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ABSTRACT

The rapid switching frequency of MRI gradient fields has a direct relationship to

the resolution and hence to the quality of the image. Hence, there is a tendency in

the research area to increase the frequency of switching even more. However, the

rapid switching frequency can create unwanted peripheral nerve stimulation on the

patient’s body due to the eddy current induction. In this report a model of the

induction of the magnetic and electric fields as well as the eddy current in a solid

cylindrical volume conductor (human body model) due to the switching of the Z

gradient coils have been explored analytically. The coils are assumed to carry time

harmonic variable current at low frequency. For the analysis, Maxwell’s Equations

are approximated for this quasi-static situation. Starting from the vector potential

expression and taking the first order asymptotic approximations of the modified

Bessel functions, the solutions for the field vectors and the eddy current expression

in the cylinder have been found. The application of the problem to peripheral nerve

stimulation and the mechanism of PNS in the aspect of its useful application has

been discussed. The plot of the eddy current density against the radial distance

in the cylinder has shown that the peripheral nerve stimulation is confined to the

peripheral surface of the patient’s body. The solutions have important implication

in the design of MRI gradient coils to avoid PNS during scanning and ensure

patient safety and comfort.
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CHAPTER 1
INTRODUCTION TO MAGNETIC RESONANCE IMAGING

1.1 Magnetic Resonance Imaging

Magnetic resonance imaging (MRI) is a technique of getting an image of the inside
part of the human body with out having to do operation, but instead by using the
phenomenon of nuclear magnetic resonance (NMR). The NMR phenomenon is a
phenomenon where, if nuclei are kept in a magnetic field, they can absorb incoming
EM energy sent towards them from outside, and then emit the EM energy later
during the time the nuclei relax. Nowadays this imaging modality is offering great
promise in understanding much more about the human body both in its shape
and function [1].

The NMR phenomenon was first discovered by Isidor Isaac Rabi, while he was
trying to record the magnetic properties of some atomic nuclei. For this work
he was awarded the 1944 Nobel Prize in physics. Later on the physicists Flex
Bloch and Edward Purcell detected the same NMR phenomenon in water and in
paraffin respectively. They demonstrated the NMR phenomenon independently in
1946. In addition the two scientists developed a new method for nuclear magnetic
precision measurement that works based on NMR. For this work they won the
Noble price together in 1952.

When NMR was started to be used for imaging purpose in the 1970th, it was
originally called NMRI (Nuclear Magnetic Resonance Imaging). However, the
public at the time, did not have good feeling for the word Nuclear and therefore
the letter N had been dropped and hence is MRI [2]. Nevertheless, MRI is a
purely nuclear origin and the NMR discovery is key to its functioning. MRI is
called non-invasive1 and pain free technique of imaging.

Another interesting feature of this technique is that there is no ionizing radi-
ation used as in the case of X - ray or CT scans. In MRI a system of magnetic
fields is employed for imaging. As a result, there is no any potential danger or side
effect on the person, that comes from the sole magnetic fields, during and after
MRI scan, as long as the relevant and proper procedure is strictly followed.

The image we get from MRI has a very high contrast for soft tissues such as
the brain and the heart with a very high image resolution. And this is one of the
several characteristic that makes MRI better than other imaging methods [3]. MRI
is now being used widely in health centers in many parts of the world for diagnostic
and research purposes as well as for monitoring treatments of the internal parts
of the human body .

1.2 The Basic Working Principles of MRI

Elementary particles have been found to possess a fundamental quantum property
called spin which gives them a magnetic property. Accordingly, the proton has

1Non-invasive means there is no surgery
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CHAPTER 1. INTRODUCTION TO MAGNETIC RESONANCE IMAGING

a magnetic property and possesses a nuclear magnetic moment. Naturally in our
body there are a lot of hydrogen protons contained in water molecules. This means
each hydrogen proton in our body behaves like a tiny microscopic magnet with a
magnetic dipole [4].

The fact that the proton has a magnetic moment was first discovered by the
Stern and Gerlach experiment in 1922. That was a very vital discovery for MRI
technology. The proton has a magnetic moment means, it can interact with any
other external magnetic field or set of magnetic fields.

From the classical point of view, having spin is meant that the particle (proton)
rotates (spins) about its own axis. In addition, since the proton carries an electric
charge, as it spins, it acts like a tiny circular current, producing its own tiny
magnetic field and acquiring a nuclear magnetic dipole moment ~µp as stated earlier.

Suppose that there are several protons at a certain location in space. If these
several protons are left alone without the presence of any strong external magnetic
field, then each proton spins in any arbitrary direction as shown in Fig. 1.1 (a).
And the total effect is that there will be no net magnetic moment (also called
magnetization vector) because the sum of the spin vectors is zero as they cancel
one another. In this case, since there is no net magnetic moment of the spins, we
can not talk about MRI.

Figure 1.1: (a) Spins are randomly oriented in the absence of ~B0 and so ~M0 = 0 (b)
Spins are aligned in the same or opposite to ~B0 direction and ~M0 6= 0

However, if there exists an external magnetic field passing through the location
where the spis are found, and which is strong enough to affect the spins, then the
spins will align themselves along the external magnetic field ~B0, some of them
in the same direction and others in the opposite direction to the field as shown
in Fig. 1.1 (b). However, no one of the spins align 100% perfectly with the
external static field because of the non-zero thermal energy each spin possesses.
At thermal equilibrium, most nuclear spins exist in the lowest energy state and as
the temperature increases the number of spins which will be in the higher energy
state will increase [5].

Out of the total number of the spins that are found in the external magnetic
field, the distribution of the number of spins in the lower and upper energy states
is governed by Boltzmann statistical distribution law which is given as

Nhigh

Nlow

= e
−∆E

kT (1.1)

Nhigh is the number of spins in the high energy level (opposite to the main field)

2



CHAPTER 1. INTRODUCTION TO MAGNETIC RESONANCE IMAGING

and Nlow is the number of spins in the low energy level (along the main field). ∆E
is the energy difference between the two levels or states, k is Boltzmann constant
and T is the absolute temperature of the spins or the sample containing the spins.

The Boltzmann distribution expression above implies that those spins that
align in the same direction as the external magnetic field (lower energy state)
slightly outnumber the spins that are aligned in the opposite direction (higher
energy state).

This means, there will always be a net (equilibrium) magnetic vector in the
direction of the external magnetic field as long as the spins are found with in the
external magnetic field. This net magnetic field is called equilibrium magnetization
vector and is symbolized by ~M0. The creation of this equilibrium magnetization
vector ~M0 from the product of the excess spins number and the nuclear magnetic
moment of a single spin in the sample is crucial for MRI.

The human body, which has abundant water, and hence ample hydrogen proton
content, can be considered to be almost full of tiny magnets all randomly oriented
with the net effect being zero, in the absence of an external strong magnetic field,
and that is always true as you live your everyday life. In other words every person
is not found in a strong magnetic field but only found in the magnetic field of
the earth which is very weak in its magnitude and is approximated to be about
3.0×10−5 Tesla. And this earth’s magnetic field does not affect the proton spins in
a person’s body and every person can be considered to have no net magnetization
in his/hers body in every day to day life.

However, if we produce a much greater external strong and uniform magnetic
field ~B0, for instance, as strong as 1.5 Tesla or more, and put a person inside
the strong magnetic field, at this time, the tiny magnets (hydrogen protons) in
the body of the person, originally randomly oriented, will align themselves some
of them in the direction of the external field and others opposite to the external
magnetic field direction. Consequently the person will be magnetized possessing
a net magnetization vector ~M0.

The external field exerts magnetic force on each spinning proton which pos-
sesses tiny magnetic field . A magnetic force on a spinning proton having a nuclear
magnetic dipole moment creates torque on the magnetic moment. As a result the
torque makes each proton to go around the main magnetic field and this type of
motion is called precession. The protons in the external magnetic field perform
two types of motion. That is spinning around their own axis and also rotate
(precess) around the external magnetic field direction at the same time - that is,
some in the same direction as the main magnetic field and others in the opposite
direction. Fig 1.1b.

As discussed before, there will be a net magnetic field (called a net magneti-
zation vector) which will be generated in the person’s body and is directed in the
same direction as the external magnetic field. This magnetization is the sum of
those excess spins or magnetic dipole moments.

With a person kept inside a strong magnetic field, and once the net magneti-
zation is formed in his body, the next task is manipulation of this magnetization
vector using a radio frequency (RF) field. The RF field is generated by a nearby

coil and sent from outside towards the person perpendicular to ~M0. We send a
pulse of RF field (RF field is another magnetic field - ~B1 which is of the order of
milli-Tesla.) to the person who is placed inside the main external magnetic field.

3



CHAPTER 1. INTRODUCTION TO MAGNETIC RESONANCE IMAGING

The purpose of the RF field is to disturb the net magnetization vector created
in the person’s body from its stable equilibrium alignment along ~B0. When the RF
field is off, the magnetization vector restores its equilibrium magnitude and original
undisturbed position as it continues precession towards its initial orientation.

With a series of purposeful RF energy exposure - that is by a continuous RF
pulses, the magnetization vector fluctuates in its magnitude and direction varying
all the way from its maximum value to its minimum value and vice versa. This is
the same as having a changing or a time varying magnetic field.

If there is a changing magnetization vector (changing magnetic field), then by
bringing a coil of wire closer to the changing magnetization (that is closer to the
person’s body), a signal can be collected by the coil. Since the magnetization
vector is equal to a changing magnetic field vector, magnetic flux variation will be
created when the variable field crosses through the coil area.

By Faraday’s law of EM induction, the magnetic flux change through the coil
produces a potential difference or current in the coil. This potential difference or
current is the very signal that carries the image information of the interior part of
the person’s body.

In this way, any part of the body can be imaged in any kind of orientation
required. However, in order to choose the part of the body to be imaged as
required, we need to add another kind of magnetic fields on to the main strong
and uniform magnetic field, where the new magnetic fields create a slight and
linear variation in the main field. These magnetic fields are called gradient fields.
The gradient fields are created along the three axes - x, y and z (labled ~Gx, ~Gy

and ~Gz). The x and y gradient fields are created by transverse gradient coils and
the z gradient field is generated by longitudinal gradient coil.

The slight variation in the main field due to the gradient fields at different parts
of the body will create different frequency of precession of the magnetization at
any point or location (from head to toe) in the body. And that enables us to
choose any part of the body by using an RF field which has the same frequency
as the spins or magnetization vector in the part of the body chosen for imaging.

The signal receiving coil collects a continuous or analog signal. Before the
analog signal gives the required image of the person’s body, it will be stored in a
computer memory as a raw digital data. Then after several relevant and necessary
mathematical techniques, such as sampling, digitization and other electronic and
engineering procedures are done on the signal (this is called signal processing) be-
fore we get the image on the computer display screen. Then the image will be read
and examined by a professional personnel for a subsequent clinical examination.

1.3 Major Components of MRI Machine

Starting from the generation of the magnetization vector in the person’s body all
the way to the formation of a final quality image on the computer screen, the
MRI machine utilizes many hardware parts. However, the most important are the
following ones.

4



CHAPTER 1. INTRODUCTION TO MAGNETIC RESONANCE IMAGING

1.3.1 The Main Magnet

The main magnet can be a very strong permanent magnet. Or it can be a mag-
net made from a current carrying superconducting coil or electromagnet. In the
case of the electromagnet, the coil is mostly made from the compound Niobium-
Titanium (NbTi). Niobium-Titanium is an alloy of the elements Niobium and
Titanium with a critical temperature value of about 10 kelvin. It is mostly used
as a superconducting wire to produce strong electromagnetic field. This wire will
be kept in a cooling liquid such as Helium with a temperature as close as to the
absolute zero.

At this low temperature the resistance of the coil will drop to zero and the coil
will be a superconductor with zero resistance and be able to carry large current.
Then allowing the right variable current value to pass through the coil will induce
a very strong and homogeneous magnetic field.

The strong magnetic field which will be created by the large current is situated
in a large cylindrical or any other appropriate opening designed to let the patient
inside. This strong field is responsible for aligning all the proton spins in the
person’s body parallel to it and create a net longitudinal magnetization vector.
Therefore, the main magnet is the back bone of the MRI machine that creates
the net magnetization vector which is going to be manipulated frequently using
an RF field to generate the image signal.

1.3.2 The Shim Coil

In order to get a clear image the main magnetic field strength has to be very
uniform or homogeneous everywhere in the imaging volume or location [6]. How-
ever, practically the main magnetic field may have a very slight inhomogeneities
that may be caused by several factors. The factors could be, such as for instance,
imperfections in the process of designing the magnet and imperfections in winding
and placing of the superconducting wires and the like.

Because of the presence of slight magnetic field non-uniformity or inhomogene-
ity in the main magnetic field, image distortion, image blurring and signal loss may
occur. Hence as much as possible there should always be a means to minimize or
avoid the main field inhomogeneity.

One way of eliminating the inhomogeneities is to add another coil called shim-
ming coil which is designed to create small magnetic field such that it opposes or
counteracts the inhomogeneity in the main field and helps to gain better homoge-
neous main field. This process is called shimming.

