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i) Summary of the project 
This project is all about a survey of Fine numbers which is intimately related to 

the Catalan numbers. Two manifestations are the identity  𝐶𝐶𝑛𝑛 = 2𝐹𝐹𝑛𝑛 + 𝐹𝐹𝑛𝑛−1,𝑛𝑛 ≥ 1 

and the generating function identities 𝐹𝐹 = 𝐶𝐶
1+𝑧𝑧𝐶𝐶 , 𝐶𝐶 = 𝐹𝐹

1−𝑧𝑧𝐹𝐹. 

The project also gives a unified presentation and history of the so previous 

results in the literature that mentioned the Fine numbers. 

Among the settings that mention the occurrences of the Fine numbers, Dyck 

paths, Ordered trees, Paths, Path pairs and non-crossing partitions are some of 

them that will be discussed in section 2 of the paper with full fledged 

explanation. 

And finally the last section, section three presents the statistic relationship 

between Fine paths and Dyck paths using both Ordinary and Bivariate 

generating functions. 
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iii) Definition of key terms 
 Dyck paths are paths starting and ending on the horizontal axis using 

steps (1,1)𝑎𝑎𝑛𝑛𝑎𝑎 (1,−1), and never going below the horizontal axis. 

        A hill in a Dyck path is a pair of consecutive steps giving a peak of height 1. 

 A standard Young Tableau (SYT) is a Ferrer’s shape on 𝑛𝑛 boxes in which each 

box contains one of the elements of [𝑛𝑛] = {1, 2, … ,𝑛𝑛} so that all boxes contain 

different numbers and the rows and columns increase going down and going to 

the right. 

 A partition of [𝑛𝑛] = {1, 2, … ,𝑛𝑛}  is a collection of non-empty subsets 𝐵𝐵𝑖𝑖 , called 

blocks, such that ⋃𝐵𝐵𝑖𝑖 = [𝑛𝑛] and 𝐵𝐵𝑖𝑖 ⋂𝐵𝐵𝑗𝑗 = 𝜙𝜙  𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 ≠ 𝑗𝑗. If 𝑥𝑥  𝑎𝑎𝑛𝑛𝑎𝑎  𝑦𝑦 are elements 

in the same block, then we write 𝑥𝑥~𝑦𝑦. 

 A partition is non-crossing if 𝑎𝑎 < 𝑏𝑏 < 𝑐𝑐 < 𝑎𝑎 and 𝑎𝑎~𝑐𝑐, 𝑏𝑏~𝑎𝑎 imply 𝑎𝑎~𝑏𝑏~𝑐𝑐~𝑎𝑎. If 

we connect elements in the same block by arches, the non-crossing condition 

guarantees that the arches never cross.  

        It is well-known that the non-crossing partitions, 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛), are counted by the 

Catalan numbers. 

  Binary trees are ordered trees where every vertex has at most two children. 

This is the Catalan enumerated set. 

 Two-Motzkin paths are paths starting and ending on the horizontal axis but 

never going below it with possible steps (1, 1), (1, 0),𝑎𝑎𝑛𝑛𝑎𝑎  (1,−1), where the 

level steps (1, 0) can be either of two colors. This is also the Catalan enumerated 

set. 

        Regular Motzkin paths, counted by the Motzkin 

sequence (1, 1, 2, 4, 9, 21, 51, … … ;𝑀𝑀1184)  [12, 𝑝𝑝. 238] arise when the level 

steps have but one color [4]. 
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Section One 

1.1 Introduction 
   The Fine numbers seem to have first appeared in a paper of Terrence Fine [5] 

where he studied an abstract theory of interpolation. He considered similarity 

relations, i.e., relations ~ on the set [𝑛𝑛] = {1, 2, … ,𝑛𝑛}, which are reflexive, symmetric 

and such that if 𝑎𝑎~𝑏𝑏 and 𝑎𝑎 < 𝑥𝑥 < 𝑏𝑏, then 𝑎𝑎~𝑥𝑥 𝑎𝑎𝑛𝑛𝑎𝑎 𝑥𝑥~𝑏𝑏. 

For instance, assume 𝑛𝑛 = 3, then there are five similarity relations 

i) 1~1, 2~2, 3~3 

ii) 1~2, 2~3 

iii) 1~2, 3~3 

iv) 1~1, 2~3 

v) 1~2, 1~3, 2~3 

Their corresponding diagrams are 

 
3   x 
2  x  
1 x   
 1 2 3 

 

 
 
 

Fig 1.1 
         

The lower boundary is a sub-diagonal (Catalan) path, and it is exactly a lattice path, 

showing that the number of similarity relations is a Catalan number [5].  

It makes intuitive sense that interpolation from a single point is meaningless, so 

Fine excluded blocks consisting of a single element. Since the bijection between 

Dyck paths and Lattice paths maps a similarity without singleton blocks to a Dyck 

path with no hills.  

3  x x 
2 x x x 
1 x x  
 1 2 3 

3   x 
2  x x  
1 x x  
 1 2 3 

3 x x x 
2 x x x 
1 x x x 
 1 2 3 

3  x x 
2  x x 
1 x   
 1 2 3 
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The number of similarity relations without singleton blocks are counted by the Fine 

sequence. The first few terms of the Fine numbers are 1, 0, 1, 2, 6, 18, 57, … and 

generated by 𝐹𝐹(𝑧𝑧) =  1
𝑧𝑧

1−√1−4𝑧𝑧
3−√1−4𝑧𝑧. 

 We would like to point out, as shown by the above example, that a similarity 

relation need not be transitive. 

     The next appearance of the Fine numbers (with the exception of the first two) 

was as diagonal sums of the Catalan triangle given in table 3 [10]. The connection 

between these two appearances would probably not have occurred without Sloane’s 

Handbook of Integer Sequences [11] which had just been published. Properties of 

the Fine numbers arising from the study of similarity relations are considered also 

by Strehl [13], Rogers [9], Kim et al [6], and Moon [8]. The next time the Fine 

numbers appear in a new context is in a paper by Meir and Moon [7]. The context is 

degrees of vertices in plane trees. Much more recent is the paper of Dobrow and Fill 

[3] which discusses the move-to-root algorithm for binary search trees. The paper 

[2] considers the enumeration of Dyck paths according to various statistics and the 

Fine numbers make several appearances. 
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1.2  Some occurrences of Fine numbers 
Hereunder is the list of some occurrences of Fine numbers: 

 Dyck paths with no hills. 

 Dyck paths with leftmost peak of even height. 

 Dyck paths with an even number of returns. 

 Dyck paths with no hills (i.e. Fine paths) with leftmost peak of height 3. 

 Plane trees with no leaves at level 1. 

 Plane trees with root of even degree. 

 Plane trees with no node of out degree 1 on the leftmost path. 

 Plane trees with root of degree 3 and no node of outdegree 1 on the 

leftmost path. 

 Plane trees with no leaves at level 1 and leftmost leaf at level 3. 

 Plane trees with root of degree at least two and leftmost sub-tree has no 

leaf at level 1. 

 Plane trees in which the leftmost sub tree has a leaf at level 1. 

 Plane trees having the leftmost leaf at even level. 

 Plane trees having at least one leaf at level 1 that is not the rightmost child 

at the root. 

 Non-crossing partitions with no visible singletons. 

 Non-crossing partitions with an even number of visible blocks. 

 Non-crossing partitions with no visible singletons and first block has size 3. 

 Non-crossing partitions in which the size of the first block is even. 

 Non-crossing partitions in which the first block has at least two consecutive 

points. 

 Non-crossing partitions in which the first point where a block ends is even. 

 Non-crossing partitions in which the first block has no cyclically 

consecutive points (i.e. consecutive in the circular representation). 

 Two-Motzkin paths with no level steps at level zero. 

 Two-Motzkin paths having a red level step that precedes all green level 

steps and all down steps. 
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 Two-Motzkin paths with an odd number of red level steps at level zero. 

 Two-Motzkin paths with no red level steps at the beginning or at the end 

and having no consecutive red level steps at level zero. 

 𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴 with no joint steps. 

 𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴 with an odd number of joint Ε steps.  

 𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴 with no joint Ε step at the beginning or at the end and having no 

consecutive joint Ε steps. 

 𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴 having an Ν step that precedes all Ε and Τ steps.  

 Parallelogram polyominoes with no columns of height 1. 

 Parallelogram polyominoes in which the number of edges shared by two 

consecutive columns or two consecutive rows is at least two. 

 321 −avoiding permutations without fixed points.   



A Survey of the Fine numbers 2011 
 

5 
 

1.3 Fine-Catalan Identities  
This is a list of the most useful Fine-Catalan generating function Identities or in 

some cases, groups of identities. They involve either the Fine function 𝐹𝐹(𝑧𝑧) or the 

Fine numbers 𝐹𝐹𝑛𝑛 . All are easy to establish by algebraic manipulation. Many have 

rather elegant combinatorial proofs. Let us introduce the main characters: 

𝑪𝑪 = 𝟏𝟏−√𝟏𝟏−𝟒𝟒𝟒𝟒
𝟐𝟐𝟒𝟒

= ∑ 𝟏𝟏
𝒏𝒏+𝟏𝟏

�𝟐𝟐𝒏𝒏𝒏𝒏 �𝟒𝟒
𝒏𝒏∞

𝒏𝒏=𝟎𝟎  is the generating function for the Catalan 

numbers.    The first few numbers are 1, 1,2, 5, 14, 42, 132, … 

𝑩𝑩 = 𝟏𝟏
√𝟏𝟏−𝟒𝟒𝟒𝟒

= ∑ �𝟐𝟐𝒏𝒏𝒏𝒏 �𝟒𝟒
𝒏𝒏∞

𝒏𝒏=𝟎𝟎  is the generating function of the central binomial 

coefficients. The first few terms are: 1, 2, 6, 20, 70, 252, … 

𝑭𝑭 = 𝟏𝟏
𝟒𝟒
𝟏𝟏−√𝟏𝟏−𝟒𝟒𝟒𝟒
𝟑𝟑−√𝟏𝟏−𝟒𝟒𝟒𝟒

 is the generating function for the Fine numbers.  

The first few terms are: 1, 0, 1, 2, 6, 18, 57, 186, … 
Here is the list: 

1. 𝐶𝐶 = 1 + 𝑧𝑧𝐶𝐶2 = 1
1−𝑧𝑧𝐶𝐶

 

2. 𝐵𝐵 = 1 + 2𝑧𝑧𝐵𝐵𝐶𝐶 

3. 𝐵𝐵 = 𝐶𝐶
1−𝑧𝑧𝐶𝐶2 = 𝐶𝐶

2−𝐶𝐶
 

4. 𝐹𝐹 = 1+2𝑧𝑧−√1−4𝑧𝑧
2𝑧𝑧(2+𝑧𝑧)

 

5. 𝐹𝐹 = 1
1−𝑧𝑧2𝐶𝐶2 = 𝐶𝐶

1+𝑧𝑧𝐶𝐶
,   𝐶𝐶 = 𝐹𝐹

1−𝑧𝑧𝐹𝐹
,   𝑧𝑧𝐶𝐶𝐹𝐹 = 𝐶𝐶 − 𝐹𝐹 

6. (2 + 𝑧𝑧)𝐹𝐹 = 𝐶𝐶 + 1 

7. 3𝐵𝐵𝐹𝐹 = 2𝐵𝐵𝐶𝐶 + 𝐹𝐹 

8. 2𝐹𝐹𝑛𝑛 + 𝐹𝐹𝑛𝑛−1 = 𝐶𝐶𝑛𝑛  

9. 2(𝑛𝑛 + 1)𝐹𝐹𝑛𝑛 = (7𝑛𝑛 − 5)𝐹𝐹𝑛𝑛−1 + 2(2𝑛𝑛 − 1)𝐹𝐹𝑛𝑛−2,    𝑛𝑛 ≥ 2 

10. 𝑧𝑧(𝑧𝑧 + 2)𝐹𝐹2 − (1 + 2𝑧𝑧)𝐹𝐹 + 1 = 0 

11. 𝐵𝐵𝐶𝐶 = 𝐹𝐹 + 3𝑧𝑧𝐵𝐵𝐶𝐶𝐹𝐹 

12. 𝐵𝐵 = (𝑧𝑧𝐶𝐶)′ = 𝐶𝐶 + 𝑧𝑧𝐶𝐶′ 

13. 𝐶𝐶(1 + 𝐵𝐵) = 2𝐵𝐵 

14. 1
1−4𝑧𝑧

= 𝐵𝐵𝐶𝐶 + 𝑧𝑧(𝐵𝐵𝐶𝐶)2 

15. 𝐵𝐵′ = 2𝐵𝐵3 
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16. 𝐹𝐹′ = 2𝑧𝑧𝐵𝐵𝐶𝐶𝐹𝐹2 

17. 𝐹𝐹 = 1 + 𝑧𝑧(𝐶𝐶 − 1)𝐹𝐹 

Here are a few auxiliary results to the above identities 

i. [𝑧𝑧𝑛𝑛 ]𝐶𝐶𝐴𝐴 = 𝐴𝐴
2𝑛𝑛+𝐴𝐴

�2𝑛𝑛+𝐴𝐴
𝑛𝑛 � 

ii. [𝑧𝑧𝑛𝑛 ]𝐵𝐵𝐶𝐶𝐴𝐴 = �2𝑛𝑛+𝐴𝐴
𝑛𝑛 � 

iii. 𝐹𝐹𝑛𝑛~ 4
9
𝐶𝐶𝑛𝑛   𝑤𝑤ℎ𝑒𝑒𝑓𝑓𝑒𝑒 𝐶𝐶𝑛𝑛 = 1

𝑛𝑛+1
�2𝑛𝑛
𝑛𝑛 �  𝑎𝑎𝑛𝑛𝑎𝑎  [𝑧𝑧𝑛𝑛 ]𝐹𝐹 = 𝐹𝐹𝑛𝑛 . 
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Section two 
2.1 Generating functions and Dyck paths 

Recall: The number of Dyck paths of length 2𝑛𝑛 is the Catalan number 𝐶𝐶𝑛𝑛 = 1
𝑛𝑛+1

�2𝑛𝑛
𝑛𝑛 � 

                           ⟺ 𝐶𝐶(𝑧𝑧) = 𝐶𝐶 =
0

n

n
n
C z

∞

=
∑  Satisfies the following equation 

                           ⇔ 𝐶𝐶 = 1 + 𝑧𝑧𝐶𝐶2 = 1
1−𝑧𝑧𝐶𝐶

= 1−√1−4𝑧𝑧
2𝑧𝑧

                                                                  (1) 

                       i.e. z𝐶𝐶2 − 𝐶𝐶 + 1 = 0 ⇔ 𝐶𝐶 = 1 ± √1−4𝑧𝑧
2𝑧𝑧

      

Hence   𝐶𝐶 = 1−√1−4𝑧𝑧
2𝑧𝑧

 this is because the positive sign gives us negative numbers. 

Again from 𝐶𝐶 = 1 + 𝑧𝑧𝐶𝐶2 ⇔ 𝐶𝐶
𝐶𝐶

= 1
𝐶𝐶

+ 𝑧𝑧𝐶𝐶 

                  ⇔ 1 = 1
𝐶𝐶

+ 𝑧𝑧𝐶𝐶 ⇔ 1 − 𝑧𝑧𝐶𝐶 = 1
𝐶𝐶

 

                  ⇔ 𝐶𝐶 = 1
1−𝑧𝑧𝐶𝐶

 

The following table shows some values of 𝐶𝐶𝐴𝐴  for 𝐴𝐴 ≥ 0. 

Table-2.1 

 
Claim: [𝑧𝑧𝑛𝑛 ]𝐶𝐶𝐴𝐴 = 𝐴𝐴

2𝑛𝑛+𝐴𝐴
�2𝑛𝑛+𝐴𝐴

𝑛𝑛 � 

Proof:  From 𝐶𝐶 = 1 + 𝑧𝑧𝐶𝐶2 ⇔ 𝐶𝐶 − 1 = 𝑧𝑧𝐶𝐶2 

                      Letting 𝑤𝑤 = 𝐶𝐶 − 1 we have, 

                                ⇔ 𝑤𝑤 = 𝑧𝑧(1 + 𝑤𝑤)2 

                                ⇔ 𝜙𝜙(𝑤𝑤) = (1 + 𝑤𝑤)2 Or  𝜙𝜙(𝑧𝑧) = (1 + 𝑧𝑧)2 
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Now we can see that 𝑤𝑤 is the solution to the functional equation 𝑤𝑤 = 𝑧𝑧𝜙𝜙(𝑤𝑤) and hence, 

        [𝑧𝑧𝑛𝑛 ]𝐶𝐶𝐴𝐴 = [𝑧𝑧𝑛𝑛 ] �1−√1−4𝑧𝑧
2𝑧𝑧 �

𝐴𝐴
=  [𝑧𝑧𝑛𝑛 ]𝐹𝐹(𝑤𝑤), where 𝐹𝐹(𝑤𝑤) = (1 + 𝑤𝑤)𝐴𝐴   𝑓𝑓𝑓𝑓   𝐹𝐹(𝑧𝑧) = (1 + 𝑧𝑧)𝐴𝐴  

                                  ⇔ [𝑧𝑧𝑛𝑛 ]𝐶𝐶𝐴𝐴 = [𝑧𝑧𝑛𝑛 ]𝐹𝐹�𝑤𝑤(𝑧𝑧)� = 1
𝑛𝑛

[𝑧𝑧𝑛𝑛−1]𝐹𝐹′(𝑧𝑧)𝜙𝜙(𝑧𝑧)𝑛𝑛  

                                                    = 1
𝑛𝑛

[𝑧𝑧𝑛𝑛−1]𝐴𝐴(1 + 𝑧𝑧)𝐴𝐴−1(1 + 𝑧𝑧)2𝑛𝑛  

                                                    = 𝐴𝐴
𝑛𝑛

[𝑧𝑧𝑛𝑛−1](1 + 𝑧𝑧)2𝑛𝑛+𝐴𝐴−1 = 𝐴𝐴
𝑛𝑛
�2𝑛𝑛+𝐴𝐴−1

𝑛𝑛−1 �  = 𝐴𝐴
2𝑛𝑛+𝐴𝐴

�2𝑛𝑛+𝐴𝐴
𝑛𝑛 �                                                     

Definition: The Fine numbers are the numbers counting different combinatorial objects 

and the first few terms are given by  1, 0, 1, 2, 6, 18, 57, … and generating function 

 𝐹𝐹(𝑧𝑧) =  1
𝑧𝑧

1−√1−4𝑧𝑧
3−√1−4𝑧𝑧. 

