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Abstract

A Hecke Correspondence for Automorphic Integrals With In-
finitely Many Poles
Haider Ebrahim Yesuf
Addis Ababa University, 2017

In 1936 Hecke proved a correspondence theorem between Dirichlet series
with functional equations and automorphic forms with certain growth
conditions. In this correspondence, the Dirichlet series has at most sim-
ple poles at 0 and k. Since Hecke’s original paper, many authors have
generalized the correspondence theorem in different directions.

Among the generalizations, we shall be interested in is the one by Sa-
lomon Bochner in 1951. In Bochner’s version, the correspondence is be-
tween automorphic integrals with finite log–polynomial sum and Dirich-
let series with a functional equation. The most important feature of this
generalization is the presence of the log–polynomial sum. Here a log-
polynomial sum is a sum of the form q(z) =

∑n
l=1 z

βl
∑m(l)

j=0 δ(l, j)(log z)j,
the coefficients, δ(l, j) and βl are complex numbers, n, l, m(l), and j are
non negative integers. In Bochner’s version, the Dirichlet series has a
pole of order m(l) + 1 at βl.

Austin Daughton in 2012, extended Bochner’s result to the Dirichlet
series with infinitely many poles for the theta group and for weight k ≥ 0.

This thesis will extend the Bochner correspondence theorem between
automorphic integrals with infinite log-polynomial period function and
of weight arbitrary real k on Hecke group which is generated by Sλ =(

1 λ

0 1

)
and T =

(
1 −1
0 1

)
. The theta group correspond to λ = 2.

We will deal with the cases when λ > 2 and λ = 2 cos π/p, p ∈ Z and
p ≥ 3.
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Notations

We will use the following notation.

The set of integers, the set of real numbers and the set of complex num-
bers are denoted by Z, R, and C respectively.

GL2 (R) ≡
{(

a b

c d

)
: a, b, c, d ∈ R and ad− bc 6= 0

}
SL2 (R) ≡

{(
a b

c d

)
: a, b, c, d ∈ R and ad− bc = 1

}
Γ(1) ≡ SL2 (Z) , the modular group

G(λ) ≡
〈(

1 λ

0 1

)
,

(
0 −1
1 0

)〉
, for λ > 0, the Hecke groups

Γθ ≡ G(2), the theta group

H ≡ {z ∈ C : y = =(z) > 0}, the upper half-plane

Rλ ≡ {z ∈ H||z| > 1, |<(z)| < λ/2}, the fundamental region for discrete
Hecke groups G(λ)

P ≡ {f : f is holomorphic in H 3 |f(z)| ≤ K (|z|ρ + y−σ) , y = =z >
0, for some constants K, ρ, σ > 0}

Γ∞ ≡ 〈Sλ〉, where Sλ =

(
1 λ

0 1

)
, λ > 0, the stabilizer of i∞

Γλ ≡ G(λ), for λ = 2 cos π/p, p ∈ Z, p ≥ 3

vii



Chapter 1

Introduction

1.1 Definitions and Basic Concepts

The set of 2 × 2 matrices with real entries and nonzero determinant
forms a group, and is denoted by GL2 (R). SL2 (R) is defined to be the
subgroup of GL2 (R) consisting of matrices of determinant 1.

We let SL2 (R) act on the upper half-plane H by linear fractional trans-
formations:

Mz =
az + b

cz + d
, for M =

(
a b

c d

)
∈ SL2 (R) . (1.1)

With this interpretation an element M is identified with its negative,
−M . Note that M ∈ SL2 (R) if and only if M preserves H.

Linear fractional transformation are classified by their fixed points. The
trace of a linear transformation M in (1.1) is given by tr(M) = a + d.

Linear transformation (1.1) is called parabolic, elliptic, or hyperbolic if
|tr(M)| = |a+ d| is equal to, less than, or greater than 2, respectively.

Let Γ be a subgroup of SL2 (R) . We say α ∈ H is a limit point of the
group Γ if there is a z ∈ H and a sequence of distinct Mn ∈ Γ such that
Mnz → α. If α is not a limit point, we say that it is an ordinary point
of Γ. Γ is called a discontinuous group if and only if it has an ordinary
point. A group is called discrete if it contains no convergent sequences
of distinct matrices. The set of limit points of the full modular group
Γ(1)( subgroup of SL2 (R) its entries are integers) is R.

A group Γ is discontinuous if and only if it is discrete (see p. 13, [15]).
For a discrete group, if the set of limit points is all real number it is called
group of the first kind or horocyclic group otherwise it is the second kind.

1



Chapter 1 : Introduction

We call a group Γ an H–group if

i) Γ is finitely generated,

ii) Γ is discrete but discontinuous at no point of the real line,

iii) Γ contains translation.

We say that z1, z2 ∈ C are Γ- equivalent if and only if there is an M ∈ Γ
such that Mz1 = z2. This is an equivalence relation, which therefore
partitions H into disjoint equivalence classes or orbits.

An orbit of z is the set consisting of all points that are equivalent to z.
The orbit of z is denoted by Γz. Thus, Γ z = {V z : V ∈ Γ}. An orbit
consists entirely of real points or entirely of non-real points.
Definition 1.1.1. Let Γ be a discrete subgroup of SL2 (R) . An open
subset RΓ of H is called a fundamental region of Γ if it has the following
two properties:

1. No two distinct points of RΓ are equivalent under Γ.

2. If τ ∈ H there is a point τ ′ in the closure of RΓ such that τ ′ is
equivalent to τ under Γ.

A parabolic point (or parabolic cusp) for Γ in is any point
q ∈ R ∪ {i∞} such that q is in the closure of RΓ with respect to the
topology of the Riemann sphere and q is fixed by a non identity parabolic
transformation in Γ.

For z ∈ C \ {0} we fix the branch of (cz + d)k by convention to be
−π ≤ arg z < π and define

(cz + d)k = |cz + d|k exp{ki arg (cz + d)},

where k, c, d are real numbers.

Γ(1) is generated by S =

(
1 1
0 1

)
and T =

(
0 −1
1 0

)
. We note that

T 2 = (ST )3 = I.

In general, the Hecke groups, G(λ), is generated by

Sλ =

(
1 λ

0 1

)
and T =

(
0 −1
1 0

)
, for λ > 0.

2



Chapter 1 : Introduction

M =

(
a b

c d

)
in G(λ) acts on H as a Möbius transformation: Mz =

(az + b) / (cz + d) . Γ(1) = G(1) and the theta group Γθ = G(2) are two
important examples of Hecke groups. In 1936, Hecke in [4] proved the
only values of λ, for which the Hecke groups discrete are :

λ = 2 cos π/p, p ∈ Z, p ≥ 3 (1.2)

and
λ ≥ 2. (1.3)

If λ ≥ 2, G(λ) has the single relation

T 2 = I. (1.4)

On the other hand for λ given by (1.2), there is the second relation,
namely

(SλT )p = I. (1.5)

When G(λ) is discrete, the set

Rλ = {z ∈ H||z| > 1, |<(z)| < λ/2} (1.6)

is a fundamental region forG(λ), [see for the proof [13]]. When λ > 2, Rλ

has “free sides”, and thus has infinite hyperbolic area.

Suppose Γ a discrete group and contain translation (in particular the
Hecke discrete groups) acting on H and k a real number. Suppose F is
a function analytic in H satisfying:

v(M)(cz + d)−kF (Mz) = F (z) + qM(z), (1.7)

where qM is the period function (or cocycle) for each M =

(
∗ ∗
c d

)
∈ Γ.

Here v is a multiplier system in weight k for Γ with |v(M)| = 1 for all
M ∈ Γ and satisfying the “ consistency condition”

v(M3)(c3z + d3)
k = v(M1)v(M2)(c1M2z + d1)

k(c2z + d2)
k, (1.8)

with M3 = M1M2 and Mi =

(
∗ ∗
ci di

)
, 1 ≤ i ≤ 3.

Then F is called an automorphic integral. If qM = 0 for all M, F is
called an automorphic form.

3



Chapter 1 : Introduction

Note that,

i. If M1 = M2 = I in (1.8) , we get v(I) = 1,

ii. If M1 = M2 = −I in (1.8) , we get v(−I)(−1)k = ±1. For our
purpose we consider only v(−I)(−1)k = 1,

iii. If M1 = M2 = T then M3 = T 2 = −I, in (1.8) , we get v(T ) =
e−πik/2.

Given a real number k and the multiplier system v in weight k, we define
the slash operator(

F |kvM
)

(z) = v̄(M) (cz + d)−k F (Mz), (1.9)

for M =

(
∗ ∗
c d

)
∈ Γ and any function F defined in H. Then we can

rewrite (1.7) as (
F |kvM

)
(z) = F (z) + qM(z).

A cocycle on Γ, for weight k and multiplier system v, is any collection
of {qM |M ∈ Γ}, defined on H and satisfying the “cocycle condition”

qM1M2
= qM1

|kvM2 + qM2
, M1, M2 ∈ Γ. (1.10)

An easy exercise show that (1.7) and (1.8) gives

F |kvM1M2 =
(
F |kvM1

)
|kvM2, (1.11)

where M1, M2 ∈ G(λ).

Let P denote the collection of all functions g holomorphic inH, satisfying
the growth condition

|g(z)| ≤ K
(
|z|ρ + y−σ

)
, y = =z > 0, (1.12)

for some constants K, ρ, σ > 0. In [12], Austin Daughton proved that P
is closed under addition, multiplication and slash operator for a group
Γ.

1.2 Preliminaries

1.2.1 Stirling’s Formula and Phragmén-Lidelöf Theorem

Now we present some analytic results which are required for the proofs
in our results. First, let’s recall that the gamma function is defined by

4



Chapter 1 : Introduction

Γ(s) =

∫ ∞
0

ts−1e−t dt, <(s) > 0

Below we list some basic properties of Γ(s) that we need in this work.

1. Γ(s+ 1) = sΓ(s), Γ(1) = 1, Γ(1/2) =
√
π.

2. Γ(s) is never 0, and is meromorphic with simple poles at s = −n of

residue (−1)n

n! , n = 0, 1, 2, · · · .

3. Γ(s) =
√

2πsσ−1/2e−s+µ(s), where µ(s) → 0 as |s| → ∞, uniformly
in a half plane σ ≥ σo > 0, where s = σ + it.

4. Γ(s) ∼
√

2πtσ−1/2e−
π
2 |t|, as |t| → ∞, uniformly in σ1 ≤ σ ≤ σ2 (

this follows from 3 above) when σ1 > 0.

We shall require Stirling’s formula and the Phragmé-Lindelö theorem
for ‘lacunary’ vertical strip in the proof of the converse part of the cor-
respondence theorems. Here we state them and give reference for the
prove.
Theorem 1.2.1. (Stirling’s Formula I). For any δ > 0

log Γ(s) = (s− 1/2) log s− s+ 1/2 log(2π) +O
(

1

|s|

)
in |arg s| ≤ π − δ, where the implied constant depends only on δ.

Applying the above theorem we can proof the following corollary, we
state in (see for the prove [23]).
Corollary 1.2.2. (Stirling’s Formula II). For fixed real ρ,

|Γ(σ + it)| v
√

2π|t|σ−1/2e−π|t|/2, as |t| → ∞. (1.13)

Thus for any s = σ + it with |t| ≥ 1 in the strip S(a, b) = {σ + it : a <
σ < b}, we have

|Γ(s)| ≤ K|t|ρe−π|t|/2, (1.14)

where K depends only on a and b while ρ depends only on a.

Theorem 1.2.3 (Phragmé-Linelöf ). Let S(a, b) be the vertical strip
{z ∈ C : a < <(z) < b}, and let Ω ⊆ S(a, b) be open. Suppose that f(z)
is analytic on Ω and continuous on boundary of Ω such that

(1) |f(z)| ≤M for z in the boundary of Ω.

(2) f(z) = O
(
exp

(
eθπ|z|/(b−a)

))
,

where θ > 1 and the implied constant is independent of z (but may
depend upon Ω and θ). Then |f(z)| ≤M for all z ∈ Ω.

5



Chapter 1 : Introduction

The following consequence of Phragmé-Linelöf theorem will be used in
subsequent discussions.
Corollary 1.2.4. Let Ω be an open subset of the lacunary vertical strip
Sη(a, b) = {z = x + iy ∈ C : a < x < b, |y| > η} for some η > 0.
Suppose that f(z) is analytic on Ω and continuous on the boundary of
Ω. Also suppose that

(1) f(z) = O (|y|α) on the boundary of Ω for some α ∈ R+.

(2) f(z) = O
(
exp

(
eθπ|z|/(b−a)

))
,

where θ > 1 and the implied constant is independent of z. Then f(z) =
O (|y|α) , uniformly in Ω.

1.2.2 Dirichlet Series

A series of the form
∑∞

n=1
an
ns is called a Dirichlet series. We observe that

if an = O(nρ), ρ > 0, as n → ∞ then ϕ(s) converges absolutely and
uniformly in <(s) ≥ ρ + 1 + ε, for ε > 0. Note that is ϕ(s) dominated
uniformly by

∑∞
n=1 n

−1−ε <∞. Hence ϕ defines a holomorphic function
in the half plane <(s) > c+1. Conversely, if ϕ converge for so = σo+ it0,

then ann
−so tends to 0 as n tends to∞. In particular, an = O(nσo). Thus,

ϕ(s) =
∑∞

n=1
an
ns converges in a right half plane if and only if an = O(nc).

The following proposition gives a relation between the growth of the co-
efficient an of an exponential series and its growth near the real line.

Proposition 1.2.5. Given f(τ) =
∑∞

n=0 ane
2π inτ/λ, with the series con-

verging in the upper half plane

(a) If an = O(nc), then f(x+ iy) = O(y−c−1) as y → 0 uniformly in all
real x.

(b) If f(x+ iy) = O(y−c) as y → 0, uniformly in x, then an = O(nc).

Proof. By Sterling’s formula, Γ(x) ≈
√

2πxx−1/2e−x, we see that,

(−1)n
(
−c− 1
n

)
=

(c+ 1)(c+ 2) · · · , (c+ n)

n!

=
Γ(c+ n+ 1)

Γ(c+ 1)Γ(n+ 1)
≈ Anc, where A is some constant.

so if an = O(nc), then f(x+ iy) is dominated by

6



Chapter 1 : Introduction

∞∑
n=0

(−1)n
(
−c− 1
n

)
e−2πy nλ =

(
1− e−2π yλ

)−c−1

= O(y−c−1).

Conversely, if |f(x+ iy)| ≤ By−c, then

|an| =

∣∣∣∣∫ 1

0

f

(
x+

i

n

)
e−2πn

(x+ i
n )

λ d x

∣∣∣∣
≤ Bnce

2π
λ .

Therefore the conclusion follows.

1.2.3 The Mellin transform and Its Inverse

The Mellin transform of f(t) is defined by

Φ(s) =

∫ ∞
0

f(t)ts−1 dt.

The substitution t = e−x transform it into

Φ(s) =

∫ ∞
−∞

f(e−x)e−xsd x

=

∫ ∞
0

f(e−x)e−xsd x+

∫ ∞
0

f(ex)e−x(−s)d x.