Shimming is the act of making the main magnet field more perfectly uniform
by decreasing the inhomogeneities as much as possible to zero in the imaging
volume. It is the process of adjusting the magnetic field to achieve the best
possible homogeneity so that there will not be variation in the field strength from
point to point in the imaging volume [7].

1.3.3 The Gradient Coils

Any point in the imaging volume in the main magnetic field is made spatially
unique and frequency dependent through the application of the gradient fields as
stated earlier. The gradient coils produce these secondary magnetic fields called

5



CHAPTER 1. INTRODUCTION TO MAGNETIC RESONANCE IMAGING

gradient fields which are additions of slight and linearly variable fields on the main
field in all the three dimensions x, y and z [8].

The purpose of the gradient fields is to create a linear and controllable field
variation on the static field ~B0 anywhere in the scanner or in the imaging volume.
The gradient fields add and subtract some value from ~B0 when going outward
from the origin in the positive and negative directions of the three axes. At a
point called iso-center, that is at the middle of the imaging volume, the ~B0 has its
original (unmodified) value.

Using the gradient field and creating a slight variation of the main magnetic
field enables the proton spins to precess with different frequency at different parts
of the body. This means a certain frequency of precession is associated to a specific
spatial location in the body that can be identified easily for imaging.

But if there is no variation in frequency of precession of the spins, there will be
only one kind of frequency by which all parts of the body precess, and we cannot
identify from which part of the body has the signal originated and this means the
specific imaged body part is not known.

The physical and technical concept of using small variable gradient fields along
with the main uniform field to spatially localize the image signal from the different
parts of a person’s body was discovered by Paul.C. Lauterbur in 1973. And later
on in 1974, Peter Mansfield developed the mathematics for fast scanning and
image reconstruction. These two scientists were awarded the 2003 noble prize for
Medicine or Physiology for their work.

1.3.4 The RF Coil

The magnetization vector is the sum total of the nuclear magnetic moments of
each extra proton spin. The source of the signal is the fluctuation of the transverse
magnetization in the person’s body. The spins do not generate any signal as long
as they are only subject to the main field ~B0 [9].

Therefore, to get a signal we need to disturb the magnetization or tip all the
spins in the body part we chose to image. The spins or the magnetization is tipped
(also called excited) by a radio frequency pulse that is generated by an RF coil
from outside the persons’ body.

Every time after being tipped, the magnetization vector gives a detectable
signal as it relaxes back to its original equilibrium position from its transverse
component. The RF coils are situated very close to the person’s body to have
the best proximity and then for better signal reception. Without disturbing the
magnetization vector, no signal can be obtained and hence no imaging. RF fields
are employed to tip or excite spins for both MRI and NMR spectroscopy. Fig.1.2
shows a schematic diagram of an MRI machine with the vital parts marked and
their relative position indicated.

1.3.5 The Computer

MRI is inherently digital and it could not be performed without the digital com-
puter. This is because the MRI signal does not interact directly with a medium
that can be seen as an X-ray does. The MR signal does not present information in
a form that can be directly viewed electronically, as it is done by an ultrasound.
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Figure 1.2: Schematic diagram of an MRI machine with main parts labeled

The repetitive continuous signal that we get from the fluctuation of the transverse
magnetization vector is electronically collected and stored in a computer memory
as a raw data and can not be seen directly.

Several mathematical and physical techniques are applied on the raw data to
convert it into image and display on the screen. All this is done by employing
proper application software and hence a specialized computer is a vital part of the
MRI machine. The computer controls the gradient fields and the RF coils as well.

1.4 Precession and the Larmor Frequency

When the spins, each having magnetic moment ~µ, find themselves in the external
static magnetic field ~B0, the magnetic moments of the spins and the main magnetic
field interact and, as a result the spins experience a torque expressed as ~τ = ~µ× ~B0,
by the magnetic field ~B0. Because of the torque the spins rotate around the
direction of the main static magnetic field. And this rotation is called precession.
The spins precess around the direction of the main magnetic field with a certain
angular frequency of precession ~ω which can easily be derived from the geometry
of the precession. This frequency of precession is called the Larmor frequency,
after the theoretical physicist Sir Joseph Larmor. The Larmor angular frequency
of precession (ω0), measured in radian/sec, for the spins is given by

~ω0 = γ ~B0 (1.2)

Here γ is called the gyro magnetic ratio of the proton and ~B0 is the static main
magnetic field. The gyro magnetic ratio of a particle is defined as the ratio of the
nuclear magnetic moment of the particle to its spin angular momentum given as

γ =
~µ

~J
(1.3)

~J is the spin angular momentum of the precessing proton where it is given as
~J = h̄I and the I is the intrinsic spin angular momentum quantum number which
assumes the numerical value of 1

2
for the proton.

7



CHAPTER 1. INTRODUCTION TO MAGNETIC RESONANCE IMAGING

The value of γ for the proton is 42.58MHz/Tesla and it will have a Larmor
frequency of 63.9MHz if the proton spin is found in a 1.5 Tesla external magnetic
field [4]. We can express the Larmor frequency of precession in cycle per second
(Hz) as

fo =
γ

2π
~B0 = γ ~B0, (1.4)

where γ =
γ

2π
The frequency of precession of the spins (the magnetization) depends on the

strength of the static field.

1.5 Nuclear Magnetic Resonance Phenomenon

Nuclear magnetic resonance phenomenon is a phenomenon or a process by which
the signal detected in MRI is generated. It is the phenomenon on which MRI
is based [10]. To get a signal from the person inside the static field we have

to disturb or tip the spins or the magnetization vector ~M0 from its equilibrium
position using RF field of appropriate frequency. The magnetization vector can
be disturbed however, if only the incoming RF field frequency exactly matches
with the Larmor frequency of precession of the magnetization. When the two
frequencies match, resonance occurs and this is called Nuclear Magnetic Resonance
phenomenon between the frequency of the RF field (ωRF ) and the frequency of
precession (ω0 ) of the spins.

Only when ωRF = ω0, that is at resonance frequency, the RF energy is absorbed
by the spins or by the magnetization vector and then the tipping takes place. If
the frequency of the incoming RF field does not resonate with or is not tuned to
the frequency of the precessing spins, no energy absorption and no tipping and no
NMR.

When the RF field is applied the magnetization vector is tipped by an amount
of angle θ depending on the strength of ~B1 and its lasting time. And θ is measured
starting from the vertical axis (z axis) – along the lying person. This angle is called
flip angle and is given by

∆~θ = γ ~B1τ, (1.5)

where, γ is the gyro magnetic ratio of the proton, ~B1 is the RF field value, and τ
is the time the RF field lasts.

1.6 The Relaxation Times

Consider a three dimensional space with x, y and z Cartesian coordinate system.
The net or equilibrium magnetization vector ~M0, prior to disturbance, is oriented
in the positive z direction in which the main magnetic field is directed as shown
in Fig 1.3.

Next we turn on the RF field B1, which is perpendicular to the ~B0 field and
along the +x axis and for a very short period of time. We note that the resonance
frequency should be such that ~ωRF = ~ω0. This time the magnetization vector will
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Figure 1.3: ~M0 at its equilibrium state before it is tipped by ~B1

be tipped towards the x-y plane by a certain flip angle θ as shown in Fig 1.4. in
a rotating reference frame.

Figure 1.4: ~M0 flipped by ~B1 at resonance frequency ~ωRF by θ

The magnetization or the spins will be flipped away from the z axis as they
precess down and around the ~B0 field. Fig 1.5 illustrates how a single proton spins
on its own axis and also precesses around the main field ~B0. When the RF field
is turned off, the magnetization vector returns back to its previous orientation by
precessing upwards (along the z axis) after some time. When the magnetization
is flipped it will be decomposed into two components. The components are the
~Mxy and the ~Mz as shown in Fig 1.4. Note that ~Mxy is the projection of ~M0 on

to the xy plane. And the ~Mz is the projection of ~M0 on to the Z axis. By the law
of vector addition we can write: ~M0 = ~Mxy + ~Mz.

And note that before tipping, ~M0 = ~Mz and ~Mxy = 0. During tipping, ~Mz

decreases and ~Mxy increases as ~M0 precesses around the B0 down to the xy plane.

Assuming a 900 flip angle, just after the RF is turned off, ~Mz starts to grow to ~M0

and ~Mxy starts to shrink to zero. To do so the magnetization vector precesses up-

wards. The ~Mz is called longitudinal magnetization and ~Mxy is called transverse
magnetization. The RF field is put on and off many times and magnetization
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Figure 1.5: A proton spinning about its own axis and precessing around the main field
at the same time

vector is tipped many times accordingly. In this way the motion of the magnetiza-
tion precessing upward and downward is continuous and follows a complex helical
trajectory as shown in Fig 1.6 in the laboratory frame.

Figure 1.6: Trajectory of the magnetization vector under the ~B0 and RF ( ~B1) fields:
Helical in the lab frame of reference

This helical motion of the magnetization vector is what is happening in reality
(that is as seen in a real laboratory frame of reference). In this case the magneti-
zation motion is complex to discern. But, to make life simple we can choose and
use a rotating frame of reference where we let the ~B1 field to rotate together with
the magnetization. This means you (the observer) have to rotate with ~B1 at the
resonance Larmor frequency ~ωRF = ~ω0, and watch what is happening.

The 900 angle of excitation, at this time, the complex motion of the magneti-
zation is seen to be simple such that it only turns about a simple curve of 900 or
a quarter of the circle as shown in Fig. 1.7, and repeats that every time the ~B1

field is on and off.
It is the transverse magnetization ~Mxy that is crucial to the generation of the

MRI signal as it is measurable as it fluctuates under the successive and rapid
tipping by the RF field. The longitudinal component ~Mz which is directed along
the direction of the main field cannot be measured. This is because it is very small
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Figure 1.7: Trajectory of the magnetization vector under the ~B0 and RF ( ~B1) fields.

as compared to the main field and hence difficult to isolate and measure.
Every time after the removal of the RF field, the time taken by the longitudinal

magnetization ~Mz(t) to come back to its 63% of the equilibrium value of ~M0 is
called relaxation time T1 and it is shown in Fig 1.8. This time T1 is also called
spin - lattice relaxation time.

Figure 1.8: Relaxation time T1 of the longitudinal magnetization vector ~Mz following
RF tipping by 900. T1 is recovery time for ~Mz

And at the same time, the time taken for the transverse magnetization ~Mxy to
shrink to 37% of its maximum value is called relaxation time T2 and it is shown
in Fig 1.9. This relaxation time T2, is also called spin – spin relaxation time.

After a 90o excitation, the longitudinal magnetization ~Mz(t) relaxes back to
its equilibrium value as a function of time t given by the equation [11].

~Mz(t) = ~M0(0)(1− e−
t
T1 ), (1.6)

Again following the 90o excitation of the magnetization vector, the transverse
magnetization component ~Mxy(t) relaxes to zero from its maximum value as a
function of time given by the equation [11].

~Mxy(t) = ~Mxy(0)e
− t
T2 , (1.7)
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Figure 1.9: Relaxation time T2 of the transverse magnetization vector ~Mxy following RF

tipping by 900. It is decay time for ~Mxy

T1 - which is called the spin-lattice relaxation time, is due to interaction of the
protons or spins with their surrounding or the neighboring lattice. In this time
the spins give away energy, which they absorbed or acquired from the RF field
during excitation, and while returning to their lowest energy state.

The T2 - which is called spin-spin relaxation time, is due to the interaction
between spins themselves in the x-y plane as they precess out of phase and cancel
each other and reducing ~Mxy to zero.

In practice relaxations happen at the same time and they take place indepen-
dent to each other. T1 is longer than T2 for any tissue. Every tissue has its own
characteristics T1 and T2 values by which it is identified during imaging.

1.7 Bloch Equations

When the magnetization vector is tipped by an RF field it precesses down to the
x-y plane. And when the RF field is off, it precesses upward and then comes
back to its original value. This process continues and the magnetization vector
executes a complex motion along a helical trajectory if seen in the lab frame or
real situation.

The magnetization vector follows a simple curve if the observer rotates (in the
rotating frame it looks stationary) along with the magnetization with the same
Larmor frequency of precession as the magnetization vector does.

Bloch equations give us a mathematical description of the motion of the magne-
tization in both the lab and rotating frames of reference. Next the Bloch equations
are explored from the point of view of a laboratory reference frame case by case.

