g, l ↔ −l − 1, which leads to the result

Al(k) = A−l−1(k). (3.2.32)

Taking into account Eq. (3.2.32), the equation (3.2.31) can be rewritten in the final

form (Katsnelson and A Giem, 2008)[22]

dσ

dϕ
=

8

πk

∣∣∣∣∣
∞∑
l=0

Al cos

[
(l +

1

2
)ϕ

]∣∣∣∣∣
2

. (3.2.33)
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It follows immediately from Eq. (3.2.33) that dσ/dϕ = 0 at ϕ = π, that is, backscat-

tering is absent. This is in agreement with the general considerations of Section

4.2.

If we have 2D carrier concentration of, n , then, according the standard semiclas-

sical Boltzmann theory (Ziman, 2001; Shon and Ando, 1998), their contribution to

the resistivity is

ρ =
2

e2v2
FN(EF )

1

τ(kF )
,

1

τ(kF )
= nimpvFσtr, (3.2.34)

where τ(kF ) is the mean-free-path time and vF and kF are the Fermi velocity and

wavevector (the Fermi wavevector is given by kF = (πn)1/2)), N(EF ) is density of

states at the Fermi level,

σtr =

∫ 2π

0

dϕ
dσ

dϕ
(1− cos(ϕ)) (3.2.35)

is the transport cross-section. The applicability of the semiclassical Boltzmann

theory to quantum relativistic particles in graphene is not clear.



Chapter 4

Electron Scattering in Graphene
by impurities with Electric and
Magnetic Dipole Moments

4.1 Introduction

The elastic electron scattering in graphene by different type of scatterers has been

intensively studied since its experimental discovering ([99] and references there). It

is known that the backscattering cross section of massless electrons by the impurities

with radially symmetric potentials is equal to zero. But it is not true for the scatter-

ing by electric and magnetic dipoles that possess non radially symmetric potentials.

Nonzero backscattering can considerably increase the transport cross section that has

a much larger effect on current than the small-angle scattering [114].

The electron scattering in graphene has been studied via scattering phases [99, 112]

and with the help of 2D Born approximation [112, 115, 116, 117]. It is interesting that

there are many different versions of 2D Born approximation proposed including the

”self-consistent Born approximation” [118]. Various mechanisms of electron scattering

of massless Dirac fermions have been discussed in [22].

73
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To study the electron scattering cross section by electric and magnetic dipoles, we

developed our version of the Born approximation for the one layer graphene based on

results of [100]. The calculated cross sections are not zero for the backscattering in

both cases. Our analysis shows that the scattering by electric dipoles is more efficient

than the scattering by magnetic dipoles. But only very large nanomagnetic impu-

rities with gigantic magnetic moments [119] can provide the scattering cross section

comparable with that one by the electric dipoles. A comparison of the transport

cross sections by Coulomb potential and by electric dipoles shows that they could be

comparable.

The chapter is designed as follows. In Section 4.2, we present the Born approxi-

mation for the scattering problems on the basis of 2D Dirac like equation of massless

electrons. In Section 4.3, we calculate the electron cross section by an impurity with

radially symmetric electrostatic potential to compare our result with the known re-

sults [112]. In Sections 4.4 and 4.5, we consider the electron scattering by the impurity

with electric and magnetic dipole moments, respectively. In Section 4.6, we analyze

and compare the obtained transport cross sections. The conclusion (Section 4.7)

summarizes the chapter.

4.2 Born approximation

In this Section we try to develop the Born approximation of the Dirac equation in

the presence of external field. In doing so, we shall consider cases with a remark-

able consequence of the relativistic massless electrons in graphene and the Dirac like

equation in crossed magnetic and electric fields, where the magnetic field remains

perpendicular to the graphene sheet and the electric field is applied in the plane. The
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Hamiltonian of 2D motion of the massless electron in graphene in the external field

U can be written as [103]

Ĥ = vF σ̂ · (p̂−
e

c
A) + U, (4.2.1)

where vF is the Fermi velocity, σx =

(
0 1

1 0

)
and σy =

(
0− i
i 0

)
are the Pauli

matrices, e and c are the electron charge and speed of light in vacuum, respectively;

p̂ is 2D momentum operator, A is the vector potential. The Schrodinger equation

corresponding to the Hamiltonian (1)

ĤΨ = EΨ, (4.2.2)

with

Ψ =

(
ψ1

ψ2

)
(4.2.3)

can be presented as a system of coupled equations

vF π̂+ψ1 = (E − U)ψ2, (4.2.4)

vF π̂−ψ2 = (E − U)ψ1, (4.2.5)

where ψ1, ψ2 are the wave functions,

π̂± = p̂± −
e

c
A±,

p̂± = p̂x ± ip̂y,

A± = Ax ± iAy,

(4.2.6)

with p̂x, p̂y and Ax, Ay are the components of the momentum operator and the vector

potential, respectively. The wave functions ψ1 and ψ2 in the above two-equations can
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be written as

ψ2 =
vF

(E − U)
π̂+ψ1, (4.2.7)

ψ1 =
vF

(E − U)
π̂−ψ2. (4.2.8)

Substitution of ψ2 from equation (4.2.6) into (4.2.5) and ψ1 in equation (4..2.7) into

(4.2.4) allows one to separate the system of coupled equations as follows;

π̂−
1

(E − U)
π̂+ψ1 =

E − U
v2
F

ψ1, (4.2.9)

π̂+
1

E − U
π̂−ψ2 =

E − U
v2
F

ψ2. (4.2.10)

In the scattering problems we are interested in the solutions of these equations far from

the scattering center, where the energy of the incident electrons E is much greater than

the average potential energy of the scattering center Ū . The Born approximation is

valid in this case. And for |Ū |/E < 1, equations (4.2.9) and (4.2.10) can be presented

as follows

π̂−

{
1 +

U

E
+

U2

(E)2
+ ...

}
π̂+ψ1 =

E2

v2
F

(
1− U

E

)
ψ1, (4.2.11)

π̂+

{
1 +

U

E
+

U2

(E)2
+ ...

}
π̂−ψ2 =

E2

v2
F

(
1− U

E

)
ψ2. (4.2.12)

In the scattering problems, the terms containing the vector potential A and U are

being small compared to the energy of electron E. We put them in the right hand

side of equations (4.2.11), (4.2.12) keeping only terms linear on U/E and obtain the

following equations:{
π̂−π̂+ −

E2

v2
F

}
ψ1 = −

(
π̂−
U

E
π̂+ +

EU

v2
F

)
ψ1, (4.2.13)

{
π̂+π̂− −

E2

v2
F

}
ψ2 = −

(
π̂+
U

E
π̂− +

EU

v2
F

)
ψ2. (4.2.14)
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Taking into account the explicit expressions of π̂+ and A± (see their definitions equa-

tion (4.2.6)), one can show that

π̂−π̂+ = p̂2 +
e2

c2
A2 − e

c
[2A · p̂ + ~Bz],

[π̂+, π̂−] = 2
e~
c
Bz,

(4.2.15)

where Bz = (∇×A)z is the z component of the magnetic field and [π̂+, π̂−] denotes

a commutator. Here we chose the Coulomb gauge

∇ ·A = 0. (4.2.16)

Using the above equations (4.2.12), (4.2.13) and (4.2.14) we obtain the following;

(∇2 + k2)ψ1 =
1

~2

{
e2

c2
A2 − e

c
[2A · p̂+ ~Bz] +

EU

v2
F

+ π̂−
U

E
π̂+

}
ψ1, (4.2.17)

(∇2 + k2)ψ2 =
1

~2

{
e2

c2
A2 − e

c
[2A · p̂− ~Bz] +

EU

v2
F

+ π̂+
U

E
π̂−

}
ψ2. (4.2.18)

We can write the above equations in compressed form as follows for functions ψ1,2

(∇2 + k2)ψ1,2 = V̂1,2ψ1,2. (4.2.19)

Here we introduced the wave vector k = E/(~vF ) and operator

V̂1,2 =
1

~2

{
e2

c2
A2 − e

c
[2A · p̂± ~Bz] +

EU

v2
F

+ π̂∓
U

E
π̂±

}
. (4.2.20)

It consists of two parts: terms associated with the vector potential A and the cor-

responding component of magnetic field Bz transversal to the graphene plane, and

terms associated with the potential energy of electron U. It is worth noting that

this part of V1,2 contains the space derivatives of U . The two equations (4.2.19) are

independent and specify the wave functions ψ1,2 of electrons belonging to different

sublattices of graphene.
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At large distances from the scattering center due to the smallness of the operator

V̂1,2, the functions ψ1,2 can be presented as

ψ1,2 = ψ
(0)
1,2 + ψ

(1)
1,2, (4.2.21)

where ψ
(1)
1,2 are the small corrections to the functions ψ

(0)
1,2, which satisfy equations

(4.2.19) with the zeroth right hand side, i.e

(∇2 + k2)ψ
(0)
1,2 = 0. (4.2.22)

If the beam of incident electrons propagates along the x− axis, then ψ
(0)
1,2 = 1/

√
2 exp(ikx).

The incident wave function can be written as

Ψinc(x) =

(
ψ

(0)
1

ψ
(0)
2

)
=

1√
2

(
1

1

)
exp(ikx), (4.2.23)

The factor 1/
√

2 provides the normalization of the wave function (4.2.22) to unity.

The wave functions ψ
(1)
1,2 satisfy the equations

(∇2 + k2)ψ
(1)
1,2 = V̂1,2ψ

(0)
1,2. (4.2.24)

At large distances from the scattering center, ψ
(1)
1,2 have the form

Ψsc =

(
ψ

(1)
1

ψ
(1)
2

)
=

exp(ikr)√
r

(
f1(ϕ)

f2(ϕ)

)
. (4.2.25)

The functions f1,2(ϕ) are analogous to the scattering amplitudes with the scattering

angle ϕ. They have dimension of the square root of length and are controlled by the

scattering mechanism.

Let us now consider the differential cross section, the differential scattering cross

section is defined as the scattering intensity per unit solid angle per unit incident flux.