The second integrals are Laplace transform of parameter s and −s, then
by applying the inverse Laplace transform, we get the inverse Mellin
transform of Φ(s) as

f(t) =
1

2πi

∫ c+i∞

c−i∞
Φ(s)t−s ds.

Here the line of integration is a vertical line with real part c.

Let f(z) =
∑∞

n=0 ane
2πinz/λ, an = O (nρ) , for some ρ > 0. Then

Φf(s) =

∫ ∞
0

(f(iy)− a0) y
sdy

y

7



Chapter 1 : Introduction

=

∫ ∞
0

( ∞∑
n=1

ane
−2πn yλ

)
ys
dy

y

=
∞∑
n=1

an

∫ ∞
0

e−2πn yλys−1dy

=

(
2π

λ

)−s
Γ(s)

∞∑
n=1

an
ns

=

(
2π

λ

)−s
Γ(s)ϕs(s).

Thus, the Mellin transform of an exponential series is a general Dirichlet
series. The Mellin transform of the exponential function and the inverse
Mellin transform of the Gamma function play roles in demonstrating the
equivalence of the modular relation and the functional equation.

1.2.4 Automorphic Form and Poincaré Series

Let Γ be a discrete subgroup of SL2(R) and preserves H. We shall see
Poincaré construction of automorphic form. For k ∈ Z+, define

g(z) =
∑
M∈Γ

(
dMz

dz

)k
.

Then

g(Lz) =
∑
M∈Γ

(
dM Lz

dLz

)k
=

(
dz

dLz

)k ∑
M∈Γ

(
dMz

dz

)k
= (cz + d)2k g(z) L =

(
∗ ∗
c d

)
∈ Γ.

Assuming g is absolutely convergent, then g(z) is an automorphic form.

Here Poincaré used the analogy with the elliptic modular functions as a
guiding principle. We recall that g2, g3 are defined by

g2(τ) =
∑
M∈Γ

(cτ + d)−2 , g3(τ) =
∑
M∈Γ

(cτ + d)−3 , τ ∈ H,

8



Chapter 1 : Introduction

for M =

(
a b

c d

)
∈ Γ. Note that dM

dz = (cz + d)−2 for the unimodu-

lar transformation Mz = az+b
cz+d , then g32

g23
is invariant under the modular

group.

Let H(z) be a rational function and define

F (z,H)(dz)m =
∑
M∈Γ

H (Mz) (dMz)m , (1.15)

where m is a positive integer and Γ is arbitrary Fuchsian group (a dis-
continuous group each element preserves H).

Assume that the series converges absolutely then can be rearranged. We
now have for L ∈ Γ:

F (Lz,H) (dLz)m =
∑
M∈Γ

H (MLz) (dMLz)m

=
∑
M∈Γ

H (Mz) (dMz)m

= F (z,H)(dz)m. (1.16)

Note that when M runs over Γ, so does ML. We say the “differential”
F (z)(dz)m is invariant under Γ. Poincaré called F a theta–Fuchsian series
of order m, but later it was named Poincaré series.

If we write (1.16) as

F (Mz) = (cz + d)2m F (z), M ∈ Γ,

it becomes an automorphic form of weight −2m. The quotient of two
Poincaré series of the same weight is an automorphic function. Since
different H’s give rise to different Poincaré series their ratio is a nontriv-
ial automorphic function, this solves the existence problem. Poincaré
proved the absolute convergence of (1.15) for m ≥ 2 (see for the detail
[15]), which permits us to rearrange the series.

Note that the series (1.15) may be identically zero. But for Poincare
purpose it was sufficient to select H(z) having a pole at a point of H.
Then F (z) will have a pole at the same point and cannot be identically
zero. Similarly if we choose H1 and H2 to have poles at different points,
we can be sure the functions F (z,H1) and F (z,H2) will be linearly in-

dependent and the automorphic function F (z,H1)
F (z,H2) will not be a constant.

Note that F possess a definite value at a parabolic vertex.

9



Chapter 1 : Introduction

The original Poincare series were automorphic form of negative integral
weight ≤ −3. When we try to define them for groups acting on the upper
half plane H, we encounter a new difficulty. Consider∑

M∈Γ

(cτ + d)−k , k ∈ Z, τ ∈ H, M =

(
a b

c d

)
, (1.17)

where Γ contains translation generated by Sτ = τ + λ. Every element
fixing∞ is a translation and we may therefore write {Sm, m ∈ Z } = Γ∞.
Since SmV ∈ Γ and also has (c, d) as its lower row, the term (cτ + d)−k ,
occurs infinitely often and the series (1.17) does not converge. Hecke
got around the difficulty by summing over a set of representative of the
cosets Γ∞\Γ, i.e., a complete system of matrices of Γ with different lower
row. We called the series

E(τ) =
∑

V ∈Γ∞\Γ

(cτ + d)−k k ≥ 3

an Eisenstein series. It belongs to the class {Γ,−k, 1} and is analytic in
H and at the parabolic cusps of Γ.

In the next chapter we review a Hecke correspondence theorem and
we shall see how Bocheners developed this correspondence in [2], using
residual function that were later called log-polynomial period sum as
period function by Knopp in [7] and [20] .

In chapter three we shall discuss a correspondence theorem on infinite
log-polynomial period functions for Hecke groups, in particular, for the
theta group. In this chapter we will see back ground for the results in
chapter four.

In chapter four we extend the results in [12] from a correspondence the-
orem on theta group for infinite log-polynomial period functions to a
correspondence theorem on infinite log-polynomial period functions for
λ > 2 and arbitrary real weight k. This correspondence gives infinitely
many poles for the generalized Dirichlet series.

In chapter five we generalize some of the results in [11] from finite log-
polynomial sum period functions to infinite log-polynomial sum period
functions. We shall characterize the infinite log-polynomial period func-
tions for λ = 2 cos π/p, p ∈ Z, p ≥ 3 and for cases of multiplier system
v(Sλ) = 1 with weight k > 2 and v(Sλ) 6= 1 with weight k > 2.

10



Chapter 2

Riemann-Hecke-Bochner Correspon-
dence

2.1 Riemann Functional Equation

The classical theta function, defined for =(τ) > 0 by

θ(τ) =
∞∑

n=−∞
eπin

2τ ,

satisfies the modular transformation law

θ

(
−1

τ

)
=
(τ
i

) 1
2

θ (τ) . (2.1)

Recall that the Riemann zeta function is defined by

ζ(s) =
∞∑
n=1

1

ns
, for <(s) > 1

and satisfies the functional equation:

π−
1
2sΓ

(
1

2
s

)
ζ(s) = π−

1
2 (1−s)Γ

(
1

2
(1− s)

)
ζ(1− s), (2.2)

where Γ(s) is the gamma function. Riemann proved (2.2) using (2.1) in
[24].

2.2 Hecke Correspondence

In 1936, Hecke extended Riemann’s work in [4] to a correspondence be-
tween a Dirichlet series with functional equation and an automorphic
form under certain growth conditions, which we state in the following
theorem.

Theorem 2.2.1. (Hecke Correspondence Theorem)
Let {an} and {bn} be sequences of complex numbers such that an, bn =

11



Chapter 2 : Riemann-Hecke-Bochner Correspondence

O(nρ), as n tends to ∞, for some ρ > 0. Let λ > 0, k ∈ R, and γ ∈ C.
For σ > c+ 1, s = σ + it. Let

ϕ(s) =
∞∑
n=1

ann
−s, ψ(s) =

∞∑
n=1

bnn
−s;

Φ(s) =

(
2π

λ

)−s
Γ(s)ϕ(s), Ψ(s) =

(
2π

λ

)−s
Γ(s)ψ(s);

f(τ) =
∞∑
n=0

ane
2πniτ
λ and g(τ) =

∞∑
n=0

bne
2πniτ
λ , τ ∈ H.

Then the following two assertions are equivalent.

(i) f(τ) = γ
(
τ
i

)−k
g
(−1
τ

)
.

(ii) Φ(s)+ a0
s +γ b0

(k−s) has an analytic continuation to the entire complex
plane and bounded in every vertical strip. Moreover,

Φ(s) = γΨ(k − s). (2.3)

Remark 2.2.2. 1. Formulation of Theorem 2.2.1 deviate from Hecke’s
original statement in two ways. In Hecke’s work there is a single
Dirichlet series; that is ψ(s) = ϕ(s).

2. Boundedness condition in (ii) replaces a corresponding hypothesis
of Hecke, who assume that (s−k)ϕ(s) is an entire function of finite
genus, that is to say, there exists an A > 0 such that |(s−k)ϕ(s)| ≤
exp{|s|A}, for all s in C.

3. Note that Φ(s) is entire if and only if a0 = 0 and b0 = 0. If a0 6=
0, Φ(s) has a simple pole at s = k. Alternatively, one can say that
Φ(s) is entire if and only if f(τ) vanishes at i∞.

4. Theorem 2.2.1 has been generalized by several authors. We will
review Bochener’s generalization in the next sections.

Remark 2.2.3. Take λ = 2, k = 1
2 , γ = 1, and f(τ) = g(τ) = θ(τ).

Furthermore a0 = b0 = 1 and an = bn = 2, if n = m2,m ∈ Z+;
an = bn = 0, otherwise. Thus,

ϕ(s) = ψ(s) = 2
∞∑
m=1

1

(m2)s
= 2ζ(2s),

satisfies (2.3),i.e.,

π−sΓ(s)ζ(2s) = π(s− 1
2 )Γ(

1

2
− s)ζ(1− 2s),

12



Chapter 2 : Riemann-Hecke-Bochner Correspondence

replacing s by s
2 , we obtain (2.2) .

2.3 Bochner’s Correspondence Theorem

After Hecke generalized his correspondence theorem, significant general-
ization was given by then , S. Bochner, [2] in 1951. He established a cor-
respondence between an automorphic integral with finite ‘log-polynomial
sum period function’ and Dirichlet series with the classical functional
equation and finitely many poles.

Here we state Bochner’s correspondence theorem with slight reformula-
tion of Bochner result as used by Knopp in [7] and [20] and since our
main results in chapter IV essentially depend on the proof of the con-
verse part of this correspondence, we include the proof of the converse
part.

Theorem 2.3.1. (Bochener’s Correspondence Theorem)
Let λ1, λ2 > 0, k ∈ R, and γ ∈ C. Let

f(τ) =
∞∑
n=0

ane
2π inτ/λ1 and g(τ) =

∞∑
n=0

bne
2π inτ/λ2, (2.4)

be non-constant exponential series, such that the sequences {an}, {bn}
satisfying the growth condition

an, bn = O(nρ), n→∞, ρ > 0.

As in theorem (2.2.1) , put

Φ(s) =

(
2π

λ1

)−s
Γ(s)

∞∑
n=1

ann
−s =

∫ ∞
0

{f(iu)− a0}us−1du, (2.5)

Ψ(s) =

(
2π

λ2

)−s
Γ(s)

∞∑
n=1

bnn
−s =

∫ ∞
0

{g(iu)− b0}us−1du. (2.6)

13



Chapter 2 : Riemann-Hecke-Bochner Correspondence

Then the following two statements are equivalent.

(A) f(τ) and g(τ) satisfy the (generalized) modular transformation equa-
tion (τ

i

)−k
f(
−1

τ
) = γg(τ) + q(τ), (2.7)

where q(τ) =
∑L

j=1 (τ/i)−αj
∑m(j)

t=0 β(j, t) logt (τ/i) is a log–polynomial
sum(LPS).

(B) Φ(s) and Ψ(s) have meromorphic continuation to the entire s-plane,
each with at most a finite number of poles in C. Furthermore, Φ(s)
and Ψ(s) satisfy the functional equation

Φ(k − s) = γΨ(s). (2.8)

Finally, there exists T0 > 0 such that Φ(s) remains bounded in each
”lacunary” vertical strip (LVS) of the form σ1 ≤ σ ≤ σ2, |t| ≥ T0.

Here, s = σ + it.

Proof. We want to prove (B) implies (A).

We begin by observing that for y > 0 and sufficiently large d > 0, we
have both

g(iy)− b0 =
1

2π i

∫
(d)

Ψ(s)y−sd s (2.9)

and

f(iy)− a0 =
1

2π i

∫
(d)

Φ(s)y−sd s. (2.10)

(Note that the equations (2.9) and (2.10) express f − a0 and g − b0 as
the inverse Mellin transforms of Ψ and Φ, respectively.) By assumption,
there exist

P1(s) =
L∑
j=1

N(j)∑
t=1

b(j, t)

(s− δj)t
,

P2(s) =
L′∑
j=1

N ′(j)∑
t=1

b′(j, t)

(s− ηj)t
,

with δj, ηj ∈ C, such that Φ(s)− P1 and Ψ(s)− P2(s) are entire.

We move the line of integration to σ = −d; (2.9) then implies that

14



Chapter 2 : Riemann-Hecke-Bochner Correspondence

(see [1], Page 7)

g(iy)−b0 =
1

2πi

∫
(d)

Ψ(s)y−sd s+
L′∑
j=1

y−ηj
N ′(j)∑
t=1

b′(j, t)
(− log y)t−1

(t− 1)!
, (2.11)

where as from (2.10) , we have

f(iy)−a0 =
1

2πi

∫
(d)

Φ(s)y−sd s+
L∑
j=1

y−δj
N(j)∑
t=1

b(j, t)
(− log y)t−1

(t− 1)!
. (2.12)

We should mention an additional restriction that we have imposed im-
plicitly upon d : d > 0 is sufficiently large so that all poles of Φ(s) and
Ψ(s) lie in the vertical strip |<(s)| < d. It is also important to note that
in the derivation of (2.11) and (2.12) we require both Stirling formula
and the Phragmén-Lindelöf Theorem for a vertical strip.(See the proof
of Theorem 2.1 in [1] Page 7-8 for more details.)

At this juncture we invoke the functional equation (2.8) in (2.11) to
obtain

g(iy)− b0 =
γ−1

2π i

∫
(−d)

Φ(k − s)y−sd s+ p(y),

where p(y) is the finite sum on the right-hand side of (2.11) . With a
change of variables in the integral, we find that

g(iy)− b0 =
γ−1y−k

2π i

∫
(k+d)

Φ(s)ysd s+ p(y)

=
γ−1y−k

2π i

∫
(k+d)

Φ(s)(
1

y
)−sd s+ p(y)

= γ−1y−k{f(i/y)− a0}+ p(y),

by (2.10) . This can be rewritten as

(τ/i)−k f(−1/τ) = γg(τ) + a0(τ/i)
−k − γb0 − p(τ/i), (2.13)

valid for τ = iy, y > 0. By analytic continuation, (2.13) holds for all τ
in H. Thus we have proved (2.7) with

q(τ) = a0(τ/i)
−k − γb0 − p(τ/i),

an LPS. This completes the proof of the converse of the theorem.

15



Chapter 2 : Riemann-Hecke-Bochner Correspondence

Remark 2.3.2. 1. To compare Theorem 2.2.1 with Theorem 2.3.1, note
that we have here interchanged the roles of f and g, and consequently
the roles of Φ and Ψ, as well. In this generalization λ1, λ2 may be
distinct positive numbers whereas in Theorem 2.2.1, λ = λ1 = λ2,

even when f 6= g.