Let’s consider the number of Dyck paths of length 2𝑛𝑛 with no hills. 

Let  𝐹𝐹𝑛𝑛  be the number of such paths of length 2𝑛𝑛. 

Example: 𝐹𝐹4 = 6 there are six Dyck paths of length  8 with no hills. These are: 

 
Fig 2.1 

Let 𝐹𝐹(𝑧𝑧) =
0

n
n

n
F z

∞

=
∑  be the generating function for {𝐹𝐹𝑛𝑛}𝑛𝑛≥0 

We can find its generating function as follows: 

Take any hill free Dyck path of length 2𝑛𝑛. 

Case-1: The path is an empty path that is counted by 1. 

Case-2: Non-empty hill free Dyck path. 

Here we have 𝑛𝑛 up steps and 𝑛𝑛 down steps, so we can mark each up step with a 𝑧𝑧. 

Since the path is non-empty, it must start with an up step. The section of the path 

between the first up step and the first down step returning to the horizontal axis 

must be a non trivial Dyck path, so that we do not have a hill.  
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Once the path returns to the horizontal axis, it must again avoid hills, so the 

generating function for this part of the path is 𝐹𝐹. 

More formally, the path has a unique factorization of the form (up step, non-trivial 

Dyck path, down step, hill free path). 

 

Fig. 2.2 

Then 𝐹𝐹 = 1 + 𝑧𝑧(𝐶𝐶 − 1)𝐹𝐹 = 1 + 𝑧𝑧(𝑧𝑧𝐶𝐶2)𝐹𝐹                                                                               (2) 

                    ⇔ 𝐹𝐹(1 − 𝑧𝑧2𝐶𝐶2) = 1  

                   ⇔ 𝐹𝐹 = 1
1−𝑧𝑧2𝐶𝐶2 = 1

(1−𝑧𝑧𝐶𝐶)(1+𝑧𝑧𝐶𝐶)
= 𝐶𝐶

1+𝑧𝑧𝐶𝐶
   by identity (1) 

                ⇔ 𝐹𝐹 =
1−√1−4𝑧𝑧

2𝑧𝑧

1+𝑧𝑧(1−√1−4𝑧𝑧
2𝑧𝑧 )

= 1
𝑧𝑧

1−√1−4𝑧𝑧
3−√1−4𝑧𝑧

  

Thus 𝐹𝐹 = 1
1−𝑧𝑧2𝐶𝐶2 =  𝐶𝐶

1+𝑧𝑧𝐶𝐶 =  1
𝑧𝑧

1−√1−4𝑧𝑧
3−√1−4𝑧𝑧                                                                    (3) 

Proposition 2.1.1:  The generating function for Dyck paths whose initial peak is at 

height 𝑘𝑘 is 𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘 . 

Proof:  Every Dyck path whose initial peak is at height 𝑘𝑘 has a unique factorization 

of the form 𝑘𝑘 up steps and 𝑘𝑘 Dyck paths each between the consecutive down steps. 

 

      Fig.2.3       
Thus by the multiplication principle the appropriate generating function is  𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘 . 

Proposition 2.1.2: The Fine numbers count the number of Dyck paths whose first 
peak has even height.  
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Example: Let’s consider the Dyck paths of length eight 8 whose first peak has even 
size, we have six such paths (𝐹𝐹4 = 6).  

These are: 

 
Fig.2.4 

Proof of proposition 2.1.2: Let 𝐹𝐹(𝑧𝑧) = ∑ 𝐹𝐹𝑛𝑛𝑧𝑧𝑛𝑛∞
𝑛𝑛=0   

Where Fn = the number of dyck paths whose first peak has even height .  

⇔ 𝐹𝐹(𝑧𝑧) = (𝑧𝑧𝑐𝑐)𝑓𝑓 + (𝑧𝑧𝑐𝑐)2 + (𝑧𝑧𝑐𝑐)4 + (𝑧𝑧𝑐𝑐)6 + ⋯ 

                                                                        = 1 + 𝑧𝑧2𝐶𝐶2 + 𝑧𝑧4𝐶𝐶4 + ⋯ 

                                                                        = 1
1−𝑧𝑧2𝐶𝐶2 

Proposition 2.1.3: The generating function for Dyck paths whose first peak has odd 

height is 𝑧𝑧𝐶𝐶𝐹𝐹. 

Proof: From preposition 2.1, the generating function of such paths is given by 

𝑧𝑧𝐶𝐶 + (𝑧𝑧𝐶𝐶)3 + (𝑧𝑧𝐶𝐶)5 + ⋯ 

                            = 𝑧𝑧𝐶𝐶(1 + 𝑧𝑧2𝐶𝐶2 + 𝑧𝑧4𝐶𝐶4 + 𝑧𝑧6𝐶𝐶6 + ⋯ )  

                           = 𝑧𝑧𝐶𝐶𝐹𝐹 

Proposition 2.1.4: The bivariate generating function 𝜓𝜓(𝑡𝑡, 𝑧𝑧) for Dyck paths by 

number of hills (marked by 𝑡𝑡) and number of up steps (marked by 𝑧𝑧) is given by 

𝜓𝜓(𝑡𝑡, 𝑧𝑧) =
𝐹𝐹

1 − 𝑡𝑡𝑧𝑧𝐹𝐹
 

Proof: The Dyck path could possibly be a hill free path which is the Fine path and 

hence counted by 𝐹𝐹.  
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Or the Dyck path with at least one hill can be obtained by concatenating a no-hill 

Dyck path, a hill (the first one; marked by 𝑡𝑡𝑧𝑧), and an arbitrary Dyck path. 

Thus the appropriate generating function is given by 

                                     𝜓𝜓 = 𝐹𝐹 + 𝐹𝐹𝑡𝑡𝑧𝑧𝜓𝜓 

                                ⇔ 𝜓𝜓(1 − 𝑡𝑡𝑧𝑧𝐹𝐹) = 𝐹𝐹 

                               ⇔ 𝜓𝜓 = 𝐹𝐹
1−𝑡𝑡𝑧𝑧𝐹𝐹

 

For the number 𝑓𝑓𝑛𝑛 ,𝑘𝑘  of Dyck paths of length 2𝑛𝑛 with exactly 𝑘𝑘 hills we obtain the 

values from table 2.2 below. 

Table-2.2 

 
The infinite lower triangular matrix (𝑓𝑓𝑛𝑛 ,𝑘𝑘)𝑛𝑛 ,𝑘𝑘≥0 is a Riordan array.  

Namely (𝑓𝑓𝑛𝑛 ,𝑘𝑘)𝑛𝑛 ,𝑘𝑘≥0 = (𝐹𝐹, 𝑧𝑧𝐹𝐹). 

There is an involution on the set of Dyck paths which will be called the hill-killer 

involution. First we partition the set  𝒟𝒟𝑛𝑛  of Dyck paths of length 2𝑛𝑛 into 

       𝒜𝒜𝑛𝑛= set of Dyck paths in 𝒟𝒟𝑛𝑛  with no hills. 

       ℬ𝑛𝑛= set of Dyck paths in 𝒟𝒟𝑛𝑛  that start with a hill and have no later hills. 

       𝒞𝒞𝑛𝑛= set of Dyck paths in 𝒟𝒟𝑛𝑛  that have at least one non starting hill. 

Note that |𝒜𝒜𝑛𝑛 | = 𝐹𝐹𝑛𝑛  and |ℬ𝑛𝑛 | = 𝐹𝐹𝑛𝑛−1.  

We define the mapping 𝜙𝜙:ℬ𝑛𝑛 ⋃𝒞𝒞𝑛𝑛 ⟶ 𝒜𝒜𝑛𝑛 ⋃ℬ𝑛𝑛  in such a way that for Dyck 

path 𝛼𝛼 = 𝛽𝛽𝛽𝛽𝑎𝑎𝛽𝛽 ∈ ℬ𝑛𝑛 ⋃𝒞𝒞𝑛𝑛 , where 𝛽𝛽 is a Dyck path, 𝛽𝛽 is a hill free Dyck path, 

while 𝛽𝛽 𝑎𝑎𝑛𝑛𝑎𝑎 𝑎𝑎 are the steps (1, 1)𝑎𝑎𝑛𝑛𝑎𝑎 (1,−1), respectively, we set 𝜙𝜙(𝛼𝛼) = 𝛽𝛽𝛽𝛽𝑎𝑎𝛽𝛽.  

 

 

0       16       57      40     21      8        5   
15       18     13      6        4        0      

4       6        4       3        0        1
 3       2        2       0        1
2       1        0       1
1       0        1
0       1

     5       6n\k     0        1       2        3        4     
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For a pictorial definition we have the following figure: 

 
Fig 2.5 

Clearly, the restriction of 𝜙𝜙 to ℬ𝑛𝑛  is the identity mapping and the restriction of 𝜙𝜙 to 

𝒞𝒞𝑛𝑛  is a bijection between 𝒞𝒞𝑛𝑛  and 𝒜𝒜𝑛𝑛 . Consequently, |𝒞𝒞𝑛𝑛 | = | 𝒜𝒜𝑛𝑛 | = 𝐹𝐹𝑛𝑛  and, 

therefore,  

                     𝐶𝐶𝑛𝑛 = 2𝐹𝐹𝑛𝑛 + 𝐹𝐹𝑛𝑛−1    𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 ≥ 1.                                                                                 (4) 

Let 𝜙𝜙−1: 𝒜𝒜𝑛𝑛 ⋃ℬ𝑛𝑛 ⟶ ℬ𝑛𝑛 ⋃𝒞𝒞𝑛𝑛  be the inverse mapping of 𝜙𝜙.  

Now the mapping 𝜓𝜓: 𝒟𝒟𝑛𝑛 ⟶ 𝒟𝒟𝑛𝑛  defined by 

                  𝜓𝜓(𝛼𝛼) = �
 𝜙𝜙−1(𝛼𝛼)        𝑖𝑖𝑓𝑓 𝛼𝛼 ∈  𝒜𝒜𝑛𝑛
𝜙𝜙(𝛼𝛼) = 𝛼𝛼   𝑖𝑖𝑓𝑓 𝛼𝛼 ∈ ℬ𝑛𝑛
𝜙𝜙(𝛼𝛼)           𝑖𝑖𝑓𝑓 𝛼𝛼 ∈ 𝒞𝒞𝑛𝑛

� is an involution on  𝒟𝒟𝑛𝑛 , called the hill-

killer involution. Its fixed points are the paths in ℬ𝑛𝑛 . 

Remark: Relation (4) follows at once also from the identity 

                 1 + 𝐶𝐶 = (2 + 𝑧𝑧)𝐹𝐹,                                                                                                         (5) 

Proof: Dyck paths have first peak either of odd or of even height. Consequently, by 

preposition 2.1.2 and 2.1.3, we have, 

                     𝐶𝐶 = 𝐹𝐹 + 𝑧𝑧𝐶𝐶𝐹𝐹 

               ⇔ 𝐶𝐶 = 𝐹𝐹 + 𝑧𝑧𝐹𝐹(1 + 𝑧𝑧𝐶𝐶2) 

                         = 𝐹𝐹 + 𝑧𝑧𝐹𝐹 + 𝑧𝑧2𝐹𝐹𝐶𝐶2 = 𝐹𝐹 + 𝑧𝑧𝐹𝐹 + 𝐹𝐹 − 1     by identity 5 

               ⇔ 1 + 𝐶𝐶 = (2 + 𝑧𝑧)𝐹𝐹 

Proposition 2.1.5:    
𝐹𝐹𝑛𝑛
𝐶𝐶𝑛𝑛

~ 4
9

 

Proof: From 𝐶𝐶𝑛𝑛 = 1
𝑛𝑛+1

�2𝑛𝑛
𝑛𝑛 � we have, 

               lim𝑛𝑛→∞
𝐶𝐶𝑛𝑛+1
𝐶𝐶𝑛𝑛

= lim
𝑛𝑛→∞

1
𝑛𝑛+2�

2𝑛𝑛+2
𝑛𝑛+1 �

1
𝑛𝑛+1�

2𝑛𝑛
𝑛𝑛 �

= lim
𝑛𝑛→∞

(2𝑛𝑛+2)(2𝑛𝑛+1)
(𝑛𝑛+2)(𝑛𝑛+1)

= lim
𝑛𝑛→∞

4+2
𝑛𝑛

1+2
𝑛𝑛

= 4. 

Now, from equation (4) we have, 𝐶𝐶𝑛𝑛 = 2𝐹𝐹𝑛𝑛 + 𝐹𝐹𝑛𝑛−1   
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                  ⇔ 1 = 2 𝐹𝐹𝑛𝑛
𝐶𝐶𝑛𝑛

+ 𝐹𝐹𝑛𝑛−1
𝐶𝐶𝑛𝑛

= 2 𝐹𝐹𝑛𝑛
𝐶𝐶𝑛𝑛

+ 𝐹𝐹𝑛𝑛−1
𝐶𝐶𝑛𝑛−1

𝐶𝐶𝑛𝑛−1
𝐶𝐶𝑛𝑛

 

Letting lim
𝑛𝑛→∞

𝐹𝐹𝑛𝑛
𝐶𝐶𝑛𝑛

= 𝐿𝐿 for the case where the limit exists, then  

                                        1 = 2𝐿𝐿 + 1
4
𝐿𝐿 = 9

4
𝐿𝐿 ⇔ 𝐿𝐿 = 4

9
 

For the case where the limit doesn’t exists we can consider the following theorem 

[2, p. 496]; 

Suppose that  𝐴𝐴(𝑧𝑧) = ∑𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛  and  𝐵𝐵(𝑧𝑧) = ∑𝑏𝑏𝑛𝑛𝑧𝑧𝑛𝑛  are power series with radii of 

convergence  𝛼𝛼 > 𝛽𝛽 ≥ 0, respectively. Suppose lim𝑛𝑛→∞
𝑏𝑏𝑛𝑛−1
𝑏𝑏𝑛𝑛

= 𝑏𝑏. If  𝐴𝐴(𝑏𝑏) ≠ 0, then 

 𝐶𝐶𝑛𝑛~𝐴𝐴(𝑏𝑏)𝑏𝑏𝑛𝑛 , where  ∑𝑐𝑐𝑛𝑛𝑧𝑧𝑛𝑛 = 𝐴𝐴(𝑧𝑧)𝐵𝐵(𝑧𝑧). 

We know that from equation (5), 1 + 𝐶𝐶 = (2 + 𝑧𝑧)𝐹𝐹 so we can take 

 𝐴𝐴(𝑧𝑧) = 1
(2+𝑧𝑧)

 𝑎𝑎𝑛𝑛𝑎𝑎 𝐵𝐵(𝑧𝑧) = 1 + 𝐶𝐶 

Thus  𝐴𝐴(𝑧𝑧)𝐵𝐵(𝑧𝑧) = 𝐹𝐹 𝑎𝑎𝑛𝑛𝑎𝑎 𝐴𝐴 �1
4
� = 4

9
 because  lim𝑛𝑛→∞

𝑏𝑏𝑛𝑛−1
𝑏𝑏𝑛𝑛

= lim𝑛𝑛→∞
𝑐𝑐𝑛𝑛−1
𝑐𝑐𝑛𝑛

= 1
4

= 𝑏𝑏 

Hence 𝐹𝐹𝑛𝑛~ 4
9
𝐶𝐶𝑛𝑛  

Some examples of Fine numbers 

1. Plane trees with root of even degree. 

Example: Consider plane trees with root of even degree on four edges. 

There are  𝐹𝐹4 = 6 such plane trees. 

 
Fig 2.6 

Proof: We can construct plane tree with root of even degree recursively by adding a 

single vertex (a root) to an existing plane tree. 

 
Fig 2.7 

CCCCCC

z

, , ........,
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zzz
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We know that plane trees are counted by the Catalan numbers and it has a 

generating function 𝐶𝐶 = 1 + 𝑧𝑧𝐶𝐶2 = 1−√1−4𝑧𝑧
2𝑧𝑧

  

So the functional equation of the above recursive relation is  

                            𝐹𝐹(𝑧𝑧) = 1 + 𝑧𝑧2𝐶𝐶2 + 𝑧𝑧4𝐶𝐶4 + ⋯ 

                     ⇔ 𝐹𝐹(𝑧𝑧)−1
𝑧𝑧2𝐶𝐶2 = 1 + 𝑧𝑧2𝐶𝐶2 + 𝑧𝑧4𝐶𝐶4 + ⋯ 

                     ⇔ 𝐹𝐹(𝑧𝑧)−1
𝑧𝑧2𝐶𝐶2 = 𝐹𝐹(𝑧𝑧) 

                     ⇔ 𝐹𝐹(𝑧𝑧)(1 − 𝑧𝑧2𝐶𝐶2) = 1 

                     ⇔ 𝐹𝐹(𝑧𝑧) = 1
1−𝑧𝑧2𝐶𝐶2 

                     ⇔ 𝐹𝐹(𝑧𝑧) = 1
𝑧𝑧

1−√1−4𝑧𝑧
3−√1−4𝑧𝑧

  This is the generating function for the Fine 

numbers. 
2. Plane trees with no leaves at level 1.  