1.7.1 Magnetization Interacting with only ~B0 field

In this case there is only one static field ~B0 acting on the spins or on the magne-
tization vector. The magnetization vector ~M0 experiences a magnetic force while
being in the static field ~B0. This force creates a torque on it and makes it precess
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around the ~B0 field. The magnetization ~M0 is the sum of the magnetic moments
of the excess protons. Hence we can write the magnetization as

~M =
∑
i

~µi (1.8)

Taking the time derivative of the magnetization gives

d ~M

dt
=
∑
i

(
dµi
dt

)
(1.9)

and using equation (1.3), that is ~µ = γ ~J we have

d ~M

dt
= γ

∑
i

d ~J

dt
. (1.10)

By Newton’s 2nd law
d ~J

dt
= Torque = ~µi × ~B0. (1.11)

And after substitution (1.11) into (1.10) we get

d ~M

dt
= γ

∑
i

~µi × ~B0 (1.12)

And using equation (1.8), finally the Bloch equation for the magnetization

vector which reacts with only ~B0 is given by

d ~M

dt
= γ ~M × ~B0 (1.13)

It is also possible to split and write the magnetization ~M and the static field
~B0 in terms of the rectangular coordinate components x, y and z. The static field
is only along the z axis ~Bz and has no x and y components. So we can write
component wise as: ~M = ~Mxi + ~Myj + ~Mzk and ~B0 = ~Bzk. Then carrying out
the curl product in equation (1.13), we get

d

dt

∣∣∣∣∣∣
~Mx

~My

~Mz

∣∣∣∣∣∣ = γ

∣∣∣∣∣∣
i j k
~Mx

~My
~Mz

0 0 ~Bz

∣∣∣∣∣∣ = γ( ~My
~Bz)i− γ( ~Mx

~Bz)j (1.14)

Splitting equation (1.14) into the three components we get

d ~Mx(t)

dt
= γ ~My(t) ~Bz (1.15)

d ~My(t)

dt
= −γ ~Mx(t) ~Bz (1.16)

d ~Mz(t)

dt
= 0 (1.17)
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If we let ω = γ ~Bz, then the solution for the components, ~Mx, ~My and ~Mz as a
function of time becomes

~Mx(t) = ~Mx(0)cos(ωt) + ~My(0)sin(ωt) (1.18)

~My(t) = ~My(0)cos(ωt)− ~Mx(0)sin(ωt) (1.19)

And:

~Mz(t) = ~Mz(0) (1.20)

Equations (1.18) to (1.20) describe the time evolution of the magnetization vector
components as a function of time around the main field. The components can
be added together to yield the one Bloch equation for the magnetization as it is
reacting only with the static magnetic field. And that is given as

d ~M(t)

dt
= γ ~My(t) ~Bzi− γ ~Mx(t) ~Bzj (1.21)

Next we shall see the Bloch Equation for the motion of the magnetization
vector when the relaxation times T1 and T2 are added and considered.

1.7.2 Magnetization Interacting with ~B0, T1 and T2

As discussed previously, the relaxation times, T1 and T2 take place at the same
time but independently. The T2 is very short than T1. In addition, T1 and T2 dif-
fer from tissue to tissue and they affect the way the magnetization vector moves
around the main field.

Now we take the two spin-lattice and spin-spin relaxation processes and their
corresponding relaxation times T1 and T2 into consideration and include them in to
Bloch equation. The relaxation process is a process in which the non – equilibrium
magnetization ~Mz ( where Mx 6= 0, My 6= 0 and Mz 6= M0 ) attains the equilibrium
magnetization (where Mx = 0, My = 0 and Mz = M0) after sufficiently long time.

The spin-lattice relaxation process involved energy exchange between the spins
and the surrounding while the spin-spin relaxation process does not involve ex-
change of energy with the surrounding. And hence the two processes are char-
acterized by different time constants. For this physicist Flex Bloch assumed and
proposed that the two processes to be first order processes stating mathematically
as [12].
(i) For the transverse relaxation process

d ~Mx(t)

dt
∝ −

~Mx

T2
(1.22)

and

d ~My(t)

dt
∝ −

~My

T2
(1.23)

(ii) For the longitudinal relaxation process
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d ~Mz(t)

dt
∝ −( ~Mz − ~M0)

T1
(1.24)

And next by combining equations (1.15) to (1.17) with the corresponding equations
(1.22) to (1.24), we get
(a) for transverse relaxation

d ~Mx(t)

dt
= γ ~My(t) ~Bz −

~Mx

T2
(1.25)

and

d ~My(t)

dt
= −γ ~Mx(t) ~Bz −

~My

T2
(1.26)

(b) For the longitudinal relaxation

d ~Mz(t)

dt
= −( ~Mz − ~M0)

T1
(1.27)

Equations number (1.25) to (1.27) describe the motion or the time evolution of
the magnetization vector with the relaxation time constants T1 and T2 included.
And combining the three components the Bloch equation for the magnetization
vector with the relaxation times and the static magnetic field is given as [11].

~dM

dt
= ~M × γ ~B −

~Mxi+ ~Myj

T2
− ( ~Mz − ~M0)k

T1
(1.28)

In equation (1.28) the first term on the right side of the equal sign represents the
precession process. The second and the third terms represent the transverse decay
and longitudinal recovery processes respectively.

1.7.3 Magnetization Interacting With ~B0, ~B1, T1 and T2

Now we shall consider the effect of an additional magnetic field on the motion
equation of the magnetization vector. This field is the tipping RF field ~B1 with
a frequency of oscillation ω1 which is applied in the transverse x-y plane perpen-
dicular to ~B0. With the addition of the RF field ~B1 , the equations that govern
the motion of the magnetization vector changes. Firstly, the ~B1 RF field can be
assumed to change along the x-y plane as a function of time governed by the
relation

~B1(t) = ~B1 cos(ωt)i+ ~B1 sin(ωt)j, (1.29)

with the addition of the RF filed ~B1 the total magnetic field acting on the mag-
netization vector becomes , ~Beff = ~B1(t) + ~B0k and is given as

~Beff (t) = ~B1 cos(ωt)i+ ~B1 sin(ωt)j + ~B0k (1.30)

This above expression for the total magnetic field ~Beff (t) acting on the mag-

netization can be substituted in equation (1.25) and (1.26) in place of ~Bz and then
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the equation can be solved to give the expression for the time dependence of the
motion of the magnetization vector in the additional presence of the oscillating
RF field ~B1. Accordingly, the general Bloch equation along the components x, y
and z, in the real situation (lab frame) is given by
(i) For the transverse motion along x

d ~Mx(t)

dt
= γ ~My(t) ~B0 + γ ~Mz

~B1 sin(ωt)−
~Mx

T2
(1.31)

(ii) For the transverse motion along y

d ~My(t)

dt
= γ ~Mz(t) ~B1 cos(ωt)− γ ~Mx

~B0 −
~My

T2
(1.32)

(iii) For the longitudinal relaxation process along z

d ~Mz(t)

dt
= −γ ~Mx(t) ~B1 sin(ωt) + γ ~My

~B1 cos(ωt)− ( ~Mz − ~M0)

T1
(1.33)

Equations (1.31) to (1.33) describe the way the components of the magnetization
along the x, y and z axes in the laboratory frame of reference. The equations
represent the complex dynamics of the magnetization which is shown in Fig. 1.6.

1.8 MRI Signal and the Transverse Magnetiza-

tion

The moment the magnetization vector is flipped into the x-y plane, we get a
changing transverse magnetization. This changing magnetization vector is equal
to changing magnetic field. To pick the signal we place a coil of wire or an an-
tenna perpendicular to the transverse magnetization as shown in Fig 1.10(a). This
creates a magnetic flux change through the coil and consequently, by Faraday’s
law of EM induction, a variable or sinusoidal electric voltage and current will be
induced in the coil.

This sinusoidal electric voltage or current is the MRI signal (in its analog
form) that carries the image information of the tissue. A simplified diagram of the
mechanism of the signal reception from the time varying transverse magnetization
is been in Fig 1.10.

The moment the RF field is on, the ~Mxy is maximum. When the RF is just

off, the ~Mxy starts to decline or decay quickly with time. That decaying signal is
shown in Fig. 1.10(b). We have to collect it quickly before it becomes zero and this
signal which we get after a single RF pulse is called free induction decay (FID).

The ~Mxy rotates with in the x-y plane at Larmor frequency when it generates the

FID. The greater is the ~Mxy the greater is the intensity or amplitude of the signal
or the FID.
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Figure 1.10: Schematics diagram of signal detection and collection mechanism

1.9 Signal Processing and Imaging Procedure

1.9.1 The K Space

The MRI signal is sinusoidal infinite and continuous. In reality since the computer
does not work with continuous values we have to change this signal into discrete
and finite values. To do so we take samples of the continuous signal and store it
as an array of numbers. This sample array of numbers is called k-space and it is
finite and discrete raw data stored in a computer memory.

This data or k space represents the spatial frequency information of each unit
volume of spins (voxel) and hence information of the image. It is arranged in a
form of rectangular matrix of numbers.

Then next we have to apply a mathematical technique called inverse Fourier
transform (IFT) on the raw data of k space in order to obtain the image we need.
To change the image data back to the k space we apply the Fourier transform
(FT). Examples of the k space and the corresponding image space are shown in
Figure 1.11. The images belong to a person’s brain and a zebra’s face respectively.

Figure 1.11: Transformation between k space and image space

1.9.2 Fourier Transform and MRI Signal

The Fourier transform is a mathematical technique used to express any waveform
or signal as an infinite sum of sines and cosines by changing the waveform or
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signal from its time domain to its frequency domain. To convert the frequency
domain expression of the signal to the time domain expression, the inverse Fourier
transform is used. This mathematical technique is well known and developed
many years ago before MRI was discovered. The Fourier transform has got several
established properties that can be used in MRI.

Fortunately, the MRI signal s(k) which is sampled and stored in the k-space
(representing raw data) and the spin density ρ(x) in the position space (repre-
senting the image) of the small volume of tissue (voxel) are found to be related
inversely in Fourier transform. The raw signal (in k space) is equal to the Fourier
transform of the spin density s(k). And the spin density is equal to the inverse
Fourier transform of the k space data. In two dimensions the mathematical rela-
tionship between s(kx, ky) and ρ(x, y) is given by the following formula [13].

s(kx, ky) =

∫ ∞
−∞

∫ ∞
−∞

dxdy ρ(x, y)e−j2π(kxx+kyy) (1.34)

And

ρ(x, y) =

∫ ∞
−∞

∫ ∞
−∞

dkxdky s(kx, ky)e
j2π(kxx+kyy) (1.35)

This means we can get the spin density in the position space or get the image
of the object by carrying out the inverse Fourier transform operation on the signal
in k-space. Therefor the mathematical techniques of Fourier transform is so vital
to MRI. In addition the different properties of Fourier transform such as shifting,
scaling, and convolution have direct application in the processing of MRI signal
to form the images.

1.9.3 Signal-To-Noise Ratio (SNR)

In MRI the signal we measure is always equal to the sum of the pure signal that
is related exactly to the image (that is from the spins in the tissue) and a kind
of signal that is not related to the image (that is coming from different source or
the surrounding environment). This second type of signal is not needed and hence
it is called noise. The quality of the image we get hence depends on the relative
presence of the pure signal and the noise we measure inevitably. This is because
mostly signal and noise come intermingled.

The quantity SNR or the signal – to – noise ratio determines the level of clarity
and quality of the image. To get a better image the signal should be pronounced
much more than the noise. The SNR mathematically is defined as

SNR =
Signal Amplitude

StandardDeviation of theNoise
=
Signal

σ
(1.36)

The noise comes from different sources. And the factors that influence the
SNR in MRI could be the strength of B0, the way the RF coil is designed, the
spin or proton density of the tissue, the size of the pixel and that is the product
(δx)(δy) and others.
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1.9.4 Contrast-To-Noise Ratio (CNR)

Contrast to noise ratio is the difference in respective SNR of two different tissues
to be imaged. Mathematically

CNR = SNRA − SNRB (1.37)

SNRA and SNRB are signal- to- noise ratios of two tissues A and B respectively.
The greater is the difference in their SNR, the greater is the contrast to noise ratio
and the better is the distinction between the two tissue types. As we learn from
the above equation for CNR, it is the difference between the SNR of the tissues
that contributes to the CNR. This means to enhance the CNR and get a better
perception of the differences we need to suppress the SNR of either one of the
tissues A or B using different techniques.

1.10 Recent Developments in MRI Technology

Ever since MRI machine was used for imaging, researchers in the field had been
and are investigating for ways of improving the different shortcomings of the tech-
nology. Some shortcomings of the technology were: the high sound heard during
scanning, the lengthy time of scanning, difficulty to get an image of the lung, the
closed bore of the MRI machine triggering claustrophobic fear in the patient and
potential patient body reactions to the frequently varying gradient fields such as
peripheral nerve stimulation.

As the research continues a new development of relevant software technology
has recently enabled the fast contrast scanning and resulting in simplification of
the cardiac imaging work flow and reducing the scanning time. In addition the
scanning of the lung has now been possible which was difficult before because of
the low content of hydrogen atoms in the air filled lung [6].

The possibility of using a very high magnetic field such as more than 7 tesla
was previously used for only research purposes. This was because the effect of
very high field on patients was not well studied. But now recently research has
got it possible to use 7 Tesla magnetic field strength for clinical use. In addition
open bore MRI machines are being constructed as an alternative and this could
alleviate the fear by some patients, of being confined in the cylindrical scanner.