2. The most important feature of the generalization is the presence of
the LPS q(τ) in (2.7) makes no change in the functional equation
connecting Φ and Ψ. However, q(τ) is related to the poles of Φ.

3. In fact, q(τ) determines the exact locations and orders of the poles
of Φ and Ψ, and vice verse.

We make this precise for the special case f = g, Φ = Ψ, in
Corollary 2.3.3. Suppose f = g, Φ = Ψ, as in Theorem 2.3.1. Then the
term βτβ (log τ)t , β 6= 0, t ∈ Z, t ≥ 0, occurring in q(τ) corresponds to
poles of Φ(s) of order t+1 at the points s = β+k and s = −β. The only
possible further singularities of Φ are simple poles at s = 0 and s = k.

16



Chapter 3

Infinite Log-Polynomial Sum Period
(ILPSP) Functions

In this chapter, we summarize known results about LPSPFs.

3.1 Finitely Many Essential Singularities

3.1.1 Finite Log-Polynomial Sum Period Functions

A log–polynomial sum q(z) =
∑n

l=1 z
βl
∑m(l)

j=0 δ(l, j)(log z)j, where β1, · · · , βn
and the coefficients δ(l, j) are complex numbers, is said to be a log–
polynomial period function of weight k and multiplier system v for the
Hecke group G(λ), if there exists a function F defined and holomorphic
in H such that:

e−2π κiF (z + λ) = F (z), (3.1)

v(T )z−kF

(
−1

z

)
= F (z) + q(z), (3.2)

where e2πκi = v(Sλ), 0 ≤ κ < 1.

Such a function F satisfying (3.1) and (3.2) is called an automorphic
integrals of weight k and multiplier system v for G(λ), if it has an expo-
nential series expansion:

F (z) =
∞∑
n=0

ane
2π i(n+κ) zλ , (3.3)

where an ∈ C satisfy the growth condition an = O(nρ) asn→∞, ρ > 0.
In this case we say that q is the log–polynomial period function of the
automorphic integral F.

The log–polynomial sum which occur as period function for (entire) au-
tomorphic integral of weight k have completely characterized in the cases
k > 2, v(Sλ) = 1 and k > 0, v(Sλ) 6= 1 in [11].
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Chapter 3 : Infinite Log-Polynomial Sum Period (ILPSP) Functions

3.1.2 Estimation of Infinite Log–Polynomial Sum (First Ver-
sion)

Letting m(l) → ∞ in the second sum, we define the first version of
”infinite” log–polynomial sum of the form

q(z) =
n∑
l=1

(z
i

)−βl ∞∑
j=0

δ(l, j)
(

log
z

i

)j
, (3.4)

where the βl are all distinct and finitely many complex numbers, δ(l, j) ∈
C, and z ∈ H.
This version of infinite log–polynomial sum was necessary to produce
finitely many essential singularities, under certain conditions the con-
vergence and the associated correspondence theorem is proved in [12].
For the sake of comparison we state the estimation of (3.4) and the as-
sociated correspondence theorem.

Proposition 3.1.1. Let q(z) =
∑n

l=1

(
z
i

)−βl∑∞
j=0 δ(l, j)

(
log z

i

)j
suppose

that

(i) |<(βl)| ≤ β for all l,where β > 0

(ii)
∑∞

j=1

(
j
e

)j |δ(l, j)| <∞ for l = 1, · · · , n.
Then q(z) converges absolutely for all z ∈ H and uniformly on com-
pact subset of H, and q ∈ P . Furthermore, the series for q (−1/z) also
converges absolutely and uniformly on compact subset of H.
For the next theorem we assume that the condition (i) of proposition
3.1.1 and further we assume,

∑n
l=1

∑∞
j=0 j!|δ(l, j)|εj <∞, for every ε > 0.

Note that this is stronger than (ii). Also, assume v(Sλ) = 1.

Theorem 3.1.2. Let f(z) =
∑∞

n=0 ane
2π inz/λ be holomorphic in H with

an = O(nρ) for some ρ > 0, as n→∞. Let

q(z) =
n∑
l=1

(z
i

)−βl ∞∑
j=0

δ(l, j)
(

log
z

i

)j
and define the functions

ϕf(s) =
∞∑
n=1

an
ns
,
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Chapter 3 : Infinite Log-Polynomial Sum Period (ILPSP) Functions

Φf(s) =

(
2π

λ

)−s
Γ(s)ϕf(s),

Q(s) = v̄(T )
n∑
l=1

∞∑
j=0

(−1)j+1j!δ(l, j)

(s− βl)j+1
+ a0

(
ikv(T )

s− k
− 1

s

)
.

Then the following are equivalent:

(A) f(z) satisfies the transformation law

z−kf

(
−1

z

)
= v(T )f(z) + q(z). (3.5)

(B) Φf(s)−Q(s) has an analytic continuation to the entire s-plane that
is bounded in vertical strips, and Φf(k − s) = ikv(T )Φf(s).

3.2 Infinitely Many Poles

3.2.1 Estimation of Infinite Log–Polynomial Sum (Second Ver-
sion)

To investigate Dirichlet series with infinitely many poles of finite order,
we consider the second version of “infinite log–polynomial sum” of the
form

q(z) =
∞∑
l=1

(z
i

)−βl m(l)∑
j=0

δ(l, j)
(

log
z

i

)j
, (3.6)

where the β′ls are all distinct complex numbers, δ(l, j) ∈ C, and z ∈
H. This infinite log–polynomial sum is essential to the correspondence
theorem with Dirichlet series having infinitely many poles. As we shall
see, the Dirichlet series will have singularities at βl, which are poles of
order m(l) + 1.

We now show that q(z) converges absolutely for z ∈ H and uniformly in
the compact subset of H. In fact q(z) is in P under the assumption (i)
and (iii) below. With slight difference in the second condition, but no
change has to be made in the proof. We have the following proposition,
which is Proposition 4.1 in [12].

Proposition 3.2.1. Let q(z) be in (3.6) . Suppose that

(i) |<(βl)| ≤ β for l ≥ 1, where β > 0;

19



Chapter 3 : Infinite Log-Polynomial Sum Period (ILPSP) Functions

(iii)
∑∞

l=1

∑m(l)
j=9 e

|=(βl)|π2
(
j
e

)j |δ(l, j)| <∞ and∑∞
l=1

∑8
j=0 e

|=(βl)|π2 |δ(l, j)| <∞.

Then q(z) converges absolutely and uniformly on compact subsets of H,
and q ∈ P , that is |q| < K (|z|ρ + y−σ) for some constants K, ρ and σ >
0. Furthermore, the series q(−1/z) also converges absolutely z ∈ H and
uniformly on compact subsets of H.

Proof. Let z ∈ H. By argument convention we have
∣∣arg

(
z
i

)∣∣ < π
2 , which

implies ∣∣∣∣(zi)−βl
∣∣∣∣ =

∣∣∣z
i

∣∣∣−<(βl)

e=(βl) arg(z/i) ≤ |z|−<(βl) e|=(βl)|π2 .

From (i), we conclude

|z|−<(βl) ≤
(
|z|β + y−β

)
.

Hence ∣∣∣∣(zi)−βl
∣∣∣∣ ≤ e|=(βl)|π2

(
|z|β + y−β

)
. (3.7)

See [[12], PP. 17-18] for the proof of

∣∣∣log
(z
i

)∣∣∣j ≤
 K

(
j
e

)j (|z|4 + y−4
)
, if j ≥ 9

2j
(
|z|+ y−1

)j
, if 0 ≤ j < 9 (3.8)

Substituting (3.7) and (3.8) into (3.6) , we have

|q(z)| ≤
(
|z|β + y−β

) ∞∑
l=1

(
8∑
j=0

e|=(βl)|π2 |δ(l, j)|2j
(
|z|+ y−1

)j
+ K

(
|z|4 + y−4

) m(l)∑
j=9

e|=(βl)|π2

(
j

e

)j
|δ(l, j)|


≤
(
|z|β + y−β

)(
28
(
|z|+ y−1

)8
∞∑
l=1

8∑
j=0

e|=(βl)|π2 |δ(l, j)|

+ K
(
|z|4 + y−4

) ∞∑
l=1

m(l)∑
j=9

e|=(βl)|π2

(
j

e

)j
|δ(l, j)|

 .
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By (iii), both the above series converge. Therefore, by the Weierstrass
M–test q(z) converges absolutely and uniformly on compact subset of
H. This estimation also shows that q ∈ P . To complete the proof of

the proposition, we note that log
(−1
iz

)
= − log

(
z
i

)
, and

∣∣∣(−1
iz

)−βl∣∣∣ ≤
K
(
l
e

)l (|z|4 + y−4
)

for l ≥ 9. Thus, with the same argument q (−1/z) has
the properties stated.

For the next correspondence theorems , we apply a strong condition on
the coefficients. We use an explicit estimate for |q(z)| it is proved in [[12]
P. 18].

Corollary 3.2.2. Let

q(z) =
∞∑
l=1

(z
i

)−βl m(l)∑
j=0

δ(l, j)
(

log
z

i

)j
,

and suppose that

(i) |<(βl)| ≤ β for l ≥ 1, where β > 0;

(iii*)
∑∞

l=1

∑m(l)
j=0 e

|=(βl)|π2 j!|δ(l, j)|εj <∞, for every ε > 0.

Then q ∈ P with

|q(z)| ≤ K′′
(
|z|2 max(β,4) + y−2 max(β,4)

)
, (3.9)

where K′′ = k′
∑∞

l=1

∑m(l)
j=0 e

|=(βl)|π2 j! |δ(l, j)| , for some constant K′.

In [12] the following theorem was proved by using the construction of
automorphic integrals by the generalized Poincaré series for an H groups
of the form

Ψ (qM , m, v; z) = Ψ(z) =
∑

M ∈ M

qM(z)

v(M) (cz + d)m
,

where M is a complete set of coset representatives for (Γθ)∞ \ Γθ and

M =

(
∗ ∗
c d

)
∈ Γθ. This sum is over all distinct lower rows c, d of the

elements in Γθ. Here Γθ is the theta group, i.e., λ = 2 and (Γθ)∞ is the
stabilizer of i∞. Then the construction involves division by Eisenstein
series (1.17) attached to Γθ. It is known that the Eisenstein series has
finite number of zeros in the fundamental region for λ ≤ 2, (see [15],
P.274). To avoid those poles, the zeros of the Eisenstein series, applied a
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Mittag-Leffler principle for automorophic form on Γθ. See the construc-
tion in [12] and [20]. But this construction does not hold for λ > 2. We
need different construction we shall see in the next Chapter .

One of the main objective of this thesis is to extend the following the-
orem, from λ = 2 and k ≥ 0 to arbitrary real weight k and arbitrary
λ > 2. We will do so in the next chapter in the main correspondence
theorem.

Theorem 3.2.3. Let f(z) =
∑∞

n=0 ane
πinz be holomorphic in H with

an = O(nγ) for some γ > 0, as n→∞. Let

q(z) =
∞∑
l=1

(z
i

)−βl m(l)∑
j=0

δ(l, j)
(

log
z

i

)j
be a log–polynomial sum satisfying (i), and (iii*). Additionally assume
that (iv) : There exist ε > 0 and a sequence of positive numbers Tn →∞
such that |=(βl)− Tn| ≥ ε for all n and l.
Define the functions

ϕf(s) =
∞∑
n=1

an
ns
,

Φf(s) =

(
2π

λ

)−s
Γ(s)ϕf(s),

Q(s) = v̄(T )
∞∑
l=1

m(l)∑
j=0

(−1)l+jj!δ(l, j)

(s− βl)j+1
+ a0

(
ikv(T )

s− k
− 1

s

)
.

Suppose that k ≥ 0 and v(T ) = i−k or that k > 2 and v(T ) = −i−k.
Then the following are equivalent.

(A) f(z) satisfies the transformation law z−kf(1/z) = v(T )f(z) + q(z).

(B) Φf(s)−Q(s) has an analytic continuation to the entire s-plane that
is bounded in vertical strips, and Φf(k − s) = ikv(T )Φf(s).
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Chapter 4

A Correspondence on ILPSP Func-
tions for Hecke Groups for λ > 2

In this chapter, we shall formally define automorphic integrals with ILP-
SPFs of weight k and multiplier system v for G(λ). We shall prove the
Hecke Correspondence Theorem between Dirichlet series with functional
equation having infinite poles of finite order and automorphic integrals
with ILPSPFs for the Hecke group G(λ) with λ > 2. These results will
extend A. Daughton of [12].

4.1 Construction of Automorphic Integrals for Hecke

Groups G(λ), λ > 2

Eichler’s [4] arguments consist of setting up two Poincaré series, the
quotient of which is an automorphic integral F. We construct an auto-
morphic integral function F of Theorem 4.1.1 below using a ”generalized
Poincaé series,” as first applied by Eichler [4], latter by Knopp[6] and
Lehener [22] for an H-group. Recall that an H-group is finitely generated
discrete group of real linear transformation, that contain translations and
have the entire real line as their limit set.

Some of the arguments in the proof is valid for the general discrete
Hecke groups G(λ). Since we require the construction here only for
G(λ), λ > 2, we shall restrict ourselves to this case throught this chap-
ter. We denote this groups by G = G(λ), λ > 2.

Theorem 4.1.1. Let k be any real number and v be a multiplier system
of weight k for G, Suppose {qM |M ∈ G} is a parabolic cocycle of weight
k such that qSλ = 0, qM ∈ P . (Note that qM satisfies (1.10)). Then
there exists a function F, analytic in H, with F ∈ P such that

F |kvM − F = qM , (4.1)

for all M ∈ G and having an expansion at the parabolic cusp z = i∞ of
the form
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F (z) =
∞∑
n=0

ane
2πinz/λ, z ∈ H λ > 2, (4.2)

where
an = O (nρ) , ρ > 0, n→∞. (4.3)

Proof. Let {v(M)|M ∈ G} be a multiplier system in weight k for G.
Since G(λ) = 〈Sλ, T 〉, for any M ∈ G, v(M) is determined by the val-
ues of v(Sλ) and v(T ) using the consistency condition (1.8) . For λ > 2,
the only relation in G is (1.4) . Hence v(Sλ) is unrestricted and using
(1.8) v(T ) must be one of the four complex numbers ±e−πik/2, ±ie−πik/2.
But v(T ) = ±ie−πik/2 gives trivial space of automorphic integral of
weight k on G. For our purpose here we consider only those multiplier
system satisfying v(Sλ) = 1 and v(T ) = e−πik/2.

A cocycle for G is determined from qSλ and qT using the cocycle condition
(1.10) . Note that (1.4) implies that qT must satisfy

qT |kvT + qT = 0. (4.4)

Therefore, we can generate a cocycle {qM |M ∈ G} with the choices

qSλ = 0, and qT = q, (4.5)

where q(z) is

q(z) =
L∑
l=1

zβl
m(l)∑
j=0

δ(l, j) (log z)j , (4.6)

where β1, · · · , βL are complex numbers, as are the coefficients δ(l, j). The
j′s, l and m(l) are nonnegative integers.

Note that we are fixing a log-polynomial sum q(z) satisfying (4.4) . For
example we can take q = ϕ|T − ϕ with ϕ is any log-polynomial sum.