For the case of graphene where the electrons are confined to a thin sheet, reducing
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the dimension from three to two, the 2D differential cross section or the differential

cross length is a ratio of the scattered current Jsc through the elementary length dl

(transversal to the radius vector r) and the incident current Jinc

dσ(ϕ) =
Jsc
Jinc

dl. (4.2.26)

The incident current is directed along the x− axis and equals to

Jinc = vFΨ+
incσ̂xΨinc = vF . (4.2.27)

The scattered current can be calculated as

Jsc =
√
J2
x + J2

y , (4.2.28)

where Jx and Jy are the components of the scattered current given by

Jx = vFΨ+
scσ̂xΨsc,

Jy = vFΨ+
scσ̂yΨsc.

(4.2.29)

With the help of the wave functions (4.2.25), we obtain

Jx =
2vF
r
Re[f1(ϕ)∗f2(ϕ)],

Jy =
2vF
r
Im[f1(ϕ)∗f2(ϕ)].

(4.2.30)

The differential cross section (4.2.26) with account of (4.2.27) and (4.2.30) can be

presented as

dσ(ϕ)

dϕ
= 2|f1(ϕ)∗f2(ϕ)|. (4.2.31)

This formula will be used below for obtaining the cross section of electron scattering

in graphene by impurities with nonsymmetric scattering potentials.
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4.3 Scattering by impurity with radially symmet-

ric electrostatic potential

Although our main interest will be electron scattering by magnetic and electric

dipoles, here we shall briefly consider the electron scattering by impurity with ra-

dially symmetric electrostatic potential. We consider this, to see how our equation

coincides with the obtained results. Let us begin to calculate the electron scattering

cross-section by a nonmagnetic impurity with the radially symmetric electrostatic

potential U(r). In this case, operator (4.2.20) with account of A = 0 takes the form

V̂1,2 =

(
U

E
k2 +

1

~2
p̂∓
U

E
p̂±

)
. (4.3.1)

It is convenient to use the rectangular coordinate system with the x− axis along

the incident electron beam. With account of the explicit form of ψ
(0)
1,2 (4.2.23), equa-

tions (4.2.24) can be written as

{∇2 + k2}ψ(1)
1,2 = V1,2(r)

1√
2

exp[ikx], (4.3.2)

where

V1,2(r) =
k

E
[2k + (−i ∂

∂x
∓ ∂

∂y
)]U(r). (4.3.3)

Now we can use the results [100] of 2D scattering problem and write down f1,2(ϕ) in

the following form

f1,2(ϕ) = − 1

4
√
πk

∫
exp(−iq · r′)V1,2(r′)d2r′, (4.3.4)

where ~q is a transferred momentum under scattering and V1,2 is given by (4.3.3).

Integral (4.3.4) can be done presenting U(r) in the form of 2D Fourier transform

U(r) =
1

(2π)2

∫
U(g) exp(ig · r)d2g. (4.3.5)
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Substituting (4.3.5) in (4.3.3) and performing integration in (4.3.4) over d2r′, we get

δ(q− g). Subsequent integration over d2g gives

f1,2(ϕ) = − U(q)

4~vF
√
πk

[2k + qx ∓ iqy]. (4.3.6)

Here U(q) is the Fourier transform of U(r) according to (4.3.5).

In the coordinate system with the x− axis along the wave vector k of the incident

electrons qx = −q sinϕ/2, qy = q cosϕ/2 (see Fig.4.1). With the help of q =

2k sinϕ/2, we obtain

 

'φ  

'y  

y

'rr  

qr  

x  

'x  

•

φ  yq  

xq  

2/ϕ  

Figure 4.1: The coordinate system x, y (the incident beam electrons is along x− axis)
and the coordinate system x′, y′ (vector q is along the y′− axis). The projections of
q on axes x and y are qx = −q sinϕ/2 and qy = q cosϕ/2. The vector r in coordinate
system x− y is vector r’ in the system x′.y′. It is seen that φ′ + φ− ϕ/2 = π/2.

f1,2(ϕ) = −U(q)

4~vF

√
k

π
(1 + exp(∓iϕ)). (4.3.7)

The differential cross section of the electron scattering by the radially symmetric

potential U(r) according to (4.2.31) and (4.3.7) takes the form

dσ(ϕ)

dϕ
=
k|U(q)|2

2π~2v2
F

cos2 ϕ/2. (4.3.8)
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It coincides with corresponding result [112] obtained in a different way. It is clear

that the cross section (4.3.8) is equal to zero for the backscattering

dσ(ϕ)

dϕ
|ϕ=π = 0. (4.3.9)

Next, we consider the electron scattering in graphene by the impurities with non

radially symmetric potentials and show that the backscattering cross section does not

equal to zero.

4.4 Scattering by impurity with electric dipole mo-

ment

An impurity possessing an electron dipole moment is modeled by a sphere of radius

ae with a built in point dipole de. The potential of the electron - dipole interaction in

the coordinate system with the x− axis along the incident beam of electrons is given

by

U =
ede
ρ3

[x cosα + y sinα] =
ede
ρ2

cos(φ− α), (4.4.1)

where ρ =
√
x2 + y2 is the radius vector of electron, α and φ are the angles between

the x− axis and dipole moment and vector ρ, respectively.

Further, it will be convenient to use the dimensionless coordinates r = ρ/ae. In

this case, we again have to solve equations (4.3.2) for electric dipole potential given

by (4.4.1). To do that let first simplify the operator V1,2 in the left hand side of

equation(4.4.1), which is given by the expression with in (4.3.3).

In view of the geometry of the profiles we consider polar coordinates. This is

accomplished by the relations x± iy = re±iφ, p± = e±iφ[∂/∂r± (i/r)∂/∂φ]. Then we
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can write (4.3.3) in the form

V1,2(r) =
k

E
[2k + (−i ∂

∂r
∓ 1

r

∂

∂φ
)]U(r). (4.4.2)

Inserting equation(4.4.1) in to (4.4.2), using the dimensionless coordinates r = ρ/ae,

we get the following

V1,2 = i
k̄eU0

2
√

2Er3

{
−4ik̄er cos(φ− α) + e∓iα + 3e∓i(2φ−α)

}
, (4.4.3)

where U0 = ede/a
2
e and k̄e = kae. This result is obtained with the help of (4.4.1) with

account of (4.4.2). The quantities f1,2 are given by (4.3.4). The integration in (4.3.4)

is convenient to perform in a new coordinate system with the y′− axis along the

vector q. It is obtained by anticlockwise rotation of the initial coordinate system x, y

by the angle ϕ/2. In this system the dot product in the exponent of (4.3.4) becomes

iq̄r′ cosφ′, where φ′ = π/2− (φ− ϕ/2) (see Fig.4.1). Here q̄ = qae.

f1,2(ϕ) = −i U0

8
√

2πk~vF

∫ ∫
d2r′

r′3
e(−iq̄r′ cosφ′)

{
−4ik̄er

′ cos(φ′ − α) + e∓iα + 3e∓i(2φ
′−α)
}
,

(4.4.4)

f1,2(ϕ) = −i U0

8
√

2πk~vF
[−4ik̄e

∫
dr′

r′

∫ 2π

0

dφ′e(−iq̄r′ cosφ′) cos(φ′ − α)+

e∓iα
∫
dr′

r′2

∫ 2π

0

dφ′e(−iq̄r′ cosφ′) + 3e±iα
∫
dr′

r′2

∫ 2π

0

dφ′e−i(q̄r
′ cosφ′±2φ′)],

(4.4.5)

The integration over φ′ in (4.4.5) is carried out with the help of the relation [111]

Jn(z) =
i−n

2π

∫ 2π

0

dφ′ exp[i(z cosφ′ + nφ′)], (4.4.6)

where Jn(z) is the first kind Bessel function with an integer n. The subsequent

integration over dr′ gives the modified bessel functions functions [Appendex D]. The
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final result can be written as

f1,2(ϕ) = −iλe
√
ae
k̄
{exp(∓iα)I0(q̄) + 4k̄ sin(ϕ/2− α)I1(q̄) + 3 exp[±i(α− ϕ)]I2(q̄)},

(4.4.7)

where λe = ede
√
π/(4~vFae) is dimensionless and we introduced the following deno-

tations

I0(q̄) = q̄

∫ ∞
q̄

J0(z)
dz

z2
,

I1(q̄) =

∫ ∞
q̄

J1(z)
dz

z
,

I2(q̄) = q̄

∫ ∞
q̄

J2(z)
dz

z2
.

(4.4.8)

The lower limit of integrals (4.4.8) is chosen with account of the finiteness of the

impurity radius ae.

The differential cross section of the scattering by electric dipole (4.2.31) with

account of (4.4.7) takes the form

dσ

dϕ
= λ2

e

ae
k̄

[I2
0 + 16k2I2

1 sin2(
ϕ

2
− α) + 9I2

2 + 8kI0I1 sin(
ϕ

2
− α) cosα + 6I0I2 cos(2α− ϕ)

+24kI1I2 cos(ϕ− α) sin(
ϕ

2
− α)],

(4.4.9)

In the case of random orientation of the dipole moments of impurities, (4.4.9) simpli-

fies after averaging over α :

〈dσ
dϕ
〉 = λ2

e

ae
k̄

[I2
0 + 9I2

2 + 8k2I2
1 + 4kI1 sin

ϕ

2
(I0 − I2)], (4.4.10)

Fig.4.2 depicts the differential cross section versus angle for electric dipole scatter-

ing. It is interesting to consider what happens when ϕ = π, Eqs. (4.4.9) and (4.4.10)

give a nonzero backscattering cross section. In particular,

〈dσ
dϕ
〉 |ϕ=π= λ2

e

ae
k̄

[I2
0 + 9I2

2 + 8k2I2
1 + 4kI1(I0 − I2)]. (4.4.11)
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Figure 4.2: Differential cross section versus scattering angle ϕ for electric dipole
potential, and at ϕ = π, give a nonzero backscattering cross section

It is known from the general theory of scattering [100] that the scattering cross

section of fast particles k̄ >> 1, is relatively small and nonzero only for small scatter-

ing angles ϕ << 1, when q̄ = 2k̄ sinϕ/2 ∼ 1. The integrals in (4.4.8) fast decreasing

with q̄ confirming this property of the scattering. They can be rewritten as

I0(q̄) = J0(q̄)− q̄I1(q̄),

I1(q̄) = 1−
∫ q̄

0

J1(z)
dz

z
,

I2(q̄) = q̄[
1

3
−
∫ q̄

0

J2(z)
dz

z2
].