(i.e. Plane trees with no end nodes at height  1) 

Example:  Consider Plane trees with no leaves at level 1 on four edges. 

There are six such plane trees 𝐹𝐹4 = 6. 

 
Fig 2.8 

Proof: The set of plane trees with no leaves at level 1 is the subset of general plane 

trees such that there is no leaf at level 1. 

So we can find its generating function as follows; 

i.e. we construct these like plane trees by taking or fixing the root and concatenating 

a non-empty plane trees above the level 1. 

 
Fig 2.9 

z zz
z

, .....,
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So the generating function for this counting problem is  

1 + 𝑧𝑧(𝐶𝐶 − 1) + 𝑧𝑧2(𝐶𝐶 − 1)2 + 𝑧𝑧3(𝐶𝐶 − 1)4 + ⋯ 

But 𝐶𝐶 = 1 + 𝑧𝑧𝐶𝐶2 ⇔ 𝐶𝐶 − 1 = 𝑧𝑧𝐶𝐶2 from identity (1) 

 Thus 1 + 𝑧𝑧(𝐶𝐶 − 1) + 𝑧𝑧2(𝐶𝐶 − 1)2 + 𝑧𝑧3(𝐶𝐶 − 1)4 + ⋯                             

                             = 1 + 𝑧𝑧(𝑧𝑧𝐶𝐶2) + 𝑧𝑧2(𝑧𝑧𝐶𝐶2)2 + 𝑧𝑧3(𝑧𝑧𝐶𝐶2)3 + ⋯ 

                             = 1 + 𝑧𝑧2𝐶𝐶2 + 𝑧𝑧4𝐶𝐶4 + ⋯ 
                             = 𝐹𝐹 

3. Non-crossing partitions of [𝑛𝑛] ( 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛)), where the first block has even size. 

Example: 𝑁𝑁𝐶𝐶𝑁𝑁(4) = 6  

These are; 

 
Fig 2.10 

Proof: We present a bijection between the set of non-crossing partitions and the 

well known Catalan enumerated set of plane trees on  𝑛𝑛 edges. 

Number the nodes in preorder (the worm climbs the tree, as Martin Gardner puts it) 

starting by labeling the root by zero. Then looking on this as a family tree put a 

siblings in the same block. 

Example: Let  𝑛𝑛 = 10 and consider the non-crossing partition of  10 

{1, 6, 7}, {2, 3, 4}, {5}, {9, 10} 

 
Fig 2.11 
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Therefore 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) = 𝐶𝐶𝑛𝑛 = 1
𝑛𝑛+1

�2𝑛𝑛
𝑛𝑛 � 

Now, from the bijection, to a non-crossing partition of  [𝑛𝑛] where the first block has 

even size there corresponds a plane tree with root of even degree. 

Thus if we partition the set of plane trees to those with root of even degrees and 

those with root of odd degrees as well as the set of 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) in to those where the 

first block has even size and those where the first block has odd size, clearly we can 

see that there is a bijection between the set of plane trees with root of even degrees 

and the set of 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) where the first block has even size. 

Hence the set of 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) where the first block has even size is the Fine number 

enumerated set. 

4. 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) with no visible singletons. 

Example: Let 𝑛𝑛 = 4, then 𝑁𝑁𝐶𝐶𝑁𝑁(4) = 6  

 
Fig 2.12 

Proof: We use again a bijective proof. 

𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛), where the first block has even size is the Fine number enumerated set. 

Add one more arch to 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) where the first block has even size with visible 

singletons so that there will be no visible singletons and size of the first block 

becomes odd. 

Conversely, remove the last one arch from 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) with no visible singletons which 

have the first block of odd size. Then the resulting 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) will be with the first 

block of even size. 

So, this is a bijection between the sets 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) where the first block has even size 

and 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) with no visible singletons. 

Hence, 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) with no visible singletons is the Fine number enumerated set. 
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5. Standard Young Tableaux (SYT) of shape  (𝑛𝑛,𝑛𝑛) where there is no column of 

consecutive integers. 

Example: We have six such standard young tableau of shape (4,4). 

These are: 

 

 

 

 

 

Fig 2.13 

Proof-1: It is well known that the set of sequences of  𝑛𝑛 1′𝐴𝐴 and  𝑛𝑛 − 1′𝐴𝐴 such that 

every partial sum is non-negative integers is the Catalan enumerated set (Appendix 

equation number 2). So, there is a bijection 𝑔𝑔 between this set and standard young 

tableau of the shape (𝑛𝑛,𝑛𝑛). Again there is a simple bijection 𝑓𝑓 between the 

sequences and the set of Dyck paths. 

Now, the composition 𝑓𝑓𝑓𝑓𝑔𝑔 of the two bijections is the bijection between the set of 

standard young tableau of the shape  (𝑛𝑛,𝑛𝑛) and the set of Dyck paths of length 2𝑛𝑛. 

Example: 

 
Fig 2.14 

It is an immediate observation that 𝑓𝑓𝑓𝑓𝑔𝑔 maps the column of consecutive numbers to 

hills. Thus a Standard young tableaux of shape  (𝑛𝑛,𝑛𝑛) where there is no column of 

consecutive integers corresponds to a Dyck path without hills. 

Hence this set is a Fine number enumerated set. 
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Proof-2: (Alternative proof) 

Partition SYT of shape  (𝑛𝑛,𝑛𝑛) into three disjoint subsets.  

          𝐴𝐴𝑛𝑛= SYT where there is no column of consecutive integers. 

          𝐵𝐵𝑛𝑛= SYT where only the first column is consecutive.  

           𝐶𝐶𝑛𝑛= SYT with at least one non- starting column of consecutive integers. 

         First let  𝑇𝑇 ∈ 𝐶𝐶𝑛𝑛  and               be the last column of consecutive integers, then 

we define 

     

                            𝜓𝜓                                                                 

        

      = 

              

                   

 

If 𝑇𝑇𝑇𝑇𝐴𝐴𝑛𝑛  and  𝑘𝑘  the smallest positive integer such that  2𝑘𝑘 is in the 𝑘𝑘𝑡𝑡ℎ  column, then we 

define  

          

         𝜓𝜓 
  

                 = 

                                         

                                                     

      

Thus 𝜓𝜓 ∶ 𝐴𝐴𝑛𝑛 ⟶ 𝐶𝐶𝑛𝑛  is a bijection 

Therefore |𝐴𝐴𝑛𝑛 | = |𝐶𝐶𝑛𝑛 | 

And 𝜓𝜓 fixes 𝐵𝐵𝑛𝑛 . 

If we let |𝐴𝐴𝑛𝑛 | = 𝐹𝐹𝑛𝑛 = |𝐶𝐶𝑛𝑛 | 

Then | 𝐵𝐵𝑛𝑛 | = 𝐹𝐹𝑛𝑛−1 which is obtained just by removing the first column. 

 

2𝑘𝑘 − 1 

2𝑘𝑘 

𝑎𝑎1 𝑎𝑎2 … 𝑎𝑎𝑘𝑘−1 2𝑘𝑘 − 1 𝑐𝑐1 … 𝑐𝑐𝑛𝑛−𝑘𝑘  

𝑏𝑏1 𝑏𝑏2 … 𝑏𝑏𝑘𝑘−1 2𝑘𝑘 𝑎𝑎1 … 𝑎𝑎𝑛𝑛−𝑘𝑘  

1 𝑎𝑎1 + 1 𝑎𝑎2+1 … 𝑎𝑎𝑘𝑘−2

+ 1 

𝑎𝑎𝑘𝑘−1

+ 1 

𝑐𝑐1 … 𝑐𝑐𝑛𝑛−𝑘𝑘  

𝑏𝑏1 + 1 𝑏𝑏2 + 1 𝑏𝑏3 + 1 … 𝑏𝑏𝑘𝑘−1+1 2𝑘𝑘 𝑎𝑎1 … 𝑎𝑎𝑛𝑛−𝑘𝑘  

𝑎𝑎1 𝑎𝑎2 … 𝑎𝑎𝑘𝑘−1 𝑎𝑎𝑘𝑘  𝑐𝑐1 … 𝑐𝑐𝑛𝑛−𝑘𝑘  

𝑏𝑏1 𝑏𝑏2 … 𝑏𝑏𝑘𝑘−1 2𝑘𝑘 𝑎𝑎1 … 𝑎𝑎𝑛𝑛−𝑘𝑘  

𝑎𝑎2-1 𝑎𝑎3 − 1 … 𝑎𝑎𝑘𝑘 − 1 2𝑘𝑘 − 1 𝑐𝑐1 … 𝑐𝑐𝑛𝑛−𝑘𝑘  

𝑏𝑏1 − 1 𝑏𝑏2 − 1 … 𝑏𝑏𝑘𝑘−1 − 1 2𝑘𝑘 𝑎𝑎1 … 𝑎𝑎𝑛𝑛−𝑘𝑘  
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Now, since SYT of shape  (𝑛𝑛,𝑛𝑛) is Catalan enumerated set, we have, 

      𝐶𝐶𝑛𝑛 = |𝐴𝐴𝑛𝑛 | + | 𝐵𝐵𝑛𝑛 | + |𝐶𝐶𝑛𝑛 | 

                             ⇔ 𝐶𝐶𝑛𝑛 = 2𝐹𝐹𝑛𝑛 + 𝐹𝐹𝑛𝑛−1    ∀𝑛𝑛 ≥ 1 

⇔ ∑ 𝐶𝐶𝑛𝑛𝑧𝑧𝑛𝑛𝑛𝑛≥1 = 2∑ 𝐹𝐹𝑛𝑛𝑧𝑧𝑛𝑛𝑛𝑛≥1 + ∑ 𝐹𝐹𝑛𝑛−1𝑧𝑧𝑛𝑛𝑛𝑛≥1      by Snake-Oil method 

          ⇔ 𝐶𝐶 − 1 = 2(𝐹𝐹 − 1)𝑧𝑧𝐹𝐹 

          ⇔ 𝐶𝐶 − 1 = (2 + 𝑧𝑧)𝐹𝐹 − 2 

                                       ⇔ 𝐶𝐶 + 1 = (2 + 𝑧𝑧)𝐹𝐹 

           ⇔ 𝐹𝐹 = 𝐶𝐶+1
2+𝑧𝑧

 

                    = 1
2+𝑧𝑧

� 1
1−𝑧𝑧𝐶𝐶

+ 1�  

                   = 1
2+𝑧𝑧

�2−𝑧𝑧𝐶𝐶
1−𝑧𝑧𝐶𝐶

� = 1
2+𝑧𝑧

�2−𝑧𝑧𝐶𝐶
1−𝑧𝑧𝐶𝐶

1+𝑧𝑧𝐶𝐶
1+𝑧𝑧𝐶𝐶

� 

                   = 1
2+𝑧𝑧

�2+𝑧𝑧𝐶𝐶−𝑧𝑧2𝐶𝐶2

1−𝑧𝑧2𝐶𝐶2 � 

                                 ⟺ 𝐹𝐹 = 1
2+𝑧𝑧

�2+𝑧𝑧𝐶𝐶(1−𝑧𝑧𝐶𝐶)
1−𝑧𝑧2𝐶𝐶2 � 

                                 ⟺ 𝐹𝐹 = 1
2+𝑧𝑧

�
2+𝑧𝑧𝐶𝐶�1

𝐶𝐶�

1−𝑧𝑧2𝐶𝐶2 � = 1
1−𝑧𝑧2𝐶𝐶2 

6. Binary trees where the root and each direct right descendant of the root has out 

degree 0 𝑓𝑓𝑓𝑓 2. 

Example: We have six such binary trees on four edges. 

These are: 

 
Fig 2.15 
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Proof: If we let  𝐹𝐹(𝑧𝑧) to be the generating function for this counting problem, we can 

find it as follows: 

 
Fig 2.16 

Since the out degree of the root is either 0 𝑓𝑓𝑓𝑓 2, the leftmost sub-tree must be non-

empty and we need the same binary tree on level 1 of the right most sub-tree. 

Hence the functional equation becomes 

                         ⇔ 𝐹𝐹 = 1 + 𝑧𝑧(𝐶𝐶 − 1)𝐹𝐹 

                         ⇔ 𝐹𝐹(1 − 𝑧𝑧𝐶𝐶 + 𝑧𝑧) = 1 

                         ⇔ 𝐹𝐹 = 1
1−𝑧𝑧(𝐶𝐶−1) 

                                  = 1
1−𝑧𝑧2𝐶𝐶2  = 1

𝑧𝑧
1−√1−4𝑧𝑧
3−√1−4𝑧𝑧

 

Thus the given set is Fine number enumerated set. 
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2.2 Path pairs 

Definition-1: The set of all path pairs (APP) is the set of all pairs of paths such that; 

i)   Both paths are composed of unit east and north steps. 

ii)  Both paths start at (0,0) and have a common end point. 

iii) The upper path never goes strictly below the lower path. 

Example: Let 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) = 𝑇𝑇ℎ𝑒𝑒 𝐴𝐴𝑒𝑒𝑡𝑡 𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝𝑎𝑎𝑡𝑡ℎ 𝑝𝑝𝑎𝑎𝑖𝑖𝑓𝑓𝐴𝐴 𝑓𝑓𝑓𝑓 𝑎𝑎𝑒𝑒𝑛𝑛𝑔𝑔𝑡𝑡ℎ 𝑛𝑛. 

For 𝑛𝑛 = 2 ,𝐴𝐴𝑁𝑁𝑁𝑁(2) = 5 these are;     

  
Fig 2.17 

We can encode a path pair as follows; 

          Α= step apart, upper path goes north, lower path east; 

             Τ = step together, upper path goes east, lower path north; 

             Ε = both steps east; 

             Ν = both steps north. 

Example: 𝐴𝐴𝑁𝑁𝑇𝑇𝐴𝐴𝐴𝐴𝑇𝑇𝐴𝐴𝑁𝑁 is the code for the path pair below: 

 
      Fig 2.18      

Remark: Reading from the left we must never have more 𝑇𝑇′𝐴𝐴 than 𝐴𝐴′𝐴𝐴 and at the end 

the number of 𝑇𝑇′𝐴𝐴 is the same as the number of 𝐴𝐴′𝐴𝐴. 

Definition: By a joint step of a path pair we mean a pair of superposed steps (one 

from each path of the pair). 

Example: In the pair of paths encoded 𝐴𝐴𝑁𝑁𝑇𝑇𝐴𝐴𝐴𝐴𝑇𝑇𝐴𝐴𝑁𝑁 both 𝐴𝐴′𝐴𝐴 and the last 𝑁𝑁′𝐴𝐴 

represent joint steps. 

T

T

E

E

N

N

A

A
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Preposition 2.2.1: If 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) is the set of path pairs of length 𝑛𝑛,  

Then |𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛)| = 𝐶𝐶𝑛𝑛+1. 

Proof: We present a bijective proof by constructing a bijection between the set of 

Dyck paths of length 2𝑛𝑛 + 2 and 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛). 

As before let 𝛽𝛽 𝑎𝑎𝑛𝑛𝑎𝑎 𝑎𝑎 denote the steps (1,1)𝑎𝑎𝑛𝑛𝑎𝑎 (1,−1) respectively. Then we 

convert a path pair to a Dyck path by converting; 

          𝐴𝐴 ⟼ 𝛽𝛽𝛽𝛽,𝑇𝑇 ↦ 𝑎𝑎𝑎𝑎,𝐴𝐴 ↦ 𝑎𝑎𝛽𝛽, 𝑎𝑎𝑛𝑛𝑎𝑎  𝑁𝑁 ↦ 𝛽𝛽𝑎𝑎   

          And 𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖𝑛𝑛𝑔𝑔 𝑎𝑎 𝛽𝛽 𝑡𝑡𝑓𝑓 𝑡𝑡ℎ𝑒𝑒 𝐴𝐴𝑡𝑡𝑎𝑎𝑓𝑓𝑡𝑡 𝑎𝑎𝑛𝑛𝑎𝑎 𝑎𝑎 𝑎𝑎 𝑡𝑡𝑓𝑓 𝑡𝑡ℎ𝑒𝑒 𝑒𝑒𝑛𝑛𝑎𝑎 𝑓𝑓𝑓𝑓 𝑡𝑡ℎ𝑒𝑒 𝑓𝑓𝑒𝑒𝐴𝐴𝛽𝛽𝑎𝑎𝑡𝑡𝑖𝑖𝑛𝑛𝑔𝑔 𝑤𝑤𝑓𝑓𝑓𝑓𝑎𝑎.  

Consider the following path pair 𝐴𝐴𝑇𝑇𝐴𝐴𝐴𝐴𝑇𝑇 of length 5. 

The above operation gives us 𝛽𝛽𝛽𝛽𝑎𝑎𝑎𝑎𝑎𝑎𝛽𝛽𝛽𝛽𝛽𝛽𝑎𝑎𝑎𝑎 which is a Dyck path of length 12. 

 
Fig 2.17 

Thus 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) is the Catalan enumerated set where |𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛)| = 𝐶𝐶𝑛𝑛+1. 

Remark: Let us remove the condition on the 𝐴𝐴𝑁𝑁𝑁𝑁′𝐴𝐴 that the two paths have a 

common end point. 

Let 𝑎𝑎𝑛𝑛 ,𝑘𝑘  be the number of such path pairs of length 𝑛𝑛 having end points 𝑘𝑘√2 apart.  

Some values of 𝑎𝑎𝑛𝑛 ,𝑘𝑘 is given in the table below. 