The Eichler’s generalized Poincaré series required for our proof is defined
by

Ψ(s) = Ψ ({qM}, f,m, z) =
∑
M

qM(z)f(Mz)

[(az + b) + i(cz + d)]2m
, (4.7)

where the summation is over all M =

(
a b

c d

)
∈ G. We assume that

f is bounded in H and m ∈ Z+ is a “large” integer to ensure absolute
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convergence. Here {qM} is the cocycle generated by (1.10) and (4.5) from
the log-polynomial sum q(z) given by (4.6) . We shall show below that
for m sufficiently large, the series (4.7) converges absolutely for z ∈ H
and uniformly on compact subset of H. For such m we show that Ψ ∈ P .
Assuming (4.7) converges absolutely for z ∈ H, for now, by rearrange-
ment of terms, it follow that(

Ψ|kvM
)

(z) = (cz + d)2m Ψ(z)− (cz + d)2m ϑm(z)qM(z) (4.8)

for M =

(
∗ ∗
c d

)
∈ G, where

ϑm(z) = ϑm(f ; z) =
∑
M

f(V z)

[(az + b) + i(cz + d)]2m
, (4.9)

where the summation is over all M =

(
a b

c d

)
∈ G.

With similar arguments as in (4.7), for large m ∈ Z+, the series in (4.9)
converges absolutely and uniformly on compact subset of H. Therefore,
ϑm(z) is holomorphic automorphic form on G of weight 2m and multi-
plier system ≡ 1:

(cz + d)−2m ϑm(Mz) = ϑm(z) (4.10)

for all M =

(
∗ ∗
c d

)
∈ G.

Thus, putting F (z) = − Ψ(z)
ϑm(z) and applying (4.8), we get that

F |kvM = −(Ψ|kvMz)

ϑm(Mz)
= − Ψ(z)

ϑm(z)
+ qM(z),

for M ∈ G. That is

F |kvM = F (z) + qM(z), M ∈ G. (4.11)

In [7], Knopp and Sheingorn stated without proof the absolute con-
vergence of the series (4.7) . However, they have supplied references
[6] , [7], and [22] for the proof. However, the proofs in the references
are for the H-groups. Since our group G is not an H-group and this con-
struction is essential for the proof of the main correspondence Theorem
4.3.1, we shall give a proof below. The proof of Proposition 4.1.6, below
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treated differently from [19]. We will break the construction of the proof
in to several lemmas.

First we estimate the cocycles {qM |M ∈ G} based upon a series of
lemmas. We use m1, m2, m3, .... to denote arbitrary constants. Our first
lemma has appeared in [[6], Lemma 4] and [[22], Lemma 4] we include
the proof here for sake of completeness.

Lemma 4.1.2. For real numbers c, d and z = x+ iy, we have(
y2

1 + 4|z|2

)(
(c2 + d2

)
≤ |cz + d|2 ≤ 2

(
|z|2 + y−2

) (
c2 + d2

)
.

Proof. By Schwarz’s inequality, we have
|cz + d|2 ≤ (|z|2 + 1)(c2 + d2). For z ∈ H, |z|2 + 1 ≤ 2(|z|2 + y−2),
which imply that

|cz + d|2 ≤ 2(|z|2 + y−2)(c2 + d2)

and

|cz + d|2 ≥ c2y2 and
∣∣z|2|cz + d

∣∣2 = |c|z|2 + dz|2 ≥ d2y2.

Thus,

|cz + d|2 ≥ y2(c2 + d2)

(1 + |z|2)
≥ y2(c2 + d2)

(1 + 4|z|2)
.

Since Gλ = 〈Sλ, T 〉, with Sλ pararabolic and T nonparabolic generators,
any M ∈ G has a factorization of M into sections [[22], PP.156− 157] ,

M = C1C2 · · ·Cr,

where r is the number of sections. In fact one can express as

M = Sa1λ TS
a2
λ T · · ·TS

an
λ , ai ∈ Z, n ≥ 2, a2, · · · , an−1 6= 0. (4.12)

Each section Ci is either the nonparabolic generator of G or a power of
the parabolic generator of G. Eichler in [17] has proved factorization into
sections is possible for an H-groups. He showed that, for any M in an
H-group, M = C1 · · ·Cr, that r ≤ m1 log µ(M) + m2, where m1,m2 >

0 are independent of M where, µ(M) = a2 + b2 + c2 + d2 for M =(
a b

c d

)
. Note that µ(M) ≥ 2 and µ(MN) ≤ µ(M)µ(N) for matrices

of determinant one.
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But G is not an H-group. However, an upper bound of the minimum
length r was established by Knopp in [7]. In fact in (4.12) if wl(M)
denotes word length of M given by wl(M) = n − 1 +

∑n
i=1 |ai| and

fl(M) = n−1+ l, l is the length of non zero ai, i = 1, 2, ..., n, then there
are constants αλ and βλ such that

wl(M) ≤ αλµ(M),

f l(M) ≤ βλ log µ(M).

Thus, for our groups, the factorization into section has finite word length
too.

Lemma 4.1.3. Assume the cocycle {qM |M ∈ G} is in P and 2σ >

−k, ρ > k, where
|qM | < K

(
|z|ρ + y−σ

)
. (4.13)

Then there exists m3 depending only on G and {qM} such that

|qCh|vkCh+1 · · ·Cr| ≤ m3µ(M)e
[
|z|6e−2k + y−6e+2k

]
, (4.14)

for 1 ≤ h ≤ r, where e = max(ρ/2, σ + k/2) and M = C1...Cr.

Proof. First we consider the case when Ch is a nonparabolic generator.

Let V = Ch+1 · · ·Cr =

(
α β

γ δ

)
. Then, by (4.13) ,

|qCh|V | = |(γz + δ)|k |qCh(V z)| < |(γz + δ)|kK
[
|V z|ρ + y−σ|γz + δ|2σ

]
= K|αz + β|ρ|γz + δ|k−ρ +K|γz + δ|2σ+ky−σ.

Then by the Lemma (4.1.2),

|αz + β|ρ ≤ 2ρ/2
(
|z|2 + y−2

)ρ/2 (
α2 + β2

)ρ/2
,

|γz + δ|2σ+k ≤ 2σ+k/2
(
|z|2 + y−2

)σ+k/2
(γ2 + δ2)σ+k/2,

and

|γz + δ|k−ρ ≤
(

y2

1 + 4|z|2

)k−ρ
2

(γ2 + δ2)
k−ρ
2 .

Hence,

|qCh|V | < K2ρ/2
(
|z|2 + y−2

)ρ/2 (
α2 + β2

)ρ/2(1 + 4|z|2

y2

)ρ−k
2

(γ2 + δ2)
k−ρ
2

+K2σ+k/2
(
|z|2 + y−2

)σ+k/2
(γ2 + δ2)σ+k/2y−σ.
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For a discrete group that has translations, if γ 6= 0, Ch+1...Cr =

(
∗ ∗
γ ∗

)
∈

G, then there exist a constantm4 such that |γ| ≥ m4 > 0, see ([16], P.35).
It follow that γ2 + δ2 has a positive lower bound. Thus

|qCh|V | < m5

(
|z|2 + y−2

)ρ/2 (
α2 + β2

)ρ/2(1 + 4|z|2

y2

)ρ−k
2

+m′5
(
|z|2 + y−2

)σ+k/2
(γ2 + δ2)σ+k/2y−σ.

By Lemma 5 of [7] we have

µ(Ch · · ·Cr) ≤ m6µ(C1 · · ·Cr), for 1 ≤ h ≤ r.

Thus, α2 + β2 + γ2 + δ2 = µ(V ) ≤ m7µ(M), consequently

|qCh|V | ≤ m8µ(M)
ρ
2

(
|z|2 + y−2

)ρ
2 yk−ρ(1 + 4|z|2)

ρ−k
2

+m′8µ(M)σ+k/2y−σ(|z|2 + y−2)σ+k/2.

Letting e = max(ρ/2, σ + k/2), we get

|qCh|V | ≤ m9µ(M)e
(
|z|2 + y−2

)e {
yk−ρ

(
1 + 4|z|2

)(ρ−k)/2
+ y−σ

}
≤ m9µ(M)e

(
|z|2 + y−2

)e {
1/2y2k−2ρ + 1/2

(
1 + 4|z|2

)ρ−k
+ y−σ

}
.

Let σ ≤ e− k/2 and ρ− k ≤ 2− k, we have

|qCh|V | ≤ m′9µ(M)e(|z|+ y−2)e
[
|z|4e−2k + y−4e+2k

]
≤ m3µ(M)e

[
|z|6e−2k + y−6e+2k

]
.

Next, we consider the case when Ch is a parabolic section, i.e., Ch = Smλ .

In this case qSλ = q′|Sλ−q′, q′ ∈ {qM |M ∈ G}. By the cocycle condition
(1.10), qCh = q′|Ch − q′. This implies that,

qCh|Ch+1 · · ·Cr = q′|Ch · · ·Cq − q′|Ch+1...Cr.

By the previous case, we have

|qCh|Ch+1 · · ·Cr| ≤ m3µ(M)e
(
|z|6e−2k + y−6e+2k

)
.

This completes the proof.
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By repeatedly applying the cocycle condition for M = C1 · · ·Cr, we get

qM = qC1···Cr = qC1
|C2 · · ·Cr + qC2

|C3 · · ·Cr + · · ·+ qCr , (4.15)

with terms on the right hand side bound by wlM ≤ αλµ(M) and flM ≤
βλ log µ(M), gives, r ≤ fλµ(M). Hence, by (4.13) and Lemma 4.1.3,
we have the estimate of the cocycle for M ∈ G = G(λ), |qM(z)| ≤
m10µ(M)e (|z|η + y−η) q. That is,

|qM(z)| ≤ m11µ(M)e+1
(
|z|η + y−η

)
, (4.16)

where η = 6e−2k. The following lemma is Lemma 4 of [22]. We introduce
the region Eα, α > 0 :

Eα = {z ∈ C : |x| ≤ 1

α
, y > α, z = x+ iy}. (4.17)

Note that every compact subset of H is contained in some Eα.

Lemma 4.1.4. Let c, d be real and τ ∈ Eα. We have

m12(c
2 + d2) ≤ |cτ + d|2 ≤ m13|τ |2(c2 + d2).

Proof. When c = 0, it holds for m13 ≥ α−2. When c 6= 0, we have∣∣∣∣cτ + d

ci+ d

∣∣∣∣2 =

∣∣∣∣τ + d/c

i+ d/c

∣∣∣∣2 ≤ sup
−∞<u<∞

∣∣∣∣τ + u

i+ u

∣∣∣∣2 = sup
(x+ u)2 + y2

1 + u2

≤ 2 sup
|τ |2 + u2

1 + u2
≤ 2|τ |2 +

u2

1 + u2
(1− |τ |2)

≤ 2|τ |2 + 1 ≤ (2 + α−2)|τ |2 = m13|τ |2,

and
∣∣cτ+d
ci+d

∣∣2 ≥ inf (x+u)2+y2

1+u2 = infu φ(u).

For |u| ≤ 2/α, φ(u) ≥ y2

1+u2) ≥
α2

(1+4α−2) , where as, for |u| > 2/α,

φ(u) >
u2

4(1 + u2)
≥ α−2

(1 + 4α−2)
.

Hence, infu φ(u) ≥ (1+4α−2)−1 min(α2, α−2) = m12. This completes the
proof of the lemma.

For the following lemma, we use the Ford fundamental region Rλ [see
[16], P.58] or [ [15], P.139]. For G = G(λ), λ > 2, has ∞ as a fixed
point. The stabilizer of ∞, denoted by Γ∞, is a cyclic and Γ∞ = 〈Sλ〉.
A fundamental region R∞ of Γ∞ is the strip:

z = x+ iy,−λ/2 < x < λ/2, y > 0.
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Each of the elements of Γ∞ fixes ∞, and Γ∞ a subgroup of G. Let
4 = G − Γ∞. Then 4 consists of elements that have isometric cir-
cles. R(4) denote the set of closed isometric disks of elements of 4.
Each transformation of Γ∞ maps R(4) on to itself ( for detail see
[[15], P.142]. Rλ = {z ∈ H : <(z) < λ/2 and |cz + d| > 1 for all M =(
∗ ∗
c d

)
∈ G − Γ∞}. Then there exist yo > 0 with wo = iyo ∈ Rλ

such that M ∈ G− Γ∞, |<(Mwo)| ≤ λ/2. Now we prove the following
lemma and we may assume c 6= 0, otherwise M = ±I.

Lemma 4.1.5. If M =

(
a b

c d

)
∈ 4, and |<(Mwo)| ≤ λ/2, then

µ(M) ≤ m14(c
2 + d2).

Proof. First observe that 0 < =(M(wo)) = yo
|cwo+d|2 = yo

c2y2o+(cxo+d)2 ≤
1

c2y2o
.

If c = 0, then d = 1 and =(M(wo)) = yo. For c 6= 0, then there exist
m15 > 0 such that |c| ≥ m15, thus, 0 < =(M(wo)) ≤ 1

m2
15yo

.

Hence |(M(wo))|2 ≤ m16, which with Lemma 4.1.3 gives,

m17(a
2 + b2) ≤ |awo + b|2 ≤ m16|cwo + d|2

≤ m′16|wo|2(c2 + d2) ≤ m′′16(c
2 + d2).

Since µ(M) = a2 + b2 + c2 + d2, it follow that µ(M) ≤ m14(c
2 + d2).

From (4.16) and Lemma 4.1.5, we have the estimate of the cocycle
{qM , M ∈ G}

|qM | ≤ m′11(c
2 + d2)e+1

(
|z|η + y−η

)
. (4.18)

We use (4.18), to prove the following proposition using isometric circles,
with different treatment of the proof given in [19].

Proposition 4.1.6. For m sufficiently large (m ≥ e + 2) the Eichler’s
Generalized Poincaré series (4.7), converges absolutely for z ∈ H and
uniformly on compact subset of H. For such m, we also have Ψ ∈ P .

Proof. By assumption f is bounded in H. Note then that we need to
estimate the absolute value of the series (4.7) . That is,

|Ψ(s)| =

∣∣∣∣∣∑
M

qM(z)f(Mz)

[(az + b) + i(cz + d)]2m

∣∣∣∣∣
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≤ Km′11(|z|η + y−η)
∑
M ∈G

(c2 + d2)e+1∣∣∣[(az + b) + i(cz + d)]2m
∣∣∣

≤ K ′m′11(|z|η + y−η)
∑
M

|cz + d|2e+2∣∣∣[(az + b) + i(cz + d)]2m
∣∣∣

= K ′m′11(|z|η + y−η)
∑
M

|cz + d|2e+2

|(Mz + i)2m(cz + d)2m|

= K ′m′11(|z|η + y−η)
∑
M

1

|(Mz + i)2m| |(cz + d)2m−2e−2|
,

where we have used the bound of f , Lemma 4.1.4 and (4.18). Let

H(z) =
∑
M

1

(Mz + i)2m(cz + d)2m−2e−2
, (4.19)

where the sum run over M =

(
a b

c d

)
∈ G. Next, we show that (4.19)

converges. With Eα as in (4.18) , since all M ∈ G preserves H, then
Mz 6= −i, for z ∈ Eα, M ∈ G. Suppose |c| > ro = max(2, 2/α).
Then Eα lies out side the isometric circles |cz + d| of radius 1

|c| < α/2.