(4.4.12)

The first relation of (4.4.12) is obtained by integration of I0 (4.4.8) by parts and

using J1(z) = −dJz/dz. The second and third relations obtained with the help of∫∞
q̄
J1(z)dz/z = 1 −

∫ q̄
0
J1(z)dz/z and

∫∞
q̄
J2(z)dz/z2 = 1/3 −

∫ q̄
0
J2(z)dz/z2. For

q̄ << 1, the integration in (4.4.12) can be performed with the help of power series
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expansion of the Bessel function [111]

Jn(z) =
∞∑
s=0

(−1)s

s!(n+ s)!

(z
2

)n+2s

. (4.4.13)

Keeping the terms up to q̄2 in (4.4.13), we obtain

I0(q̄) = 1− q̄ +
q̄2

22
+ ...,

I1(q̄) = 1− q̄

2
+ ...,

I2(q̄) =
q̄

3
− q̄2

23
+ ....

(4.4.14)

Substituting these expansions in (4.4.10), we get

〈dσ
dϕ
〉 = λ2

e

ae
k̄
{1 +

2

3
(kae)

2[5 + 7 cos2 ϕ

2
]}. (4.4.15)

It is seen that the differential cross section (4.4.15) for slow electrons kae << 1 is

practically isotropic and inversely proportional to the wave vector k of the incident

electrons.

4.5 Scattering by impurity with magnetic dipole

moment

We now turn our attention to the interaction between the electron and the magnetic

dipole moment. An electron moving in the magnetic field B of the magnetic impurity

described by the vector potential A is subjected to the Lorentz force acting on its

charge. This interaction is described by the first and second terms in operator (4.2.20).

The magnetic field also interacts with the intrinsic magnetic moment of electron me,

which is described by the potential

U = −me ·B, (4.5.1)
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where |me| = µB is the Bohr magneton. It enters in the last two terms of (4.2.20).

Let us model the magnetic impurity by a sphere of radius am with a built in point

magnetic moment dm. The vector potential of the dipole magnetic field is

A =
1

a2
m

dm × r

r3
. (4.5.2)

Here we again use the dimensionless coordinate r and measure the distance in units

of am. The vector potential of the magnetic dipole transversal to the graphene plane

has two components

Ax = −dm
a2
m

y

r3
, Ay =

dm
a2
m

x

r3
. (4.5.3)

The vector potential (4.5.2) satisfies the condition of the Coulomb gauge (4.2.16).

The magnetic field of the dipole B = ∇×A has only one nonzero component Bz

Bz = − dm
a2
mr

3
. (4.5.4)

To find f1,2(ϕ) that control the scattering cross section, it is necessary to specify

the operator V̂1,2 (4.2.20) in equations (4.2.24). With account of (4.5.3) and (4.5.4)

after ignoring small terms proportional A2 and U, we get

V̂1,2(r) = −λ1

r3
[2L̂z ± 1], (4.5.5)

where λ1 = edm/(amc~) is the dimensionless coupling parameter and L̂z = i(y∂/∂x−

x∂/∂y) is z projection of the dimensionless angular momentum operator. Equation

(4.3.4) contains V1,2 that is obtained by acting operator (4.5.5) on the wave functions

(4.2.23). The result reads

V1,2(r) =
λ1

r3
√

2
[2yk̄ ∓ 1]. (4.5.6)
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The integrals (4.3.4) in this case take the form

f1,2(ϕ) = −
λ1
√
am

4
√
πk̄

∫
exp(−iq̄r′)× [2k̄y′ ∓ 1]

d2r′

r′3
. (4.5.7)

Here q̄ = qam is the dimensionless transferred momentum.

The integration in (4.5.7) is performed in the same coordinate system as in the

previous section with the y′− axis along the vector q. (see Fig.4.1). Passing to the

cylindrical coordinates r′, φ′ with y′ = r′ cos(φ′ − ϕ/2), we rewrite (4.5.7) as follows

f1,2(ϕ) = −
λ1
√
am

4
√
πk̄

∫ ∞
1

dr′

r′2

∫ 2pi

0

exp(−iq̄r′cosφ′)[2k̄r′ cosφ′ cosϕ/2∓ 1]. (4.5.8)

The term with ∼ sinφ′ sinϕ/2 gives no contribution to integral (4.5.8). The integra-

tion over r′ is taken from 1 (in the dimension coordinates it corresponds to integration

from a radius a of the manomagnet). Acting in same manner as in the previous sec-

tion, we obtain

f1,2(ϕ) =
λ1

2

√
amπ

k̄
[2ik̄ cos

ϕ

2
I1(q̄)± I0(q̄)], (4.5.9)

where I0(q̄) and I1(q̄) are given by the first two expressions of (4.4.12).

With the help of (4.2.31) and (4.5.9), we obtain the differential cross-section of

electron scattering by the magnetic impurity

dσ(ϕ)

dϕ
= λ2

m

am
k̄

[4I2
1 (q̄)k̄2 cos2 ϕ

2
+ I2

0 (q̄)]. (4.5.10)

Here we introduced λm = edm
√
π/(2amc~) to be consistent with the previous section.

From (4.5.10) one can see that the backscattering cross section

dσ(ϕ)

dϕ
|ϕ=π = λ2

m

am
k̄
I2

0 (2), (4.5.11)

is not equal to zero.
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Figure 4.3: Differential cross section versus scattering angle ϕ for magnetic potential,
and at ϕ = π, gives a nonzero backscattering cross section

From Fig 4.3 we can see that the differential cross section versus angle ϕ. The

electron scattering by magnetic impurities may be important for the slow electrons

k̄ = kam << 1. For the fast electrons k̄ >> 1 this type of scattering gives negligible

contribution. To see the dependence of cross-section (4.5.10) on ϕ in the limit k̄ << 1,

we use the first two relations of (4.4.14). The result reads

dσ(ϕ)

dϕ
= λ2

m

am
k̄
{1− 4k̄ sinϕ/2 + 2k̄2[2 + sin2 ϕ/2]}. (4.5.12)

The cross section (4.5.12) comparing with cross section (4.4.15) contains linear term

∼ k̄ = kam. For very slow electrons kam << 1, it is practically isotropic as (4.4.15).
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Figure 4.4: Differential cross section versus scattering angle ϕ for coulomb potential,
and at ϕ = π, give a nonzero backscattering cross section

4.6 Transport cross section

The transport cross section or transport scattering length in 2D problems is the

quantity which controls the collision time that enters in all kinetic coefficients. It is

given by the relation (3.2.35)

σtr =

∫ 2π

0

(1− cosϕ)
dσ

dϕ
dϕ. (4.6.1)

For slow electrons, it can be obtained analytically by substitution of (4.4.15) and

(4.5.12) into (4.6.1) and integration over dϕ. The transport cross sections by the

electric and magnetic dipoles are given by

σ
(e)
tr = λ2

e

2πae
k̄
{1 +

9

2
k̄2} (4.6.2)

and

σ
(m)
tr = λ2

m

πam
k̄

[1− 4k̄ sinϕ/2 + 2k̄2(2 + sin2 ϕ/2)]. (4.6.3)
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Figure 4.5: Compare the differential cross section by electric dipole (curve ”ele”),
electric charge (curve ”coul”), and magnetic dipole (curve ”mag”) versus scattering
angle ϕ.

The ratio of these quantities in the limit k̄ = kae,m << 1 is equal to

σ
(e)
tr

σ
(m)
tr

=
1

2
{ c
vF

de
dm

am
ae
}2. (4.6.4)

The large ratio c/vF ≈ 300 results in that the transport cross section of electric

dipoles always dominates over the transport cross section of magnetic dipoles.

Even the nanomagnet impurities with the gigantic magnetic dipole moments can-

not change the sign of inequality

σ
(e)
tr

σ
(m)
tr

>> 1. (4.6.5)

We can estimate the magnetic moment of these nanoinclusions as dm = NnµB4πa3
m/3

(where N is a number of Bohr magnetons µB per atom, n = 1022cm−3 is the density

number of atoms of nanomagnet). Taking a number N = 10 [119] and am = κ10−7cm,
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Figure 4.6: The electron transport cross section by electric dipole (curve ”ele”), elec-
tric charge (curve ”coul”), and magnetic dipole (curve ”mag”) versus dimensionless
wave vector k̄.

(κ the radius of nanomagnet in nm)and µB = 10−20, we get dm ≈ κ310−18. The typical

value of the electric dipole moment is de = 10−18 and we set ae = 10−8cm. With these

parameters, we get

σ
(e)
tr /σ

(m)
tr = 50[c(vFκ

2)] >> 1, (4.6.6)

even for the large nanomagnets of the order of 10nm.

It would be interesting to compare the transport cross sections of electric dipoles

and charged impurities. The latter is formed by the Coulomb scattering potential

U(r) = −Ze2/r. For evaluation we neglect the screening effects. The Fourier com-

ponent of U(r) in 2D case is U(q) = − (πZe2/k) sinϕ/2. According to (4.3.8), the

electron differential cross section is

dσ(c)

dϕ
=

πZ2e4

2~2v2
Fk

cot2 ϕ/2. (4.6.7)
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The corresponding transport cross section is obtained by substitution (4.6.7) into

(4.6.1). After integration over dϕ we get

σ
(c)
tr =

λ2
c

k
, (4.6.8)

where λc = πZe2/(~vF ). Comparing (4.6.2) for kae << 1 and (4.6.8), we get

σ
(c)
tr

σ
(e)
tr

= 4πZ2 eae
de
. (4.6.9)

If Z = 1 and eae = de then the ratio of the transport cross sections of charged and

polar impurities for slow electrons is 4π.

For not so slow electrons kae,m ≤ 1, the differential cross sections (4.4.10) and

(4.5.10) and corresponding transport cross sections can be analyzed numerically. In

Fig.2, we present the normalized transport cross sections σ
(c,e,m)
tr divided by λ2

cae, λ
2
e2πae, λ

2
mπam,

respectively, versus k̄. These curves are denoted by letters coul, ele,mag. It is seen

that σ
(c)
tr and σ

(e)
tr are comparable for 0.25 < k̄ < 1. This allows us to claim that the

electron scattering by the impurities with electric dipoles must be taken into account

while analyzing the electron mobility in graphene.