Table-2.3 

    𝑛𝑛 𝑘𝑘⁄       0         1       2       3         4        5       -------------- 

0 1        

1 2         1 

2 5         4       1 

3 14       14     6       1 

4 42       48     27     8        1 

5 132     165   110   44      10     1                



A Survey of the Fine numbers 2011 
 

23 
 

Observe that 𝑎𝑎𝑛𝑛+1,𝑘𝑘 = 𝑎𝑎𝑛𝑛 ,𝑘𝑘−1 + 2𝑎𝑎𝑛𝑛 ,𝑘𝑘 + 𝑎𝑎𝑛𝑛 ,𝑘𝑘+1,∀𝑘𝑘 ≥ 1                                                     (1) 

This is because of the two paths can get one step further apart (𝐴𝐴), both go 𝐴𝐴 𝑓𝑓𝑓𝑓 𝑁𝑁, 

or become one step closer (𝑇𝑇). Similarly, 𝑎𝑎𝑛𝑛+1,0 = 2𝑎𝑎𝑛𝑛 ,0 + 𝑎𝑎𝑛𝑛 ,1 

Claim: 𝑎𝑎𝑛𝑛 ,𝑘𝑘 = 𝑘𝑘+1
𝑛𝑛+1

�2𝑛𝑛+2
𝑛𝑛−𝑘𝑘 �                                                                                        (2) 

Proof: We use induction on 𝑘𝑘 and the above recurrence relations. 

For 𝑘𝑘 = 0, we have 𝑎𝑎𝑛𝑛 ,0 = 1
𝑛𝑛+1

�2𝑛𝑛+2
𝑛𝑛 � = 𝐶𝐶𝑛𝑛+1  so, the statement is true. 

Assume that it is true for all 𝑘𝑘 − 1 and less. i.e. 𝑎𝑎𝑛𝑛 ,𝑘𝑘−1 = 𝑘𝑘
𝑛𝑛+1

� 2𝑛𝑛+2
𝑛𝑛−𝑘𝑘+1� 

Now, 𝑎𝑎𝑛𝑛+1,𝑘𝑘−1 = 𝑎𝑎𝑛𝑛 ,𝑘𝑘−2 + 2𝑎𝑎𝑛𝑛 ,𝑘𝑘−1 + 𝑎𝑎𝑛𝑛 ,𝑘𝑘  

             ⇔  𝑎𝑎𝑛𝑛 ,𝑘𝑘 = 𝑎𝑎𝑛𝑛+1,𝑘𝑘−1 − 𝑎𝑎𝑛𝑛 ,𝑘𝑘−2 − 2𝑎𝑎𝑛𝑛 ,𝑘𝑘−1  

                  = 𝑘𝑘+1−1
𝑛𝑛+2

� 2(𝑛𝑛+1)+2
𝑛𝑛+1−(𝑘𝑘−1)� −

𝑘𝑘−2+1
𝑛𝑛+1

� 2𝑛𝑛+2
𝑛𝑛−𝑘𝑘+2� −

2𝑘𝑘
𝑛𝑛+1

� 2𝑛𝑛+2
𝑛𝑛−𝑘𝑘+1�  

                  = 𝑘𝑘
𝑛𝑛+2

� 2𝑛𝑛+4
𝑛𝑛−𝑘𝑘+2� −

𝑘𝑘−1
𝑛𝑛+1

� 2𝑛𝑛+2
𝑛𝑛−𝑘𝑘+2� −

2𝑘𝑘
𝑛𝑛+1

� 2𝑛𝑛+2
𝑛𝑛−𝑘𝑘+1�  

                  = 𝑘𝑘
𝑛𝑛+2

(2𝑛𝑛+4)!
(𝑛𝑛−𝑘𝑘+2)!(𝑛𝑛+𝑘𝑘+2)!

− 𝑘𝑘−1
𝑛𝑛+1

(2𝑛𝑛+2)!
(𝑛𝑛−𝑘𝑘+2)!(𝑛𝑛+𝑘𝑘)!

− 2𝑘𝑘
𝑛𝑛+1

(2𝑛𝑛+2)!
(𝑛𝑛−𝑘𝑘+1)!(𝑛𝑛+𝑘𝑘+1)!

  

                  = (2𝑛𝑛+2)!
(𝑛𝑛−𝑘𝑘)!(𝑛𝑛+𝑘𝑘+2)!

� 𝑘𝑘
𝑛𝑛+2

(2𝑛𝑛+4)(2𝑛𝑛+3)
(𝑛𝑛−𝑘𝑘+2)(𝑛𝑛−𝑘𝑘+1) −

𝑘𝑘−1
𝑛𝑛+1

(𝑛𝑛+𝑘𝑘+2)(𝑛𝑛+𝑘𝑘+1)
(𝑛𝑛−𝑘𝑘+2)(𝑛𝑛−𝑘𝑘+1)

+

−2𝑘𝑘𝑛𝑛+1𝑛𝑛+𝑘𝑘+2𝑛𝑛−𝑘𝑘+2  

                  = �2𝑛𝑛+2
𝑛𝑛−𝑘𝑘 �

𝑘𝑘+1
𝑛𝑛+1

 = 𝑘𝑘+1
𝑛𝑛+1

�2𝑛𝑛+2
𝑛𝑛−𝑘𝑘 �  

Remark: The matrix 𝐴𝐴 = (𝑎𝑎𝑛𝑛 ,𝑘𝑘)𝑛𝑛 ,𝑘𝑘≥0 is a Riordan Array and can be written 

𝐴𝐴 = (𝐶𝐶2,𝐶𝐶2) 

From the lower triangular matrix 𝐴𝐴 = �𝑎𝑎(𝑧𝑧), ℎ(𝑧𝑧)�, the first column generates 𝑎𝑎(𝑧𝑧) 

and it is;  𝑎𝑎(𝑧𝑧) = 1 + 2𝑧𝑧 + 5𝑧𝑧2 + 14𝑧𝑧3 + 42𝑧𝑧4 + ⋯  

                             = 𝐶𝐶(𝑧𝑧)2 = 𝐶𝐶2  

Again the second column gives us the generating function for 𝑧𝑧𝑎𝑎(𝑧𝑧)ℎ(𝑧𝑧) 

⇔ 𝑧𝑧𝑎𝑎(𝑧𝑧)ℎ(𝑧𝑧) = 0 + 𝑧𝑧 + 4𝑧𝑧2 + 14𝑧𝑧3 + 48𝑧𝑧4 + ⋯  
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⇔ 𝑎𝑎(𝑧𝑧)ℎ(𝑧𝑧) = 𝑎𝑎1,1 + 𝑎𝑎2,1𝑧𝑧 + 𝑎𝑎3,1𝑧𝑧2 + 𝑎𝑎4,1𝑧𝑧3 + ⋯  

= �𝑎𝑎2,0 − 2𝑎𝑎1,0� + �𝑎𝑎3,0 − 2𝑎𝑎2,0�𝑧𝑧 + �𝑎𝑎4,0 − 2𝑎𝑎3,0�𝑧𝑧2 + �𝑎𝑎5,0 − 2𝑎𝑎4,0�𝑧𝑧3 + ⋯ 

= 𝑎𝑎2,0 + 𝑎𝑎3,0𝑧𝑧 + 𝑎𝑎4,0𝑧𝑧2 + 𝑎𝑎5,0𝑧𝑧3 + ⋯− 2(𝑎𝑎1,0 + 𝑎𝑎2,0𝑧𝑧 + 𝑎𝑎3,0𝑧𝑧2 + 𝑎𝑎4,0𝑧𝑧3 + ⋯ ) 

       = 5 + 14𝑧𝑧 + 42𝑧𝑧2 + 132𝑧𝑧3 + ⋯− 2(2 + 5𝑧𝑧 + 14𝑧𝑧2 + 42𝑧𝑧3 + ⋯ )  

⇔ 𝑎𝑎(𝑧𝑧)ℎ(𝑧𝑧) = 𝑎𝑎(𝑧𝑧)−1−2𝑧𝑧
𝑧𝑧2 − 2(𝑎𝑎(𝑧𝑧)−1

𝑧𝑧
)  

⇔ 𝑎𝑎(𝑧𝑧)ℎ(𝑧𝑧) = 𝑎𝑎(𝑧𝑧)−1−2𝑧𝑧−2𝑧𝑧𝑎𝑎 (𝑧𝑧)+2𝑧𝑧
𝑧𝑧2  = 𝑎𝑎(𝑧𝑧)(1−2𝑧𝑧)−1

𝑧𝑧2   

⇔ ℎ(𝑧𝑧) = 𝑎𝑎(𝑧𝑧)(1−2𝑧𝑧)−1
𝑧𝑧2𝑎𝑎(𝑧𝑧)

  

⇔ ℎ(𝑧𝑧) = 𝐶𝐶2(1−2𝑧𝑧)−1
𝑧𝑧2𝐶𝐶2  = 𝐶𝐶2−2𝑧𝑧𝐶𝐶2−1

𝑧𝑧2𝐶𝐶2   

             = 𝐶𝐶2−2(𝐶𝐶−1)−1
𝑧𝑧2𝐶𝐶2   

             = 𝐶𝐶2−2𝐶𝐶+1
𝑧𝑧2𝐶𝐶2 = (𝐶𝐶−1)2

𝑧𝑧2𝐶𝐶2 = (𝑧𝑧𝐶𝐶2)2

𝑧𝑧2𝐶𝐶2 = 𝐶𝐶2  

Thus 𝐴𝐴 = �𝑎𝑎(𝑧𝑧),ℎ(𝑧𝑧)� = (𝐶𝐶2, 𝐶𝐶2) 

This in turn, yields the following two properties of the matrix 𝐴𝐴. 

i)  The generating function of the diagonal sums of 𝐴𝐴 is 

∑ 𝐶𝐶𝑛𝑛−𝑘𝑘 ,𝑘𝑘
∞
𝑘𝑘=0 = [𝑧𝑧𝑛𝑛 ]𝐶𝐶2𝑓𝑓(𝑧𝑧2𝐶𝐶2),       𝑤𝑤ℎ𝑒𝑒𝑓𝑓𝑒𝑒 𝑓𝑓(𝑧𝑧) = 1

1−𝑧𝑧
  

                    = [𝑧𝑧𝑛𝑛 ] 𝐶𝐶2

1−𝑧𝑧2𝐶𝐶2   

Thus the generating function is  𝐶𝐶2

1−𝑧𝑧2𝐶𝐶2 = 𝐹𝐹𝐶𝐶2 = 𝐹𝐹(𝐶𝐶−1
𝑧𝑧

) = 𝐹𝐹−1
𝑧𝑧2 , by identity (17) 

Thus, these diagonal sums are Fine numbers.  

ii)  The generating function of the alternating row sums of the matrix 𝐴𝐴 is 𝐶𝐶2

1+𝑧𝑧𝐶𝐶2 = 𝐶𝐶 

The alternating row sums of A is given by              

          ∑ (−1)𝑘𝑘𝑎𝑎𝑛𝑛 ,𝑘𝑘 = [𝑧𝑧𝑛𝑛 ]𝑘𝑘 𝑎𝑎(𝑧𝑧)𝑓𝑓�𝑧𝑧ℎ(𝑧𝑧)�,   𝑓𝑓(𝑧𝑧) = 1
1+𝑧𝑧

 

                            = [𝑧𝑧𝑛𝑛 ] 𝐶𝐶2

1+𝑧𝑧𝐶𝐶2  

Thus the generating function is 𝐶𝐶2

1+𝑧𝑧𝐶𝐶2 = 𝐶𝐶2

𝐶𝐶
= 𝐶𝐶 
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Proposition-2.2.2: The number of path pairs of length 𝑛𝑛 with no joint steps is the 

Fine number 𝐹𝐹𝑛𝑛 . 

Proof: We consider again the bijection between 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) and the set of Dyck paths of 

length 2𝑛𝑛 + 2, defined in the proof of preposition 2.2.1. 

It is easy to see that, in this bijection, to joint 𝐴𝐴 steps there correspond valleys at 

level zero and to joint 𝑁𝑁 steps there correspond peaks at level two. 

Example: Consider the following: 

 
Fig 2.18 

Now consider a path pair of length 𝑛𝑛 with no joint steps. 

 
 ATAT           Dyck path of length 10 with no peaks at level 2           Removing the first 

and   the last steps, 

we obtain a Dyck 

path of length 8 

with no hills.          

Fig 2.19 

Thus, to a path pair of length 𝑛𝑛 with no joint steps there correspond elevated Dyck 

path (i.e. with the exception of the end points, they stay strictly above the horizontal 

axis) of length 2𝑛𝑛 + 2, with no peaks at level 2. 

Removing the first and the last step of this Dyck path, we obtain a Dyck path of 

length 2𝑛𝑛 with no hills. 
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Remark: Having no valleys at level 0 and no peaks at level 2, guarantees that the 

paths to stay above the horizontal axis and to be a hill free while removing the first 

and the last step. 

Therefore, the set of all path pairs of length 𝑛𝑛 with no joint steps is the Fine number 

enumerated set. 

Definition: Fat path pairs (denoted 𝐹𝐹𝑁𝑁𝑁𝑁) is the subset of path pairs meeting only at 

the origin and the end point. They are usually called parallelogram polyominoes. 

Claim-1: There is a bijection between 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛)𝑎𝑎𝑛𝑛𝑎𝑎 𝐹𝐹𝑁𝑁𝑁𝑁(𝑛𝑛 + 2). 

Proof: Take a path in 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) and add an  𝐴𝐴  at the beginning and a 𝑇𝑇 at the end. 

Example: 𝐴𝐴𝑁𝑁𝑁𝑁(2) = {𝑁𝑁𝑁𝑁, 𝑁𝑁𝐴𝐴, 𝐴𝐴𝑁𝑁, 𝐴𝐴𝐴𝐴, 𝐴𝐴𝑇𝑇} which becomes by the operation 

defined above is 𝐹𝐹𝑁𝑁𝑁𝑁(4) = {𝐴𝐴𝑁𝑁𝑁𝑁𝑇𝑇, 𝐴𝐴𝑁𝑁𝐴𝐴𝑇𝑇, 𝐴𝐴𝐴𝐴𝑁𝑁𝑇𝑇, 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇} 

 

Fig 2.20 

Claim-2: The generating function for 𝐹𝐹𝑁𝑁𝑁𝑁 is 𝑧𝑧2𝐶𝐶2. 

Proof: The bijection between 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) and Dyck paths of length 2𝑛𝑛 + 2 defined in 

preposition 2.2.1 gives us the generating function of 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) that is  

              ∑ |𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛)|𝑧𝑧𝑛𝑛𝑛𝑛≥0 = ∑ Cn+1zn = C1 + C2z + C3z2 + C4z3 + ⋯  ∞
n=0   

                       = 1 + 2z + 5z2 + 14z3 + 42z4 + ⋯ 

                                                = C2  

So, the generating function for 𝐹𝐹𝑁𝑁𝑁𝑁(𝑛𝑛) is 

                 ∑ |𝐹𝐹𝑁𝑁𝑁𝑁(𝑛𝑛)|𝑧𝑧𝑛𝑛 = ∑ |𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛 − 2)|∞
𝑛𝑛=2

∞
𝑛𝑛=0 𝑧𝑧𝑛𝑛  = ∑ 𝐶𝐶𝑛𝑛−1𝑧𝑧𝑛𝑛𝑛𝑛≥2  

                                                  = 𝐶𝐶1𝑧𝑧2 + 𝐶𝐶2𝑧𝑧3 + 𝐶𝐶3𝑧𝑧4 + 𝐶𝐶4𝑧𝑧5 + ⋯ 

                                                  = 𝑧𝑧2 + 2𝑧𝑧3 + 5𝑧𝑧4 + 14𝑧𝑧5 + ⋯ 

                                                  = 𝑧𝑧2(1 + 2𝑧𝑧 + 5𝑧𝑧2 + 14𝑧𝑧3 + ⋯ ) 

                                                  = 𝑧𝑧2𝐶𝐶2 



A Survey of the Fine numbers 2011 
 

27 
 

Claim: There is a bijection between 𝐴𝐴𝑁𝑁𝑁𝑁 and the set of all 2-Motzkin paths.      

Proof:  The bijection between the two sets is as follows: 

𝛽𝛽𝑝𝑝 ⟷ 𝐴𝐴,    𝑎𝑎𝑓𝑓𝑤𝑤𝑛𝑛 ⟷ 𝑇𝑇, and the 2 colors for the level steps correspond to 𝐴𝐴 𝑎𝑎𝑛𝑛𝑎𝑎 𝑁𝑁 . 

 Example: 

 
Fig 2.21 

Question: What happens if there are no level steps on the horizontal axis in 2-

Motzkin paths? 

Answer: It gives us the Fine number enumerated set. 

We can consider the bijection in the above claim between 𝐴𝐴𝑁𝑁𝑁𝑁(3) and the set of 2-

Motzkin paths of length 3 as an example: 

 
⇔  

 

 
Fig 2.22 

 udhhuhd ATENAET 



A Survey of the Fine numbers 2011 
 

28 
 

From the bijection clearly we can see that, to joint 𝐴𝐴 𝑓𝑓𝑓𝑓 𝑁𝑁 steps there correspond 

level steps on the horizontal axis and to path pair with no joint steps there 

corresponds 2-Motzkin path where there are no level steps on the horizontal axis. 

Thus the set of 2-Motzkin paths where there are no level steps on the horizontal axis 

is a Fine number enumerated set by preposition 2.2.2. 

From the above example we can see that 2-Motzkin paths where there are no level 

steps on the horizontal axis are only two—the third Fine number. 

i.e. 𝐹𝐹3 = 2 

 

Fig 2.23 

By placing other restrictions or modifications on the 𝐴𝐴𝑁𝑁𝑁𝑁, we obtain interesting 

sequences. Some of them are the following: 

a) The subset 𝑨𝑨𝑨𝑨𝑨𝑨𝑬𝑬 of 𝑨𝑨𝑨𝑨𝑨𝑨(𝒏𝒏) with no 𝑬𝑬 steps. 