The GE (General Electric) SilentScan MRI noise reduction technology has been
in use with a 3 Tesla field system, that greatly reduce noise during MRI scans. The
GE has also introduced the so called AIR coil technology which is substituting the
common RF coils placed near the patient body. The AIR2 coil technology, unlike
the conventional RF coils, provides comfort for patients, improves signal reception
and enable better coil positioning among others.

1.11 Optical Coherence Tomography (OCT)

Optical coherence tomography (OCT) is an imaging technique that allows rapid
and non-invasive acquisition of high-resolution images of the retina [14]. This

2Watch video: https://www.youtube.com/watch?v=8-OqKSEqDqI
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technique can be used as an alternative to MRI for several parts of the body such
as the eye as well as for tissue imaging.

It is used to identify tissue problems such as multiple sclerosis (MS) with high
image spatial resolution and can play a complementary role to MRI by offering
additional useful information. In terms of the time taken for image acquisition and
as well as cost, OCT is better than MRI. OCT has similarity to the way an ultra-
sound imaging functions but uses LASER. OCT is used widely in ophthalmology
3.

1.12 Safety First

1.12.1 Introduction

Magnetic resonance imaging examination by itself is harmless and poses no risk as
discussed before. However, proper and careful usage of the magnetic system and
its environment is essential. As a result before and during the time of clinical MRI
examinations, there are several safety procedures to consider in order to ensure
complete patient safety. The care that should be taken not only applies to the
patient but also to the medical staff and the radiologist that work in the scanning
room. If proper care is not established potentially very serious accidents raging
from physical hurt to the level of death can occur.

1.12.2 Magnetic Materials

It is known that the MRI machine uses very strong magnetic field for its operation.
The magnetic field can exert a tremendous force in attracting any nearby magnetic
material and pull it into the bore very quickly. If magnetic materials are attracted
to the bore of the magnet the moving materials can cause a serious harm on the
patient or the person in the room.

Several MRI scanning room accidents have been registered since the start of
using the machine for imaging. Once up on a time, it was recorded that a police
office’s pistol was snatched away out of the pistol’s case on the officer’s belt and
the bullet was fired on the wall as the pistol collided with the magnet. [15]. A
record shows that an Indian man died as a result of an accident that occurred as
he was taking an oxygen metal tanker into the MRI scanner room.

Therefore there are several safety procedures to be followed to ensure safe scan-
ning. Accordingly, anyone (patient or the medical staff) who is about to enter the
magnetic field should be well screened or checked for the following things

• Metallic objects

Check for any metallic object that is implanted in the body as a medication
for some health problem such as: Pace makers, intra-ocular foreign bodies,
cochlear and spinal implants

This is because the medical devices that are implanted contain metallic
things such as tiny wires and so can be snatched out of the patient body and

3ophthalmology is the scientific study of the eye and the associated diseases
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pose further danger. So persons with metallic objects in their body cannot
be examined with the machine.

• Possibility of early pregnancy

In the time of early three months of a woman’s pregnancy (trimester), unless
it is a must for the sake of the women’s health, MRI examination is not
advisable as it can disturb the normal fetus development.

• Removal of any jewelry, credit card, money, watches, any ferromagnetic ob-
ject that contains iron or steel from the external body parts of the person
or from their purse or pocket.

It is important to prepare a check list or screening form so that everybody that
is patients and relatives or other people may be checked before the examination
takes place and to guarantee patient care. If the proper care is not taken, injury or
even fatal accidents may occur. It is also good to accompany the patient for some
time for a rare possible reaction of the patient after examination until he/she is
well back to their previous situation.

An overall patient care not only includes magnetic safety but also includes
consideration of the past and present patient medical condition. Besides, the
creation of relaxing examination room or scanning environment and a smoothly
running facility is essential.

1.12.3 RF and Gradient fields

There is also a safety issue associated with the usage of the RF and Gradient
fields during scanning. There are regulatory limits to the amount of safe body
absorption rate of RF field power called specific absorption rate (SAR) [16]. If
RF field is not used up to the regulatory limit, high absorption of RF by the
patient may cause the production of heat on the person’s body which potentially
can trigger unpleasant heating sensation.

The possibility of unnecessary peripheral nerve or tissue stimulation which
may result in muscle twitching and pain is also the other safety concern that may
occur due to very quick switching of the gradient fields [17]. There is, however
rare danger due to these fields because of an inbuilt safeguard. Nevertheless,
the MRI machine parts should always be checked for proper functioning and any
malfunctioning component should be immediately repaired.

1.13 Organization of the Thesis

This thesis is organized into four chapters. The first chapter provides a general
overview of what an MRI machine is, as one of the many medical diagnostic tools,
and explains the basic physical principles for its functioning. The second chapter,
as a review of related literature, is all about determination of electric field inside a
solid sphere which is taken as a model for the human head. The electric field de-
termination is essential in the process of the treatment process called transcranial
magnetic stimulation (TMS). The third chapter , which contains the core problem
of the thesis, focuses on the determination of the distribution of the magnetic field,
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electric field and eddy current density inside a solid cylindrical volume conductor
which is caused during MRI scanning of a patient by the time varying Z gradient
field. Chapter four gives a summary of the main points of this thesis as well as
discusses on directions for future related work.

1.13.1 Motivation

Magnetic resonance imaging machine, in addition to possessing a strong and static
magnetic field, it also utilizes gradient fields which vary very quickly as a function
of time. This means the patient is exposed to the strong and static magnetic
field and to the time dependent gradient magnetic fields. By Faraday’s law a time
varying magnetic field induces electric eddy current inside a conducting media
such as human body. This current may interact with the body tissue and induce
some effect on it. The motivation of the study comes from the need to study the
behavior and interaction of the eddy current with the tissue. The understanding of
the behavior of the induced eddy current distribution inside a patient’s body may
prove beneficial to securing the safety of the patient in controlling and protecting
possible stimulation of the peripheral nerve and provides useful information to the
effort made to design better gradient coil.

1.13.2 Objective of the Thesis

The objective of the thesis is to explore the behavior of the induced electric field
and eddy current density which is caused by the fast switching frequency of MRI
Z gradient field inside a solid cylindrical volume conductor (human body model)
and to investigate the effect and relationship of the eddy current density with
peripheral nerve stimulation.
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2.1 Magnetic Stimulation of the Brain (CNS)

The brain can be stimulated using an induced time varying magnetic field pulse
without causing pain [18]. The varying magnetic field can pass through the scalp
and skull of the head and hence there is no need to make surgery. The method is
therefore called non-invasive.

By Faraday’ law of electromagnetic induction, the time varying magnetic field
induces an electric field inside the brain. The induced electric field in turn induces
current in the brain. And the current finally causes stimulation of the brain tissue
or the brain cell (Neuron). The time varying magnetic field can be generated by
passing a changing electric current pulse through a coil of wire situated near the
head. See figure 2.1. below.

Figure 2.1: Basic diagram of magnetic nerve stimulator

Stimulation, in here, refers to the process or action of activating any abnormally
behaving brain tissue or brain cell so that it can be made to start its normal and
natural work by a magnetic field. Magnetic stimulation has been used for the
purpose of research since long time ago. Besides, it is used clinically for the
purpose of diagnostics and treatment of several brain disorders such as depression
and epilepsy [19]. In the brain cortical cells are stimulated by strong magnetic
field pulses that can induce a flow of current in the tissue which leads to membrane
depolarization and there by neural excitation [20].

2.2 The Theory of Volume Conductors

Biological materials consisting of biological tissue conduct electricity. But they
have several distinguishing features from the physical electrical conductors we
commonly know such as wires and electrolytes. To study bioelectric and bio-
magnetic processes and phenomena, the conducting media we deal with are the
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biological materials called volume conductors. Such conductors are the heart, the
brain, the human body and other body parts of a biological entity. In a vol-
ume conductor we do not have an inductor like the physical circuit element. But
there are resistances, electric potential sources (like batteries) and capacitances
but which are not discrete as in the physical circuit elements [21].

In a volume conductor the batteries (bio-electric sources), the resistances and
the capacitances are distributed continuously in all directions in the volume con-
ductor medium. Any biological body or body part has its own natural current
sources. This means it creates its own electric currents and hence it produces
magnetic field. All communication activities in the body are carried out by using
electrical and chemical signals in the body.

2.3 The Challenge with Magnetic Stimulation

The fundamental problem of transcranial magnetic stimulation (TMS) is deter-
mining the site and size of the stimulated cortical area [22]. This is because
magnetic stimulator coils fall short of focusing exactly at a required area of in-
terest. The stimulation includes more area than the required spot. This is not
needed and hence the situation has to be improved. One step towards achieving
precise focusing to stimulate only the required region of interest is to determine
and understand the induced electric field and the current density distributions at
any point in the brain as easily and quickly as possible.

2.4 Calculation of the Induced Electric Field in-

side the Brain

2.4.1 Modelling the Head

In reality the head is not a perfect sphere. It is neither homogeneous nor isotropic.
But to make the mathematics simpler it is necessary to make approximations.
Several researchers have adopted different models for the head in order to compute
the induced electric field in it. For example Rush and Driscoll introduced the
three sphere model of the head. That is a sphere having three concentric layers to
represent the scalp, skull and the brain [23]. Regarding the induced electric field,
several researchers have adopted several approaches in order to compute the field.
For example, some have ignored the conductor boundary [24]. Others have treated
the conductor boundary as an infinite hall space [25]. Still others have adopted a
quasispherical volume applying the FE technique [26]. And also the three-sphere
model was used employing the FD approximation technique [27]. Both the FE
(finite element) and FD (finite difference) are approximation methods involving
numerical techniques to solve differential equations.

In all the above cases the result of the induced electric field comes from specific
coil shape and orientation to the head. Where as in practice the desired coil shape
and placement during brain magnetic stimulation, may not conform to any of the
above specific coil shapes and placements. Because the coil shape and placement
has been deemed specific. However, researchers such as AMASSIAN et al., 1989;
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COHEN, L. G. et al., 199l; MEYER et al., 1991 ; and UENO et al., 1990 [28–31],
have investigated experimentally to determine the effect of coil orientation on
brain stimulation. Here a single sphere, isotropic and homogeneous head model
has been assumed.

This paper presents a mathematical method which enables us to calculate
directly the electric field inside a homogeneous spherical volume conductor not for
a specific coil shape and orientation, but for any practical excitation arbitrary coil
shape and orientation. The method is simple and takes little time for computing
the electric field with a PC. If the electric field distribution is known everywhere
in the brain, then by applying the reciprocity theorem, MEG problems can also
be dealt with. This is because TMS and MEG are inverse processes.

Figure 2.2: Spherical model of the head

2.4.2 Parametric Assumptions

The chosen spherical model of volume conductor has been assumed to be homo-
geneous and isotropic and to have permeability of free space µ0, electrical per-
mittivity εs and conductivity σ. Outside the spherical volume the conductivity
is assumed to be zero and the electrical permittivity will be equal to that of free
space. (That is ε = ε0 ). In addition, the current in the arbitrary coil is assumed
to flow in a negligible filament of wire found at the center of the wire. Since the

frequency of excitation f =
ω

2π
is taken to be very low, the propagation effect

and the skin depth in the spherical volume conductor have been ignored. This
assumption implies that the coil size should not be much greater than the head of
radius r0.
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2.4.3 Derivation of the Induced Electric Field Equations

The current through the arbitrary coil produces magnetic vector potential ~A
around and in the sphere model of the brain. This vector potential ~A gives rise to
a magnetic field ~B in the brain. Since the current pulse that passes through the
coil is changing in time, the magnetic field is also changing in time. By Faraday’s
law a changing magnetic field produces an electric field in the brain. From Gauss’
law we have the fact that ∇ · ~B = 0. And this means there is no magnetic mono
pole. Mathematically this implies that the magnetic field vector can be obtained
from the coil current vector potential A as follows

~B = ∇× ~A (2.1)

But the vector potential A is given by the closed loop integral formula

~A =
µ0

4π

∮
coil

Idl′

|r − r′|
, (2.2)

where

I = current in the arbitrary coil,
dl’ = differential length of the coil to be integrated,
r = distance from the center of the coordinate to the field point P.
r’ = distance from the center of the coordinate to the differential vector length to
be integrated or source point
|r − r′| = distance from the differential vector current length to the field point P.