Hence, M(Eα) is inside the isometric circle of the inverse transformation,
| − cz + b|. In Rλ, the largest radius is the unit disc corresponding to
c = ±1. Any other isometric circle has radius < 1/2. It follows that, for
all such c, |Mz + i| > 1

2 .

For case of finitely many c in |c| ≤ ro, we have |Mz + i| > 0. Therefore,
there is a constant M ∗ depending on Eα such that

|Mz + i| > M ∗, z ∈ Eα, M ∈ G. (4.20)

Also, |cz + d| = |c||z + d/c|. If D is a compact subset of Eα, the center
of the isometric circles {−d/c} is bounded above and |z + d/c| ≥ r > 0,
where r > 0 is a constant depending on D. Thus,

|cz + d| ≥ r|c|, z ∈ D, M ∈ G. (4.21)

Using (4.20) and (4.21) in (4.19), we get

|H(z)| =

∣∣∣∣∣∑
M

1

(Mz + i)2m(cz + d)2m−2e−2

∣∣∣∣∣
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≤
∑
M

1

|(Mz + i)2m| |(cz + d)|2m−2e−2

≤
(

1

M ∗

)2m(
1

r

)2m−2e−2∑
M

|c|2e−2m+2.

Consider the last series
∑

M |c|−2t, t = m − e − 1. Since G is finitely
generated Fuchsian group of the second kind acting onH, H(z) converges
for t = m−e−1 ≥ 1. (see [15] PP. 177-179). Note that the series diverge
for t = 1 for Hecke group of λ ≤ 2 ( finitely generated Fuchsian group of
first kind), see ([15], P. 181). Thus, H converge absolutely and uniformly
on Eα, it follows that, H is holomorphic on Eα. Hence,

|Ψ(z)| ≤ K ′m′11m
∗ (|z|η + y−η

)
, (4.22)

where m∗ is a constant depending on m. Therefore, Ψ(z) converge ab-
solutely and uniformly on a compact subset of H. Also Ψ is in P . This
completes the proof.

Now returning to the proof of Theorem 4.1.1, note that (4.11) , is not
quite enough to call F (z) an automorphic integral, for F may have poles
in H and ϑm(z) can be identically zero. Which imply that F (z) fail
to be in P . For this we choose f, bounded and analytic in H, so that
ϑm(f ; z) is bounded away from zero in H, by applying the “Modified
Main Lemma” Page 14 of [19], that can be applied for the group G, (is
a finitely generated Fuchsian group of the second kind). Since the result
is applied to any region which is conformaly equivalent to the unit disk.
For the region H, we consider the mapping g(z) = (−z+i)

z+i) of H onto the
unit disk and the group G as follow:

Lemma 4.1.7. Suppose m ∈ Z, with m ≥ 2 and g(z) = (−z+i)
z+i) . Then

there exist a polynomial P = Pm such that

(i) the Poincaré series

ϑm (Pmog; z) =
∑
V ∈G

Pm
(−V z+i
V z+i

)
[(αz + β) + i(γz + δ)]2m

, V =

(
α β

γ δ

)
has an expansion at i∞ of the form

ϑm (Pmog; z) =
∞∑
n=1

cne
2πinz/λ, c1 6= 0, (4.23)

valid for all z ∈ H;
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(ii) |g′(z)|−m |ϑm (Pmog; z)| is bounded away from zero in the ”truncated
fundamental region” Rλ(y0) = {z ∈ Rλ|=z < y0}, for each y0 > 0.

From (ii) we see that, |z+ i|2m|ϑm (Pmog; z) | is bounded away from zero
in Rλ(y0), for each y0 > 0. It immediately follows that |ϑm (Pmog; z) | is
bounded away from zero in Rλ(y0), for each y0 > 0.
Now, the required automorphic integrals function be constructed using
the function Ψ(z) ≡ Ψ ({qM}, Pmog,m; z) , with sufficiently large m ≥
m0, where m0 is as in Proposition 4.1.6, Ψ hods (4.8). We redefine once
again the function:

F (z) =
−ψ ({qM}, Pmog,m; z)

ϑm (Pmog; z)
. (4.24)

With the choice of f = Pmog, F satisfies (4.11). Since Ψ is uniformly
convergent, we have

lim
=(z)→∞

|Ψ(z)| ≤ lim
=(z)→∞

Km′11(|z|η + y−η)
∑
M ∈G

(c2 + d2)e+1∣∣∣[(az + b) + i(cz + d)]2m
∣∣∣

=
∑
M ∈G

lim
=(z)→∞

Km′11(|z|η + y−η)
(c2 + d2)e+1∣∣∣[(az + b) + i(cz + d)]2m

∣∣∣
= 0,

thus, Ψ is analytic in H and by (4.8), Ψ(z + λ) = Ψ(z). Consequently,

Ψ(z) =
∞∑
n=1

dne
2πinz/λ, λ > 2, z ∈ H. (4.25)

By Lemma 4.1, ϑm (Pmog; z) is bounded away from zero in H, with the
exponential series (4.23), (4.25) and by assumption qM ∈ P for all
M ∈ G, by the result of [ [21] , PP. 149-150], we have F ∈ P . This with
the assumption qSλ = 0, and the transformation law(

F |kvM
)

(z) = F (z) + qM , M ∈ Gλ, M =

(
∗ ∗
γ δ

)
∈ G

and F (z) is analytic at i∞ imply

F (z) =
∞∑
n=0

ane
2πinz/λ, z ∈ H, λ > 2. (4.26)

Furthermore, from the result of Knopp [[21], P. 151], it follow that

an = O(nρ) for some ρ > 0, n→∞. (4.27)

This completes the proof of Theorem 4.1.1.
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4.2 Estimation of Automorphic Integrals

In this section, we provide a technique to approximate automorphic inte-
grals with infinite log-polynomial sum period functions by automorphic
integrals with finite log-polynomial sum period functions. Which is es-
sential to apply in the proof of the main correspondence theorem with
Dirichlet series having infinitely many poles, for Hecke group for λ > 2.

Lemma 4.2.1. Let f(z) =
∑∞

n=0 ane
2πniz/λ, λ > 2 be holomorphic in H

with an = O(nγ), as n→∞, for some γ > 0. Suppose that f(z) satisfies
the transformation law v̄(T )z−kf

(−1
z

)
= f(z) + q(z), where

q(z) =
∞∑
l=1

(z
i

)−βl m(l)∑
j=0

δ(l, j)
(

log
z

i

)j
is an infinite log–polynomial sum satisfying the conditions in Corollary
3.2.2 and |=(βl)| → ∞ as l→∞. Then there exist automorphic integrals
fN(z) on G = G(λ), λ > 2 with finite log–polynomial period functions
such that fN → f as N →∞ uniformly on compact subset of H.

Proof. We use the result of construction of automorphic integrals in the
previous section, to proof the existence of automorphic integrals fN(z)
on G = G(λ), λ > 2 with finite log–polynomial period functions such
that fN → f as N →∞ uniformly on compact subset of H.
We have that q|T + q = 0 from the group relation. This means that both
−βl and k − βl appear in pair as exponents in the log–polynomial sum.
By rearranging, we can make −βl and k − βl appear consecutively, we
can assume that the function

rN(z) =
∞∑

l=2N+1

(z
i

)−βl m(l)∑
j=0

δ(l, j)
(

log
z

i

)j
,

satisfies rN |T + rN = 0 for all N. For every l, we have |<(βl)| ≤ β, then
rN(z) satisfies the first condition of the Corollary 3.2.2 with the same β
for each N. It is easy to see |=(βl)| → ∞ as l→∞ holds for rN . Since

∞∑
l=2N+1

m(l)∑
j=0

e|Im(βl)|π2 j! |δ(l, j)| εj ≤
∞∑
l=1

m(l)∑
j=0

e|Im(βl)|π2 j! |δ(l, j)| εj <∞
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and so the second condition of the corollary holds for each function rN .

Thus, rN ∈ P .
From (3.9), taking both A = B = 2 max(β, 4), we get

|rN(z)| ≤ K ′
∞∑

l=2N+1

m(l)∑
j=0

e|Im(βl)|π2 j! |δ(l, j)|
(
|z|A + y−B

)
≤

K ′ ∞∑
l=1

m(l)∑
j=0

e|Im(βl)|π2 j! |δ(l, j)|

(|z|A + y−B
)
.

(4.28)

Therefore, rN(z) is the tail of a convergent sum, it implies that, rN(z)→
0 uniformly on compact subset of H as N → ∞. Uniformly because in
(4.28) in the last inequality the constants A, B, and

K = K ′
∞∑
l=1

m(l)∑
j=0

e|Im(βl)|π2 j! |δ(l, j)|

are all independent ofN. Now we generate parabolic cocycles {(rN)V (z) :
V ∈ G} with the assumption (rN)S ≡ 0 and (rN)T (z) = rN(z) using the
cocycle condition. Let us define the Poincaré series as in the previous
section using this parabolic cocycles:

ψN(z) =
∑
V

(rN)V (z)f(V z)

[(αz + β) + i(γz + δ)]2m
, (4.29)

where the summation is over all V =

(
α β

γ δ

)
∈ G, we assume f is

bounded in H and m ∈ Z+ is large integers.
Then

|ψN(z)| ≤ K
∑
V

|(rN)V (z)|∣∣∣[(αz + β) + i(γz + δ)]2m
∣∣∣ ,

and from (4.28)

|rN(z)| ≤ K ′
∞∑

l=2N+1

m(k)∑
j=0

e|Im(βl)|π2 j! |δ(l, j)|
(
|z|A + y−B

)
.

Thus,

|ΨN(z)| ≤ KK ′
∞∑

l=2N+1

m(k)∑
j=0

e|=(βl)|π2 j! |δ(l, j)|
(
|z|A + y−B

)
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V ∈G

1

|(αz + β) + i(γz + δ)|2m

)

≤ KK ′
∞∑
l=1

m(k)∑
j=0

e|=(βl)|π2 j! |δ(l, j)|
(
|z|A + y−B

)
(∑
V ∈G

1

|(αz + β) + i(γz + δ)|2m

)
.

Now, from the previous section , applying equation (4.20) and (4.21) to
the last series, we get∑

V ∈G

1

|(αz + β) + i(γz + δ)|2m
=
∑
V ∈G

1

|(V z + i)2m||(γz + δ)|2m

≤
(

1

M ∗

)2m(
1

r

)2m∑
V

|γ|−2m,

thus, the last series converges absolutely and uniformly for m ≥ 1, in a
compact subset of H, (see [15] PP. 177-179). Hence, we have

|ΨN(z)| ≤ KK ′K ′′
∞∑
l=1

m(k)∑
j=0

e|Im(βl)|π2 j! |δ(l, j)|
(
|z|A + y−B

)
,

where K ′′ is a positive constant depending only on m, and all the con-
stants are independent of N.

Therefore, ΨN(z) is a tail of a uniformly convergent series on the compact
subset of H. It follows that ΨN(z)→ 0 uniformly on compact subset of
H asN →∞. Now define

FN(z) =
−ΨN(rN , f, m; z)

ϑm(f ; z)
. (4.30)

Since we are using the construction of previous section, then ϑm(f ; z)
holomorphic automorphic form with multiplier system 1 and bounded
away from zero with a suitable choice of f. It follows that FN(z) → 0
uniformly on compact subset of H asN →∞.
Following similar procedure as in the construction in the previous sec-
tion, FN(z) is analytic in H, as well as

FN |T = FN + (rN)T , (4.31)
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which implies that, FN(z) is an automorphic integral with period func-
tion (rN)T .

Let fN(z) = f(z)− FN(z), then fN(z) is analytic in H and

fN(z)|T = f |T − FN |T = [f(z) + q(z)]− [FN + (rN)T ].

Thus,

fN(z)|T = fN(z) +
2N∑
l=1

(z
i
)
)−βl m(l)∑

j=0

δ(l, j)
(

log
z

i

)j
, (4.32)

which implies that, fN(z) is an automorphic integrals with finite log-
polynomial sum period functions. Also, fN(z) → f uniformly on a
compact subset of H as N →∞.
Therefore, fN(z) is the required automorphic integrals with finite log-
polynomial sum period functions, which converge to a function f.

4.3 The Main Correspondence Theorem

In this section, we use the infinite log-polynomial sum period function
discussed in chapter 3 and the approximation in Lemma 4.2.1. We will
assume in addition to the necessary condition to for the convergence of
the infinite log-polynomial sum period function, in particular Corollary
3.2.2. First let us state some of the conditions necessary for the next
correspondence theorem.

(A) |=(βl)| → ∞, as l→∞ and

(B) There exist ε > 0 and a sequence of positive numbers Tn →∞ such
that |=(βl)− Tn| ≥ ε for all n and l.

We can observe that condition (B) implies that condition (A). Condition
(B) means, βl have uniform gaps in the vertical strip. We shall all as-
sume due to the construction of the previous section that the multiplier
system v on G = G(λ), λ > 2 of weight k with v(Sλ) = 1.

Theorem 4.3.1. Let k be real, v(T ) = e−πik/2 and assume that

f(z) =
∞∑
n=0

ane
2πinz/λ, z ∈ H, λ > 2
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is holomorphic in H with an = O (nρ) , ρ > 0, n→∞. Let

q(z) =
∞∑
l=1

(z
i

)−βl m(l)∑
j=0

δ(l, j)
(

log
z

i

)j
be a log-polynomial sum satisfying the conditions in Corollary3.2.2, (A) and (B).
Define the functions

ϕf(s) =
∞∑
n=1

an
ns
,

Φf(s) =

(
2π

λ

)−s
Γ(s)ϕf(s),

Q(s) = v(T )
∞∑
l=1

m(l)∑
j=0

(−1)j+1j!δ(l, j)

(s− βl)j+1
+ ao

(
ikv(T )

s− k
− 1

s

)
.

Then,
f(z) satisfies the transformation law

z−kf

(
−1

z

)
= v(T )f(z) + q(z), (4.33)

is equivalent to the following three statements:

(a) Φf(s)−Q(s) has analytic continuation to the entire s- plane,

(b) Φf(s) satisfies the functional equation

Φf(k − s) = ikv(T )Φf(s), (4.34)

(c) Φf(s)−Q(s) is bounded in ‘lacunary’ vertical strip, i.e., σ1 ≤ σ ≤
σ2 and |t| ≥ to > 0.

Remark 4.3.2. 1. Since the proof of the theorem depends in an essen-
tial way upon the construction and approximation of automorphic
integral done in the previous sections, we cannot drop the assump-
tion λ > 2, i.e., we are working on the Hecke group G = G(λ), λ >
2.