This subset gives us the well known Motzkin sequence 1, 1, 2, 4, 9, 21, 51… 

 Example: For 𝑛𝑛 = 3 we have four 𝐴𝐴𝑁𝑁𝑁𝑁 with no 𝐴𝐴 steps. 

                     ⟹   𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴(3)  

These are           

  
Fig 2.24 

Proof: The bijection between 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) and 2-Motzkin paths defined in the above 

Claim takes a path pair with no 𝐴𝐴 steps to a 2-Motzkin path with no 2 colored level 

steps which is a regular Motzkin path. 

i.e. 𝛽𝛽𝑝𝑝 ⟷ 𝐴𝐴,     𝑎𝑎𝑓𝑓𝑤𝑤𝑛𝑛 ⟷ 𝑇𝑇,      𝑎𝑎𝑒𝑒𝑙𝑙𝑒𝑒𝑎𝑎 𝐴𝐴𝑡𝑡𝑒𝑒𝑝𝑝𝐴𝐴 ⟷ 𝑁𝑁       
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So, the corresponding Motzkin paths of the above example are the following: 

 
Fig 2.25 

They are four which is the third Motzkin number. 

b) The subset 𝑨𝑨𝑨𝑨𝑨𝑨𝑬𝑬𝑬𝑬 of 𝑨𝑨𝑨𝑨𝑨𝑨(𝒏𝒏) with no 𝑬𝑬 𝒐𝒐𝒐𝒐 𝑬𝑬 steps. 

This subset gives us the aerated Catalan numbers 1, 0, 1, 0, 2, 0, 5, 0, 14, 0, 42… 

Proof: For 𝑛𝑛 = 3, we don’t have any such path pair, since every path pair of odd 

length has at least one 𝐴𝐴 𝑓𝑓𝑓𝑓 𝑁𝑁 step. 

               𝑖𝑖. 𝑒𝑒.  𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴𝑁𝑁(3) = 0 

For 𝑛𝑛 = 4, we have two such path pairs. 

               𝑖𝑖. 𝑒𝑒.  𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴𝑁𝑁(4) = 2.  

These are: 

 
Fig 2.26 

From the bijection between 𝐴𝐴𝑁𝑁𝑁𝑁 and 2-Motzkin paths we can observe that the 2 

color level steps correspond to 𝐴𝐴 𝑎𝑎𝑛𝑛𝑎𝑎 𝑁𝑁 steps. Thus having this correspondence, the 

subset 𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴𝑁𝑁  of 𝐴𝐴𝑁𝑁𝑁𝑁 mapped to Dyck paths found in Motzkin paths of even length.  

So through this bijection we recover path pairs with only  𝐴𝐴 𝑎𝑎𝑛𝑛𝑎𝑎 𝑇𝑇 steps and hence 

𝐴𝐴𝑁𝑁𝑁𝑁𝐴𝐴𝑁𝑁   is the aerated Catalan enumerated set.   

c) Removing the restriction that the upper path never goes strictly below the 

lower path, we obtain the central binomial coefficients. 1, 2, 6, 20, 70, 252, … 

Proof: Now, since the restriction is removed, there are 2𝑛𝑛 steps for either of the two 

paths. Choosing either  𝑛𝑛 𝑒𝑒𝑎𝑎𝐴𝐴𝑡𝑡 𝐴𝐴𝑡𝑡𝑒𝑒𝑝𝑝𝐴𝐴 𝑓𝑓𝑓𝑓 𝑛𝑛 𝑛𝑛𝑓𝑓𝑓𝑓𝑡𝑡ℎ 𝐴𝐴𝑡𝑡𝑒𝑒𝑝𝑝𝐴𝐴 there will be �2𝑛𝑛
𝑛𝑛 � total 

number of path pairs. 

Thus, the generating function is ∑ �2𝑛𝑛
𝑛𝑛 �𝑧𝑧

𝑛𝑛 = 1
√1−4𝑧𝑧

∞
𝑛𝑛=0   which is the generating 

function of the central binomial coefficients 1, 2, 6, 20, 70, 252, … 
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d) The subset 𝑨𝑨𝑨𝑨𝑨𝑨𝑬𝑬 of 𝑨𝑨𝑨𝑨𝑨𝑨 with no joint  𝑬𝑬 steps is the Catalan enumerated 

set. 

Example: We have five such path pairs—the third Catalan number (𝐶𝐶3 = 5) 

These are: 

 
Fig 2.27 

Define 𝐴𝐴𝑁𝑁𝑁𝑁𝑁𝑁  = the subset of  𝐴𝐴𝑁𝑁𝑁𝑁 with no joint  𝑁𝑁 steps, 

                    𝜓𝜓 = the set of all Dyck paths of length 2n + 2 with no peaks at level 2, 

                    𝜙𝜙 = the set of all Dyck paths of length 2n. 

 From the bijection between 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) and Dyck paths of length 2𝑛𝑛 + 2 defined in 

preposition 2.2.1, we can see that to joint 𝑁𝑁 step there corresponds a peak at level 2. 

This implies there is a bijection 𝑓𝑓: 𝐴𝐴𝑁𝑁𝑁𝑁𝑁𝑁 ⟶ 𝜓𝜓 between 𝐴𝐴𝑁𝑁𝑁𝑁𝑁𝑁  and 𝜓𝜓. 

Again there is a bijection 𝑔𝑔 between 𝜓𝜓 and 𝜙𝜙. 

The bijection 𝑔𝑔: 𝜓𝜓 ⟶ 𝜙𝜙 is defined as follows: 

Let 𝑁𝑁� be a Dyck path from 𝜓𝜓, we obtain a Dyck path 𝑁𝑁 from  𝜙𝜙 using the following 

steps. 

1) Let �̂�𝑆 be a sub-Dyck path of 𝑁𝑁� between two consecutive points on the x-axis with 

�̂�𝑆 having no peaks at height 1. To each �̂�𝑆 add a Dyck path of length 2 immediately 

to the left. This step produces a Dyck path 𝑁𝑁�. 

2) Let 𝑆𝑆̅ be a maximal sub-Dyck path of 𝑁𝑁�. From each such 𝑆𝑆̅ remove the left-most 

up step and the right-most down step to produce a sub-Dyck path 𝑆𝑆∗. This step 

produces a Dyck path 𝑁𝑁∗ of length 2n+2.  

3) From 𝑁𝑁∗, remove the left-most Dyck path of length 2 to produce P. 

To obtain 𝑁𝑁� from 𝑁𝑁 we reverse the procedure as follows: 

1) Attach a Dyck path of length 2 to the left of P to produce 𝑁𝑁∗. 
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2) Let 𝑆𝑆∗ be a maximal sub-Dyck path of  𝑁𝑁∗with 𝑆𝑆∗ having no peaks at height 1. To 

each such 𝑆𝑆∗ add an up step at the beginning and down step at the end to 

produce sub-Dyck path 𝑆𝑆̅. This step produces a Dyck path 𝑁𝑁�. 

3) From 𝑁𝑁� eliminate each Dyck path of length 2 that is to the immediate left of 

each 𝑆𝑆̅. We now have a unique element 𝑁𝑁� of  𝜓𝜓. 

For example, we obtain a Dyck path of length 16 starting with a Dyck path of 

length18 with no peaks at level 2 as follows: 

 

 

 

 
 

Fig 2.28 
Now, the composition 𝑔𝑔𝑓𝑓𝑓𝑓 is the bijection between 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) with no joint 𝑁𝑁 steps 

and the set of all Dyck paths of length 2𝑛𝑛. 

Hence 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) with no joint 𝑁𝑁 steps is the Catalan enumerated set as desired. 

 
 
 
 
 
 

^
=P

_
=P

* =P

=P
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Definition: The subset of 𝑨𝑨𝑨𝑨𝑨𝑨 with no joint steps is called the Fine pairs. 

Example: Let  𝑛𝑛 = 3, there are 2 Fine pairs. 
These are:            

 
Fig 2.29 

Claim: The number of Fine pairs is the Fine number 𝐹𝐹𝑛𝑛 . 

(Restatement of proposition 2.2.2) 

Proof: These Fine paths can be viewed as a concatenated fat pairs.  

Thus we find the generating function as follows: 

i. Since the Fine pairs could possibly be empty, it contributes to the generating 

function 1. 

ii. If it is just a 𝐹𝐹𝑁𝑁𝑁𝑁, then it contributes 𝑧𝑧2𝐶𝐶2. 

iii. If it is a collection of two 𝐹𝐹𝑁𝑁𝑁𝑁s, then it is counted by (𝑧𝑧2𝐶𝐶2)2 = 𝑧𝑧4𝐶𝐶4 and so on.   

Thus the generating function is 

                 = 1 + 𝑧𝑧2𝐶𝐶2 + 𝑧𝑧4𝐶𝐶4 + 𝑧𝑧6𝐶𝐶6 + ⋯ = 1
1−𝑧𝑧2𝐶𝐶2 = 𝐹𝐹  

Consider 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛)= the set of all path pairs of length 𝑛𝑛. 

We have seen that |𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛)| = 𝐶𝐶𝑛𝑛+1. 

Let three partitions of 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) are given as the following: 

𝛼𝛼𝑛𝑛= the subset of 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) with no joint steps. 

𝛽𝛽𝑛𝑛= the subset of 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) whose first joint step is 𝐴𝐴. 

𝛿𝛿𝑛𝑛= the subset of 𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛) whose first joint step is 𝑁𝑁. 

From preposition 2.2.2, we have |𝛼𝛼𝑛𝑛 | = 𝐹𝐹𝑛𝑛 . 

Again, since the steps  𝐴𝐴 𝑎𝑎𝑛𝑛𝑎𝑎 𝑁𝑁 are equally likely to be chosen first, |𝛽𝛽𝑛𝑛 | = |𝛿𝛿𝑛𝑛 |. 

Claim: |𝛽𝛽𝑛𝑛 | = |𝛿𝛿𝑛𝑛 | = 𝐹𝐹𝑛𝑛+1  

Proof: There is a simple bijection between 𝛽𝛽𝑛𝑛  𝑓𝑓𝑓𝑓 𝛿𝛿𝑛𝑛  and 𝛼𝛼𝑛𝑛+1 .             

The bijection is as follows: 

Map the first joint 𝐴𝐴 𝑓𝑓𝑓𝑓 𝑁𝑁 𝐴𝐴𝑡𝑡𝑒𝑒𝑝𝑝 𝑡𝑡𝑓𝑓 𝐴𝐴 and then add 𝑇𝑇 at the end of the resulting word. 
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Example: Let 𝑛𝑛 = 3, 

Then 𝛽𝛽3 = {𝐴𝐴𝐴𝐴𝐴𝐴,𝐴𝐴𝐴𝐴𝑁𝑁, 𝐴𝐴𝑁𝑁𝐴𝐴, 𝐴𝐴𝑁𝑁𝑁𝑁, 𝐴𝐴𝐴𝐴𝑇𝑇, 𝐴𝐴𝑇𝑇𝐴𝐴} 

This becomes 𝛼𝛼4 = {𝐴𝐴𝐴𝐴𝐴𝐴𝑇𝑇, 𝐴𝐴𝐴𝐴𝑁𝑁𝑇𝑇, 𝐴𝐴𝑁𝑁𝑁𝑁𝑇𝑇, 𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇, 𝐴𝐴𝑇𝑇𝐴𝐴𝑇𝑇} 

i.e. 𝛽𝛽3 =   

 

 
𝛼𝛼4 =            

 
Fig 2.30 

             
                    ⇔ |𝛽𝛽𝑛𝑛 | = |  𝛿𝛿𝑛𝑛 | = |𝛼𝛼𝑛𝑛+1| = 𝐹𝐹𝑛𝑛+1  

                    ⇔ |𝐴𝐴𝑁𝑁𝑁𝑁(𝑛𝑛)| = |𝛼𝛼𝑛𝑛 | + |𝛽𝛽𝑛𝑛 | + |  𝛿𝛿𝑛𝑛 |  

                    ⇔ 𝐶𝐶𝑛𝑛+1 = 2𝐹𝐹𝑛𝑛+1 + 𝐹𝐹𝑛𝑛   

The hill-killer involution takes the first joint  𝐴𝐴 𝑓𝑓𝑓𝑓 𝑁𝑁 step and toggles 𝐴𝐴 𝑎𝑎𝑛𝑛𝑎𝑎 𝑁𝑁. 

The converse of the above bijection is as follows. 

      First remove the last  𝑇𝑇 from a path pair in 𝛼𝛼𝑛𝑛+1 and change one  𝐴𝐴 to  𝐴𝐴 𝑓𝑓𝑓𝑓 𝑁𝑁 in 

such a way that the resulting word is a path pair and have the first joint 𝐴𝐴 𝑓𝑓𝑓𝑓 𝑁𝑁 step 

respectively. 
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2.3 Odd Blocks 

Recall:  The number of 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) is counted by the Catalan number and has a 

generating function 𝐶𝐶(𝑧𝑧) = 1 + 𝑧𝑧𝐶𝐶(𝑧𝑧) = 1−√1−4𝑧𝑧
2𝑧𝑧

  and 𝐹𝐹(𝑧𝑧) = 𝐶𝐶(𝑧𝑧)
1+𝑧𝑧𝐶𝐶(𝑧𝑧)

= 𝐶𝐶
1+𝑧𝑧𝐶𝐶

 

               ⇔ 𝐹𝐹 = 𝐶𝐶
1+𝑧𝑧𝐶𝐶

= 𝐶𝐶

1+𝑧𝑧�1−√1−4𝑧𝑧
2𝑧𝑧 �

 

                          = 𝐶𝐶

1+1−√1−4𝑧𝑧
2

= 2𝐶𝐶
3−√1−4𝑧𝑧

 

               ⇔ 3𝐹𝐹 = 2𝐶𝐶 + √1 − 4𝑧𝑧𝐹𝐹  

               ⇔ 3𝐹𝐹
√1−4𝑧𝑧

= 2𝐶𝐶
√1−4𝑧𝑧

+ 𝐹𝐹  

               ⇔ 3𝐵𝐵𝐹𝐹 = 2𝐵𝐵𝐶𝐶 + 𝐹𝐹   𝑤𝑤ℎ𝑒𝑒𝑓𝑓𝑒𝑒 𝐵𝐵 = 1
√1−4𝑧𝑧

= ∑ �2𝑛𝑛
𝑛𝑛 �𝑧𝑧

𝑛𝑛∞
𝑛𝑛=0 . 

Thus we have 3𝐵𝐵𝐹𝐹 = 2𝐵𝐵𝐶𝐶 + 𝐹𝐹    

Claim: [𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐵𝐵𝐹𝐹) = 2
3
�2𝑛𝑛−1

𝑛𝑛 � + 1
3
𝐹𝐹𝑛𝑛−1 

 Proof: We know that [𝑧𝑧𝑛𝑛 ]𝐵𝐵𝐶𝐶𝐴𝐴 = �2𝑛𝑛+𝐴𝐴
𝑛𝑛 � 

                    From   3𝐵𝐵𝐹𝐹 = 2𝐵𝐵𝐶𝐶 + 𝐹𝐹  

                          ⇔ 𝑧𝑧𝐵𝐵𝐹𝐹 = 2
3
𝑧𝑧𝐵𝐵𝐶𝐶 + 1

3
𝑧𝑧𝐹𝐹  

                          ⇔    [𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐵𝐵𝐹𝐹) = 2
3

[𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐵𝐵𝐶𝐶) + 1
3

[𝑧𝑧𝑛𝑛 ]𝑧𝑧𝐹𝐹 

                                                        = 2
3

[𝑧𝑧𝑛𝑛−1]𝐵𝐵𝐶𝐶 + 1
3

[𝑧𝑧𝑛𝑛−1]𝐹𝐹 

                                                        = 2
3
�2(𝑛𝑛−1)+1

𝑛𝑛−1 � + 1
3
𝐹𝐹𝑛𝑛−1 

                                                        = 2
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1 

Consider the 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) in which points 1 through 𝑛𝑛 arranged in order around a circle. 

The non-crossing condition can be viewed as; if for each block we form the convex 

hull generated by the points in the block, then these convex hulls must be disjoint. 
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Example:               

 
Fig 2.31 

Question-1: How many 𝑁𝑁𝐶𝐶𝑁𝑁s have 1 as a singleton block? 

Solution:  

i) Let’s fix 1 in a singleton block and it is done in one way, so that it is generated 

by 𝑧𝑧. 

ii) Again we need the remaining elements to be partitioned in such a way that they 

are non-crossing. Which is generated by  𝐶𝐶. 

Thus the generating function for the number of  𝑁𝑁𝐶𝐶𝑁𝑁s having  1 as a singleton block 

by multiplication principle is 

  𝑧𝑧𝐶𝐶 = 𝑧𝑧 ∑ 𝐶𝐶𝑛𝑛𝑧𝑧𝑛𝑛 = ∑ 𝐶𝐶𝑛𝑛𝑧𝑧𝑛𝑛+1 = ∑ 𝐶𝐶𝑛𝑛−1𝑧𝑧𝑛𝑛∞
𝑛𝑛=1

∞
𝑛𝑛=0

∞
𝑛𝑛=0  

There are 𝐶𝐶𝑛𝑛−1  𝑁𝑁𝐶𝐶𝑁𝑁s having  1 as a singleton block on [𝑛𝑛]. 

Question-2: How many singleton blocks are there counting over all 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛)? 

Solution: Fixing each of the elements of [𝑛𝑛] in a singleton block, we will find the 

same generating function  𝑧𝑧𝐶𝐶 for all 1, 2, 3, … ,𝑛𝑛. 

Then by addition principle there are total of 𝐶𝐶𝑛𝑛−1 + 𝐶𝐶𝑛𝑛−1 + … . +𝐶𝐶𝑛𝑛−1 = 𝑛𝑛𝐶𝐶𝑛𝑛−1 

singleton blocks over all 𝑁𝑁𝐶𝐶𝑁𝑁s. 