According to Faraday’s law of EM induction we have

~∇× ~E = −∂
~B(t)

∂t
(2.3)

But since the magnetic field B is time harmonic, we can use its frequency domain
expression ~B(t) = ~Bejωt and then after substitution we get the expression

∂ ~B(t)

∂t
=

∂

∂t

(
~Bejωt

)
= jω ~B (2.4)

Substituting the above result in Faraday’s law yields

~∇× ~E = −∂B(t)

∂t
= −jω ~B (2.5)

Since ~B = ~∇× ~A

~∇× ~E = −jω(~∇× ~A) (2.6)

~∇× ~E + jω(~∇× ~A) = 0 (2.7)

~∇× ( ~E + jω ~A) = 0 (2.8)

If the curl of the quantity in the bracket (2.8) is zero, it means the quantity in
the bracket can be expressed as being equal to the negative gradient of a scalar

26



CHAPTER 2. REVIEW OF RELATED LITRATURE

potential V, that is
( ~E + jω ~A) = −~∇V (2.9)

~E = −jω ~A− ~∇V (2.10)

Since, jω ~A =
∂ ~A

∂t
, equation (2.10) can be written as

~E = −∂
~A

∂t
− ~∇V (2.11)

Equation (2.11) shows that the induced electric field inside the spherical volume
conductor (the brain), comes from two sources [32]. The first source is the mag-

netic vector potential ~A generated by the coil current and the second source is the
electric scalar potential V generated by the static charge which is accumulated
on the surface of the spherical conductor [28]. This means, also for this isotropic
and homogeneous volume conductor model, the coil geometry affects the quantity
∂ ~A

∂t
, and the geometry of the boundary affects the gradient of the scalar potential

(~∇V ) [33]. Hence to calculate the electric field at any place inside the head, it
is necessary to calculate the vector potential and the scalar potential at the spe-
cific point of interest. The magnitude of the electric field due to the coil current
depends on the rate of change of the current in the coil and its distribution is
dependent on the shape or coil geometry.

The scalar potential V in equation (2.11) satisfies Laplace’s equation ( i.e
∇2V = 0) inside the spherical volume conductor [34]. This is because there is
no volume charge density inside the spherical volume conductor. And since the
choice of coordinate in here is spherical, Laplace equation in spherical coordinates
is given as

∇2V =
1

r2
∂

∂r

(
r2
∂V

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂V

∂θ

)
+

1

r2 sin2 θ

(
∂2V

∂φ2

)
= 0 (2.12)

Next we need to solve for the scalar potential V from equation (2.12). To do
so, first we employ the separation of variables to extract three equations from
equation (2.12) that are dependent on r, θ, and φ. The three equations we get
will be: R(r), Θ(θ) and Φ(ψ).

The equation dependent on r is

r2
d2R

dr2
+ 2r

dR

dr
− l(l + 1)R = 0 (2.13)

The equation dependent on θ is

d2Θ

dθ2
+

cos θ

sin θ

dΘ

dθ
− m2

sin θ
+ l(l + 1)Θ = 0 (2.14)

The equation dependent on φ is

g(φ) =
1

Φ

d2Φ

dφ2
= −m2 (2.15)

The next step is that, to get the complete solution for the scalar vector potential
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V(r,θ,φ), we need to solve the ordinary differential equations (2.13), (2.14) and
(2.15). Solving for R(r) from the radial dependent equation (2.13) we get the
solution

R(r) = Arl +Br−l + 1 (2.16)

A and B are complex constants. Solving for Θ from the θ dependent equation
(2.14) we get the solution

Θ(θ) = Pm
l cos θ (2.17)

However, the solution for equation (2.14) is available if only the value of ‘l’ is
equal to some integer. And these solutions for this equation (2.14) are Legendre’s
polynomials as shown in equation (2.17) above. Next, solving for Φ from the
azimuthal angle dependent equation (2.15) we get the solution

Φ(φ) = e±jmφ = C sin(mφ) +D cos(mφ), (2.18)

where m= 1,2,3,...
Here the solution function Φ describes the potential of the static charge dis-
tribution that resides on the sphere surface. And its azimuthal dependence is
periodic over a period of 2π. Then the general solution of the main Laplace’s
equation (2.12) is the product of the solutions (2.16), (2.17) and (2.18). That is
V(r,θ,φ)=R(r)Θ(θ)Φ(φ). And accordingly, the general solution for the Laplace’s
equation in spherical coordinates can be expressed by the relation [35].

V (r, θ, φ) =
l=∞∑
l=0

m=l∑
m=−l

(
Flmr

l +Glmr
−(l+1)

)
Ylm(θ, φ), (2.19)

where the Flm = A and Glm = B are complex constants, with, m=1,2,3,.. and
Equation (2.19) gives the scalar potential at any point as a function of r, θ and
φ. To get the potential values inside and outside the spherical volume and then
to get a unique solution, boundary conditions have to be imposed on the general
solution (2.19). Accordingly, the one condition is that, as r decreases to zero (at
the coordinate origin), the potential inside should be finite and hence Glm should
be zero. Then the scalar potential inside (Vinside) is given by

V (r, θ, φ) =
l=∞∑
l=0

m=l∑
m=−l

(
Flmr

l
)
Ylm(θ, φ) (2.20)

The other condition is that, as r increases to infinity the scalar potential should
go to zero and the value of Flm should be zero. And the scalar potential outside
(Voutside) the sphere is given by

V (r, θ, φ) =
l=∞∑
l=0

m=l∑
m=−l

(
Glmr

−(l+1)
)
Ylm(θ, φ) (2.21)

The first boundary condition requires that the gradient of the potentials (the
inside and outside) at the boundary surface of the sphere should be the same or
be continuous: And that means: Vinside = Voutside and that is
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l=∞∑
l=0

m=l∑
m=−l

(
Flmr

l
)
Ylm(θ, φ) =

l=∞∑
l=0

m=l∑
m=−l

(
Glmr

−(l+1)
)
Ylm(θ, φ) (2.22)

Hence we get that Glm = Flmr
2l+1
0 where r0 is the radius of the sphere for each

value of l and m.
The second condition is that the normal components of the current densities

(the inside and outside normal current density values) should be the same (con-
tinuous) at the boundary of the sphere and that is at r = r0. We assumed that
the conductivity inside the sphere is σs and outside the sphere or in the air is
σ = 0 . From Ohm’s law it is noted that the current density is given by J = σE.
Therefore the normal component of the current density inside the sphere that is
Jinside is given by [36].

Jinside = (σ + jωεs)

(
jωA•r̂ +

l=∞∑
l=0

m=l∑
m=−l

lFlmr
l−1Ylm(θ, φ)

)
(2.23)

And the normal component of the current density outside the sphere that is
Joutside is given by

Joutside = (jωε0)

(
jωA•r̂ +

l=∞∑
l=0

m=l∑
m=−l

(l + 1)Glmr
l−1Ylm(θ, φ)

)
(2.24)

The two current densities are the same (or continuous) means at the boundary
surface i.e where r = r0 we equate (2.23) and (2.24) as follows:

(σ + jωεs)

(
jωA•r̂ +

l=∞∑
l=0

m=l∑
m=−l

lFlmr
l−1Ylm(θ, φ)

)
=

(jωε0)

(
jωA•r̂ +

l=∞∑
l=0

m=l∑
m=−l

(l + 1)Glmr
l−1Ylm(θ, φ)

)
(2.25)

Substituting equation Glm = Flmr0
2l+1 into the above equation (2.25) elimi-

nates the Glm and then after carrying out some rearrangements and collection of
like terms we get the equation

l=∞∑
l=0

m=l∑
m=−l

(l(σs + jωεs) + jωε0(l + 1)))Flmr
l−1Ylm(θ, φ) =

− (σs + jω(εs − ε0)) jωA • r̂ (2.26)

Next we need to determine the values of Flm in the above equation (2.26).
One way of doing this is multiply both sides of the equation (2.26) by orthogonal
spherical harmonics and do a surface integral over the sphere surface. In addition,
the computation of the vector potential A from equation (2) is also required. But
this method is slow and relatively difficult to perform.
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A rather easy and quicker method to compute the complex constants Flm is to
start from equation (2.2) and no need to multiply both sides of equation (2.26)
by orthogonal spherical harmonics. In equation (2.2) the expression of the inverse

distance
1

|r − r′|
for which r′ > r can be written in terms of spherical harmonic

functions as follows [37].

1

|r − r′|
= 4π

∞∑
l=0

m=l∑
m=−l

1

(2l + l)

(
rl

r′l+1

)
Ylm

∗(θ′, φ′)Ylm(θ, φ) (2.27)

Inserting equation (2.27) for which r’ is greater than r, into equation (2.2) and
then performing some arrangements will yield the relation

~A = µI
∞∑
l=0

m=l∑
m=−l

rlYlm(θ, φ)

[∮
coil

Y ∗lm(θ′, φ′)

(2l + l)r′l+1
dl′
]

(2.28)

The integral expression in the square bracket is a set of complex vector con-
stants representing a given stimulating coil placement and shape. If we symbolize
this set of complex vector constants by the letter Clm, then equation (2.28) can
be rewritten as

~A = µ0I
l=∞∑
l=0

m=l∑
m=−l

rlYlmClm (2.29)

Once the scalar potential V and the vector potential ~A are determined in the
spherical volume conductor, then the electric field ~E can be determined at any
point inside the sphere using equation (2.11). And this is a relatively simpler and
quicker method of computing the induced electric field inside the head due to an
arbitrary stimulator coil shape and placement.

2.5 Application of the Calculated Induced Elec-

tric Field

The computation of the electric field in the sphere due to a nearby arbitrary and
closed current coil at any required point of interest in the sphere has very useful
clinical application during the process of TMS and MEG imaging of the brain.

2.5.1 Application to TMS

As pointed out earlier electromagnetic fields are being used clinically for diag-
nostics and treatment of several brain abnormalities or diseases. And TMS is a
mechanism used to stimulate certain required brain tissues to treat brain disorders
such as depression by repeated and successive stimulation of the affected neurons
in the brain. When the electric field is induced and focused at the required spot,
an electric current density (eddy current) will be induced at the same spot. It is
this current which is responsible to stimulate the neurons and help restore normal
functionality of the brain tissues for the good. In the process of stimulation only
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the specific and affected area should be stimulated. However, the task of focusing
the induced electric field only at the problematic location has been a challenge for
the physicians.

After determining the coefficients Flm in (2.26) and using the above equations
(2.29) and also (2.20), the electric field can be computed easily and quickly using
(2.11) on a personal computer for any type of coil shape and placement near the
scalp. And this knowledge of the distribution of the electric field helps to solve
the focusing problem during TMS.

Once we are able to compute the electric field distribution at any point of
interest in the sphere (head), then the stimulating current density at the specific

nerve location can be obtained by using ohm’s law relation ~J = σs ~E [38]. To
administer TMS in the CNS, the specific structural location of the brain to be
stimulated is best identified by using functional MRI of the brain.

2.5.2 Application to Magnetoencephalography (MEG)

The brain has tiny electrical ion currents that flow in and around membranes of its
neurons during its communication activities. And by Fadaday’s law of induction a
corresponding tiny magnetic field is generated. This field can be detected around
the scalp of the head using MEG machine. Magneto encephalography (MEG)
is a technique of measuring such a tiny magnetic fields generated by the brain’s
electrical activities. The generated magnetic field of the brain is so small that can
be as small as 10−12Tesla.

The MEG machine has a sensitivity as small as 10−15Tesla and so can detect
the tiny fields and then locate the position of the sources of currents in the brain.
The MEG is able to detect and measure the very tiny magnetic field of the brain
because of its highly sensitive superconducting measuring device (which is cooled
to nearly the absolute zero) called SQUID. The SQUID is placed in a shielded
room in order to make the measurement of the field free from interfering nearby
electric or magnetic fields.

Localization and recording (mapping) of the current sources in the brain is
used to study how the normal brain functions and also helps to explore issues
associated with brain pathology1. In this regard, the other application of easier
and quicker computation of the distribution of the electric field and the current
density inside the sphere (head) is that, the induced electric field can be used
to interpret the magnetoencephalograms of the MEG. Magnetoencephalograms of
the MEG are readings or recordings of the magnetic field of the brain by the MEG
machine. Because of the reciprocity theorem the computed induced electric field
can be used to represent the lead field of the MEG.

It is the reciprocity theorem that helps to relate the lead field of the MEG
machine with the induced electric field in the brain. According to the the theory,
there is a relationship between the current dipole P in the brain and the magnetic
flux φ passing through the pick up coil of the SQUID2 magnetometer near the
scalp. The relation is given by

1Pathology is the study of disease
2 SQUID is for Superconducting QUantum Interference Device
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~φ =
P · ~E(r)

jωI
, (2.30)

where
~E(r) is the induced electric field in the brain during TMS and which we need to
compute, P is the current dipole moment and r is the location of the dipole in the
sphere measured from an appropriate reference point.
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CHAPTER 3
EM FIELDS DUE TO Z GRADIENT FIELD SWITCHING IN MRI

3.1 Introduction

The analytic determination of the distribution of induced electric field and current
density from arbitrary coil current in a nearby spherical homogeneous volume
conductor was reviewed in the previous chapter.

Determination of the electric field anywhere in the model sphere was very es-
sential to help focus the electric field strength at the required brain area for TMS.
Harry A. C. Eaton did develop a mathematical model that enables us to compute
the electric field and current density in the spherical volume conductor relatively
easily and quickly by employing a set of line integrals along the excitation closed
current coil of arbitrary shape [36]. The time taking and difficult way of com-
puting the electric field involved surface integral and multiplication by orthogonal
spherical harmonics.

The induced eddy current density in the brain helps to stimulate the neurons in
the required and specific brain location. That was how a certain part of the brain
was stimulated magnetically in the clinical applications of TMS for the purpose
of treatment of some brain problems as well as for brain research.