2. The direct part of the theorem holds true for the general discrete
Hecke group G(λ), λ > 0.

3. Because of the functional equation (4.34) , and the need to have a
Dirichlet series with infinitely many poles, which converges in some
right half plane, we cannot relax the first condition in Corollary
3.2.2, that is, the poles lie in vertical strip is crucial.
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Proof of The Direct Part of The Theorem

Proof. By the Mellin transform of f(iy)− a0

Φf(s) =

∫ ∞
0

(f(iy)− a0) y
sdy

y

=

∫ ∞
0

( ∞∑
n=1

ane
−2πn yλ

)
ys
dy

y

=
∞∑
n=1

an

∫ ∞
0

e−2πn yλys−1dy

=

(
2π

λ

)−s
Γ(s)

∞∑
n=1

an
ns

=

(
2π

λ

)−s
Γ(s)ϕs(s).

Since interchange of the order of summation and integration by absolute
convergence, for σ = <(s) > γ + 1.

Φf(s) =

∫ ∞
0

(f(iy)− a0) y
s−1dy

=

∫ 1

0

[f(iy)− a0] y
s−1dy +

∫ ∞
1

[f(iy)− a0] y
s−1dy

=

∫ ∞
1

[
f

(
i

y

)
− a0

]
y−s−1dy +

∫ ∞
1

[f(iy)− a0] y
s−1dy

= I + II.

Using (4.33) with z = iy, y > 0, we find that, for σ > sup(γ + 1, k)

I = ikv(T )

∫ ∞
1

[f(iy)− a0]y
k−s−1dy + ikv(T )

∫ ∞
1

a0y
k−s−1dy −

∫ ∞
1

aoy
−s−1dy

+ ik
∫ ∞

1

q(iy)yk−s−1dy

= ikv(T )

∫ ∞
1

[f(iy)− a0]y
k−s−1dy + a0

(
ikv(T )

s− k
− 1

s

)
+ ik

∫ ∞
1

q(iy)yk−s−1dy.

Thus,

Φf(s) = E(s) +R(s) + L(s),

where

E(s) =

∫ ∞
1

[f(iy)− a0]y
s−1dy + ikv(T )

∫ ∞
1

[f(iy)− a0]y
k−s−1dy
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R(s) = a0

(
ikv(T )

s− k
− 1

s

)
L(s) = ik

∫ ∞
1

q(iy)yk−s−1dy.

Now we examine first E(s). Since it is an exponential decay, i.e., f(iy)−
a0 = O(e−2π yλ ) as y tends to ∞, it immediately follows that E(s) is an
entire function. Since (ikv(T ))2 = 1, we replace s by k − s in E(s), we
get, E(k− s) = ikv(T )E(s). Now we show that E(s) is bounded in each
set of the form, σ1 ≤ σ ≤ σ2, |t| ≥ t0 > 0 and s = σ + it.

E(s) ≤
∫ ∞

1

|f(iy)− a0|yσ−1dy +

∫ ∞
1

|f(iy)− a0|yk−σ−1dy.

Here the right hand side of the above inequality is independent of the
value of t.

E(s) ≤
∫ ∞

1

|f(iy)− a0|
(
yσ−1 + yk−σ−1

)
dy.

We note that,

|f(iy)− a0| =

∣∣∣∣∣
∞∑
n=1

ane
−2πn yλ

∣∣∣∣∣ ≤
∞∑
n=1

|an|e−2πn yλ

≤M

∞∑
n=1

nγe−2πn yλ ≤Me−2π yλ

∞∑
n=1

nγe−2π(n−1) yλ

≤Me−2π yλ

∞∑
n=1

nγe−
2π(n−1)

λ , for y ≥ 1

≤M ′e−2π yλ .

Therefore, we show that

|E(s)| ≤
∫ ∞

1

M ′e−2π yλ
(
yσ−1 + yk−σ−1

)
dy ≤M ′M ′′,

where M ′ is independent of σ and yσ−1 + yk−σ−1 is bounded uniformly
for σ1 ≤ σ ≤ σ2. Since for large y, y ≥ y0 and σ1 ≤ σ ≤ σ2,(

yσ−1 + yk−σ−1
)
e−

πy
λ ≤ 1.

Hence,

|E(s)| ≤M ′
∫ y0

1

(
yσ−1 + yk−σ−1

)
e−2π yλdy +M ′

∫ ∞
y0

e−π
y
λdy.
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But M ′ ∫∞
y0
e−π

y
λdy <∞, we have proved that E(s) is entire function by

analytic continuation. It is easy to see that R(s) is meromorphic on C.
Since R(s)→ 0 as |t| → ∞, then R(s) is bounded on the strip and

R(k − s) = a0

(
ikv(T )

−s
− 1

k − s

)
= a0

(
1

s− k
− ikv(T )

s

)
= ikv(T )a0

(
ikv(T )

s− k
− 1

s

)
= ikv(T )R(s).

Thus, R(s) satisfied the functional equation. Finally, we examine the
remaining term

L(s) = ik
∫ ∞

1

q(iy)yk−s−1dy. (4.35)

If f(z) satisfies the transformation law (4.33), applying (4.33) twice and
using (ikv(T ))2 = 1, then q(z) satisfies the equation

z−kq

(
−1

z

)
+ v(T )q(z) = 0, z ∈ H. (4.36)

By (4.36) , we have an alternative representation

L(s) = −v̄(T )

∫ ∞
1

q

(
i

y

)
y−s−1dy. (4.37)

Since the integrand of L(s) is an infinite series, we need to justify term
by term integration. A single term in q(iy)yk−s−1 is the form δyα(log y)j

with δ, α ∈ C, <(α) < −1 and j = 0, 1, 2, . . . . Using integration by parts
j times or applying induction, we have∫ ∞

1

δyα(log y)jdy = (−1)j+1δj!(α + 1)−j−1. (4.38)

For y ≥ 1, we have the estimation, log y ≤ j
ey

1
j , for any j ≥ 1. Then

| log y|j ≤ j!y for j ≥ 0. Now, we can estimate the integrand (4.35) ,

∣∣q(iy)yk−s−1
∣∣ =

∣∣∣∣∣∣
∞∑
l=1

y−βl
m(l)∑
j=0

δ(l, j)(log y)jyk−s−1

∣∣∣∣∣∣
≤

∞∑
l=1

m(l)∑
j=0

yk−1−<(s)−<(βl)|δ(l, j)|| log y|j
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≤
∞∑
l=1

m(l)∑
j=0

yk−1−<(s)+β|δ(l, j)|j!y

=
∞∑
l=1

m(l)∑
j=0

|δ(l, j)|j!yk+β−<(s).

Since the last double sum dominates the integrand in (4.35) and each
term is non negative, by the Monotone Convergence Theorem, it is inte-
grable for <(s) ≥ |k|+ β + 1. Therefore, the problem of integrating the
series (4.35) term by term is now solved by the second assumption in
the Corollary and the Lebesgue Dominated Convergence Theorem. By
applying (4.38), for a single term of (4.35), we get∫ ∞

1

δ(l, j)y−βl+k−s−1(log y)jdy = δ(l, j)(−1)j+1j!(k − s− βl)−j−1.

Thus, L(s) of (4.35) becomes

L(s) = ik
∞∑
l=1

m(l)∑
j=0

δ(l, j)(−1)j+1j!(k − s− βl)−j−1. (4.39)

Let K ⊂ C \ {k − βl} be compact. Then there exists ε > 0, such that
|s− (k − βl)| ≥ ε for all l and s ∈ K. From (4.39), we get∣∣∣∣∣∣ik

∞∑
l=1

m(l)∑
j=0

j!(−1)j+1δ(l, j)(k − s− βl)−j−1

∣∣∣∣∣∣
≤

∞∑
l=1

m(l)∑
j=0

j!|δ(l, j)|ε−j−1 <∞.

We have applied condition two of the Corollary and therefore, L(s) in
(4.39) is holomorphic in C \ {k − βl} .
Following similar procedure, we can integrate term by term in (4.37). By
applying (4.38) for a single term of (4.37), we find that∫ ∞

1

δ(l, j)ys−βl−1(− log y)jdy = δ(l, j)(−1)j+2j!(s− βl)−j−1,

which imply that, L(s) of (4.37), becomes

L(s) = v̄(T )
∞∑
l=1

m(l)∑
j=1

δ(l, j)(−1)j+1j!(s− βl)−j−1. (4.40)
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With similar reason, L(s) of (4.40) is holomorphic in C \ {βl} , since
q|kvT + q = 0 both {βl} and {k − βl} appear on pair with the same
domain. Therefore, the representation of L(s) on (4.39) and (4.40) are
holomorphic on the same domain. From (4.39) , we find that

L(k − s) = ik
∞∑
l=1

m(l)∑
j=0

δ(l, j)(−1)j+1j!(s− βl)−j−1.

Since (ikv(T ))2 = 1, comparing (4.39) and (4.40), we obtain

L(k − s) = ikv(T )L(s).

Therefore, each of the decomposition from Φf(s) = E(s) + R(s) + L(s)
satisfies (4.34) and hence (b) is proved. Now, rewriting Φf(s) using
(4.40) , we get

Φf(s) = E(s)+a0

(
ikv(T )

s− k
− 1

s

)
+v̄(T )

∞∑
l=1

m(l)∑
j=0

δ(l, j)(−1)j+1j!(s−βl)−j−1.

Then Φf(s)−Q(s) = E(s) is bounded in the strip and entire on s-plane.
Therefore, (a) and (c) holds true. This completes the proof of the direct
part of the theorem.

Proof of The Converse Part of The Theorem

Conversely, we assume that (a), (b) and (c) holds. By the Cahen-Mellin
formula,

e−x =
1

2πi

∫ d+i∞

d−i∞
Γ(s)x−s d s, for x, d > 0.

Putting x = 2πny/λ with n, y > 0, it follow that

e−2πny/λ =
1

2πi

∫ d+i∞

d−i∞
Γ(s) (2πny/λ)−s d s.

Multiplying both sides by an and summing on n, we deduce that, for
d > γ + 1,

f(iy)− ao =
∞∑
n=1

an
1

2πi

∫ d+i∞

d−i∞
Γ(s) (2πny/λ)−s d s.

=
1

2πi

∫ d+i∞

d−i∞
Φf(s)y

−s d s,
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the interchange of summation and integration is justified by the absolute
and uniform convergence of ϕf(s) on the line σ = d, for, d > β+γ+1+|k|,
so that all the poles lie in the vertical strip.

Following Hecke and Bochner, we next move the path of integration to
the line σ = −d. We shall do this by integrating around a rectangle
with vertices ±d ± iT, T > 0, applying the residue theorem, and then
showing that the integrals along the horizontal sides tend to 0 as T tends
to ∞. This done by use of Stirling formula [23] and Phragmén-Lindelöf
Theorem [10] to get

ϕf(s) = O
(
|t|A
)
, s = σ + it, (4.41)

uniformly on −d ≤ σ ≤ d and |t| ≥ to > 0 as |t| → ∞ for some to, where
A is a constant depending on k and d. Which gives the estimate

Φf(s) = O
(
|t|ρ+Ae−π|t|/2

)
,

where ρ is coming from Stirling formula and it depend on d. But in
our case Φf(s) has infinitely many poles in the strip, so there is no such
bound (4.41) near each poles. We prefer to use the automorphic integrals
constructed and approximated in Lemma 4.2.1. Let

FN(z) =
∞∑
n=0

cn(N)e2πinz/λ, λ > 2,

be the automorphic integral with period function

rN(z) =
∞∑

l=2N+1

(z
i

)−βl m(l)∑
j=0

δ(l, j)
(

log
z

i

)j
,

From (4.30) , we have seen FN(z) → 0 uniformly on compact subset of
H. FN(z) is analytic in H as well as, with fN(z) = f(z)− FN(z), where
fN(z) is an automorphic integral with finite log-polynomial periods and
fN(z)→ f uniformly on a compact subset of H as N →∞.
Now, we use the Mellin transform FN(iy) − c0(N) as in the direct part
of the proof, we get

ΦFN (s) = EN(s) +RN(s) + LN(s),

where,

EN(s) =

∫ ∞
1

(FN(iy)− c0(N)) ys−1 d y + ikv(T )

∫ ∞
1

(FN(iy)− c0(N)) yk−s−1 d y,
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RN(s) = c0(N)

(
ikv(T )

s− k
− 1

s

)
, and

LN(s) = v(T )
∞∑

l=2N+1

m(l)∑
j=0

δ(l, j)(−1)j+1j! (s− βl)−j−1 .

Now, we show that ΦFN (s) → 0 uniformly on V = ∪∞n=1{s : −d ≤
σ ≤ d, t = Tn, s = σ + it}, to show this, we show that each of the
decomposition of ΦFN (s) tends to zero on V uniformly. First

|EN(s)| =
∣∣∣∣∫ ∞

1

(FN(iy)− c0(N)) ys−1 d y + ikv(T )

∫ ∞
1

(FN(iy)− c0(N)) yk−s−1 d y

∣∣∣∣
≤
∫ ∞

1

|FN(iy)− c0(N)| yσ−1 d y +

∫ ∞
1

|FN(iy)− c0(N)| yk−σ−1 d y.

Then we show that each of the above integrals tends to zero as N tends
to infinity, by applying the Lebesgue Dominated convergence Theorem,
we find bound of an integrable function.

|FN(iy)− c0(N)| yσ−1 = yσ−1

∣∣∣∣∣
∞∑
n=1

cn(N)e2πinz/λ

∣∣∣∣∣
≤ yσ−1

∞∑
n=1

∣∣∣cn(N)e2πinz/λ
∣∣∣

≤Myσ−1
∞∑
n=1

nγe−2πny/λ

≤M1y
σ−1e−2πy/λ

∞∑
n=1

nγe
−2π
λ (n−1)

≤M1M2y
σ−1e−2πy/λ,

M1 and M2 are constants independent of N, where we have used, y ≥
1 and since by construction, FN is in P , for each N, then cn(N) =
O (nγ) for some γ > 0, by [21] and FN ∈ P is independent of N. and∫∞

1 yσ−1e−2πy/λd y <∞. Thus,

lim
N→∞

∫ ∞
1

|FN(iy)− c0(N)| yσ−1 d y

=

∫ ∞
1

lim
N→∞

|FN(iy)− c0(N)| yσ−1 d y = 0,

because FN(iy) → 0, c0(N) → 0 (see next) as N → ∞. Similarly, the
second integral also tends to zero as N tends to infinity.
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Hence, EN(s)→ 0 as N →∞, uniformly on −d ≤ σ ≤ d, on V. Next,

|RN(s)| =
∣∣∣∣c0(N)

(
ikv(T )

s− k
− 1

s

)∣∣∣∣
≤M3 |c0(N)| ,

for −d ≤ σ ≤ d, and using FN(z) =
∑∞

n=0 cn(N)e2πinz/λ, by interchang-
ing the order of summation and integration, where the integration is
along a horizontal path, and τo is an arbitrary point in H, we find that

|cn(N)| =
∣∣∣∣1λ
∫ τo+λ

τo

FN(τ)e−2πinτ/λd τ

∣∣∣∣
≤ 1

λ

∫ τo+λ

τo

|FN(τ)| e2πny/λd τ, τ = x+ iy ∈ H,

since FN(τ) → 0 as N → 0 uniformly, then c0(N) → 0 as N → ∞
uniformly on the strip. Hence, RN(s)→ 0 as N →∞ uniformly on the
strip. Finally,

|LN(s)| =

∣∣∣∣∣∣v(T )
∞∑

l=2N+1

m(l)∑
j=0

δ(l, j)(−1)j+1j! (s− βl)−j−1

∣∣∣∣∣∣
≤

∞∑
l=2N+1

m(l)∑
j=0

|δ(l, j)| j!ε−j−1, for |s− βl| ≥ ε, s ∈ V, all j

≤
∞∑
l=1

m(l)∑
j=0

|δ(l, j)| j!ε−j−1 <∞.