4.7 Conclusion

The analysis of the electron scattering by the impurities with electric and magnetic

dipole moments in graphene has shown the electric dipoles are more effective scat-

terers even compared with nanomagnet impurities with gigantic magnetic moments.

The electron transport cross section of the polar impurities can be comparable with

the transport cross section of charged scatterers with the symmetric Coulomb poten-

tial. The reason of this is that the backscattering cross section of electrons by polar
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impurities is different from zero. The polar impurities are widespread and can affect

the electron mobility in graphene along with the charged impurities.

In this chapter, we consider the magnetic impurities with magnetic moment transver-

sal to the graphene plane. In this case the dominant interaction of an electron with

the magnetic field of the dipole is described by the vector potential A in (4.2.20) and

spin independent. However, the electron - magnetic dipole interaction U (4.5.1) is

spin dependent. It can be important for the magnetic dipoles parallel to the graphene

plane. In this case, instead of two component electron wave function (4.2.3), we deal

with the four component wave function that is dictated by two possible electron spin

orientations. The electron scattering cross section is spin dependent. The problem

of electron spin dependent scattering by nanomagnets in 2DEG has been studied in

[120]. Our preliminary calculations of the scattering cross section by the nanomag-

nets located over the graphene plane shows its anisotropy with respect to the spin

orientation.
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Chapter 5

Electron Scattering in Graphene
by Remote Nanomagnet

5.1 Introduction

It is known that the electron scattering by charged impurities in graphene is dominant

over all other mechanisms scattering but does not considerably affects the very high

mobility of charge carriers in graphene [99]. The electron scattering in graphene by

impurities with electric and magnetic dipoles have been studied in chapter 4 with the

help of the modified Born approximation. It was shown that the non symmetric scat-

tering potential of these impurities causes the nonzero backscattering cross sections.

The scattering effects of the magnetic dipoles is negligible due to the comparative

smallness of magnetic moments of natural atoms and molecules.

Modern technology enables to manufacture nanomagnets with anomalous mag-

netic moments that reportedly can be more than 10 Bohr magnetons per atom of

the nanomagnet [122, 123]. In this chapter, we consider the elastic electron scatter-

ing in graphene by the nonhomogeneous magnetic field of remote nanomagnets with

gigantic magnetic moments with the help of the Born approximation. The remote

96
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nanomagnets can support the graphene plane or can be suspended above it and do

not produce any deformations. The magnetic field of these nanomagnets is modeled

by point dipoles and can be rather large up to 0.1T. The nanomagnets with gigan-

tic magnetic moments and considerably affect transport properties of electrons in

graphene.

The chapter is tailored as follows. In the second Section, we formulate the prob-

lem and present the main equations. The third and fourth Sections are devoted to

obtaining the electron scattering cross sections by remote magnetic dipoles perpen-

dicular and parallel to graphene plane and their numerical simulation. The conclusion

summarizes the results of the chapter.

5.2 Main equations

In this Section we briefly describe the main equations of chapter 4. The Schrodinger

equation of the massless electron of graphene in an external magnetic field can be

written as

vF σ̂ · (p̂−
e

c
A)

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
, (5.2.1)

where vF is the Fermi velocity, σ̂ = (σ̂x, σ̂y) are the Pauli matrices, p̂ is 2D momentum

operator, A is the vector potential; e and c are the electron charge and the speed

of light in vacuum, respectively. The functions ψ1 and ψ2 describe the electron in

states related to the two sublattices of graphene and satisfy to the following coupled

equations

vF π̂+ψ1 = Eψ2,

vF π̂−ψ2 = Eψ1,
(5.2.2)
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where π̂± = p̂±−eA±/c, p̂± = p̂x± ip̂y, A± = Ax± iAy, where p̂x, p̂y and Ax, Ay are

the components of the momentum operator and the vector potential, respectively, E

is the electron eigen energy.

Substituting ψ2 from the first equation (5.2.2) into the second one and vice versa,

we obtain the following independent Helmholtz type equations for ψ1 and ψ2

(∇2 + k2)ψ1,2 = V̂1,2ψ1,2, (5.2.3)

where we introduced the wave vector k = E/(~vF ) and the operator

V̂1,2 =
1

~2

{
e2

c2
A2 − e

c
[2A · p̂± ~Bz]

}
. (5.2.4)

At large distances from the scattering center, the left hand side of (5.2.3) is small

that allows us to seek its solution in the form

ψ1,2 = ψ
(0)
1,2 + ψ

(1)
1,2, ψ

(1)
1,2 << ψ

(0)
1,2. (5.2.5)

The wave functions ψ
(0)
1,2 describe the incident wave and satisfy the homogeneous

equation (5.2.5). We chose them in the form of plane waves propagating along the

x−axis

ψ
(0)
1,2 =

1√
2

exp(ikx). (5.2.6)

The factor 1/
√

2 provides the unit normalization of the incident wave function

ψinc =
1√
2

(
1

1

)
exp(ikx). (5.2.7)

Substituting (5.2.6) in (5.2.3) with account of (5.2.5) and the explicit form of operator

(5.2.4), we obtain the equations for the scattered wave functions ψ
(1)
1,2

(∇2 + k2)ψ
(1)
1,2 = V1,2ψ

(0)
1,2 (5.2.8)
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where

V1,2 =
1

~2

{
e2

c2
A2 − e~

c
[2Axk ±Bz]

}
. (5.2.9)

The scattered wave functions ψ
(1)
1,2 at large distances from the scattering center have

the form chapter 4

ψ
(1)
1,2 = f1,2(ϕ)

exp(ikr)√
r

, (5.2.10)

where f1,2(ϕ) are the scattering amplitudes and ϕ is the scattering angle. The asymp-

totic solutions of (5.2.8) allows one to single out the scattering amplitudes from the

solutions of (5.2.9) Chapter 4

f1,2(ϕ) = − 1

4
√
πk

∫
exp(−iq · r)V1,2(r)d2r, (5.2.11)

where q is a wave vector transferred to the electron under the elastic scattering

q = 2ksinϕ/2. The differential scattering cross section is given by (4.2.31)

dσ(ϕ)

dϕ
= 2|f ∗1 (ϕ)f2(ϕ)| = 2|f1||f2|. (5.2.12)

Next we obtain the components of A and Bz entering in V1,2 (5.2.9). Let us model

 

Nanomagnet

graphene

y

     z

   xIncident
Beam

 l

Figure 5.1: Electron scattering by large gigantic nanomagnet suspended above the
graphene plane

the nanomagnet by a sphere of radius a with built in the point magnetic dipole d.



100

Let it be located at the point (0, 0, l ≥ a) above the graphene plane (x, y, 0) (See

Fig.5.1). The vector potential and the corresponding magnetic field of the dipole can

be obtained with the help of the known formulas

A =
d×R

R3
, B =

3(d ·R)R−R2d

R5
. (5.2.13)

Here R is a distance from the dipole to the observation point. To find the vector po-

tential and the magnetic field in the graphene plane one has to specify the orientation

of d with respect to the graphene plane and set z = l in (5.2.13).

In this Section, we consider the magnetic dipoles transversal and parallel to the

graphene plane. It will be convenient to use the dimensionless coordinates and mea-

sure a distance in units l.

If the dipole transverse to the graphene plane d = (0, 0, d), we get from (5.2.13)

the following components of A and Bz

Ax = − d
l2
y

R̄3
, Ay =

d

l2
x

R̄3
, Az = 0,

Bz =
d

l3
2− r2

R̄5
,

(5.2.14)

Fig.5.2 shows vector potential and magnetic field for dipole perpendicular to graphene

plane.

If the magnetic moment is parallel to the graphene plane, we get

Ax =
d

l2
sinα

R̄3
, Ay = − d

l2
cosα

R̄3
,

Az =
d

l2
y cosα− x sinα

R̄3
, Bz = 3

d

l3
x cosα + y sinα

R̄5
.

(5.2.15)

Here R̄ =
√

1 + r2, r2 = x2 + y2 are dimensionless and the distance R related to

R̄ as R = lR̄; α is an angle between d and the x− axis. Fig.5.3 depicts the vector

potential and magnetic field for dipole parallel to graphene plane.
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Figure 5.2: The radial component of vector potential (Pink dash curve), and per-
pendicular magnetic field(Blue solid curve)as functions of the radial coordinate for
magnetic dipole is transversal to graphene plane Eq(5.2.14).

5.3 Scattering by magnetic dipole transverse to

graphene plane

To find the scattering amplitudes f1,2(ϕ) according to (5.2.11), we have to substitute

(5.2.9) with A and Bz given by (5.2.14). In the defined dimensionless coordinates we

get

V1,2 =
λ

R̄3

{
λr2

R̄3
+ [2k̄y ∓ 2− r2

R̄2
]

}
, (5.3.1)

where k̄ = kl is the dimensionless wave vector of the electron and

λ = ed/(c~l) (5.3.2)
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Figure 5.3: The radial component of vector potential (Pink dash curve), and per-
pendicular magnetic field(Blue solid curve)as functions of the radial coordinate for
magnetic dipole is parallel to graphene plane Eq(5.2.15).

is the dimensionless coupling constant. Let us estimate its numeric value. The mag-

netic moment of a spherical nanomagnet of the radius a is

d =
4π

3
µBa

3nN, (5.3.3)

where N is a number of the Bohr magnetons µB per one atom of the nanomagnet

material and n is its density number. Taking the numerical value µB = 10−20Gs cm3

and n = 1022, we get an evaluation

λ ∼ 7× 10−5N
a

l
a2, (5.3.4)

where a and l must be in nanometers. It is reported that 10 < N < 100 [122, 123].

Let N = 10. One can see that for a = 10nm nanomagnets suspended over the
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graphene plane at a distance of the same order, λ ∼ 10−2. In this case, we can neglect

in (5.3.1) the term ∼ λ2, as it done in Chapter 4. But for ”larger” nanomagnets

40 ≤ a ≤ 102nm, we can easily get 0.1 ≤ λ ≤ 1. In this case, the term ∼ A2 in

(5.2.9) must be taken into account. One more possibility to increase λ is to arrange

nanomagnets from the both sides of the graphene plane.