In this chapter the analytic determination of the distribution of induced mag-
netic and electric fields, as well as the eddy current in a solid cylindrical volume
conductor will be treated. The excitation current comes from a model of an actual
MRI Z gradient coil current that has a time harmonic variation. The solid cylinder
which is placed inside the gradient coil is taken as a model representing an actual
whole human body or part of it undergoing an MRI scan. In addition the possible
magnetic peripheral nerve stimulation on the surface of the human body due to
the induced eddy currents will be examined.

3.2 Theory

In MRI, the gradient fields are primarily used for the purpose of spatially encoding
the MRI signal and thereby help the selection of a slice of the body part to be
imaged. In addition, during image acquisition, the current in the gradient coils is
switched on and off very quickly for the purpose of better image resolution.

The frequently switching on and off of the current is accompanied by the
induction of variable magnetic field. By Faraday’s law the variable magnetic field
induces electric field and the electric field in turn gives rise to formation of eddy
currents in a conducting medium (the human body in this case). There is a concern
that the induced eddy current may have a harmful interaction with the biological
system and consequently cause undesired effects on the body.

Whether it is for safety or for deliberate medical treatment procedure, such as
magnetic stimulation of the human body, it is essential to know the distribution
of the electromagnetic fields in a human body induced by different nearby variable
current carrying coils in devices may be at home or at working places.
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Here the induced electric and magnetic fields distribution due to MRI Z gradi-
ent fields in a solid cylindrical volume conductor will be explored analytically by
employing the vector potential caused by the current in the gradient coils. The
current in the coils is assumed to vary at the typical MRI gradient frequency value
of 3KHz.

3.3 Modelling and Parametric Assumptions

A solid conducting cylinder having infinite length and finite radius or thickness
has been chosen to represent the whole human body undergoing an actual MRI
scan. The solid cylinder model can also represent several parts of the human body
such as the torso, the limbs, and even the nerve axons.

The model has also been assumed to be isotropic, homogeneous, possessing
constant conductivity σ, and constant magnetic permeability ~µ. The current in

the coil is assumed to be time harmonic which varies at low frequency
~ω

2π
(i.e as

the function of eiωt) to satisfy the quasi-static assumption. Because the frequency
of the current is low, and the conductivity is assumed to be, such that σ � εω,

the displacement current
∂ ~D

∂t
in Ampere’s law, is assumed to be very small than

the conduction current, and hence it has been neglected. The low frequency of the
exciting current also renders the propagation effect to be neglected. However, the

skin depth which is given by δ =

√
2

ωµσ
can not be ignored for such intermediate

frequency value.
Since the problem has a cylindrical symmetry, a cylindrical coordinate system

is used. The problem is illustrated figuratively in Fig 3.1.

Figure 3.1: Schematic diagram of a solid cylinder with MRI z gradient coils around

All the coils are assumed to be connected in series. As a result, the excitation
current in the loops does not vary with the azimuthal angle φ.

From Fig 3.1 we see that the radius of the cylinder is “a” and the radius of the
gradient coil is “b”. The coils have a spacing “h” between them. There are totally
“N” number of coils. Region “1”, is the insulating air surrounding the cylinder
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(that is the space between the cylinder and the gradient coil) and region “2” is
the solid cylindrical volume conductor (representing the tissue or the body).

3.4 Derivation of the EM Field Equations

3.4.1 Magnetic Vector Potential

As shown in Fig 3.1(b), a tiny current element of the coil I ~dl (a vector) is located
at (r,φ,z ) in the cylindrical coordinate system. The tiny coil element carries a
current “I = I(t)” that is time harmonic and flowing at low (quasi-static) frequency
in the coil. The coils are connected in series and hence each one of the N coils
carries the same amount of current.

The current pulse in the Z gradient coil produces a magnetic vector potential
all around the vicinity of the coil. And from the magnetic vector potential it
is possible to compute the magnetic and electric field vectors by modifying the
relevant Maxwell’s equations for the quasi-static situation. Eddy currents will be
induced in the cylindrical volume conductor because of the induced electric field
which is caused by the time varying magnetic field. Once we get the induced elec-
tric field we can determine the eddy current density distribution in the cylindrical
volume conductor using Ohm’s law ~J = σ ~E.

The Z gradient coil current I, generates a vector potential ~A1 in the non-
conducting region 1 (air - for which a < r < b) and a vector potential ~A2 in the
conducting region 2 (cylinder - for which 0 ≤ r ≤ a). Region 1 or the air has
no charge density and its conductivity is zero. Hence it should satisfy Laplace’s
equation. Region 2 or the cylinder is a conductor and has a charge density and
hence should satisfy Poisson’s equation.

Now let us first proceed to compute the vector potentials ~A1 and ~A2 in the two
regions. For regions 1 and 2, the Laplace’s and Poisson’s equations pertaining to
the vector potentials ~A1 and ~A2 can be written respectively as follows

∇2 ~A1 = 0 (3.1)

∇2 ~A2 = µσ
∂ ~A2

∂t
(3.2)

In the chosen cylindrical coordinate system, for Z gradient coil, the vector
potential components ~A1,z, ~A2,z, ~A1,r and ~A2,r are all zero because of coil symmetry.
And for this case of z gradient coil, the electric scalar potential V is zero and hence
the induced electric field can be determined from the rate of change of the vector

potential i.e from
∂ ~A

∂t
[39].

In addition the vector potential components, ~A1,φ and ~A2,φ are independent
of the angle φ because of rotational symmetry. Considering the aforementioned
conditions, ~A1 and ~A2 can be expressed in the frequency domain as

~A1(r, z, t) = ~A1,φ(r, z)ejωtφ̂ (3.3)

~A2(r, z, t) = ~A2,φ(r, z)ejωtφ̂ (3.4)

35



CHAPTER 3. EM FIELDS DUE TO Z GRADIENT FIELD SWITCHING IN
MRI

Substituting equations (3.3) and (3.4) into (3.1) and (3.2) respectively, and
performing the Laplacian operator in cylindrical coordinates yields the following
expanded Laplace and Poisson’s partial differential equations

∂2 ~A1,φ

∂r2
+

1

r

∂ ~A1,φ

∂r
−

~A1,φ

r2
+
∂2 ~A1,φ

∂z2
= 0 (3.5)

∂2 ~A2,φ

∂r2
+

1

r

∂ ~A2,φ

∂r
−

~A2,φ

r2
+
∂2 ~A2,φ

∂z2
= jp2 ~A2,φ, (3.6)

with

p2 = ωµσ (3.7)

The vector potential ~A1,φ(r, z) in region 1 comes from two current sources. One
current source is the time harmonic excitation current pulse flowing in the gradient
coil and it is denoted by ~A′1,φ(r, z). The second current source is the induced eddy
current caused by the varying magnetic field in the cylinder and it is denoted by
~A′′1,φ(r, z).

Hence the total vector potential in region 1, as a sum of two potentials from
two different current sources is written as

~A1,φ(r, z) = ~A′1,φ(r, z) + ~A′′1,φ(r, z) (3.8)

Starting from Biot - Savart law, the magnetic vector potential ~A′1,φ(r, z) in
region 1 (air and unbounded region), due to a single excitation coil of radius
’a’ which is carrying a time harmonic current I(t), in the cylindrical coordinate
system, is given by [40].

~A′1,φ(r, z) =
µaI

2π

∫ π

0

cosφ dφ√
a2 + r2 + z2 − 2arcosφ

(3.9)

The above integral constitutes an integration of elliptic integrals which has
its own closed form solution. To find these solutions we have to make a variable
change as follows and proceed. That is, let

φ = π − 2θ, (3.10)

and
dφ = −2dθ, (3.11)

Next
cos(φ) = cos(π − 2θ), (3.12)

cos(φ) = cos(2θ − π), (3.13)

cos(φ) = −cos(2θ) (3.14)

Then we have
cos(φ) = 2sin2θ − 1 (3.15)
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Substituting equations (3.11) and (3.15) in equation (3.9) we get

~A′1,φ(r, z) =
µaI

2π

∫ 0

π
2

(2sin2θ − 1)(−2dθ)√
a2 + r2 + z2 − 2ar(2sin2θ − 1)

(3.16)

~A′1,φ(r, z) =
µaI

π

∫ π
2

0

(2sin2θ − 1)dθ√
a2 + r2 + z2 + 2ar − 4rasin2θ

(3.17)

As the integrand is an even function, the range of integration is reduced by half and
the whole integrand is multiplied by two for compensation. Since the integration
is with respect to θ, we can factor out some variables that are constant and make
the following rearrangement

~A′1,φ(r, z) =
µaI

π
√
z2 + (a+ r)2

∫ π
2

0

(2sin2θ − 1)dθ√
1− 4rasin2θ

z2+(a+r)2

(3.18)

Then we make the following substitution

k2 =
4ra

z2 + (a+ r)2
(3.19)

Then using the above value of k2 we get

~A′1,φ(r, z) =
µkI

2π

√
a

r

∫ π
2

0

(2sin2θ − 1)dθ√
1− k2sin2θ

(3.20)

To simplify the expression we make another substitution such that

σ =
µkI

2π

√
a

r
(3.21)

Then we get

~A′1,φ(r, z) = σ

∫ π
2

0

(2sin2θ − 1)dθ√
1− k2sin2θ

(3.22)

Splitting equation (3.22) we get

~A′1,φ(r, z) = 2σ

∫ π
2

0

sin2θdθ√
1− k2sin2θ

− σ
∫ π

2

0

dθ√
1− k2sin2θ

(3.23)

Multiplying the first term in (3.23) by k2

k2
we can write as

~A′1,φ(r, z) =
2σ

k2

∫ π
2

0

k2sin2θdθ√
1− k2sin2θ

− σ
∫ π

2

0

dθ√
1− k2sin2θ

(3.24)

Next subtracting and then adding
(

1−k2sin2θ√
1−k2sin2θ

)
, to the first term in (3.24) and
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rearranging yields,

~A′1,φ(r, z) =
2σ

k2

∫ π
2

0

(
dθ√

1− k2sin2θ

)
− 2σ

k2

∫ π
2

0

(
1− k2sin2θ√
1− k2sin2θ

)
dθ

− σ
∫ π

2

0

(
dθ√

1− k2sin2θ

)
(3.25)

and then

~A′1,φ(r, z) =
2σ

k2

∫ π
2

0

(
dθ√

1− k2sin2θ

)
− 2σ

k2

∫ π
2

0

(√
1− k2sin2θ

)
− σ

∫ π
2

0

(
dθ√

1− k2sin2θ

)
(3.26)

The complete elliptic integrals of the first K(k) and second E(k) kind, of which
the upper limit is π

2
are defined respectively by [41].

K(k) =

∫ π
2

0

dθ√
1− k2sinθ

(3.27)

and

E(k) =

∫ π
2

0

√
1− k2sinθdθ (3.28)

If we make the substitution of the elliptic integrals we get

~A′1,φ(r, z) =
2σ

k2
K(k)− 2σ

k2
E(k)− σK(k) (3.29)

~A′1,φ(r, z) =
σ

k2
[
2K(k)− k2K(k)− 2E(k)

]
(3.30)

Next we shall substitute the value of σ =
µkI

2π

√
a

r
and rearrange as follows

~A′1,φ(r, z) =
µI

2πk

√
a

r

[
2K(k)− k2K(k)− 2E(k)

]
(3.31)

~A′1,φ(r, z) =
µaI

2πk
√
ar

[
2K(k)− k2K(k)− 2E(k)

]
(3.32)

~A′1,φ(r, z) =
µaI

π

(
(

1

2k
√
ar

)
[
2K(k)− k2K(k)− 2E(k)

])
(3.33)

The expression with in the larger round brackets of equation (3.33) which contains
the sum of the complete elliptic integral is equal to the infinite integral expression
of the product of the modified Bessel functions of the first and second kind as
given below [42].

(
1

2k
√
ar

)
[
2K(k)− k2K(k)− 2E(k)

]
=

∫ ∞
0

K1(kr)I1(ka)cosk(z)dk (3.34)

38



CHAPTER 3. EM FIELDS DUE TO Z GRADIENT FIELD SWITCHING IN
MRI

And hence the final expression for the magnetic vector potential due to the exci-
tation coil, in terms of the modified Bessel functions will be

~A′1,φ(r, z) =
µaI

π

∫ ∞
0

K1(kr)I1(ka)cosk(z)dk (3.35)

And for any other single ith loop the vector potential becomes [40]

~A′1,φ(r, z) =
µaI

π

∫ ∞
0

K1(kr)I1(ka)cosk(z − ih)dk (3.36)

We note that the I1 and K1 are modified Bessel functions of the first and second
kind.