                                           ⇔  ∑ 𝑛𝑛𝐶𝐶𝑛𝑛−1𝑛𝑛 𝑧𝑧𝑛𝑛 = 𝑧𝑧(𝑧𝑧𝐶𝐶)′ = 𝑧𝑧𝐵𝐵  

Thus 𝑧𝑧𝐵𝐵 is an appropriate generating function for this counting problem. 

                                          ⇔ [𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐵𝐵) = 𝑛𝑛𝐶𝐶𝑛𝑛−1 = 𝑛𝑛 1
(𝑛𝑛−1)+1

�2(𝑛𝑛−1)
𝑛𝑛−1 � = �2𝑛𝑛−2

𝑛𝑛−1 �. 

Theorem 2.3.1: The generating function 𝑂𝑂 for the total number of odd blocks in all 

of 𝑁𝑁𝐶𝐶𝑁𝑁s is 𝑧𝑧𝐵𝐵𝐹𝐹. And the total number  𝑓𝑓𝑛𝑛  of odd blocks in all of 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛) is 

 𝑓𝑓𝑛𝑛 = [𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐵𝐵𝐹𝐹) = 2
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1  . 
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Proof-1:   

i) As we have seen above the generating function for the total number of singleton 

blocks in all of  𝑁𝑁𝐶𝐶𝑁𝑁 is 𝑧𝑧𝐵𝐵. 

ii) The generating function for the total number of 𝑁𝑁𝐶𝐶𝑁𝑁s where  1 is in a block of size 

 3 is 𝑧𝑧3𝐶𝐶3. 

If we fix  1 in a block of size3, i.e. where 𝑖𝑖 𝑎𝑎𝑛𝑛𝑎𝑎 𝑗𝑗 are another two elements in a block, 

then we need the rest also to be 𝑁𝑁𝐶𝐶𝑁𝑁.      

 
So, we have 𝑧𝑧3 for the three elements and 𝐶𝐶3 for the remaining partitions. Thus 

 𝑧𝑧3𝐶𝐶3 is the appropriate generating function for the total number of 𝑁𝑁𝐶𝐶𝑁𝑁s where  1 

is in a block of size 3. But we may have also any element instead of 1 in a block of 

size 3 and hence similar argument as above gives us the same generating function 

holds for either 1 or 2 or … or n is in a block of size 3. 

Thus the generating function for the total number of blocks of size 3 is given 

by  1
3
𝑧𝑧(𝑧𝑧3𝐶𝐶3)′. We divide it by 3 since the order is immaterial. 

                              ⇔ 1
3
𝑧𝑧(𝑧𝑧3𝐶𝐶3)′ = 1

3
𝑧𝑧[3𝑧𝑧2𝐶𝐶3 + 3𝑧𝑧3𝐶𝐶2𝐶𝐶′ ]  

                                    = 𝑧𝑧(𝑧𝑧𝐶𝐶)2(𝐶𝐶 + 𝑧𝑧𝐶𝐶′)  

                                    = 𝑧𝑧(𝑧𝑧𝐶𝐶)2𝐵𝐵    by identity 12   

iii)  Similar argument shows that the generating function counting blocks of size 

2𝑚𝑚 + 1 is 𝑧𝑧(𝑧𝑧𝐶𝐶)2𝑚𝑚𝐵𝐵. 

                     So,  𝑂𝑂 = 𝑧𝑧𝐵𝐵 + (𝑧𝑧𝐶𝐶)2𝑧𝑧𝐵𝐵 + (𝑧𝑧𝐶𝐶)4𝑧𝑧𝐵𝐵 + (𝑧𝑧𝐶𝐶)6𝑧𝑧𝐵𝐵 + ⋯ 

  ⇔ 𝑂𝑂 = 𝑧𝑧𝐵𝐵(1 + (𝑧𝑧𝐶𝐶)2 + (𝑧𝑧𝐶𝐶)4 + (𝑧𝑧𝐶𝐶)6 + ⋯ )  

                      ⟺𝑂𝑂 = 𝑧𝑧𝐵𝐵 � 1
1−(𝑧𝑧𝐶𝐶)2� = 𝑧𝑧𝐵𝐵𝐹𝐹 = 2

3
𝑧𝑧𝐵𝐵𝐶𝐶 + 1

3
𝑧𝑧𝐹𝐹 

                    ⇔  𝑓𝑓𝑛𝑛 = [𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐵𝐵𝐹𝐹) = 2
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1 
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Proof-2: (Alternative proof of theorem 2.3.1) 

The generating function 𝑂𝑂 for the total number of nodes of odd out degree in all 

plane trees is 𝑧𝑧𝐵𝐵𝐹𝐹. And the total number of nodes of odd out degree in all plane 

trees on 𝑛𝑛 edges is 𝑓𝑓𝑛𝑛 = [𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐵𝐵𝐹𝐹) = 2
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1  . 

Claim: The generating function of plane trees with root of odd degree is 𝑧𝑧𝐶𝐶𝐹𝐹. 

Proof:  

i)  Since the plane trees with root of even degree is a Fine number enumerated set, 

the generating function for the plane trees with root of odd degree is 

          𝐶𝐶 − 𝐹𝐹 = 1
1−𝑧𝑧𝐶𝐶

− 𝐶𝐶
1+𝑧𝑧𝐶𝐶

 

                     = 1+𝑧𝑧𝐶𝐶−𝐶𝐶(1−𝑧𝑧𝐶𝐶)
1−𝑧𝑧2𝐶𝐶2  

                     = 1+𝑧𝑧𝐶𝐶−𝐶𝐶+𝑧𝑧𝐶𝐶2

1−𝑧𝑧2𝐶𝐶2  

                     = 1+𝑧𝑧𝐶𝐶−𝐶𝐶+𝐶𝐶−1
1−𝑧𝑧2𝐶𝐶2  

                     = 𝑧𝑧𝐶𝐶
1−𝑧𝑧2𝐶𝐶2 

                     = 𝑧𝑧𝐶𝐶𝐹𝐹  

ii)  Alternative proof: 

Also recursively we can find the generating function as follows: 

 
Fig 2.32 

                      ⇔ 𝑧𝑧𝐶𝐶 + 𝑧𝑧3𝐶𝐶3 + 𝑧𝑧5𝐶𝐶5 + ⋯ 

                       = 𝑧𝑧𝐶𝐶(1 + 𝑧𝑧2𝐶𝐶2 + 𝑧𝑧4𝐶𝐶4) 

                       = 𝑧𝑧𝐶𝐶𝐹𝐹 

Now we prove the theorem that the total number of nodes of odd out degree over all 

plane trees is 2
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1. 

i) The total number of roots of odd out degree over all plane trees is generated 

by 𝑧𝑧𝐶𝐶𝐹𝐹. 

z z z z 

, ......... , 
C 

C 
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Since the root of odd degree is always of odd out degree, 𝑧𝑧𝐶𝐶𝐹𝐹 generates the total 

number of roots of odd out degree.  

ii)  The generating function for the total number of non-root nodes over all plane 

trees at height 𝑘𝑘 is 𝑧𝑧𝑘𝑘+1𝐶𝐶2𝑘𝑘+1𝐹𝐹. 

Example: For 𝑘𝑘 = 3 

       𝑧𝑧3𝐶𝐶6(𝑧𝑧𝐶𝐶𝐹𝐹) 

Fig 2.33 

For every 𝑘𝑘,  𝑧𝑧𝑘𝑘+1𝐶𝐶2𝑘𝑘+1𝐹𝐹 generates the total number of non-root nodes over all 

plane trees at height 𝑘𝑘. 

Now by taking the sum over all possible 𝑘𝑘, 

The generating function for the total number of nodes of odd out degree is        

                      𝑧𝑧𝐶𝐶𝐹𝐹 + ∑  𝑧𝑧𝑘𝑘+1𝐶𝐶2𝑘𝑘+1𝐹𝐹𝑘𝑘 = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝑧𝑧𝐶𝐶𝐹𝐹 ∑ 𝑧𝑧𝑘𝑘𝐶𝐶2𝑘𝑘
𝑘𝑘  

                                        = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝑧𝑧𝐶𝐶𝐹𝐹 ∑ (𝑧𝑧𝐶𝐶2)𝑘𝑘𝑘𝑘  

                                        = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝑧𝑧𝐶𝐶𝐹𝐹 � 𝑧𝑧𝐶𝐶2

1−𝑧𝑧𝐶𝐶2� 

                                        = 𝑧𝑧𝐶𝐶𝐹𝐹 �1 + 𝑧𝑧𝐶𝐶2

1−𝑧𝑧𝐶𝐶2� 

                                        = 𝑧𝑧𝐶𝐶𝐹𝐹 �1−𝑧𝑧𝐶𝐶2+𝑧𝑧𝐶𝐶2

1−𝑧𝑧𝐶𝐶2 � 

                                        = 𝑧𝑧𝐶𝐶𝐹𝐹
1−𝑧𝑧𝐶𝐶2 = 𝑧𝑧𝐵𝐵𝐹𝐹           by identity 3 

 ⇔ 𝑧𝑧𝐵𝐵𝐹𝐹 = 2
3
𝑧𝑧𝐵𝐵𝐶𝐶 + 1

3
𝑧𝑧𝐹𝐹 ⇔ [𝑧𝑧𝑛𝑛 ]𝑧𝑧𝐵𝐵𝐹𝐹 = 2

3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1 

Remark: From the bijection between plane trees on  𝑛𝑛 edges and  𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛), defined 

in section 2.1 there correspond to the node of odd out degree, the odd block, the set 

of its descendants. 

Therefore, 2
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1 is also the number of blocks of odd size over all 𝑁𝑁𝐶𝐶𝑁𝑁(𝑛𝑛). 

z
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Proposition 2.3.2: The total number of nodes of odd degree (i.e. out degree +1, 

except at the root) over all plane trees with  𝑛𝑛 edges is 4  
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 2

3
𝐹𝐹𝑛𝑛−1= 2𝑓𝑓𝑛𝑛 . 

Proof:  

i) The generating function for the total number of roots of odd degree in all plane 

trees is 𝑧𝑧𝐶𝐶𝐹𝐹. 

This can be shown recursively that it is so by adding the new root with odd degree 

to an already existing tree. 

 
Fig 2.34 

                   𝑡𝑡ℎ𝑒𝑒 𝑔𝑔𝑒𝑒𝑛𝑛𝑒𝑒𝑓𝑓𝑎𝑎𝑡𝑡𝑖𝑖𝑛𝑛𝑔𝑔 𝑓𝑓𝛽𝛽𝑛𝑛𝑐𝑐𝑡𝑡𝑖𝑖𝑓𝑓𝑛𝑛 𝑖𝑖𝐴𝐴 = 𝑧𝑧𝐶𝐶 + 𝑧𝑧3𝐶𝐶3 + 𝑧𝑧5𝐶𝐶5 + ⋯ 

                                                       = 𝑧𝑧𝐶𝐶(1 + (𝑧𝑧𝐶𝐶)2 + (𝑧𝑧𝐶𝐶)4 + (𝑧𝑧𝐶𝐶)6 + ⋯ ) 

                                                       = 𝑧𝑧𝐶𝐶𝐹𝐹                                                                     (1)  

ii) The generating function for the total number of non root nodes of even out 

degree (and hence of odd degree) at height 𝑘𝑘 ≥ 1 in all plane trees is 𝑧𝑧𝑘𝑘𝐶𝐶2𝑘𝑘𝐹𝐹. 

We know that plane trees with root of even degree are counted by Fine numbers. 

 For 𝑘𝑘 = 1, we have plane trees of the following form:      

𝑧𝑧𝐶𝐶2𝐹𝐹 
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For  𝑘𝑘 = 2, again we have the following form: 

𝑧𝑧2𝐶𝐶4𝐹𝐹 

Fig 2.35 

Therefore, for any 𝑘𝑘 ≥ 1, the generating function becomes 𝑧𝑧𝑘𝑘𝐶𝐶2𝑘𝑘𝐹𝐹.                            (2) 

Thus the generating function for the counting problem in the preposition is just 

taking the sum of (1) and (2) over all possible k. 

                 ⇔ 𝑧𝑧𝐶𝐶𝐹𝐹 + ∑ 𝑧𝑧𝑘𝑘𝐶𝐶2𝑘𝑘𝐹𝐹𝑘𝑘≥1 = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝐹𝐹 ∑ 𝑧𝑧𝑘𝑘𝐶𝐶2𝑘𝑘
𝑘𝑘≥1   

                                                              = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝐹𝐹 ∑ (𝑧𝑧𝐶𝐶2)𝑘𝑘𝑘𝑘≥1  

                                                              = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝐹𝐹 � 1
1−𝑧𝑧𝐶𝐶2 − 1� 

                                                              = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝐹𝐹 � 𝑧𝑧𝐶𝐶2

1−𝑧𝑧𝐶𝐶2� 

                                                              = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝑧𝑧𝐶𝐶𝐹𝐹 � 𝐶𝐶
1−𝑧𝑧𝐶𝐶2� 

                                                              = 𝑧𝑧𝐶𝐶𝐹𝐹 + 𝑧𝑧𝐶𝐶𝐹𝐹𝐵𝐵    by identity 3 

                                                              = 𝑧𝑧𝐶𝐶𝐹𝐹(1 + 𝐵𝐵) 

                                                             = 𝑧𝑧𝐶𝐶𝐹𝐹(2𝐵𝐵) = 2𝑧𝑧𝐹𝐹𝐵𝐵 = 2𝑂𝑂  by identity  13 

Therefore the total number of nodes of odd degree over all plane trees with  𝑛𝑛 edges 

is  2𝑓𝑓𝑛𝑛 = 2(2
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 1

3
𝐹𝐹𝑛𝑛−1) 

              = 4  
3
�2𝑛𝑛−1
𝑛𝑛−1 � + 2

3
𝐹𝐹𝑛𝑛−1 

z

z

F

C

C

C

C
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Now using the bijection between plane trees and 𝑁𝑁𝐶𝐶𝑁𝑁 we see directly that a node of 

odd out degree corresponds to a block of odd size, the set of its descendants. 

      167/234/5/8/910 

Fig 2.36 

There are 4 nodes of odd out degree in the above plane tree. 
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Section three 
3.1 Fine path statistics using Ordinary generating functions 

Definition: A Fine path is a Dyck path without hills. 

In this section we will see behavior of certain statistics. And also we compare the 

results for Fine paths and Dyck paths.  

Definition: A return, denoted by 𝑋𝑋𝑅𝑅 , (to the horizontal axis) consists of a non-trivial 

path, a point on the horizontal axis, and another path (possibly trivial). 

First we consider the statistic number of returns. 

Remark: We are assuming that all paths are equally likely to be chosen. 

From the definition, we can see that, the generating function for the total number of 

returns of all Dyck paths of a given length is 

           (𝐶𝐶 − 1)𝐶𝐶                                                                                           (1) 

                                ⇔ (𝐶𝐶 − 1)𝐶𝐶 = 𝐶𝐶2 − 𝐶𝐶 = 𝐶𝐶−1
𝑧𝑧
− 𝐶𝐶 = 𝐶𝐶

𝑧𝑧
− 1

𝑧𝑧
− 𝐶𝐶 

                               ⇔ [𝑧𝑧𝑛𝑛 ](𝐶𝐶 − 1)𝐶𝐶 = [𝑧𝑧𝑛𝑛 ] �𝐶𝐶−1
𝑧𝑧
− 𝐶𝐶� 

                                                           = [𝑧𝑧𝑛𝑛 ] �𝐶𝐶−1
𝑧𝑧
� − [𝑧𝑧𝑛𝑛 ]𝐶𝐶 

                                                           = [𝑧𝑧𝑛𝑛+1](𝐶𝐶 − 1) − [𝑧𝑧𝑛𝑛 ]𝐶𝐶 

                                                           = 𝐶𝐶𝑛𝑛+1 − 𝐶𝐶𝑛𝑛                    

To find the expected number of returns, we divide the total number of returns by 

the total number of paths. 

                              ⇔ Ε(𝑋𝑋𝑅𝑅) = 𝐶𝐶𝑛𝑛+1−𝐶𝐶𝑛𝑛
𝐶𝐶𝑛𝑛

 =
1

𝑛𝑛+2�
2𝑛𝑛+2
𝑛𝑛+1 �−

1
𝑛𝑛+1�

2𝑛𝑛
𝑛𝑛 �

1
𝑛𝑛+1�

2𝑛𝑛
𝑛𝑛 �

 

                                            =
1

𝑛𝑛+2
(2𝑛𝑛+2)!

(𝑛𝑛+1)!(𝑛𝑛+1)!−
1

𝑛𝑛+1
(2𝑛𝑛 )!
𝑛𝑛 !𝑛𝑛 !

1
𝑛𝑛+1

(2𝑛𝑛 )!
𝑛𝑛 !𝑛𝑛 !

 

                                            = (2𝑛𝑛+2)(2𝑛𝑛+1)
(𝑛𝑛+2)(𝑛𝑛+1) − 1 

                                            = 3𝑛𝑛(𝑛𝑛+1)
(𝑛𝑛+2)(𝑛𝑛+1) = 3𝑛𝑛

𝑛𝑛+2
 

                              ⇔ Ε(𝑋𝑋𝑅𝑅) = 3𝑛𝑛
𝑛𝑛+2

⟶ 3 
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Claim: There is a well-known bijection (called “glove bijection”), between Dyck 

paths and plane trees. 

Proof: The number of returns of a Dyck path corresponds to the degree of the root 

of the corresponding tree. 

Example: Consider the set of Dyck paths of length 6 and the set of plane trees on 3 

edges. 