The maximum magnetic field created by a nanomagnet according to (5.2.14),

(5.2.15), and (5.3.3) is

B ∼ µB
a3

l3
nN. (5.3.5)

This formula shows that the magnetic field of the remote magnetic dipole fast de-

creases with l. For l ∼ a and the numeric values of the parameters in (5.3.5) as above,

we obtain that B ∼ 103Gs = 0.1T.

Now we calculate the scattering amplitudes f1,2(ϕ) in the case under considera-

tion. Let us substitute (5.3.1) into (5.2.11), which we rewrite in the dimensionless

coordinates, and obtain

f1,2(ϕ) = −λ
4

√
l

πk̄

∫ ∞
0

dr′
∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)

×
{
λr′3

R′6
+ 2

k̄r′2 cos(φ′ − ϕ/2)

R′3
∓ 2r′ − r′3

R′5

}
.

(5.3.6)

Here R′ =
√

1 + r′2 and q̄ = 2k̄ sinϕ/2 is the dimensionless transferred wavevector.

Integration in (5.3.6) is carried out in the x′, y′ coordinate system. With the vector q̄

is along the y′ axis, where q̄ · r′ = q̄r′ cosφ′. The coordinate system x′, y′ is obtained

by anti clockwise rotation of the initial x, y coordinate system by the angle ϕ/2. We

substitute in the integrand y′ = r′ cos(φ′ − ϕ/2). Integration over φ′ gives the Bessel

functions according to the known relation [111]∫ 2π

0

dφ′ exp[i(zcosφ′ + nφ′)] = 2inπJn(z), (5.3.7)
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where Jn(z) is the Bessel function with an integer n. While integrating (5.3.6) over

r′ we obtain the following integrals

I(p)
nm(q) =

∫ ∞
0

Jn(qr)
rpdr

(1 + r2)m/2
. (5.3.8)

They can be calculated in the closed form (see Appendix D). Presenting the numerator

of (5.3.8) as rp = (1 + r2 − 1)rp−2, one can obtain that

I(p)
nm(q̄) = I

(p−2)
n m−2(q̄)− I(p−2)

nm . (5.3.9)

With the help of (5.3.8) and (5.3.9) we present the scattering amplitudes (5.3.6) as

f1,2(ϕ) = −λ
2

√
πl

k̄

{
I±(q̄) + 2ik̄I

(2)
13 (q̄) cosϕ/2

}
, (5.3.10)

where I±(q̄) = λI
(3)
06 (q̄)± [2I

(1)
05 (q̄)− I(3)

05 (q̄)].

The differential cross section (5.2.12) with account of (5.3.10) and (39) of the

Appendix D can be presented as

1

L

dσ(ϕ)

dϕ
= k̄{A2

+ sin2 ϕ/2 + exp(−2q̄) cos2 ϕ/2}1/2

× {A2
− sin2 ϕ/2 + exp(−2q̄) cos2 ϕ/2}1/2,

(5.3.11)

where L = 2πλ2l is a quantity having dimension of length and A± = λ[K1(q̄) −

q̄K2(q̄)/4]/2± exp(−q̄), K1,2(q̄) are the modified Bessel functions of the second kind

of the order 1 and 2, respectively.

It follows from (5.3.11) that the backscattering differential cross section (ϕ = π)

does not equal to zero and is given by the expression

1

L

dσ(ϕ)

dϕ
|ϕ=π = k̄|λ

2

4
[K1(2k̄)− k̄

2
K2(2k̄)]2 − exp(−4k̄)|. (5.3.12)

Here we used q̄ = 2k̄ sin π/2 = 2k̄.
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Formula (5.3.11) allows one to analyze the differential cross-section as a function

of the scattering angle ϕ and the dimensionless wave vector k̄ that connected to the

energy of incident electrons E as k̄ = El/~vF . The case of slow electrons (k̄ <<

1, k̄ > λ) can be considered analytically with help of asymptotic expansions (41) of

the Appendix D. With account of the leading terms (5.3.11) gives

1

L

dσ(ϕ)

dϕ
|ϕ=π = k̄ exp(−4k̄). (5.3.13)

It is necessary to note that application of the Born approximation to the electron

scattering in graphene by the nonhomogeneous magnetic field of remote nanomagnets

requires that the following inequality must be true ~k >> (e/c)A) that follows from

(5.2.1) (the magnetic field of nanomagnet must be a small perturbation). Introducing

k̄ = kl and the typical value of the vector potential (5.2.14) and (5.2.15) with account

of (5.3.2), we get the inequality

k̄ >>
ed

~cl
≡ λ. (5.3.14)

We may note that for λ << 1 inequality (5.3.14) becomes k̄2 >> λ2. It can be

easily seen from (5.2.3) and (5.2.3) if we use the dimensionless variables.

5.4 Scattering by magnetic dipole parallel to graphene

plane

Next, we consider the electron scattering by remote magnetic dipoles parallel to the

graphene plane. For the sake of simplicity, we consider two cases when the incident

beam of electrons propagates along the magnetic dipole and transversal to it. The



106

expressions of V
‖,⊥

1,2 (5.2.9) with A and Bz from (5.2.15) where we set α = 0, π/2,

respectively, can be written in the dimensionless form as

V
‖

1,2 =
λ

R̄3

{
λ(1 + y2)

R̄3
∓ 3

x

R̄2

}
, (5.4.1)

V ⊥1,2 =
λ

R̄3

{
λ(1 + x2)

R̄3
+ 2k̄ ∓ 3

y

R̄2

}
. (5.4.2)

With the help of these expressions the scattering amplitudes (5.2.11) after passing

to the coordinate system with the vector q parallel to y′− axis like in the previous

section, we obtain the following integrals

f
‖
1,2(ϕ) = −λ

4

√
l

πk̄

∫ ∞
0

dr′
∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)×{
λ[r′ + r′3 cos2(φ′ − ϕ

2
)]

R′6
∓ 3

r′2 sin(φ′ − ϕ
2
)

R′5

}
,

(5.4.3)

f⊥1,2(ϕ) = −λ
4

√
l

πk̄

∫ ∞
0

dr′
∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)×{
λ[r′ + r′3 sin2(φ′ − ϕ

2
)]

R′6
+

2k̄r′

R′3
∓ 3

r′2 cos(φ′ − ϕ/2)

R′5

}
.

(5.4.4)

Integrals over ϕ′ and r′ in (5.4.3) and (5.4.4) are given in the Appendix D. The final

results read

f
‖
1,2(ϕ) = −λ

2

√
πl

k̄

{
I‖(q̄)∓ 3iI

(2)
15 (q̄) sinϕ/2

}
(5.4.5)

and

f⊥1,2(ϕ) = −λ
2

√
πl

k̄

{
I⊥(q̄)± 3iI

(2)
15 (q̄) cosϕ/2

}
. (5.4.6)

Here I‖(q̄) = λ[I
(1)
06 (q̄)−1

q̄
I

(2)
16 cosϕ+I3

06(q̄) cos2 ϕ/2] and I⊥(q̄) = λ[I
(1)
06 (q̄)+1

q̄
I

(2)
16 (q̄) cos(ϕ)+

I
(3)
06 sin2 ϕ/2] + 2k̄I

(1)
03 (q̄).

The differential scattering cross sections by remote magnetic dipoles parallel and

perpendicular to the incident beams of electrons in graphene according to (5.2.12)
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and (5.4.5) and (5.4.6) with usage of (40) from the Appendix D are given by

1

L

dσ‖(ϕ)

dϕ
= k̄

{
λ2

64
[q̄K2(q̄) sin2 ϕ

2
+K1(q̄)(2 + cosϕ)]2 + exp(−2q̄) sin2 ϕ

2

}
sin2 ϕ

2
,

1

L

dσ⊥(ϕ)

dϕ
= k̄

{(
λ

8
sin

ϕ

2

[
q̄K2(q̄) cos2 ϕ

2
+K1(q̄)(2− cosϕ)

]
+ exp(−q̄)

)2

+
1

4
exp(−2q̄) sin2 ϕ

}
.

(5.4.7)

These formulas show that the backscattering cross section (ϕ = π, q̄ = 2k̄) are

nonzero in both cases

1

L

dσ‖(ϕ)

dϕ
= k̄

{
λ2

64
[2k̄K2(2k̄) +K1(2k̄)]2 + exp(−4k̄)

}
,

1

L

dσ⊥(ϕ)

dϕ
= k̄

(
3λ

8
K1(2k̄) + exp(−2k̄)

)2

.

(5.4.8)

For k̄ > 1, the cross sections (5.4.7) are practically equal but they are small due the

asymptotic behavior (see Appendix D).

Figure 5.4 depicts the graphs of dσ(ϕ)/dϕ versus the scattering angle ϕ in units

L for particular value of k̄ built according to (5.3.11) (curve 1, blue online) and

(5.4.7) (dipole parallel to incident electron beam curve 2, brown online and dipole

transverse to incident electron beam curve 3, khaki color online). Here we consider

λ = 0.1; k̄ = 0.8. Comparing curve 1 with the result obtained in Chapter 4, the

differential scattering cross-section enhanced 20 times. Curve 2 is drawn for the case

when the magnetic dipole of the nanomagnet is parallel to both the graphene plane

and the incident beam of electrons. As one can see from the graph the differential

cross-section is much smaller than those shown by curve 1 and 3. This indicates

that if one is interested to obtain large scattering lengths, he/she has to arrange the

electrons beam transverse to the direction of the dipole of the nanomagnet. One more

feature of the graphs is that the similarity between curve 1 and 3.

One common feature of the differential cross-section graphs is that for k̄ << 1 the
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Figure 5.4: The differential cross-section dσ/dϕ in units of L versus scattering angle
ϕ for λ = 0.1 and k̄ = 0.8. Curve 1 (blue) for magnetic dipole moment of the
nanomagnet perpendicular to the graphene plane, curve 2 (brown) for magnetic dipole
moment of the nanomagnet parallel to the incident electron beam in the graphene
plane, curve 3 (khaki) magnetic dipole moment of the nanomagnet parallel to the
graphene plane and perpendicular to the incident electron beam in the graphene
plane Eqs.(5.3.11), (5.4.7).

graphs show isotropic property and for k̄ >> 1 goes to zero. Our graphs pattern and

the numerical results are similar to the the results obtained in [125].