The other vector potential ~A′′1,φ(r, z) due to the eddy current induced in the
cylinder, at the same site of region 1 (that is air) has a similar expression given
by the relation

~A′′1,φ(r, z) =
N∑
i

∫ ∞
0

Ci(k)K1(kr)cosk(z − ih)dk (3.37)

The constant Ci(k) comes from applying the boundary condition at the air -
cylinder surface, where the condition is that the parallel component of the vector
potential field is continuous. Then the total vector potential in the air is the sum
of the vector potentials in equations (3.36) and (3.37) and is given by

~A1,φ(r, z) =
µaI

π

N∑
i=0

∫ ∞
0

K1(kr)I1(ka)cosk(z − ih)dk

+
N∑
i=0

∫ ∞
0

Ci(k)K1(kr)cosk(z − ih)dk (3.38)

The vector potential in the cylinder (region 2) is only due to the excitation z
gradient coil current. It is obtained by solving the Poisson’s equation expressed in
equation (3.6). This equation has the r and z variables coupled in it. Therefore,

to solve for ~A2(r, z) we need to use the technique of separation of variables to split
the equation into two independent equations.

Assuming that ~A2(r, z) is equal to the product of the two independent functions

R=R(r) and Z=Z(z), we can write ~A2(r, z) = R(r) × Z(z). When substituting
this product solution in equation (3.6), we get

∂2R(r)Z(z)

∂r2
+

1

r

∂R(r)Z(z)

∂r
− R(r)Z(z)

r2
+
∂2R(r)Z(z)

∂z2
= jp2R(r)Z(z) (3.39)

After dividing both sides of the above equation by R(r)Z(z) and rearranging
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we get

1

R(r)

∂2R(r)

∂r2
+

1

R(r)

1

r

∂R(r)

∂r
− 1

r2
+

1

Z(z)

∂2Z(z)

∂z2
− jp2 = 0 (3.40)

On the left side of equation (3.40) the first three terms depend on r. We can
take the remaining terms as being dependent on z. For the sum of the two indepen-
dent equations to be zero, each must be equal to the same but opposite separation
constant number. Choosing λ2 as a separation constant the two equations will be
expressed as

1

R(r)

∂2R(r)

∂r2
+

1

R(r)

1

r

∂R(r)

∂r
− 1

r2
= λ2 (3.41)

And
1

Z(z)

∂2Z(z)

∂z2
− jp2 = −λ2 (3.42)

Next we proceed to solve these two equations one by one. First, we solve
equation (3.42) by rearranging it as follows

∂2Z(z)

∂z2
− Z(z)jp2 + Z(z)λ2 = 0 (3.43)

∂2Z(z), i

∂z2
+ Z(z), i

(
λ2 − jp2

)
= 0 (3.44)

The number i= 0,1,2,...,N; which is a non negative integer, is the number of coils.
The expression in the bracket that is (λ2–jp2) has been replaced by a continuous
variable k2 such that k2 = λ2–jp2. With the symbol i omitted for visual clarity
we have

d2Z(z)

dz2
+ k2Z(z) = 0 (3.45)

Equation (3.45) is an ODE of the second order and has a general solution given
as

Z(z) = Asink(z) +Bcosk(z) (3.46)

However, using a trigonometric identity that transforms equation (3.46) into a
single cosine function, the solution for one of the z-gradient coils can be written
as [35].

Z(z) ≈ cosk(z − ih) (3.47)

Next we solve equation (3.41) as follows

1

R(r)

∂2R(r)

∂r2
+

1

R(r)

1

r

∂R(r)

∂r
− 1

r2
− λ2 = 0 (3.48)

After multiplying (3.48) by R(r) and doing some rearrangement we get

d2R(r)

dr2
+

1

r

dR(r)

dr
−
(

1

r2
+ λ2

)
R(r) = 0 (3.49)

And this equation (3.49) has the form of the standard modified Bessel equation
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which will have real valued solutions called modified Bessel functions In(λr) and
Kn(λr) and they are of the first and second kind respectively.

Hence the general solutions of equation (3.49) can be written as

R(r) = Di(k)In(λr) + Ei(k)Kn(λr) (3.50)

Since the Bessel function of the second kind ’Kn(λr)’ decays inside the cylinder
as a function of ’r’, it is not useful as a solution in this case and only the ’In(λr)’
Bessel functions are taken as a solution in region 2 ( in the cylinder) and so the
solution to (3.49) will be reduced to

R(r) = Di(k)In(λr) (3.51)

Finally the general solution of the vector potential expressed in the Poisson’s
equation (3.6) in the cylinder will be the product of the solutions (3.47) for the
z component and the solution (3.51) for the r component. Then for the ith single
coil we can write the solution of the vector potential in the cylinder as

~A2,φ(r, z) = R(r)Z(z) (3.52)

Or
~A2,φ(r, z) =

∫ ∞
0

Di(k)I1(λr)cosk(z − ih) (3.53)

For all the coils from i = 0 to N, we take the contribution from each coil and apply
the superposition principle and take the sum to obtain the following expression
for ~A2,φ(r, z) as

~A2,φ(r, z) =
N∑
i

∫ ∞
0

Di(k)I1(λr)cosk(z − ih) (3.54)

The constants Ci, and Di, can be determined by applying the boundary con-
dition at the air-cylinder (air-tissue interface) interface. The required condition is
that the vector potential fields should be continuous where the radial distance is
equal to the cylinder radius, that is r = a. After the application of the boundary
condition the constants Ci, and Di are found to be [40].

Ci(k) =
µaI

π

K1(ka)[kI0(kb)I1(λb)− λI0(λb)I1(kb)]
M

, (3.55)

and

Di(k) =
µaI

πb

K1(ka)

M
, (3.56)

where
M = kK0(kb)I1(λb) + λI0(λb)K1(kb) (3.57)

3.4.2 Magnetic Field Equations in Regions One and Two

Once we get the vector potentials in the two regions, we can get the respective
magnetic field components in both regions using the curl relation ~B = ~∇ × ~A.

41



CHAPTER 3. EM FIELDS DUE TO Z GRADIENT FIELD SWITCHING IN
MRI

The vector potential has only one component along the direction of the current
and that is in the φ direction but the corresponding magnetic fields have two
components which are in the radial (r) and the axial (z) directions in each region.

Accordingly, the magnetic field components ~Br and ~Bz for each region 1 and 2
are calculated by taking the partial derivatives of the vector potential with respect
to the r and z as follows

(i) In region one

(a) r component of ~B1

~B1,r(r, z) = ~∇× ~A1,φ = −∂
~A1,φ

∂z
(3.58)

Therefore substituting ~A1,φ from (3.38) into equation (3.58) we get

~B1,r(r, z) = −
N∑
i=0

∫ ∞
0

∂

∂z
(Ci(k)K1(kr)cosk(z − ih)dk)

−
N∑
i=0

∫ ∞
0

∂

∂z

(
µaI

π
K1(ka)I1(kr)cosk(z − ih)dk

)
(3.59)

And after performing the derivative the radial component of ~B1 will be

~B1,r(r, z) =
N∑
i=0

∫ ∞
0

(kCi(k)K1(kr)sink(z − ih)dk)

+
N∑
i=0

∫ ∞
0

(
µaI

π
kK1(ka)I1(kr)sink(z − ih)dk

)
(3.60)

(b) z component of ~B1

~B1,z(r, z) = ∇× ~A1,φ =
1

r

∂

∂r
(r ~A1,φ), (3.61)

and after carrying out the derivative, the axial component of the ~B1 will be

~B1,z(r, z) = −
N∑
i=0

∫ ∞
0

(kCi(k)K0(kr)cosk(z − ih)dk)

+
N∑
i=0

∫ ∞
0

(
µaI

π
kK1(ka)I0(kr)cosk(z − ih)dk

)
(3.62)

(ii) In region two

(a) r component of ~B2
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~B2,r(r, z) = ~∇× ~A2,φ = −∂
~A2,φ

∂z
(3.63)

Substituting the formula for ~A2,φ we get

~B2,r(r, z) =
N∑
i=0

∫ ∞
0

− ∂

∂z
(D1(k)I1(λr)cosk(z − ih)dk) (3.64)

After carrying out the derivative the radial component of ~B2 will be

~B2,r(r, z) =
N∑
i=0

∫ ∞
0

kD1(k)I1(λr)sink(z − ih)dk (3.65)

(b) z component of ~B2

~B2,z(r, z) = ~∇× ~A2,φ =
1

r

∂r ~A2,φ

∂r
(3.66)

Substituting for ~A2,φ and carrying out the derivative will yield the axial component

of the ~B2 field as

~B2,z(r, z) =
N∑
i=0

∫ ∞
0

λD1(k)I0(λr)cosk(z − ih)dk (3.67)

3.4.3 Electric Field Equation in the Cylinder

Taking the assumption that the vector potential is harmonic time dependent, that
is ~A(φ, t) = ~A(φ)e−jωt the electric field distribution can be calculated from the
partial differential equation that relates the vector potentials with the electric
fields, which is

~E = −∂
~A(φ, t)

∂t
= −jω ~A(φ) (3.68)

Using the relationship in equation (3.68), the electric field in the cylinder (re-
gion 2) which is the main focus of this report is given by

~E2,φ(r, z) = −∂
~A2,φ(φ, t)

∂t
(3.69)

Substituting for ~A2,φ(φ, t)

~E2,φ(r, z) = − ∂

∂t

[
N∑
i=0

∫ ∞
0

e−jωtD1(k)I1(λr)cosk(z − ih)dk

]
(3.70)

Therefore the electric field distribution in the cylinder becomes

~E2,φ(r, z) = −jω
N∑
i=0

∫ ∞
0

D1(k)I1(λr)cosk(z − ih)dk (3.71)
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3.4.4 Eddy Current Equation in the Cylinder

It is the eddy current that is responsible for the stimulation of the peripheral
nerve. The eddy current density due to the coil current in the cylindrical volume
conductor varies based on the radial and axial distances ‘r’ and ‘z’ respectively.

However, the eddy current density, does not vary with the angle φ. That is
because the loops are placed at the center of the cylinder about the z – axis, and
also the excitation current does not vary along φ as the coils are connected in
series. For the assumed isotropic medium, using the equation iφ = σE, the eddy
current density distribution inside the solid cylinder is given by

iφ = σ ~E2,φ(r, z) = −jωσ
N∑
i=0

∫ ∞
0

D1(k)I1(λr)cosk(z − ih)dk (3.72)

3.5 Application to Magnetic Peripheral Nerve

Stimulation

3.5.1 The Peripheral Nervous System

Our nervous system is generally responsible for all sorts of bodily information
communication that is taking place in our body both from all parts of the body to
the brain and vice versa. This communication takes place by using electrical and
chemical signals. Peripheral nerve system is one of the two major components of
the nervous system. The peripheral nervous system is a huge network that includes
all the nerves and neurons outside the brain and spinal cord [43]. Neurons are
nerve cells in the nervous system which are specifically designed for executing
communication in the body.

Any impulsive message such as pain or other internal and external stimulus is
transmitted from the peripheral parts of the body to the spinal cord and to the
brain by the so called sensory neurons. And any response from the brain to the
other body parts for action to take place is transmitted by the motor neurons.

3.5.2 Application of the Fields to PNS

The knowledge of the distribution of the electric field and eddy currents induced
in the model cylinder due to the Z gradient coils of MRI is necessary. This has
an important application in predicting a possible incidence of peripheral nerve
stimulation on the patient.

One thing is that, during MRI scanning, the frequency of the gradient fields
should not be extreme to the extent of putting the patient at risk of experiencing
unwanted nerve tissue stimulation which can be dangerous [44]. If the gradient
field frequency is above the threshold frequency, the resulting nerve stimulation
may be dangerous for health. Davids et al; have predicted the threshold frequency
values for several body parts of a patient [45]. Also Reilly has presented a rational
methodology for evaluating excitation thresholds for peripheral nerve stimulation
[46].

44



CHAPTER 3. EM FIELDS DUE TO Z GRADIENT FIELD SWITCHING IN
MRI

The other thing is that peripheral nerve stimulation can be used clinically for
the purpose of relieving pain or treatment of some nerve problems and even for
healing wounds that may be chronic or slow healing caused by different factors [47].
Therefore, whether it is for safety issue or deliberate beneficial use, calculation of
the induced eddy current that may be created due to a known gradient field
frequency is essential to properly monitor PNS.

3.5.3 Mechanism of Magnetic Peripheral Nervous Stimu-
lation

There is a magnetic nerve stimulator which is an electronic device that is con-
structed for the purpose of stimulating the nerve using magnetic field. Magnetic
stimulation mechanism employs Faraday’s law of electromagnetic induction. Us-
ing a coil in the device, a changing current induces a changing magnetic field and
then the changing magnetic field creates an electric field and finally the electric
field generates eddy currents in the required conducting medium such as a tissue
or a nerve. It is this current that is used to stimulate or excite the nerve or the
tissue.

The stimulator device consists of capacitors and an inductor. The inductor is
the stimulating coil. Electric energy for stimulation is obtained from the charged
capacitors which can reach as high as 4kV. When the capacitors are discharged
for use, the high intensity current that may reach as high as 5kA passes through
the coil generating very strong changing magnetic field that lasts for a very brief
duration of time. The capacitor discharge is controlled by a thyristor switch that
withstands the high current. The direction of the current flow in the coil or
inductor is opposite to the direction of the induced eddy currents in the nerve
tissue [48].