 

 

Fig 3.1 

Thus 𝐴𝐴(𝑎𝑎𝑒𝑒𝑔𝑔𝑓𝑓𝑒𝑒𝑒𝑒 𝑓𝑓𝑓𝑓 𝑡𝑡ℎ𝑒𝑒 𝑓𝑓𝑓𝑓𝑓𝑓𝑡𝑡) = 3𝑛𝑛
𝑛𝑛+2 

We can observe that there are 9 total number of returns in all Dyck paths of length 6 

which corresponds to the total number of degree of the roots in all plane trees on 3 

edges given in figure 3.1 above.  

In the same way, if we consider Fine paths instead of Dyck paths above, the 

generating function becomes  

                                (𝐹𝐹 − 1)𝐹𝐹 = 𝐹𝐹2 − 𝐹𝐹                                                                                        (2) 

      However, in this case exact results in closed form do not seem to exist and so we 

settle for asymptotic results as 𝑛𝑛 gets large. 

Denote [𝑧𝑧𝑛𝑛 ]𝐹𝐹2 = 𝑔𝑔𝑛𝑛 . 

Now, from the functional equation 𝐹𝐹 = 1 + 𝑧𝑧(𝐶𝐶 − 1)𝐹𝐹 and 𝐹𝐹 = 𝐶𝐶
1+𝑧𝑧𝐶𝐶

 

                                     ⇔ 𝐶𝐶 = 𝐹𝐹
1−𝑧𝑧𝐹𝐹

⇔ 𝐹𝐹−1
𝑧𝑧

= (𝐶𝐶 − 1)𝐹𝐹 = � 𝐹𝐹
1−𝑧𝑧𝐹𝐹

− 1�𝐹𝐹 = �𝐹𝐹−1+𝑧𝑧𝐹𝐹
1−𝑧𝑧𝐹𝐹

� 𝐹𝐹 

                                     ⇔ (𝐹𝐹 − 1)(1 − 𝑧𝑧𝐹𝐹) = 𝑧𝑧𝐹𝐹(𝐹𝐹 − 1 + 𝑧𝑧𝐹𝐹) 
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                                     ⇔ 𝐹𝐹 − 𝑧𝑧𝐹𝐹2 − 1 + 𝑧𝑧𝐹𝐹 = 𝑧𝑧𝐹𝐹2 − 𝑧𝑧𝐹𝐹 + 𝑧𝑧2𝐹𝐹2 

                                     ⇔ 𝐹𝐹2(−𝑧𝑧 − 𝑧𝑧 − 𝑧𝑧2) + 𝐹𝐹(1 + 𝑧𝑧 + 𝑧𝑧) − 1 = 0 

                                     ⇔ 𝐹𝐹2(2𝑧𝑧 + 𝑧𝑧2) − 𝐹𝐹(1 + 2𝑧𝑧) + 1 = 0 

                                     ⇔ 𝑧𝑧2𝐹𝐹2 + 2𝑧𝑧𝐹𝐹2 = 𝐹𝐹(1 + 2𝑧𝑧) − 1 

                                     ⇔ 𝑔𝑔𝑛𝑛−2 + 2𝑔𝑔𝑛𝑛−1 = 𝐹𝐹𝑛𝑛 + 2𝐹𝐹𝑛𝑛−1   𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 ≥ 1 

                                     ⇔ 𝑔𝑔𝑛𝑛−2
𝐹𝐹𝑛𝑛−2

𝐹𝐹𝑛𝑛−2
𝐹𝐹𝑛𝑛−1

+ 2 𝑔𝑔𝑛𝑛−1
𝐹𝐹𝑛𝑛−1

= 𝐹𝐹𝑛𝑛
𝐹𝐹𝑛𝑛−1

+ 2 

Letting lim𝑛𝑛⟶∞
𝑔𝑔𝑛𝑛
𝐹𝐹𝑛𝑛

= 𝐿𝐿 we have, 

                                     ⇔ lim
𝑛𝑛⟶∞

𝑔𝑔𝑛𝑛−2
𝐹𝐹𝑛𝑛−2

lim
𝑛𝑛⟶∞

𝐹𝐹𝑛𝑛−2
𝐹𝐹𝑛𝑛−1

+ 2 lim
𝑛𝑛⟶∞

𝑔𝑔𝑛𝑛−1
𝐹𝐹𝑛𝑛−1

= lim
𝑛𝑛⟶∞

𝐹𝐹𝑛𝑛
𝐹𝐹𝑛𝑛−1

+ 2 

                                     ⇔ 1
4
𝐿𝐿 + 2𝐿𝐿 = 4 + 2         (𝐹𝐹𝑛𝑛

𝐶𝐶𝑛𝑛
≈ 4

9
⇔ 𝐹𝐹𝑛𝑛

𝐹𝐹𝑛𝑛−1

𝐶𝐶𝑛𝑛−1
𝐶𝐶𝑛𝑛

≈ 1 ⇔ 𝐹𝐹𝑛𝑛
𝐹𝐹𝑛𝑛−1

≅ 4) 

                                     ⇔ 9
4
𝐿𝐿 = 6 

                                     ⇔ 𝐿𝐿 = 8
3
 

                    ⇔ 𝐴𝐴(𝑋𝑋𝑅𝑅) = [𝑧𝑧𝑛𝑛 ](𝐹𝐹2−𝐹𝐹)
[𝑧𝑧𝑛𝑛 ]𝐹𝐹

= 𝑔𝑔𝑛𝑛−𝐹𝐹𝑛𝑛
𝐹𝐹𝑛𝑛

= 𝑔𝑔𝑛𝑛
𝐹𝐹𝑛𝑛
− 1 = 8

3
− 1 = 5

3
 

Next, we consider the statistic height of the first peak, denoted 𝑋𝑋𝐻𝐻 . 

i) The generating function for Dyck paths whose initial peak is at height 𝑘𝑘 is 𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘  

(Preposition 2.1.1) 

Claim: The generating function for the sum of heights of the first peaks at height 𝑘𝑘 

over all Dyck paths of length 2𝑛𝑛 is 𝑘𝑘𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘 . 

Proof:  Since the height of each such Dyck path is 𝑘𝑘 and the total number of such 

paths is [𝑧𝑧𝑛𝑛 ](𝑧𝑧𝐶𝐶)𝑘𝑘 , the appropriate generating function for the sum of heights of 

paths of the first peaks at height 𝑘𝑘 over all Dyck paths of length 2𝑛𝑛 is 𝑘𝑘𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘 . 

Then the generating function for the sum of the heights of the first peaks of all Dyck 

paths of length 2𝑛𝑛 is just taking the sum over all possible 𝑘𝑘. 

�𝑘𝑘𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘 = 𝑧𝑧𝐶𝐶 + 2𝑧𝑧2𝐶𝐶2 + 3𝑧𝑧3𝐶𝐶3 + ⋯
∞

𝑘𝑘=1

 

                                                                        = 𝑧𝑧𝐶𝐶 � 1
1−𝑧𝑧𝐶𝐶

�
′
 

                                                          = 𝑧𝑧𝐶𝐶
(1−𝑧𝑧𝐶𝐶)2 = (𝑧𝑧𝐶𝐶)𝐶𝐶2 = (𝑧𝑧𝐶𝐶2)𝐶𝐶 

                                                          = (𝐶𝐶 − 1)𝐶𝐶 = 𝐶𝐶2 − 𝐶𝐶                                            (3) 
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This is the same as the result obtained at the statistic ‘number of returns” and 

therefore, 

𝐴𝐴(𝑋𝑋𝐻𝐻) =
3𝑛𝑛
𝑛𝑛 + 2

⟶ 3 

Alternatively, there are several bijections on the set of Dyck paths that show the 

statistics of “height of first peaks” and “number of returns” are equidistributed. 

ii)  For Fine paths we might expect the number of returns to be smaller (as we saw 
5
3
 compared to 3) while the height of the first peak to be larger than for Dyck paths. 

We proceed as in the case of Dyck paths. 

Claim-1: The generating function for Fine paths whose initial peak is at height 𝑘𝑘 

is 𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹,    𝑘𝑘 ≥ 2. 

Proof: Every Fine path has no first peak at height 1. 

Let the height of first peak is at height 𝑘𝑘 ≥ 2, then these 𝑘𝑘 up steps are counted 

by 𝑧𝑧𝑘𝑘 . 

Then we decompose the path after the first down step to the small Dyck paths and 

the final path must be a hill free path. 

This gives us the appropriate generating function 𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹. 

Or pictorially: 

 
 

Fig 3.2 
Claim-2: The generating function for the sum of the heights of the first peaks at 

height 𝑘𝑘 is 𝑘𝑘𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹. 

Proof: The height is 𝑘𝑘 and the number of such paths is [𝑧𝑧𝑛𝑛 ]𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹 
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Therefore the generating function is 𝑘𝑘𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹. 

Hence, taking the sum over all possible 𝑘𝑘, we will find the generating function for 

the sum of the heights of the first peaks of all Fine paths of length  2𝑛𝑛 is 

                     ∑ 𝑘𝑘𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹 = 2𝑧𝑧2𝐶𝐶𝐹𝐹 + 3𝑧𝑧3𝐶𝐶2𝐹𝐹 + 4𝑧𝑧4𝐶𝐶3𝐹𝐹 + ⋯∞
𝑘𝑘=2  

                                                  = 𝑧𝑧2𝐶𝐶𝐹𝐹(2 + 3𝑧𝑧𝐶𝐶 + 4𝑧𝑧2𝐶𝐶2 + 5𝑧𝑧3𝐶𝐶3 + ⋯ )        

                                                  = 𝑧𝑧2𝐶𝐶𝐹𝐹 � 1
𝑧𝑧𝐶𝐶
� 1

(1−𝑧𝑧𝐶𝐶)2�
′
− 1� = 𝑧𝑧2𝐶𝐶𝐹𝐹 � 1

𝑧𝑧𝐶𝐶
� 1

(1−𝑧𝑧𝐶𝐶)2� − 1� 

                 = 𝑧𝑧2𝐶𝐶𝐹𝐹 � 2−𝑧𝑧𝐶𝐶
(1−𝑧𝑧𝐶𝐶)2� = 𝑧𝑧2𝐶𝐶𝐹𝐹(2−𝑧𝑧𝐶𝐶)

(1−𝑧𝑧𝐶𝐶)2  

                  = 𝑧𝑧2𝐶𝐶3𝐹𝐹(2 − 𝑧𝑧𝐶𝐶) = 𝑧𝑧2𝐶𝐶2𝐹𝐹(2𝐶𝐶 − 𝑧𝑧𝐶𝐶2) 

                  = 𝑧𝑧2𝐶𝐶2𝐹𝐹�2𝐶𝐶 − (𝐶𝐶 − 1)� = 𝑧𝑧2𝐶𝐶2𝐹𝐹(𝐶𝐶 + 1) 

                  = 𝑧𝑧𝐹𝐹(𝐶𝐶 + 1)(𝐶𝐶 − 1) = 𝑧𝑧𝐹𝐹(𝐶𝐶2 − 1) = 𝐹𝐹(𝑧𝑧𝐶𝐶2 − 𝑧𝑧) 

                                                  = 𝐹𝐹(𝐶𝐶 − 1 − 𝑧𝑧) = 𝐹𝐹(𝐶𝐶 − 1) − 𝑧𝑧𝐹𝐹 

                                                  = 𝐹𝐹−1
𝑧𝑧
− 𝑧𝑧𝐹𝐹                                                                                   (4)  

                          ⇔ 𝐴𝐴(𝑋𝑋𝐻𝐻) =
[𝑧𝑧𝑛𝑛 ]�𝐹𝐹−1

𝑧𝑧 −𝑧𝑧𝐹𝐹�

[𝑧𝑧𝑛𝑛 ]𝐹𝐹
= 𝐹𝐹𝑛𝑛+1−𝐹𝐹𝑛𝑛−1

𝐹𝐹𝑛𝑛
 

                            ⇔ 𝐴𝐴(𝑋𝑋𝐻𝐻) = 𝐹𝐹𝑛𝑛+1
𝐹𝐹𝑛𝑛

− 𝐹𝐹𝑛𝑛−1
𝐹𝐹𝑛𝑛

= 4 − 1
4

= 15
4

 

Fine paths versus Dyck paths statistics is summarized in the following table. 

Table-3.1 

 

Statistics 

Generating 

function 

Closed formula for 

the expected number 

Asymptotic 

value. 

Total number of returns of Dyck 

paths of length 2𝑛𝑛. 

 
𝐶𝐶−1
𝑧𝑧
− 𝐶𝐶  

𝐶𝐶𝑛𝑛+1−𝐶𝐶𝑛𝑛
𝐶𝐶𝑛𝑛

= 3𝑛𝑛
𝑛𝑛+2

  

 

 

3 

Total number of returns of all Fine 

paths of length 2𝑛𝑛. 

 

(𝐹𝐹 − 1)𝐹𝐹  

 

      𝑔𝑔𝑛𝑛−𝐹𝐹𝑛𝑛
𝐹𝐹𝑛𝑛

  

5
3

 

The sum of the heights of the first 

peaks of all Dyck paths of length 2𝑛𝑛. 

 

𝐶𝐶2 − 𝐶𝐶  

𝐶𝐶𝑛𝑛+1−𝐶𝐶𝑛𝑛
𝐶𝐶𝑛𝑛

= 3𝑛𝑛
𝑛𝑛+2

  

 

 

3 

The sum of heights of the first peaks 

of all Fine paths of length 2𝑛𝑛. 

 
𝐹𝐹−1
𝑧𝑧
− 𝑧𝑧𝐹𝐹  

 

   𝐹𝐹𝑛𝑛+1−𝐹𝐹𝑛𝑛−1
𝐹𝐹𝑛𝑛

  

15
4
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3.2 Fine path statistics using bivariate generating functions  

We find the Bivariate generating function for the sum of the heights of the first 

peaks over all Dyck/Fine paths of length 2𝑛𝑛. 

Mark each up step by 𝑧𝑧 and each up step before the first peak by 𝑡𝑡.  

i. For Dyck paths denote the bivariate generating function by Δ. 

 
Fig 3.3 

Then we obtain the bivariate generating function 

                       Δ(𝑡𝑡, 𝑧𝑧) = Δ = 1
1−𝑧𝑧𝑡𝑡𝐶𝐶

                                                                                                  (5)   

ii. For Fine paths denote the bivariate generating function by Ω. 

 
Fig 3.4 

Thus the generating function is 

            Ω(𝑡𝑡, 𝑧𝑧) = Ω = 1 + 𝑡𝑡𝑧𝑧(Δ− 1)𝐹𝐹 

                        = 1 + 𝑡𝑡𝑧𝑧 � 1
1−𝑧𝑧𝑡𝑡𝐶𝐶

− 1�𝐹𝐹 

               ⇔ Ω = 1 + 𝑡𝑡2𝑧𝑧2𝐶𝐶
1−𝑡𝑡𝑧𝑧𝐶𝐶

𝐹𝐹                                                                                          (6)  

Differentiating (5) and (6) with respect to 𝑡𝑡 𝑎𝑎𝑛𝑛𝑎𝑎 𝐴𝐴𝑒𝑒𝑡𝑡𝑡𝑡𝑖𝑖𝑛𝑛𝑔𝑔 𝑡𝑡 = 1, we obtain again the 

expressions in (3) and (4) respectively. 

From (6) we have 

                       [𝑡𝑡𝑘𝑘]Ω = [𝑡𝑡𝑘𝑘] �1 + 𝑡𝑡2𝑧𝑧2𝐶𝐶
1−𝑡𝑡𝑧𝑧𝐶𝐶

𝐹𝐹� 

                                   = 𝑧𝑧2𝐶𝐶𝐹𝐹[𝑡𝑡𝑘𝑘−2] 1
1−𝑡𝑡𝑧𝑧𝐶𝐶

 = 𝑧𝑧2𝐶𝐶𝐹𝐹[𝑡𝑡𝑘𝑘−2]∑ (𝑧𝑧𝐶𝐶)𝑓𝑓𝑡𝑡𝑓𝑓∞
𝑓𝑓=0  

                               = 𝑧𝑧2𝐶𝐶𝐹𝐹(𝑧𝑧𝐶𝐶)𝑘𝑘−2 = 𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹, as before. 
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Then[𝑡𝑡𝑘𝑘𝑧𝑧𝑛𝑛 ]Ω = [𝑧𝑧𝑛𝑛 ]𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹 = [𝑧𝑧𝑛𝑛−𝑘𝑘]𝐶𝐶𝑘𝑘−1𝐹𝐹=[𝑧𝑧𝑛𝑛−𝑘𝑘]𝐶𝐶𝑘𝑘−1( 1
1−𝑧𝑧2𝐶𝐶2)         

                          = [𝑧𝑧𝑛𝑛−𝑘𝑘]𝐶𝐶𝑘𝑘−1 ∑ (𝑧𝑧2𝐶𝐶2)∝∞
∝=0 = [𝑧𝑧𝑛𝑛−𝑘𝑘]∑ 𝑧𝑧2∝𝐶𝐶𝑘𝑘+2∝−1∞

∝=0  

                          = [𝑧𝑧𝑛𝑛−𝑘𝑘−2∝]∑ 𝐶𝐶𝑘𝑘+2∝−1�𝑛𝑛−𝑘𝑘2 �
∝=0  

                          = ∑ [𝑧𝑧𝑛𝑛−𝑘𝑘−2∝]
�𝑛𝑛−𝑘𝑘2 �
∝=0 ∑ 𝑘𝑘−1+2∝

2𝑛𝑛+𝑘𝑘−1+2∝
∞
𝑛𝑛=0 �2𝑛𝑛+𝑘𝑘−1+2∝

𝑛𝑛 �𝑧𝑧𝑛𝑛  by generalized LIF 

                          = ∑ 𝑘𝑘−1+2𝛼𝛼
2𝑛𝑛−𝑘𝑘—1−2𝛼𝛼

�2𝑛𝑛−𝑘𝑘−1−2𝛼𝛼
𝑛𝑛−1 �

�𝑛𝑛−𝑘𝑘2 �
𝛼𝛼=0  

The first few values are given in the following table 

Table-3.2 

 
Remark-1: The row sums are the Fine numbers. 

     i.e. ∑ [𝑡𝑡𝑘𝑘]𝑘𝑘 Ω = ∑ 𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1𝐹𝐹𝑘𝑘  

                          = 𝐹𝐹 ∑ 𝑧𝑧𝑘𝑘𝐶𝐶𝑘𝑘−1
𝑘𝑘 = 𝐹𝐹

𝐶𝐶
∑ (𝑧𝑧𝐶𝐶)𝑘𝑘𝑘𝑘 = 𝐹𝐹

𝐶𝐶
� 1

1−𝑧𝑧𝐶𝐶
� = 𝐹𝐹

𝐶𝐶
𝐶𝐶 = 𝐹𝐹 

Remark-2: Deleting the first two rows and columns yields the Riordan 

Array (𝐶𝐶𝐹𝐹, 𝑧𝑧𝐶𝐶). 