5.5 Transport electron cross sections

The transport cross section or transport scattering length, the quantity which controls

the transport phenomena, is given by the relation

σtr =

∫ 2π

0

(1− cosϕ)
dσ

dϕ
dϕ. (5.5.1)
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Figure 5.5: The transport cross-section σ divided by L versus the dimensionless energy
k̄ for λ = 0.1. Curve 1 the magnetic dipole is transverse to the graphene plane. Curve
2,the magnetic dipole is parallel to the graphene plane and parallel to the incident
beam of electrons. Curve 3, the magnetic dipole is parallel to the graphene plane and
perpendicular to the incident beam of electrons. Here we consider few leading terms
of (5.3.11) and (5.4.7), and extrapolation method were applied.

Graphs in Figures 3 illustrate the electron transport cross-section built in according

to (5.5.1). The graphs show that the electron transport cross-section, which directly

related to the the resistivity of the material is large when the electron beams in the

graphene plane are perpendicular to the suspended dipole of the nanomagnet, curve 1

and 3. One common feature of these curves is that they have maxima around k̄ = 1.8

with little variation. Other numerical results show that the peak of these maxima

shifted to left for small value of λ.

Comparing the present result with Chapter 4, it is possible to enhance the scattering

length and the transport cross-section 10 to 100 times depending on the value of λ,
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but we have to be alert about the inequality given by (5.3.14). Our graphs pattern

results are similar to the the results obtained in [126].

5.6 Conclusions

In this Chapter, we studied elastic electron scattering by remote nanomagnets trans-

verse and parallel to the graphene plane. We analyze the scattering of massless Dirac

fermions by a fixed magnetic dipole moment located at a height l above the origin

of the 2D-graphene plane. With the help of specially developed Born approximation,

we derived the differential cross-section and the transport cross-section. The differ-

ential scattering cross-section and the transport cross-section are dominant when the

magnetic dipole of the remote nanomagnet is transverse to the electron beam in the

graphene plane. Our results show that one has to consider higher terms in the expan-

sion of potential given by (5.2.9), which has significant contribution to the scattering

parameters, when the coupling parameter λ is in the order of 0.1 to 1. And we found

that the backscattering cross-section of electrons are non-zero for all orientations.



Appendix A

A.1 Eigenvalue and Eigenfunction of Massless Dirac

Equation

A Dirac equation describing massless spin-half particles moving in the plane r = (x, y)

of graphene is given by

vF~σ · ~p

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
, (A.1.1)

where the pauli matrices ~σ = (σx, σy),

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
, (A.1.2)

p is momentum of the particle, vF is the speed of Dirac neutrino and (ψ1, ψ2) are two

component column spinor wavefunctions. Substituting the components of the pauli

matrix

vF [σxpx + σypy]

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
. (A.1.3)

We can rewrite the above equation in matrix form

vF

(
0 px − ipy

px + ipy 0

)(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
. (A.1.4)
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And the wavefunctions can be written in the form of plane wave(
ψ1

ψ2

)
=

(
U1

U2

)
eik.r. (A.1.5)

After the action of the Operators px and py on the wavefunctions, (A.1.5) can be

simplified as

vF~

(
0 kx − iky

kx + iky 0

)(
U1

U2

)
= E

(
U1

U2

)
. (A.1.6)

To find the eigenvalue and eigenfunctions lets rearrange the equation as follows(
− E
vF ~

kx − iky
kx + iky − E

vF ~

)(
U1

U2

)
= 0. (A.1.7)

Eqaution(A.1.7) to have non zero value, the determinate of the 2x2 matrix must be

set to zero, i.e ∣∣∣∣∣ − E
vF ~

kx − iky
kx + iky − E

vF ~

∣∣∣∣∣ = 0, (A.1.8)

from which we get the eigenvalue

E = ±vF~k. (A.1.9)

The± sign refers to the two sublattice 1 and 2. To get the eigenfunction lets substitute

the eigenvalue, E = vF~k (positive) in to (A.1.7)(
−k kx − iky

kx + iky −k

)(
U1

U2

)
= 0, (A.1.10)

from this matrix equation we can get two simultaneous equations

kU1 = (kx − iky)U2,

kU2 = (kx + iky)U1,
(A.1.11)
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or

U1 =
(kx − iky)

k
U2,

U2 =
(kx + iky)

k
U1.

(A.1.12)

The component of the two column spinor wavefunctions are(
U1

U2

)
= U2

(
(kx−iky)

k

1

)
, (A.1.13)

or (
U1

U2

)
= U1

(
1

(kx+iky)

k

)
, (A.1.14)

insert the wavevectors kx = k cos θ, ky = k sin θ, then(
U1

U2

)
= U2

(
e−iθ

1

)
, (A.1.15)

or (
U1

U2

)
= U1

(
1

eiθ

)
. (A.1.16)

To get the normalized wavefunctions (Un), we divide the wavefunction by its length

(|U |), i.e

Un =
U

|U |
. (A.1.17)

The length

|U | = U2

√
e−2iθ + 1 = U2

√
2
√
cosθe−iθ/2, (A.1.18)

or

|U | = U1

√
e2iθ + 1 = U1

√
2
√
cosθeiθ/2, (A.1.19)

using mathematical relation
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e2iθ + 1 = 2cosθeiθ,

e−2iθ + 1 = 2cosθe−iθ,
(A.1.20)

we obtain the eigenfunction (
U1

U2

)
=

1√
2

(
e−iθ/2

eiθ/2

)
. (A.1.21)

Finally interims of the plane wave(
ψ1

ψ2

)
=

1√
2

(
e−iθ/2

eiθ/2

)
eik.r. (A.1.22)

Again to get the eigenfunction if we substitute the eigenvalue, E = −vF~k (negative)

in to (7). Following the same steps we get(
ψ1

ψ2

)
=

1√
2

(
e−iθ/2

−eiθ/2

)
eik.r. (A.1.23)



Appendix B

B.1 Massless Dirac Equation in Spherical Coordi-

nate

In this part we will solve Dirac equation for massless spin-half particles

i~σ · ~∇

(
ψ1

ψ2

)
= k

(
ψ1

ψ2

)
. (B.1.1)

Let us write the (B.1.1) in spherical polar coordinate

i

 0 e−iϕ
(
∂
∂r
− i

r
∂
∂ϕ

)
eiϕ
(
∂
∂r

+ i
r
∂
∂ϕ

)
0

( ψ1

ψ2

)
= k

(
ψ1

ψ2

)
, (B.1.2)

the wave functions can be written as plane wave

ψ1(r, ϕ) = ψ1(r)eilϕ,

ψ2(r, ϕ) = ψ2(r)ei(l+1)ϕ,
(B.1.3)

where l is integer, on substituting the (B.1.3) in to the (B.1.2) and solve the matrix,

we get

e−iϕ
(
∂

∂r
− i

r

∂

∂ϕ

)
ψ2(r)ei(l+1)ϕ = ikψ1(r)eilϕ,

eiϕ
(
∂

∂r
+
i

r

∂

∂ϕ

)
ψ1(r)eilϕ = ikψ2(r)ei(l+1)ϕ.

(B.1.4)
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Simplifying (B.1.4) will result(
∂

∂r
+
l + 1

r

)
ψ2(r) = ikψ1(r),(

∂

∂r
− l

r

)
ψ1(r) = ikψ2(r),

(B.1.5)

or in this form

ψ1(r) =
1

ik

(
∂

∂r
+
l + 1

r

)
ψ2(r),

ψ2(r) =
1

ik

(
∂

∂r
− l

r

)
ψ1(r).

(B.1.6)

Substitute one in to the other in (B.1.6)(
∂

∂r
+
l + 1

r

)(
∂

∂r
− l

r

)
ψ1(r) = −k2ψ1(r),(

∂

∂r
− l

r

)(
∂

∂r
+
l + 1

r

)
ψ2(r) = −k2ψ2(r).

(B.1.7)

Multiplying the operators in (B.1.7)[
∂2

∂r2
+
l + 1

r

∂

∂r
− ∂

∂r

(
l

r

)
− l(l + 1)

r2

]
ψ1(r) = −k2ψ1(r),[

∂2

∂r2
− l

r

∂

∂r
+

∂

∂r

(
l + 1

r

)
− l(l + 1)

r2

]
ψ2(r) = −k2ψ2(r).

(B.1.8)

Further simplifying we obtain[
∂2

∂r2
+

1

r

∂

∂r
− l2

r2

]
ψ1(r) = −k2ψ1(r),[

∂2

∂r2
+

1

r

∂

∂r
− (l + 1)2

r2

]
ψ2(r) = −k2ψ2(r),

(B.1.9)

we get Bessel equation of the form[
d2

dr2
+

1

r

d

dr
+ k2 − l2

r2

]
ψ1(r) = 0,[

d2

dr2
+

1

r

d

dr
+ k2 − (l + 1)2

r2

]
ψ2(r) = 0.

(B.1.10)
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Now, let x = kr, the (B.1.10) interims of x can be written as[
d2

dx2
+

1

x

d

dx
+ 1− n2

x2

]
ψ1(x) = 0,[

d2

dx2
+

1

x

d

dx
+ 1− m2

x2

]
ψ2(x) = 0,

(B.1.11)

where n2 = k2l2, m2 = k2(l + 1)2. The general solutions of Bessel equation of order

n and order m are given by

ψ1(x) = c1Jn(x) + c2Yn(x),

ψ2(x) = c1Jm(x) + c2Ym(x),
(B.1.12)

where Jn is Bessel functions of the first kind order n, Yn is Bessel function of the

second kind of order n.



Appendix C

C.1 Massless Dirac Equation In External Magnetic

Field

The Dirac equation for massless electron in graphene inside an external magnetic field

written as

[vF~σ · (~p−
e ~A

c
)]

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
, (C.1.1)

the pauli matrices ~σ = (σx, σy)

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
. (C.1.2)

Substitute the x-comp and y-comp Pauli matrices in to the massless Dirac equation

vF [σx(px −
eAx
c

) + σy(py −
eAy
c

)]

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
, (C.1.3)

Again substitute the value of pauli matrices

vF

(
0 (px − eAx

c
)− i(py − eAy

c
)

(px − eAx
c

) + i(py − eAy
c

) 0

)(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
,

(C.1.4)
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let the value π+, π−

π+ = (px −
eAx
c

) + i(py −
eAy
c

),

π− = (px −
eAx
c

)− i(py −
eAy
c

).