In our life it can happen that the normal communication between the sensory
and motor neurons may fail or the nerve may physically be damaged or may
also be painful due to several reasons. This nerve disorder can be caused from
different factors such as from accidents on the body or from incidents associated
with surgery. Several of the peripheral nerve disorders causing pain, nowadays,
can be treated by peripheral magnetic nerve stimulation or magnetic excitation of
the nerve administered several times to the affected nerve.

One of the several ways of exciting a nerve is adding charges directly into the
nerve. The addition of charges into a nerve will increase the membrane potential
of the nerve relative to the surrounding extra cellular fluid. The direct addition
of charges into the required nerve can be achieved by the magnetically induced
electric field if the right amount of the electric field and its proper orientation is
known. Fig. 3.2 shows roughly how a certain nerve on the arm is stimulated by a
single excitation coil.

When the membrane potential of the nerve exceeds the normal negative level,
the nerve will be stimulated and the associated nerve disorder may be solved [49].
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Figure 3.2: Schematic diagram of a peripheral nerve stimulation on the arm by a single
coil

3.6 Field Plots

By now the solutions for the magnetic and electric fields as well as for the eddy
current in the cylinder have been found as stated in equations (3.64), (3.70) and
(3.71) respectively. In all the solutions the modified Bessel function of the first
kind I1(λr) is used. Next, by taking a first order asymptotic approximation of this
first kind modified Bessel function, for large values of the argument x = λr the
distributions of the fields and the eddy current density against the radial distance
of the cylinder will be plotted to see how the fields behave in the cylinder.

Accordingly, the modified Bessel functions of the first and the second kind
having order n and argument x = λr, have an asymptotic series expansion ap-
proximations given as

In(x) =
ex√
2πx

[
1− 4n2 − 12

1(x)

(
1− (4n2 − 32)

2(x)

(
1− (4n2 − 52)

3(x)
(−...)

))]
(3.73)

For the case of this report, the argument x is equal to the product of the
separation constant λ and the radial distance r from the axis of the cylinder and
that is, x = λr. Substituting the value of x and taking the first order n=1, the
expansion becomes

I1(λr) =
eλr√
2πλr

[
1− 3

1(8λr)

(
1 +

5

2(8λr)

(
1 +

21

3(λr)
(1 + ...)

))]
(3.74)

Next if the first order approximation of I1(λr) is taken, it becomes [50].

I1(λr) ∝
eλr√
2πλr

(3.75)

In the next sections a substitution of the this first order approximated expres-
sion of I1(λr) will be made for analyzing the field equations further.
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3.6.1 Magnetic Field Distribution in the Cylinder

As given in equation (3.39), the radial magnetic field distribution in the cylinder
has been derived to be

~B2,r(r, z) =
N∑
i=0

∫ ∞
0

kDi(k)I1(λr)sink(z − ih)dk (3.76)

Making a substitution of the first order approximation of I1(λr) gives

~B2,r(r, z) =
N∑
i=0

∫ ∞
0

kDi(k)

(
eλr√
2πλr

)
sink(z − ih)dk (3.77)

Substitution in place of λ where λ =
√
k2 + jp2 and p2 = ωµσ yields

~B2,r(r, z) =
N∑
i=0

∫ ∞
0

kDi(k)

 e

(√
k2+jp2

)
r√

2π(
√
k2 + jp2)r

sink(z − ih)dk (3.78)

If the p2 is factored out of the square roots the equation becomes

~B2,r(r, z) =
N∑
i=0

∫ ∞
0

kDi(k)


e
rp

(√
( kp)

2
+j

)
√√√√2πpr

(√(
k
p

)2
+ j

)
sink(z − ih)dk (3.79)

As expressed previously p =
√
ωµσ and the skin depth is given by the relation

δ =

√
2

√
ωµσ

. The skin depth, which is also called penetration depth, is the distance

into the cylinder to which the current density falls to 37% of its strength at the
surface of the cylinder. Skin depth is inversely dependent on the square root of

the frequency of the induced field. We have that p and δ are related by p =

√
2

δ
.

Substituting the value for p in the above equation yields

~B2,r(r, z) =


N∑
i=0

∫ ∞
0

kDi(k)


e
r
δ

(
√
2

√(
δk√
2

)2
+j

)
√√√√2πr

δ

(
√

2

√(
δk√
2

)2
+ j

)
sink(z − ih)dk


(3.80)

For further simplification, let a(k) be such that a(k) =

(
√

2

√(
δk√
2

)2
+ j

)
.

Then substituting a(k) and rearranging yields

47



CHAPTER 3. EM FIELDS DUE TO Z GRADIENT FIELD SWITCHING IN
MRI

~B2,r(r, z) =
N∑
i=0

∫ ∞
0

kDi(k)

(
e(

r
δ )a(k)√

r
δ

√
2πa(k)

)
sink(z − ih)dk (3.81)

The need here is to explore the dependence of the magnetic field on the cylinder
radius ’r’. Therefore, out of the whole expression for ~B2,r, in equation (3.80), for

z=0, the dominant function is seen to be
e
r
δ√
r
δ

. Hence the magnetic field expression

can be expressed as being proportional to the radius of the cylinder ’r’ as follows

~B2,r(r, z = 0) ∝ e
r
δ√
r
δ

(3.82)

Equation (3.81) shows that the magnetic field distribution in the cylinder de-
pends on ’r’ both exponentially and as well as on 1√

r
and its ultimate behavior

will be determined by the effective outcome.

3.6.2 Electric Field Distribution in the Cylinder

From equation (3.70) the electric field distribution in the cylinder has been derived
to be

~E2,φ(r, z) = −jω
N∑
i=0

∫ ∞
0

Di(k)I1(λr)cosk(z − ih)dk (3.83)

Making a substitution of the first order approximation of I1(λr) yields

~E2,φ (r, z) = −jω
N∑
i=0

∫ ∞
0

Di(k)

(
eλr√
2πλr

)
cosk(z − ih)dk (3.84)

Substituting in place of λ where λ =
√
k2 + jp2 and p2 = ωµσ and after doing

some rearrangements the expression takes the form

~E2,φ (r, z) = −jω
N∑
i=0

∫ ∞
0

Di(k)


e
r
δ

(
√
2

√(
δk√
2

)2
+j

)
√√√√2πr

δ

(
√

2

√(
δk√
2

)2
+ j

)
cosk(z − ih)dk

(3.85)

For further simplification, we let a(k) =

(
√

2

√(
δk√
2

)2
+ j

)
. Then substituting

a(k) and rearranging we get

~E2,φ (r, z) = −jω

[
N∑
i=0

∫ ∞
0

Di(k)

(
e(

r
δ )a(k)√

r
δ

√
2πa(k)

)
cosk(z − ih)dk

]
(3.86)

As in the case for the magnetic field, here also what is explored is the depen-
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dence of the electric field on the radius of the cylinder. Therefore, as can be seen
in equation (3.85), for z=0, out of the whole expression for the electric field, the

dominant function that depends on ’r’ is
e
r
δ√
r
δ

. For the sake of seeing the electric

field dependence on ’r’, it is possible to approximate the electric field expression
in the cylinder by the relation

~E2,φ (r, z = 0) ∝ ~ω
e
r
δ√
r
δ

(3.87)

We see that the electric and the magnetic fields in the cylinder have similar pattern
of dependence on ’r’, except that the electric field is multiplied by the angular
velocity ~ω, which means that the magnitude of the electric field is greater than the
magnetic field. Next we will plot the electric field - as expressed by equation (3.87),
against the radius of the cylinder. To do that we take some characteristics values

Figure 3.3: Electric Field distribution as a function of the radius of the cylinder

of the conducting cylinder, such as its conductivity (σ), magnetic permeability (µ)
and the excitation current frequency (f), and then calculate the skin depth first.
The solid cylinder has been assumed to be having a conductivity value of a salty
water (approximating the human body), about σ = 5Siemen

meter
at about the body

temperature. The magnetic permeability of the cylinder is that of a person in the
MRI machine and that is approximated to be that of free space value µ = µ0.
The frequency of the excitation current in the MRI gradient coil is taken to be
f = 3kHz. This frequency is one of the typical values used in the actual MRI
gradient switching frequency. With the above approximate values, the skin depth
of the cylinder is computed as follows.

δ =

√
2

√
ωµoσ

(3.88)

δ =

√
2√

(2π × 103 rad
sec

)(4π × 10−7 N
A2 )(5 S

m
)

49



CHAPTER 3. EM FIELDS DUE TO Z GRADIENT FIELD SWITCHING IN
MRI

The value of the skin depth is calculated to be δ = 4meter. The skin depth is
greater than the body implies that the induced current inside the body is not
sufficient to perturb the B-field [39]. Substituting the value of the skin depth in
equation number (3.87), and taking the value of the radial distance of the cylinder
to be 20cm, the plot of the electric field inside the cylinder against the radial
distance, for which we choose the axial distance to be z = 0, is shown in Fig. 3.3.

It is seen from the plot of E versus r, that the electric field is confined to the
peripheral surface of the cylinder where it is more strong and can induce the eddy
current.

3.6.3 Eddy Current Distribution in the Cylinder

To find the expression for the eddy current distribution amounts to multiplying
the electric field expression by the conductivity σ of the cylinder. Hence the eddy
current distribution will be expressed by

iφ (r, z) = −jσωe
r
δ

[
N∑
i=0

∫ ∞
0

Di(k)

(
e(

r
δ )a(k)√

r
δ

√
2πa(k)

)
cosk(z − ih)dk

]
(3.89)

Performing the same operations that is done for the electric field, the approximated
eddy current density will be proportional to

iφ (r, z = 0) ∝ σ~ω
e
r
δ√
r
δ

(3.90)

As seen in the above equation the eddy current density is dependent on radial
distance in the same manner as the electric fields but has a much greater magni-
tude. Using the approximated expression for the eddy current density in equation
(3.90) the plot of the eddy current distribution against the radial distance is given
in Fig. 3.4. And from the graph we see that the behavior of the eddy current
density in the cylinder is seen to be stronger along the peripheral surface of the
cylinder. Figure 3.4 is a 2D plot of the behavior of the eddy current density as a

Figure 3.4: Eddy current density distribution as a function of the radius of the cylinder

function of the radius of the 3D solid cylindrical object. However, a 3D plot of the
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eddy current (equation 3.90) using matlab in cylindrical coordinates yields figure
3.5. According to the color bar representing the strength of the eddy current,

Figure 3.5: Eddy current density distribution - 3D and side view

the strongest value of the eddy current density (yellow color) is seen on the outer
surface of the cylinder at the maximum value of the radius of the cylinder. Figure
3.6 is a top down view into the cylinder along the eddy current axis where the
strength of the eddy current at the peripheral surface is shown again more clearly
by the yellow color. the radius of the cylinder starts at the center of the cylinder.
because of this piling up of the eddy current density, peripheral nerve stimulation
can be induced and felt by the patient as tingling sensation and the like.

Figure 3.6: Eddy current density distribution - 3D and top-down view
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CHAPTER 4
SUMMARY

In the process of imaging the current in the gradient coil is switched on and off very
quickly. The increase in the switching frequency of the current in the coils helps
to shorten the time of scanning and is also directly contributes to the resolution
or quality of the image. Consequently quality image enables the physician to
diagnose any health related problems in the body easily. Because of this, there is
a need to increase the frequency of switching of the current and hence the gradient
field.

The fast switching of the gradient fields caused by the quick variation of the
alternating current, has a potential to induce eddy current in the skin of the
patient and that may result in unwanted stimulation of the nerves and tissues.
And this phenomenon is called magnetic peripheral nerve stimulation (PNS).

The objective of this study focused on the analytic determination of the in-
duced magnetic field, electric field and the eddy current density, due to the fast
switching of the current in the coils, in the chosen solid cylinder model. The coils
considered are the longitudinal or Z gradient coils which are circular in shape.
The solid cylinder represents the whole human body or other parts of it.

The current in the coils has a time harmonic variations. Maxwell equations
were modified to suit the quasi-static situation of the problem. Using the magnetic
vector potential caused by the current in the gradient coils, and taking the first
order asymptotic approximation of the Modified Bessel functions, the mathemat-
ical expressions for the electric, magnetic and eddy current in the cylinder have
been determined.

The plot of the electric field and the eddy current as a function of the radius of
the cylinder has confirmed that the peripheral nerve stimulation actually occurs
on the cylinder surface.

Increasing switching frequency is needed for better quality image and short
scanning time. But as the frequency of switching increases the eddy current in-
tensity at the surface also increases and causes PNS. PNS causes patient discomfort
and can also be more dangerous for health.

The solution has the implication that the gradient coil design should focus
among others, on avoiding or reducing eddy current induction and avoiding PNS.
This work focused on one of the three gradient fields (the Z gradient field). In
actual practice all the three are used in the process of patient scanning. However,
the effect of the other two gradient fields - x and y should be a work of the future
for complete understanding of the effects of all the gradient fields on PNS.
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