The last inequality is by the second condition in the Corollary. Hence,
LN(s) → 0 as N → ∞ uniformly on the strip. Therefore, ΦFN (s) →
0 as N →∞ uniformly on V.

Now, fN(s) = f(s) − FN(s) is an automorphic integral with finite log-
polynomial periods, for any fixed N. By construction, FN(s) satisfies the
transformation law 4.33 , then (a), (b) and (c) holds for each N with
Q(s) defined accordingly. Which immediately follow that fN = f − FN
satisfies for each N the following conditions:

(a′) ΦfN (s)−Q′(s) has analytic continuation to the entire plane, where,

Q′(s) = v(T )
∑2N

l=1

∑m(l)
j=0

(−1)j+1j!δ(l,j)
(s−βl)j+1 + co(N)

(
ikv(T )
s−k −

1
s

)
(b′) ΦfN (s) satisfies the functional equation ΦfN (k− s) = ikv(T )ΦfN (s),
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(c′) ΦfN (s)−Q′(s) is bounded in a vertical strip.

Since fN(s) is an automorphic integral with finite log-polynomial peri-
ods, for any fixed N, by the converse part of Theorem 7.1 [[1], PP.87-
96], after using Stiriling formula and Phragmén-Lindelöf theorem, to get
along the horizontal sides of ±d± iTn, Tn > 0, say r ± tn tends to zero
as Tn tends to infinity. Thus, for any fixed N

lim
n→∞

∫
r±tn

ΦfN (s)y−sd s = 0.

Since fN → f as N →∞ uniformly, we have

lim
N→∞

∫
r±tn

ΦfN (s)y−sd s =

∫
r±tn

Φf(s)y
−sd s,

uniformly in n because ΦfN (s) → Φf(s) (or ΦFN(s) → 0) uniformly on
V. Thus, we can interchange the order of limit in n and N. That is

lim
n→∞

∫
r±tn

Φf(s)y
−sd s = lim

n→∞
lim
N→∞

∫
r±tn

ΦfN (s)y−sd s

= lim
N→∞

lim
n→∞

∫
r±tn

ΦfN (s)y−sd s

= 0,

which proves our assertion the integral along horizontal path tends to
zero by applying the residue theorem over the rectangle. Thus, we have

f(iy)− a0 =
1

2πi

∫ −d+i∞

−d−i∞
Φf(s)y

−sd s+
∑

Res (Φf(s)) , (4.42)

where the summation run over all poles of Φf . Next, let’s calculate the
residues over the poles. Since by (a), Φf(s)−Q(s) is an entire function
on s-plane, then Φf has singularities at 0, k, and βl for all l.

The power series expansion of y−s with center at βl is

y−s = y−βl
∞∑
n=0

(log y)n (−1)n (s− βl)n

n!
.
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Then the expansion of Φf(s)y
−s at βl is given by

y−βl

( ∞∑
n=0

(− log y)n (s− βl)n

n!

)v(T )

m(l)∑
j=0

(−1)j+1j!δ(l, j)

(s− βl)j+1

 ,

thus,

Res
(
Φf(s)y

−s, βl
)

= v(T )y−βl
m(l)∑
j=0

(−1)j+1δ(l, j) (− log y)j ,

Res
(
Φf(s)y

−s, 0
)

= −a0,

and

Res
(
Φf(s)y

−s, k
)

= y−ka0i
kv(T ).

Then (4.42) become,

f(iy)− a0 =
1

2πi

∫ −d+i∞

−d−i∞
Φf(s)y

−sd s+ a0

(
y−kikv(T )− 1

)
+ v(T )

∞∑
l=1

yβl
m(l)∑
j=0

(−1)j+1δ(l, j) (− log y)j ,

which implies that

f(iy)− a0 =
1

2πi

∫ −d+i∞

−d−i∞
Φf(s)y

−sd s+ a0

(
y−kikv(T )− 1

)
− v(T )q(iy).

(4.43)
Applying the functional equation, 4.34 and replacing s by k − s in the
integral, we get

1

2πi

∫ −d+i∞

−d−i∞
Φf(s)y

−sd s =
1

2πi (ikv(T ))

∫ −d+i∞

−d−i∞
Φf(k − s)y−sd s

=
v(T )

(iy)k
1

2πi

∫ k+d+i∞

k+d−i∞
Φf(s)

(
1

y

)−s
d s

=
v(T )

(iy)k

(
f

(
i

y

)
− a0

)
,

where k + d > β + γ + 1. Then (4.43) become

f(iy)− a0 = v(T )
(iy)k

(
f
(
i
y

)
− a0

)
+ a0

(
y−kikv(T )− 1

)
− v(T )q(iy).

Then by analytic continuation, we get

f(z)−a0 =
v(T )

(z)k

(
f

(
−1

z

)
− a0

)
+a0

((z
i

)−k
ikv(T )− 1

)
−v(T )q(z),
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multiplying by, v(T ) (|v(T )| = 1) and using
(
ikv(T )

)2
, we get the re-

quired transformation (4.33). This completes the proof of the converse
part of the theorem.
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Chapter 5

Infinite Log-Polynomial Period Func-
tions on Discrete Hecke Groups for
0 < λ < 2

5.1 Introductions

Let us denote Γλ, for the Hecke group G(λ) for λ = 2 cos π/p, p ∈ Z,
p ≥ 3. For this group we have two group relations (1.4) and (1.5) . If F
satisfies (1.7) for the Hecke group Γλ, we have

e−2π κiF (z + λ) = F (z) + qSλ(z) (5.1)

v(T )z−kF

(
−1

z

)
= F (z) + qT (z), (5.2)

where e2πκi = v(Sλ), 0 ≤ κ < 1.

Let F be an automorphic integral of weight k and multiplier system v for
the Heck group Γλ. Here qSλ and qT are not completely arbitrary. The
second relation (SλT ) = I, imposes a restriction on {qM}. Applying the
cocycle condition (1.10) , we can generate qM for arbitrary M ∈ Γλ,
after writing M as word in Sλ and T. With qSλ = 0, qT = q is finite LPS.
If an automorphic integral F of weight k and multiplier system v for Γλ
exists, then q(z) is said to be a log–polynomial period function of weight
k and multiplier system v for the Hecke group Γλ.

Since Γλ is generated by Sλ and T, a multiplier system for Γλ can be
completely determined from its values on Sλ and T and the consistency
condition (1.8) .

Let Γ∞ = 〈Sλ〉 be a subgroup of Γλ, the stabilizer of i∞. If F is analytic
and satisfies (5.1) with the assumption qSλ = 0, then the Fourier series
expansion of F at the parabolic cusp z = i∞ has the form

F (z) =
∞∑
n=0

ane
2π i(n+κ) zλ , (5.3)

where an ∈ C satisfy the growth condition an = O(nρ) asn→∞, ρ > 0.
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Now we rewrite the infinite log-polynomial sum by letting n→∞ in the
first sum, that is

q(z) =
∞∑
l=1

zβl
m(l)∑
j=0

δ(l, j) (log z)j , (5.4)

where the βl are all distinct complex numbers, δ(l, j) ∈ C, and z ∈ H.
For the convergence of q(z) we have Proposition 3.2.1. (See Proposition
4.1 in [12]).

A. Hassen in [11] determined the automorphic integrals of positive and
negative weight for the full modular group and some Hecke groups, for
finite log-polynomial period function q.

In the next sections we will determine the necessary conditions for the
existence of an infinite log-polynomial sum period function (ILPSPF), q
as in (5.4) for Hecke group G(λ), λ = 2 cosπ/p, and an integer p ≥ 3.
Then with these groups we will investigate the ILPSPFs for k > 2 with
v(Sλ) = 1. Also we will characterize for the case k > 0, v(Sλ) 6= 1.

5.2 Preliminaries

If F is analytic in the upper half plane and rewriting (5.1) and (5.2) in
slash form for Γλ, we have

F |kvSλ = F and F |kvT = F + q, (5.5)

here assuming qSλ = 0 and q = qT given by (5.4) with the necessary
conditions in Proposition 3.2.1 is an ILPSPFs of weight k and multiplier
system v for Γλ. Form now on we use F |M for F |kvM for M ∈ Γλ.

To prove the main results of the next sections first we need to prove the
existence of such an F with q as in (5.4) . If v is a multiplier system of
weight k for Γλ with v(−I)(−1)k = 1, from (1.4) and (5.5) , we obtain

q + q|T = 0. (5.6)

Let us define V1 = SλT =

(
λ −1
1 0

)
, for λ given by (1.2) . V1 is elliptic

(its trace is λ < 2), the fixed point of V1 is in H, consequently V1 has
finite order. Let

Vm = (SλT )m =

(
αm βm
γm δm

)
, m ∈ Z+.
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By simple induction on m, we get

Vm =
1

sin π/p

(
sin(1 +m)π/p − sinmπ/p

sinmπ/p sin(1−m)π/p

)
. (5.7)

If m = p, then Vp = −I, which is the second group relation (1.5) for Γλ.
This extra relation imposes the additional restrictions on the multiplier
system, the weight or the automorphic integrals with respect to Γλ,
when λ < 2. By repeated application of the cocycle condition (1.10)
and obviously q−I = qI = 0, we have

q + q|(SλT ) + q|(SλT )2 + · · ·+ q|(SλT )p−1 = 0. (5.8)

One of our objective of the next section is to fix an ILPSPFs q which
holds the conditions in Proposition 3.2.1 satisfying both (5.6) and (5.8) .
Now combining (5.6) and (5.8) , we get

−q|T + q|(SλT ) + q|(SλT )2 + · · ·+ q|(SλT )p−1 = 0.

Applying (1.11) to the above equation, we get

− q + q|(SλT )T + q|(sλT )2T + · · ·+ q|(SλT )p−1T = 0. (5.9)

To apply the results of [11] from (5.7) , we have

Mm = VmT =
1

sinπ/p

(
− sinmπ/p − sin(1 +m)π/p

sin(1−m)π/p − sinmπ/p

)
=

(
am bm
cm dm

)
, for m = 1, 2, · · · , p. (5.10)

Our q is absolutely convergence for all z ∈ H and uniformly convergence
in every compact subset of H under the conditions in Proposition 3.2.1.
Therefore, interchange of limit and summation is justifiable. So, now we
can use the following two equations from [11]:

lim
z→∞

(v(Sλ)q(z + λ)− q(z)) = 0. (5.11)

And

lim
z→∞

(
v(Sλ)

(
z + λ

z

)−k
q

(
1

z + λ

)
− q

(
1

z

))
= L, (5.12)

where, L = −
∑p−2

m=1 v(Mm)d−km q
(
bm
dm

)
.

In the next section, first we determine an existence of an automorphic
integrals F which satisfies (5.5) for the group Γλ. Then we apply (5.11)
and (5.12) to study an ILPSPFs for this group with v(Sλ) = 1 and k >

2; v(Sλ) 6= 1 and of positive weight.
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5.3 Existence of an ILPSPFs for Γλ

In this section we determine the existence of an automorphic integrals
corresponding to q as in proposition 3.2.1 or an ILPSPFs q.

The cocycles {qM : M ∈ Γλ}, the cocycle of period functions of the
automorphic integrals F is said to be parabolic cocycles, if qM is in the
space P for all M ∈ Γλ and there exists q′ in P such that qSλ = q′|Sλ−q′.
We need to restrict all cocycles to the space P , this applies, of course, to
the qM occurring in F |M = F+qM , for all M ∈ Γλ. Since Γλ = 〈Sλ, T 〉,
for M ∈ Γλ, we can write as word in the generator Sλ and T, that is

M = Sa1λ TS
a2
λ T · · ·TS

an
λ , ai ∈ Z, n ≥ 2, a2, · · · , an 6= 0. (5.13)

(Eichler [16], Theorem 3). Applying the cocycle condition (1.10) repeat-
edly, we have

qM = qSa1λ TS
a2
λ T ···TSanλ

= qSa1λ |TS
a2
λ T · · ·TS

an
λ + qT |Sa2λ T · · ·TS

an
λ + · · ·+ qSanλ . (5.14)

Here M is written as a factorization into Snλ , n ∈ Z as parabolic gen-
erator and T non-parabolic generator. Defining q = qT , where q is given
in Proposition 3.2.1 which is in P and since the space P is closed under
the slash operator, if qSλ is in P , then qSnλ is in P . Therefore, qM is in P .
Also for the space P , by (Proposition 9, [6]), for the parabolic transfor-
mation Sλ ∈ Γλ and if qSλ is in P , then there exists q′ in P such that
q′|Sλ − q′ = qSλ. Thus, {qM : M ∈ Γλ} is a parabolic cocycle for the
group. Then by (Theorem 3, [6]), we have the following theorem.

Theorem 5.3.1. Let k be any real number and v a multiplier system of
weight 2k. Suppose {qM : M ∈ Γλ} is a parabolic cocycle of wight 2k
in P . Then there exists a function F, analytic in H, such that

F |M − F = qM , for all M ∈ Γλ,

and with expansion at the parabolic cusp z = i∞ of the form

F (z) = q′(z) +
∞∑

n+κ≥0

an exp

(
2πi(n+ κ)z

λ

)
, 0 ≤ κ < 1, v(Sλ) = e2πiκ.

Now, let {qM} be a parabolic cocycle in P for the groups Γλ, of weight k
and multiplier system v. For M ∈ Γλ, put rM = qM − (q′|M − q′), then
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{rM} is aparabolic cocycle in P and rSλ = q′|sλ − q′ − (q′|Sλ − q′) = 0.
By the above theorem, there exist a function G analytic and G|M−G =
rM , for M ∈ Γλ. Define F (z) = G(z) + q′(z), which implies that
F |M − F = rM + q′|M − q′ = qM , for M ∈ Γλ. Therefore, with out
loss of generality, we can assume that qSλ = 0. Then we redefine the
parabolic cocycle {qM : M ∈ Γλ} with this additional assumption.
We have ensured the existence of automorphic integrals for our group
Γλ with period function q given as in Proposition 3.2.1 by the Theorem
5.3.1.

5.4 ILPSPFs for Γλ of Positive Weight

In this section first we will investigate the ILPPFs for the group Γλ and
weight k > 2 with v(Sλ) = 1. Next, we will study the period function q

for the case v(Sλ) 6= 1 and of positive weight. Before we state and prove
our main results. We need the following lemma under the the assump-
tions of Proposition 3.2.1, if q = 0.

Lemma 5.4.1. Let {βl}∞l=1 be a sequence of distinct complex numbers.
Suppose <(βl) ≤ β, for all l, for some β > 0 and =(βl)→∞ as l→∞.
If

∞∑
l=1

ml∑
j=0

δ(l, j)zβl (log z)j = 0, (5.15)

then δ(l, j) = 0 for all l and j.