(C.1.5)

The massless Dirac equation can be

vF

(
0 π−

π+ 0

)(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
. (C.1.6)

Expand the (C.1.6)

vFπ+ψ1 = Eψ2,

vFπ−ψ2 = Eψ1.
(C.1.7)

The wave functions can be written

ψ1 =
vF
E
π−ψ2,

ψ2 =
vF
E
π+ψ1.

(C.1.8)

Substitute one in to the other in (C.1.8)

π−π+ψ1 =

(
E

vF

)2

ψ1,

π+π−ψ2 =

(
E

vF

)2

ψ2.

(C.1.9)

Product of Operators

Let us calculate the product of the two operators π−π+

π−π+ =

[
(px −

eAx
c

)− i(py −
eAy
c

)

][
(px −

eAx
c

) + i(py −
eAy
c

)

]
,

= (px −
eAx
c

)2 + (py −
eAy
c

)2 + i

[
(px −

eAx
c

)(py −
eAy
c

)− (py −
eAy
c

)(px −
eAx
c

)

]
,

= (p− eA

c
)2 − i

[
[py, px] +

e

c
[pxAy − pyAx] +

e2

c2
[Ay, Ax]]

]
,

(C.1.10)
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since [py, px] = 0, [Ay, Ax] = 0,

π−π+ = (p− eA

c
)2 − ie

c

[
pxAy − pyAx

]
. (C.1.11)

Expanding the expression (p− eA
c

)2,

π−π+ =

[
p2 − e

c
(
~
i
∇ · A+ 2A · p) +

e2

c2
A2 − ie

c

[
pxAy − pyAx

]]
, (C.1.12)

using Gauge invariance ∇ · A = 0,

π−π+ =

[
p2 − 2

e

c
(A · p) +

e2

c2
A2 − ie

c

[
pxAy − pyAx

]]
. (C.1.13)

Again we have

pxAy − pyAx =
~
i

[
∂

∂x
Ay −

∂

∂y
Ax

]
=

~
i
Bz, (C.1.14)

then

π−π+ =

[
p2 − 2

e

c
(A · p) +

e2

c2
A2 − e

c
~Bz

]
, (C.1.15)

or

π−π+ =

[
p2 +

e2

c2
A2 − e

c

[
2(A · p) + ~Bz

]]
. (C.1.16)

And the inverse π+π−

π+π− =

[
(px −

eAx
c

) + i(py −
eAy
c

)

][
(px −

eAx
c

)− i(py −
eAy
c

)

]
,

= (px −
eAx
c

)2 + (py −
eAy
c

)2 + i

[
(py −

eAy
c

)(px −
eAx
c

)− (px −
eAx
c

)(py −
eAy
c

)

]
,

= (p− eA

c
)2 + i

[
[py, px] +

e

c

[
pxAy − pyAx

]
+
e2

c2
[Ay, Ax]]

]
,

(C.1.17)
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again [py, px] = 0, [Ay, Ax] = 0,

π+π− = (p− eA

c
)2 + i

e

c

[
pxAy − pyAx

]
. (C.1.18)

Expanding the expression (p− eA
c

)2,

π+π− =

[
p2 − e

c
(
~
i
∇ · A+ 2A · p) +

e2

c2
A2 + i

e

c

[
pxAy − pyAx

]]
, (C.1.19)

using Gauge invariance ∇ · A = 0,

π+π− =

[
p2 − 2

e

c
(A · p) +

e2

c2
A2 +

e

c
~Bz

]
, (C.1.20)

or

π+π− =

[
p2 +

e2

c2
A2 − e

c

[
2(A · p)− ~Bz

]]
. (C.1.21)

Helmonz like equations

In this part Helmonz like equations derived from massless Dirac electrons in the

presence of external magnetic field. we substitute the value of the product of the two

operators (C.1.16),(C.1.21) in to (C.1.9), we get[
p2 +

e2

c2
A2 − e

c

[
2(A · p) + ~Bz

]]
ψ1 =

(
E

vF

)2

ψ1,[
p2 +

e2

c2
A2 − e

c

[
2(A · p)− ~Bz

]]
ψ2 =

(
E

vF

)2

ψ2,

(C.1.22)

since p = −i~∇, and E/vF = ~k,[
− ~2∇2 +

e2

c2
A2 − e

c

[
2(A · p) + ~Bz

]]
ψ1 = ~2k2ψ1,[

− ~2∇2 +
e2

c2
A2 − e

c

[
2(A · p)− ~Bz

]]
ψ2 = ~2k2ψ2.

(C.1.23)
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Rearranging the (C.1.23) we will obtain the following

[∇2 + k2]ψ1 =
1

~2

[
e2

c2
A2 − e

c

[
2(A · p) + ~Bz

]]
ψ1,

[∇2 + k2]ψ2 =
1

~2

[
e2

c2
A2 − e

c

[
2(A · p)− ~Bz

]]
ψ2,

(C.1.24)

or combined form of the above equations can be rewritten as

[∇2 + k2]ψ1,2 =
1

~2

[
e2

c2
A2 − e

c

[
2(A · p)± ~Bz

]]
ψ1,2. (C.1.25)

The Helmonz type equation is

[∇2 + k2]ψ1,2 = V̂1,2ψ1,2, (C.1.26)

where

V̂1,2 =
1

~2

[
e2

c2
A2 − e

c
[2(A · p)± ~Bz]

]
. (C.1.27)

At large distance from the scattering center the wave function can be written as

ψ1,2 = ψ0
1,2 + ψ1

1,2, ψ1
1,2 << ψ0

1,2. (C.1.28)

The wavefunction is described as the incident wave, we chose them in the form of

plane wave propagating along x-axis

ψ0
1,2 =

1√
2

(
1

1

)
exp(ikx). (C.1.29)

The factor 1√
2

is the unit normalization of the incident wave. After the operation of

of the momentum operator on the wave function the Helmonz type equation can be

rewritten as

[∇2 + k2]ψ1,2 = V1,2ψ
0
1,2, (C.1.30)

where now the potential can be written as

V1,2 =
1

~2

[
e2

c2
A2 − e~

c
[2Axk ±Bz]

]
. (C.1.31)



Appendix D

D.1 Scattering Amplitude And Differential Cross

Sections

Magnetic dipole Oriented Perpendicular to the Graphene

By considering different positions of dipole with respect to the graphene plane, we

will solve the Helmonz equation (C.1.30). Now in this part when the magnetic dipole

is perpendicular to the graphene plane.

Potential

The potential of the Helmonz equation (C.1.31) is

V1,2 =
1

~2

[
e2

c2
A2 − e~

c
[2Axk ±Bz]

]
, (D.1.1)

where components of dimensionless vector potential for perpendicular orientation of

the dipole can be given

Ax = − d
l2
y

R̄3
, Ay =

d

l2
x

R̄3
, Az = 0, A2 =

d2

l4
r2

R̄6
, (D.1.2)
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and z-component magnetic field of the dipole a distance R from the graphene plane

Bz =
d

l3
(2− r2)

R̄5
. (D.1.3)

Substitute the value of A2, Ax, and Bz into (D.1.1)

V1,2 =

[
e2d2

c2~2l4
r2

R̄6
+
ed

c~l

[
2

l2
y

R̄3
kl ∓ 1

l2
(2− r2)

R̄5

]]
, (D.1.4)

using the coupling constants λ = ed
c~l and k̄ = kl

V1,2 =
1

l2

[
λ2 r

2

R̄6
+ λ

[
2
y

R̄3
k̄ ∓ (2− r2)

R̄5

]]
. (D.1.5)

The dimensionless potential

V1,2 =
λ

R̄3

[
λ
r2

R̄3
+

[
2k̄y ∓ 2− r2

R̄2

]]
. (D.1.6)

Scattering Amplitude

Scattering amplitude in the dimensionless potential is given by

f1,2(ϕ) = −1

4

√
1

πk

∫
exp(−iq.r′)V1,2(r′)d2r′, (D.1.7)

and explicit form of scattering amplitude, d2r′ = r′dr′dφ′

f1,2(ϕ) = −1

4

√
1

πk

∫ ∞
0

r′dr′
∫ 2π

0

dφ′ exp(−iqr′ cosφ′)V1,2. (D.1.8)

Substitute the potential V1,2 is given by (D.1.6) into (D.1.8), we get

f1,2(ϕ) = −λ
4

√
l

πk̄

∫ ∞
0

r′dr′
∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)

[
λ
r′2

R̄6
+

[
2k̄y′

R̄3
∓ 2− r′2

R̄5

]]
.

(D.1.9)

One can expand the equations like this y′ = r′ cos(φ′ − ϕ/2) (see Fig 4.1)

f1,2(ϕ) = −λ
4

√
l

πk̄

∫ ∞
0

dr′
∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)

[
λ
r′3

R̄6
+

[
2k̄r′2 cos(φ′−ϕ/2)∓2r′ − r′3

R̄5

]]
,

(D.1.10)
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or

f1,2(ϕ) = −λ
4

√
l

πk̄

[
λ

∫ ∞
0

dr′
r′3

R′6

∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)+

2k̄

∫ ∞
0

dr′
r′2

R′3

∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′) cos(φ′ − ϕ/2)

∓
∫ ∞

0

dr′
2r′ − r′3

R′5

∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)

]
.

(D.1.11)

Now by considering the following integrals∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′) = 2πJ0(qr),∫ 2π

0

dφ′e(−iq̄r′ cosφ′) cos(φ′ − ϕ/2) = −2πiJ1(qr) cos(ϕ/2).

(D.1.12)

We can write (D.1.11) as follows

f1,2(ϕ) = −λ
2

√
πl

k̄

{∫ ∞
0

dr′
λr′3

R′6
J0(qr′)− 2i

∫ ∞
0

dr′
k̄r′2

R′3
J1(qr′) cos(ϕ/2)∓

∫ ∞
0

dr′
2r′ − r′3

R′5
J0(qr′)

}
.