Let the R.A is denoted by (𝑎𝑎(𝑧𝑧), ℎ(𝑧𝑧)) 

i.e. after deleting the first two rows and columns we will have the generating 

function for the first new formed column 

                  𝑎𝑎(𝑧𝑧) = 1 + 𝑧𝑧 + 3𝑧𝑧2 + 8𝑧𝑧3 + 24𝑧𝑧4 + ⋯ 

                But 𝐶𝐶 = 1 + 𝑧𝑧 + 2𝑧𝑧2 + 5𝑧𝑧3 + 14𝑧𝑧4 + ⋯ and 𝐹𝐹 = 1 + 0𝑧𝑧 + 𝑧𝑧2 + 2𝑧𝑧3 + 6𝑧𝑧4  
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            ⇔ 𝐶𝐶𝐹𝐹 = 1 + 𝑧𝑧 + 3𝑧𝑧2 + 8𝑧𝑧3 + 24𝑧𝑧4 + ⋯ 

            ⇔ 𝑎𝑎(𝑧𝑧) = 𝐶𝐶𝐹𝐹  

Again the second column generating function is  

              𝑧𝑧𝑎𝑎(𝑧𝑧)ℎ(𝑧𝑧) = 𝑧𝑧𝑎𝑎ℎ = 𝑧𝑧(𝐶𝐶𝐹𝐹)ℎ = 𝑧𝑧2 + 2𝑧𝑧3 + 6𝑧𝑧4 + ⋯  

                ⇔ 𝑧𝑧𝐶𝐶𝐹𝐹ℎ = 𝐹𝐹 − 1  

                 ⇔ ℎ = 𝐹𝐹−1
𝑧𝑧𝐶𝐶𝐹𝐹

= 𝑧𝑧𝐶𝐶−𝑧𝑧
𝑧𝑧𝐶𝐶

= 𝐶𝐶−1
𝐶𝐶

= 𝑧𝑧𝐶𝐶2

𝐶𝐶
= 𝑧𝑧𝐶𝐶  

Therefore �𝑎𝑎(𝑧𝑧), ℎ(𝑧𝑧)� = (𝐶𝐶𝐹𝐹, 𝑧𝑧𝐶𝐶) 

Now we consider the statistic number of peaks, denoted by 𝑋𝑋𝑝𝑝 . 

We use the method of bivariate generating function. 

i) Let 𝜆𝜆(𝑡𝑡, 𝑧𝑧) be the bivariate generating function for Dyck paths according to semi-

length (marked by 𝑧𝑧) and number of peaks (marked by 𝑡𝑡). 

 
Fig 3.5 

Hence 𝜆𝜆(𝑡𝑡, 𝑧𝑧) = 𝜆𝜆 = 1 + 𝑧𝑧(𝜆𝜆 − 1 + 𝑡𝑡)𝜆𝜆 

Note:  𝜆𝜆(1, 𝑧𝑧) = 𝐶𝐶. 

By implicit differentiation we have, 

                𝜕𝜕𝜆𝜆
𝜕𝜕𝑡𝑡

= 𝜕𝜕
𝜕𝜕𝑡𝑡

(1 + 𝑧𝑧𝜆𝜆2 − 𝑧𝑧𝜆𝜆 + 𝑧𝑧𝑡𝑡𝜆𝜆) 

                     = 2𝑧𝑧𝜆𝜆 𝜕𝜕𝜆𝜆
𝜕𝜕𝑡𝑡
− 𝑧𝑧 𝜕𝜕𝜆𝜆

𝜕𝜕𝑡𝑡
+ 𝑧𝑧𝜆𝜆 + 𝑧𝑧𝑡𝑡 𝜕𝜕𝜆𝜆

𝜕𝜕𝑡𝑡
= 𝜕𝜕𝜆𝜆

𝜕𝜕𝑡𝑡
(2𝑧𝑧𝜆𝜆 − 𝑧𝑧 + 𝑧𝑧𝑡𝑡) + 𝑧𝑧𝜆𝜆 

                 ⇔ 𝜕𝜕𝜆𝜆
𝜕𝜕𝑡𝑡

(1 − 2𝑧𝑧𝜆𝜆 + 𝑧𝑧 − 𝑧𝑧𝑡𝑡) = 𝑧𝑧𝜆𝜆 

                 ⇔ 𝜕𝜕𝜆𝜆
𝜕𝜕𝑡𝑡

= 𝑧𝑧𝜆𝜆
1−2𝑧𝑧𝜆𝜆+𝑧𝑧−𝑧𝑧𝑡𝑡

 

                 ⇔ �𝜕𝜕𝜆𝜆
𝜕𝜕𝑡𝑡
�
𝑡𝑡=1

= 𝑧𝑧𝜆𝜆 (1,𝑧𝑧)
1−2𝑧𝑧𝜆𝜆 (1,𝑧𝑧)

 = 𝑧𝑧𝐶𝐶
1−2𝑧𝑧𝐶𝐶

 

                                = 𝑧𝑧𝐶𝐶
1−�1−√1−4𝑧𝑧�

 = 𝑧𝑧𝐶𝐶
√1−4𝑧𝑧

 = 𝑧𝑧𝐵𝐵𝐶𝐶 = 𝐵𝐵−1
2

 

Thus 𝐴𝐴�𝑋𝑋𝑝𝑝� = 1
𝐶𝐶𝑛𝑛

[𝑧𝑧𝑛𝑛 ] �𝜕𝜕𝜆𝜆
𝜕𝜕𝑡𝑡
�
𝑡𝑡=1

=
1
2�

2𝑛𝑛
𝑛𝑛 �

𝐶𝐶𝑛𝑛
=

1
2�

2𝑛𝑛
𝑛𝑛 �

1
𝑛𝑛+1�

2𝑛𝑛
𝑛𝑛 �

= 𝑛𝑛+1
2
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ii) In the case of Fine paths, in similar manner, for the bivariate generating function 

Γ(𝑡𝑡, 𝑧𝑧) we find, Γ = 1 + z(λ− 1)Γ  

Note: Γ(1, z) = F 

By implicit differentiation, we have: 

                    𝜕𝜕Γ
𝜕𝜕𝑡𝑡

= 𝜕𝜕
𝜕𝜕𝑡𝑡

(1 + 𝑧𝑧𝜆𝜆Γ− zΓ) = 𝑧𝑧Γ ∂λ
∂t

+ zλ ∂Γ
∂t
− z ∂Γ

∂t
 

               ⇔ ∂Γ
∂t

(1 − zλ + z) = zΓ ∂λ
∂t

 

               ⇔ ∂Γ
∂t

= zΓ
1−zλ+z

∂λ
∂t

 

              ⇔ �𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡
�
𝑡𝑡=1

= 𝑧𝑧𝐹𝐹
1−𝑧𝑧𝐶𝐶+𝑧𝑧

�𝜕𝜕𝜆𝜆
𝜕𝜕𝑡𝑡
�
𝑡𝑡=1

 

                                  = 𝑧𝑧𝐹𝐹
1−𝑧𝑧𝐶𝐶+𝑧𝑧

𝑧𝑧𝐵𝐵𝐶𝐶 = 𝑧𝑧2𝐵𝐵𝐶𝐶𝐹𝐹
1−𝑧𝑧(𝐶𝐶−1) =

𝑧𝑧2𝐵𝐵𝐶𝐶𝐹𝐹
1−𝑧𝑧2𝐶𝐶2 

                                  = 𝑧𝑧2𝐵𝐵𝐶𝐶𝐹𝐹2      

But from  𝐹𝐹 = 1
1−𝑧𝑧2𝐶𝐶2  we have,  1

𝐹𝐹
= 1 − 𝑧𝑧2𝐶𝐶2 

                            ⇔ −𝐹𝐹′

𝐹𝐹2 = −(2𝑧𝑧𝐶𝐶2 + 2𝑧𝑧2𝐶𝐶𝐶𝐶′) 

                            ⇔ 𝐹𝐹′

𝐹𝐹2 = 2𝑧𝑧𝐶𝐶(𝐶𝐶 + 𝑧𝑧𝐶𝐶′) = 2𝑧𝑧𝐶𝐶𝐵𝐵 

                            ⇔ 𝐹𝐹′ = 2𝑧𝑧𝐵𝐵𝐶𝐶𝐹𝐹2 

                            ⇔ �∂Γ
∂t
�
𝑡𝑡=1

= 𝑧𝑧2𝐵𝐵𝐶𝐶𝐹𝐹2 = 1
𝑧𝑧
𝑧𝑧𝐹𝐹′ (by identity 16) 

Now, [𝑧𝑧𝑛𝑛 ] �∂Γ
∂t
�
𝑡𝑡=1

= [𝑧𝑧𝑛𝑛 ] �1
𝑧𝑧
𝑧𝑧𝐹𝐹′� = 1

2
[𝑧𝑧𝑛𝑛−1]𝐹𝐹′ = 1

2
𝑛𝑛𝐹𝐹𝑛𝑛  

Then, 𝐴𝐴�𝑋𝑋𝑝𝑝� =
[𝑧𝑧𝑛𝑛 ]�∂Γ∂t�𝑡𝑡=1

𝐹𝐹𝑛𝑛
= 𝑛𝑛

2
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Dyck path versus Fine path statistics using bivariate generating function is 

summarized in the following table. 

Table-3.3 

Statistics Generating function Closed formula for 𝑬𝑬�𝑿𝑿𝒑𝒑� 

Dyck path according to its 

semi-length and the 

number of peaks. 

𝐵𝐵 − 1
2

 
𝑛𝑛 + 1

2
 

Fine path according to its 

semi-length and the 

number of peaks. 

1
2
𝑧𝑧𝐹𝐹′  

𝑛𝑛
2
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Appendix 
Hereunder is the list of some of the concepts along with their proofs, used in the 

paper, so that it would make sense taking their advantage in the proof of theorems.  

1) Dyck paths of length 2𝑛𝑛 are the Catalan number enumerated set. 

Proof: We consider Dyck paths are lattice paths in the 𝑛𝑛𝑥𝑥𝑛𝑛 square grid consisting 

only north and east steps and such that the path doesn’t pass below the line 𝑦𝑦 = 𝑥𝑥 in 

the grid. 

i) There are a total of �2𝑛𝑛
𝑛𝑛 � paths from (0,0) to (𝑛𝑛,𝑛𝑛) with north and east steps in 

an 𝑛𝑛𝑥𝑥𝑛𝑛 grid, if these are the only directions in which we are permitted to travel. We 

choose 𝑛𝑛 steps in the north direction and the remainder must travel east. 

ii) Now consider paths which cross below the line 𝑦𝑦 = 𝑥𝑥. There must be a first place 

where the path crosses below the diagonal. Take the position the path after the first 

‘bad’ step and interchange the north and east steps which is equivalent to reflecting 

this portion of the path in the line 𝑦𝑦 = 𝑥𝑥 − 1. 

Now we have a situation where, for the 2𝑛𝑛 steps, 𝑛𝑛 + 1 are in one direction and 

𝑛𝑛 − 1 are in the opposite direction. 

The over all effect then is to take (𝑛𝑛,𝑛𝑛) ⟶ (𝑛𝑛 + 1,𝑛𝑛 − 1) or to create an 

(𝑛𝑛 + 1)𝑥𝑥(𝑛𝑛 − 1) grid. On this grid there are � 2𝑛𝑛
𝑛𝑛−1� ways of choosing a path. Since 

each path that crosses the diagonal can be uniquely transformed like this there is a 

one-to-one correspondence. 

So the total number of such paths is given by � 2𝑛𝑛
𝑛𝑛−1�. Thus the total number of Dyck 

paths, i.e. those which lie entirely above or touch but don’t cross the line 𝑦𝑦 = 𝑥𝑥, will 

be equal to the total number of paths (= �2𝑛𝑛
𝑛𝑛 �) minus the number of paths which 

cross below the line 𝑦𝑦 = 𝑥𝑥, (=� 2𝑛𝑛
𝑛𝑛−1�) 

              i.e. �2𝑛𝑛
𝑛𝑛 � − � 2𝑛𝑛

𝑛𝑛−1� = (2𝑛𝑛)!
𝑛𝑛 !𝑛𝑛 !

− (2𝑛𝑛)!
(𝑛𝑛−1)!(𝑛𝑛+1)!

 = (2𝑛𝑛)!
𝑛𝑛 !(𝑛𝑛−1)!

�1
𝑛𝑛
− 1

𝑛𝑛+1
� = (2𝑛𝑛)!

𝑛𝑛 !(𝑛𝑛−1)!
�𝑛𝑛+1−𝑛𝑛
𝑛𝑛(𝑛𝑛+1)

� 

                                = 1
𝑛𝑛+1

(2𝑛𝑛)!
𝑛𝑛 !𝑛𝑛 !

= 1
𝑛𝑛+1

�2𝑛𝑛
𝑛𝑛 � 

Now the rotational transformation of 45𝑓𝑓  clockwise direction sends these like lattice 

paths to the Dyck paths of the form used in this paper. 
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2) The sequences of 𝑛𝑛  1′𝐴𝐴 and 𝑛𝑛  − 1′𝐴𝐴 such that every partial sum is non negative 

integers (−1 denoted by - simply) is the Catalan enumerated set. 

Proof:  Bijective proof 

We present a simple bijection between this set of sequences and a well known 

Catalan enumerated set of Dyck paths of length 2𝑛𝑛.  

i.e.  1 ⟼ 𝛽𝛽𝑝𝑝 𝐴𝐴𝑡𝑡𝑒𝑒𝑝𝑝 

   −1 ⟼ 𝑎𝑎𝑓𝑓𝑤𝑤𝑛𝑛 𝐴𝐴𝑡𝑡𝑒𝑒𝑝𝑝 

The condition that every partial sum is non-negative in the sequence implies, we 

cannot have more number of −1′𝐴𝐴 than 1′𝐴𝐴 when reading from left to the right and 

finally we will have equal number of 1′𝐴𝐴 and −1′𝐴𝐴 which directly corresponds to the 

property of Dyck path. 

Thus the set of these sequences is the Catalan enumerated set. 

3) Standard Young Tableau (S.Y.T) of the shape (𝑛𝑛,𝑛𝑛) is the Catalan enumerated 

set. 

Proof: There is a bijection between the set of Standard Young Tableau of the 

shape (𝑛𝑛,𝑛𝑛) and the set of sequences defined in (1) above. 

It is as follows: 

Given a Standard Young Tableau 𝑇𝑇 of the shape (𝑛𝑛,𝑛𝑛), 

Define the sequence 𝑎𝑎1 𝑎𝑎2𝑎𝑎3 … … 𝑎𝑎2𝑛𝑛  by  

𝑎𝑎𝑖𝑖 = �1   𝑖𝑖𝑓𝑓  𝑎𝑎𝑖𝑖    𝑎𝑎𝑝𝑝𝑝𝑝𝑒𝑒𝑎𝑎𝑓𝑓𝐴𝐴 𝑖𝑖𝑛𝑛 𝑓𝑓𝑓𝑓𝑤𝑤 1 𝑓𝑓𝑓𝑓 𝑇𝑇 
−1   𝑖𝑖𝑓𝑓  𝑎𝑎𝑖𝑖  𝑎𝑎𝑝𝑝𝑝𝑝𝑒𝑒𝑎𝑎𝑓𝑓𝐴𝐴 𝑖𝑖𝑛𝑛 𝑓𝑓𝑓𝑓𝑤𝑤 2 𝑓𝑓𝑓𝑓 𝑇𝑇

� 

4) [𝑧𝑧𝑛𝑛 ]𝐵𝐵𝐶𝐶𝐴𝐴 = �2𝑛𝑛+𝐴𝐴
𝑛𝑛 � 

Proof:  Consider the path from (0, 0) to (𝑛𝑛,𝑛𝑛 + 𝐴𝐴) with (1,0) 𝑎𝑎𝑛𝑛𝑎𝑎 (0, 1) steps. Every 

such path can be factored by cutting it at the last time it returns to the main diagonal; the 

first part is counted by 𝐵𝐵 and the second part can be further  factored  into 𝐴𝐴 parts (each 

going up by “one diagonal”), each counted by 𝐶𝐶. 

5) An infinite lower triangular matrix 𝐴𝐴 is called a Riordan array if its Bivariate 

generating function 𝐺𝐺(𝑡𝑡, 𝑧𝑧) is of the form𝐺𝐺(𝑡𝑡, 𝑧𝑧) = 𝑔𝑔(𝑧𝑧)
(1−𝑡𝑡ℎ(𝑧𝑧))

.  

 We denote 𝐴𝐴 = (𝑔𝑔(𝑧𝑧), ℎ(𝑧𝑧)). 
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