Proof. Let pl(z) =
∑ml

j=0 δ(l, j)z
j, then (5.15) , becomes

∞∑
l=1

pl(z)eβlz = 0. (5.16)

Now, let us estimate the term eβlz, |eβlz| = e<(βlz) = e<(βl)x−=(βl)y,

z = x+ iy ∈ H. Since y > 0 and =(βl)→∞ as l→∞, then there is
a constant M > 0, for large n0 ∈ Z+, such that e−=(βl)y ≤M for l > n0.

Thus,

|eβlz| ≤Me<(βl)x ≤Meβx ≤Meβ, for |x| < λ/2 and λ < 2. (5.17)

Therefore, for some constant M ′ we have

0 < |eβlz| < M ′, for all l > n0.
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Using this from (5.16) , we have liml→∞ pl(z) = 0, which implies that
there exist a constant M ′′ such that |pl(z)| < M ′′, for l > n1. That
is, each polynomials pl for l > n1 are constants, i.e., pl(z) = Kl for
l > n1, here Kl = δ(l, 0), l > n1. Note that possibly only finitely
many polynomials are non constant polynomials. First we want to show
that pl ≡ 0 for all l. If only finitely many polynomials are assumed
to be non zero, then (5.16) , becomes

∑n
l pl(z)eβlz = 0, with distinct

β′ls. By (Lemma 3.6., [11]), we are done. With out loss of generality,
let us assume that pl 6≡ 0 for all l. Let m be the largest degree of the
polynomials p′ls. ∣∣∣∣∣

∞∑
l=n∗

pl(z)eβlz

∣∣∣∣∣ ≤ M ′′′eβx
∞∑
l=n∗

e−=(βl)y

≤ M ′′′eβx
∞∑
l=n∗

e−=(βl)y0,

where n∗ = max(n0, n1) and for y ≥ y0 > 0 and some constant M ′′′.

Which implies that this infinite series converges absolutely and uniformly
on a compact subset of H by Weierstrass M-Test. Therefore, we can
differentiate both sides of (5.16) m times, we get

∞∑
l=1

(
m∑
t=0

(
m

t

)
βtlp

(m−t)
l (z)

)
eβlz = 0,

which is written as
∞∑
l=1

(
m∑
t=0

cltp
(m−t)
l (z)

)
eβlz = 0, (5.18)

where clt =

(
m

t

)
βtl 6= 0 for all t and l. Since 0 < |eβlz| < M ′, for all l >

n0, from (5.18) , we get

lim
l→∞

m∑
t=0

cltp
(m−t)
l (z) = 0. (5.19)

Here the (m− t)th derivatives, p
(m−t)
l (z) = 0, for 0 < t < m. If p

(m)
l (z)

is non zero constants, then we obtain

lim
l→∞

m∑
t=0

cltp
(m−t)
l (z) = cl0 lim

l→∞
p

(m)
l (z) + clm lim

l→∞
pl(z) = cl0 lim

l→∞
p

(m)
l (z) 6= 0,
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which is a contradiction, and hence pl ≡ 0 for all l. Therefore, from pl
before (5.16) , δ(l, j) = 0 for all l and j. The case if all or infinitely many
of the polynomials pl(z) are nonzero constants, (5.16) becomes

∞∑
l=0

Kle
βlz = 0.

That means we need to show that {eβlz} with distinct β′ls is infinitely
linearly independent. To show infinitely linearly independent, we re-
quired an infinite collection of functions {eβlz} with distinct β′ls. For any
arbitrary distinct β′is, for 1 ≤ i ≤ n, bi ∈ C, in the set we show that

n∑
i=0

bie
βiz = 0, implies that bi = 0, for all i = 1, · · · , n.

But this holds by Lemma 3.6. in [11].This completes the proof of the
lemma.

Note that from the second condition of Proposition 3.2.1. We have

∞∑
l=1

ml∑
j=0

|δ(l, j)| <∞,

which implies that

lim
l→∞

ml∑
j=0

|δ(l, j)| = 0.

Then

|pl(z)| ≤
ml∑
j=0

|δ(l, j)| |z|j ≤M

ml∑
j=0

|δ(l, j)| ,

where M = max0≤j≤ml
|z|j, z ∈ H.

Therefore, the assumption strength liml→∞ pl(z) = 0, similarly for equa-
tion (5.19) .

Now let us consider the infinite log-polynomial sum

q(z) =
∞∑
l=1

zβl
m(l)∑
j=0

δ(l, j) (log z)j ,

with the necessary conditions in Proposition 3.2.1, where the βl are all
distinct complex numbers, δ(l, j) ∈ C, and z ∈ H. Since it is absolutely
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and uniformly convergent in a compact subset of H. By simple rear-
rangement, the real part of β′ls can be written as increasing sequence,
i.e.,

· · · <(βm0−2) ≤ <(βm0−1) ≤ <(βm0
) ≤ 0 < <(βm0+1) ≤ <(βm0+2) ≤ · · · ,

with the condition m(j) ≤ m(t) whenever j < t and <(βj) = <(βt).
Thus, an infinite log-polynomial sum can be expressed in the form:

q(z) =
∞∑
l=1

m(l)∑
j=0

a(l, j)z−βl (log z)j +
∞∑
s=1

n(s)∑
t=0

b(s, t)zγs (log z)t , (5.20)

where,

0 ≤ <(β1) ≤ <(β2) ≤ · · · ;m(l) ≤ m(j) if <(βl) = <(βj) (l < j);

0 < <(γ1) ≤ <(γ2) ≤ · · · ;n(l) ≤ n(j) if <(γl) = <(γj) (l < j).(5.21)

Also for the next results we will assume =(βl) are distinct for l.

Theorem 5.4.2. Let q(z) as in Proposition 3.2.1 and given by the form
(5.20) and (5.21) is an ILPPFs of weight k, k > 0 and multiplier system
v for Γλ with v(Sλ) = 1. Suppose =(βl), =(γl)→∞ as l→∞. If k > 2,
then q(z) is of the form

q(z) = a(1− v(T )z−k).

Proof. Suppose v(Sλ) = 1. Then (5.11) becomes

lim
z→∞
{q(z + λ)− q(z)} = 0, (5.22)

here each terms of (5.22) is the form

α (z + λ)γ (log(z + λ))t − αzγ(log z)t,

where γ, α ∈ C, α 6= 0 and t ≥ 0, t ∈ Z. The limit at infinity of this
term holds for

α lim
z→∞

(
(z + λ)γ (log(z + λ))t − zγ(log z)t

)
=

{
0, if <(γ) < 1, t ≥ 0 or <(γ) = 1, t < 0;
∞, if <(γ) > 1, t ≥ 0 or <(γ) = 1, t > 0.

The case t = 0 and <(γ) = 1, then we have

lim
z→∞

α
[
(z + λ)1+ic − z1+ic

]
= α lim

z→∞

(
z+λ
z

)1+ic − 1

z−1−ic
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= α lim
z→∞

λ(z + λ)ic

=

{
αλ if c = 0;
@ if c 6= 0.

Therefore, (5.22) does not holds. Thus, <(γ) < 1 and t ≥ 0. Which
implies that from (5.21) , we get

<(γs) < 1, for all s = 1, 2, 3, · · · . (5.23)

For v(Sλ) = 1, (5.12) becomes

lim
z→∞

((
z + λ

z

)−k
q

(
1

z + λ

)
− q

(
1

z

))
= L, (5.24)

each terms of (5.24) is the form

α

(
z + λ

z

)−k
(z + λ)γ (log(z + λ))t − αzγ(log z)t,

where α, γ ∈ C, α 6= 0 and t ≥ 0. The limit at infinity of this term
holds for

lim
z→∞

α

[(
z + 1

z

)−k
(z + λ)γ (log(z + λ))t − zγ(log z)t

]

=

{
0 if <(γ) < 1, t ≥ 0 or <(γ) = 1, t < 0;
∞, if <(γ) > 1, t ≥ 0 or <(γ) = 1, t > 0.

The case t = 0 and <(γ) = 1, then we obtain

lim
z→∞

α

[(
z + 1

z

)−k
(z + λ)1+ic − z1+ic

]
= lim

z→∞
α

(
z+λ
z

)1+ic−k − 1

z−1−ic

= α lim
z→∞

λ
(1 + ic− k)

1 + ic

(z + λ)ic−2k

z−k

=

{
αλ(1− k), if c = 0;
@, if c 6= 0.

Which implies, (5.24) holds if t = 0 and γ = 1, from (5.22) we have

<(βl) < 1 or <(βl) = 1 with m(l) = 0 for all l. (5.25)

We can observe that (5.24) holds for

t = 0 and γ = k (5.26)
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Using (5.23) , (5.25) and (5.26) , then (5.20) becomes the form:

q(z) = a+ cz−k +
∞∑
l=1

a(l, 0)z−1+iyl +
∞∑
l=1

m(l)∑
j=0

a(l, j)z−βl (log z)j

+
∞∑
s=1

n(s)∑
t=0

b(s, t)zγs (log z)t , (5.27)

where, 0 ≤ <(β1) ≤ <(β2) ≤ · · · < 1; 0 < <(γ1) ≤ <(γ2) ≤ · · · < 1 and
y1, y2, y3, · · · are real numbers.

Now using (5.6) , q(z) + v(T )z−kq
(−1
z

)
= 0 and (5.27) , we have

(a+ (−1)−kcv(T )) + (av(T ) + c)z−k +
∞∑
l=1

a(l, 0)z−1+iyl +

∞∑
l=1

a(l, 0)v(T )(−1)−1+iylz1−iyl−k +
∞∑
l=1

m(l)∑
j=0

a(l, j)z−βl (log z)j +

∞∑
l=1

m(l)∑
j=0

a(l, j)v(T )(−1)−βl+jzβl−k (log(−z))j +
∞∑
s=1

n(s)∑
t=0

b(s, t)zγs (log z)t +

∞∑
s=1

n(s)∑
t=0

b(s, t)v(T )(−1)γs+tz−γs−k (log(−z))t = 0.(5.28)

Which is the sum of the form
∑∞

l=1

∑ml

j=0 δ(l, j)z
αl (log z)j = 0, with all

conditions in Lemma 5.4.1 satisfied if α′ls are all distinct. Which are

0, −k, −1 + iyl, 1− iyl − k, −βl, βl − k, γs, −γs − k. (5.29)

Since 0 ≤ <(βl) < 1, for all l and 0 < <(γs) < 1, for all s, also
β′ls and γ′ss are distinct. Then for k > 2 all the powers of z in (5.29)
are distinct. Therefore, by Lemma 5.4.1 all the coefficients in (5.28) are
zero. We obtain

a+ (−1)−kcv(T ) = 0, av(T ) + c = 0,

a(l, j) = 0 for all l and j, b(s, t) = 0 for all s and t. (5.30)

Therefore, from (5.27) we get q(z) = a + cz−k = a(1 − v(T )z−k). This
completes the proof of the theorem.

Remark 5.4.3. For an integer weight k on the full modular group, i.e.,
λ = 1. This result coincides with the rational period functions of weight k
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in [8] and [9]. Which are the only rational period functions with rational
pole at 0 for weight k > 2.

Theorem 5.4.4. Let q(z) as in Proposition 3.2.1 and given by the form
(5.20) and (5.21) is an ILPSPFs of weight k, k > 0 and multiplier system
v for Γλ with v(Sλ) 6= 1. Suppose =(βl), =(γl) → ∞ as l → ∞. Then
q(z) = 0.

Proof. Suppose v(Sλ) 6= 1, then each terms of (5.11) is the form

v(Sλ)α (z + λ)γ (log(z + λ))t − αzγ(log z)t,

where γ, α ∈ C, α 6= 0 and t ≥ 0, t ∈ Z. The limit at infinity of this
term holds for

α lim
z→∞

[
v(Sλ) (z + λ)γ (log(z + λ))t − zγ(log z)t

]
=

{
0, if <(γ) < 0, t ≥ 0 or <(γ) = 0, t < 0;
∞, if <(γ) > 0, t ≥ 0 or <(γ) = 0, t > 0.

Which implies that <(γs) < 0, for all s = 1, 2, 3, · · · . But this contra-
dicts (5.20) . Therefore, b(s, t) = 0 for all s and t.

For v(Sλ) 6= 1, each terms of (5.12) becomes

αv(Sλ)

(
z + λ

z

)−k
(z + λ)γ (log(z + λ))t − αzγ(log z)t,

where γ, α ∈ C, α 6= 0 and t ≥ 0. The limit at infinity of this term
holds for

α lim
z→∞

[
v(Sλ)

(
z + 1

z

)−k
(z + λ)γ (log(z + λ))t − zγ(log z)t

]

=

{
0, if <(γ) < 0, t ≥ 0 or <(γ) = 0, t < 0;
∞, if <(γ) > 0, t ≥ 0 or <(γ) = 0, t > 0.

The case t = 0 and <(γ) = 0, then we obtain

α lim
z→∞

[
v(Sλ)

(
z + 1

z

)−k
(z + λ)ic − zic

]
= α lim

z→∞

v(Sλ)
(
z+λ
z

)1+ic−k − 1

z−1−ic

=

{
αv(Sλ)λ(1− k), if c = 0;
@, if c 6= 0.

Which implies, (5.12) holds if t = 0 and γ = 0, then we have

<(βl) < 0 or <(βl) = 0 with m(l) = 0.

60



Chapter 5 : Infinite Log-Polynomial Period Functions on Discrete Hecke
Groups for 0 < λ < 2

From (5.20) we have <(βl) = 0 with m(l) = 0. Then (5.20) becomes the
form

q(z) =
∞∑
l=1

alz
iyl,

where yl are real numbers for all l. Using (5.6) , we get

q + q|T =
∞∑
l=1

alz
iyl +

∞∑
l=1

alv(T )(−1)iylz−iyl−k = 0.

By Lemma 5.4.1 all the coefficients are zero, i.e., al = 0 for all l. That
gives q(z) = 0. This completes the proof of the theorem.

Remark 5.4.5. In Theorem 5.4.3, q(z) = 0, that means the correspond-
ing analytic function F is an automorphic form. Therefore, we can apply
a Hecke correspondence, Theorem 2.2.1. With f = g, then the general-
ized Dirichlet series has at most simple poles at s = 0 and s = k.

Remark 5.4.6. Since q given by the Proposition 3.2.1 is analytic and
absolutely and uniformly convergent in every compact subset of H. Then
term by term differentiation is possible, we can observe that the nth

derivatives, q(n)(z) exists and also an infinite log-polynomial sum for
n ∈ Z+. Therefore, it is possible to extend Theorem 5.4.2 and Theorem
5.4.3 to ILPSPFs of negative integral weight by applying G.Bol’s theorem
as in (Theorem 3.4, [11]).

61



References

[1] Berndt, Bruce C. and Knopp, Marvin I. Hecke’s Theory of Modular
Forms and Dirichlet Series. World Scientific, 2008.

[2] Bochner, Saloman. Some Properties of Modular Relation. Ann.
Math., 53:332-363, 1951.

[3] Hawkins, John H. and Knopp, Marvin I. A Hecke Correspondence
Theorem for Automorphic Integrals with Rational Period Functions.
Illinois J. Math.,36:178-207, 1992.
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