(D.1.13)

From (D.1.13), we get the following integrals

I(p)
nm(q) =

∫ ∞
0

Jn(qr)
rpdr

(1 + r2)m/2
, (D.1.14)

and the scattering amplitude in terms of the integrals (D.1.14)

f1,2(ϕ) = −λ
2

√
πl

k̄

{
λI3

06 − 2k̄iI2
13 cos(ϕ/2)∓ [2I1

05 − I3
05]
}
. (D.1.15)

If we let

I± = λI3
06 ∓ [2I1

05 − I3
05], (D.1.16)

The more precise form of the scattering amplitude will be

f1,2(ϕ) = −λ
2

√
πl

k̄

{
I± − 2k̄iI2

13 cos(ϕ/2)
}
. (D.1.17)

Absolute value of the scattering amplitude can be obtained

|f1(ϕ)| = λ

2

√
πl

k̄

{
I2

+ + 4k̄2(I2
13 cos(ϕ/2))2

}1/2
,

|f2(ϕ)| = λ

2

√
πl

k̄

{
I2
− + 4k̄2(I2

13 cos(ϕ/2))2
}1/2

.

(D.1.18)
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Differential cross section

The differential cross section given by

dσ

dϕ
= 2|f1(ϕ)||f2(ϕ)|. (D.1.19)

Substitute the magnitude of the scattering amplitude (D.1.18) in to the differential

cross section (D.1.19)

dσ

dϕ
=

2λ2πl

4k

{
I2

+ + 4k̄2(I2
13 cos(ϕ/2))2

}1/2 ×
{
I2
− + 4k̄2(I2

13 cos(ϕ/2))2
}1/2

, (D.1.20)

or more explicit form by inserting the value of I±, we get the following expression

dσ

dϕ
=

2λ2πl

4k

{
(λI3

06 + [2I1
05 − I3

05])2 + 4k̄2(I2
13 cos(ϕ/2))2

}1/2

×
{

(λI3
06 − [2I1

05 − I3
05])2 + 4k̄2(I2

13 cos(ϕ/2))2
}1/2

.

(D.1.21)

Integral entering into the electron differential cross section (D.1.21) are solved by

mathematica and the results are shown below:

I
(3)
06 =

q

2
[K1(q)− q

4
K2(q)],

I
(1)
05 =

1 + q

3
exp(−q), I

(3)
05 =

2− q
3

exp(−q),

I
(2)
13 = exp(−q),

(D.1.22)

where K is the modified Bessel function. Inserting the results of these integrals in to

(D.1.21) and let L = 2λ2πl

1

L

dσ

dϕ
=

1

4k

{
(
λq

2
[K1(q)− q

4
K2(q)] + [2

1 + q

3
exp(−q)− 2− q

3
exp(−q)])2 + 4k̄2(exp(−q) cos(ϕ/2))2

}1/2

×
{

(
λq

2
[K1(q)− q

4
K2(q)]− [2

1 + q

3
exp(−q)− 2− q

3
exp(−q)])2 + 4k̄2(exp(−q) cos(ϕ/2))2

}1/2

(D.1.23)
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simplify (D.1.23)

1

L

dσ

dϕ
=

1

4k

{{
λq

2
[K1(q)− q

4
K2(q)] + q exp(−q)

}2

+ 4k̄2 exp(−2q) cos2(ϕ/2)

}1/2

×

{{
λq

2
[K1(q)− q

4
K2(q)]− q exp(−q)

}2

+ 4k̄2 exp(−2q) cos2(ϕ/2)

}1/2

(D.1.24)

we have q = 2k̄sin(ϕ/2)

1

L

dσ

dϕ
=

1

4k

{
4k̄2sin2(ϕ/2)

{
λ

2
[K1(q)− q

4
K2(q)] + exp(−q)

}2

+ 4k̄2 exp(−2q) cos2(ϕ/2)

}1/2

×

{
4k̄2sin2(ϕ/2)

{
λ

2
[K1(q)− q

4
K2(q)]− exp(−q)

}2

+ 4k̄2 exp(−2q) cos2(ϕ/2)

}1/2

(D.1.25)

taking 4k̄2 common

1

L

dσ

dϕ
= k

{
sin2(ϕ/2)

{
λ

2
[K1(q)− q

4
K2(q)] + exp(−q)

}2

+ exp(−2q) cos2(ϕ/2)

}1/2

×

{
sin2(ϕ/2)

{
λ

2
[K1(q)− q

4
K2(q)]− exp(−q)

}2

+ exp(−2q) cos2(ϕ/2)

}1/2

(D.1.26)

this can be rewritten as

where

A± =
λ

2
[K1(q)− q

4
K2(q)]± exp(−q) (D.1.27)

at ϕ = π, cos(π/2) = 0 and sin(π/2) = 1

1

L

dσ

dϕ
= k {A+A−} (D.1.28)
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substitute A+ and A−

1

L

dσ

dϕ
= k

{
λ2

16
[2K1(2k̄)− k̄K2(2k̄)]2 − exp(−4k̄)

}
(D.1.29)

Magnetic Dipoles Parallel to the graphene plane

The vector potential of the magnetic dipole is oriented parallel to the graphene plane.

We calculate the scattering amplitude and the differential cross section.

Potential

The expressions of V
‖,⊥

1,2 (D.1.1) with A and Bz by

Ax =
d

l2
sinα

R̄3
, Ay = − d

l2
cosα

R̄3
,

Az =
d

l2
y cosα− x sinα

R̄3
, Bz = 3

d

l3
x cosα + y sinα

R̄5
,

(D.1.30)

where we set α = 0, π/2, for magnetic dipole oriented parallel and perpendicular to

incident beam of electrons respectively, can be written in the dimensionless form as

V
‖

1,2 =
λ

R̄3

{
λ(1 + y2)

R̄3
∓ 3

x

R̄2

}
, (D.1.31)

V ⊥1,2 =
λ

R̄3

{
λ(1 + x2)

R̄3
+ 2k̄ ∓ 3

y

R̄2

}
. (D.1.32)

Scattering Amplitude

With the help (D.1.31) and (D.1.31) the scattering amplitudes (D.1.7) after passing

to the coordinate system with the y′− axis parallel to q like in the previous section,
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we obtain the following integrals

f
‖
1,2(ϕ) = −λ

4

√
l

πk̄

∫ ∞
0

dr′
∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)×{
λ[r′ + r′3 cos2(φ′ − ϕ

2
)]

R′6
∓ 3

r′2 sin(φ′ − ϕ
2
)

R′5

}
,

(D.1.33)

f⊥1,2(ϕ) = −λ
4

√
l

πk̄

∫ ∞
0

dr′
∫ 2π

0

dφ′ exp(−iq̄r′ cosφ′)×{
λ[r′ + r′3 sin2(φ′ − ϕ

2
)]

R′6
+

2k̄r′

R′3
∓ 3

r′2 cos(φ′ − ϕ/2)

R′5

}
.

(D.1.34)

Integrals over ϕ′ and r′ in (D.1.33) and (D.1.34) can be written as in the form (D.1.14).

The final results read

f
‖
1,2(ϕ) = −λ

2

√
πl

k̄

{
I‖(q̄)∓ 3iI

(2)
15 (q̄) sinϕ/2

}
(D.1.35)

and

f⊥1,2(ϕ) = −λ
2

√
πl

k̄

{
I⊥(q̄)± 3iI

(2)
15 (q̄) cosϕ/2

}
. (D.1.36)

Here

I‖(q̄) = λ[I
(1)
06 (q̄)− 1

q̄
I

(2)
16 cosϕ+ I3

06(q̄) cos2 ϕ/2],

I⊥(q̄) = λ[I
(1)
06 (q̄) +

1

q̄
I

(2)
16 (q̄) cos(ϕ) + I

(3)
06 sin2 ϕ/2] + 2k̄I

(1)
03 (q̄).

(D.1.37)

The integrals in (D.1.37) can be solved using mathematica and given as follows:

A. The magnetic moment parallel to both the graphene plane incident beam of

electrons:

I
(3)
06 =

q̄

2
[K1(q̄)− q̄

4
K2(q̄)],

I
(1)
05 =

1 + q̄

3
exp(−q̄), I

(3)
05 =

2− q̄
3

exp(−q̄),

I
(2)
13 = exp(−q̄).

(D.1.38)
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B. The magnetic moment parallel to the graphene plane and parallel or perpendicular

to the incident beam of electrons:

I
(1)
06 =

q̄2

8
K2(q̄), I

(3)
26 =

q̄2

8
K0(q̄),

I
(2)
15 =

q̄

3
exp(−q̄), I

(1)
03 = exp(−q̄), I

(2)
16 =

q̄2

8
K1(q̄).

(D.1.39)

Differential cross section

The differential scattering cross sections by remote magnetic dipoles parallel and

perpendicular to the incident beams of electrons in graphene according to (D.1.19)

and (D.1.35), (D.1.36) with usage of (D.1.38) and (D.1.39) are given by

1

L

dσ‖(ϕ)

dϕ
= k̄

{
λ2

64
[q̄K2(q̄) sin2 ϕ

2
+K1(q̄)(2 + cosϕ)]2 + exp(−2q̄) sin2 ϕ

2

}
sin2 ϕ

2
,

1

L

dσ⊥(ϕ)

dϕ
= k̄

{(
λ

8
sin

ϕ

2

[
q̄K2(q̄) cos2 ϕ

2
+K1(q̄)(2− cosϕ)

]
+ exp(−q̄)

)2

+
1

4
exp(−2q̄) sin2 ϕ

}
.

(D.1.40)

These formulas show that the backscattering cross section (ϕ = π, q̄ = 2k̄) are

nonzero in both cases

1

L

dσ‖(ϕ)

dϕ
= k̄

{
λ2

64
[2k̄K2(2k̄) +K1(2k̄)]2 + exp(−4k̄)

}
,

1

L

dσ⊥(ϕ)

dϕ
= k̄

(
3λ

8
K1(2k̄) + exp(−2k̄)

)2

.

(D.1.41)

For k̄ > 1, the cross sections (D.1.40) are practically equal but they are small due the

asymptotic behavior.
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